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Abstract

Recently, Iwahori-Hecke algebras were associated to Kac-Moody groups over non-
Archimedean local fields. We introduce principal series representations for these alge-
bras. We study these representations and partially generalize Kato and Matsumoto
irreducibility criteria.

1 Introduction

1.1 The reductive case

Let G be a reductive group over a non-Archimedean local field K. To each open compact
subgroup K of (G is associated a Hecke algebra Hg. There exists a strong link between the
smooth representations of G and the representations of the Hecke algebras of G. Let I be
the Iwahori subgroup of GG. Then the Hecke algebra H¢ is called the Iwahori-Hecke algebra
of G and plays an important role in the representation theory of G. Its representations
have been extensively studied. Let Y be the cocharacter lattice of G and W" be the Weyl
group of G. Then by the Bernstein-Lusztig relations, H¢ admits a basis (Z*Hy,)xeywew
such that @, ,, CZ* is a subalgebra of Hc isomorphic to the group algebra C[Y] of Y. We
identify @,.,, CZ* and C[Y]. Let x € Tt = Hom(Y,C*). Then y induces a representation
x : C[Y] — C. Inducing x to #, one gets a representation I, of H¢. These representations
were introduced by Matsumoto in | | and are called principal series representations.
We refer to | , Section 3.2] for a survey on this subject.

Matsumoto and Kato gave criterion for the irreducibility of I,. Let W" be the vectorial
(i.e finite) Weyl group of G. Then W? acts on Y and thus it acts on T¢. If x € T, we denote
by W, the fixer of x in W". Let ®¥ be the coroot lattice of G. Let g be the residue cardinal
of K. Then Kato proved the following theorem (see | , Theorem 2.4]):

Theorem 1. Let x € T¢. Then [, is irreducible if and only if it satisfies the following
conditions:

1. W, is generated by the reflections that it contains,
2. for all a¥ € ®V, y(a¥) + x 1(a¥) # q% n q*%.

When x is regular, that is when W, = {1}, condition 1 is satisfied and this is a result
by Matsumoto (see| , Théoréme 4.3.5]).



1.2 The Kac-Moody case

Let G be a split Kac-Moody group over a non-Archimedean local field C. There is up to
now no definition of smoothness for the representations of G. However one can define certain
Hecke algebras in this framework. In | | and | |, Braverman and Kahzdan and
Patnaik defined the spherical Hecke algebra and the Iwahori-Hecke H of G when G is affine.
Bardy-Panse, Gaussent and Rousseau generalized these constructions to the case where G is
a general Kac-Moody group. They achieved this construction by using masures (also known
as hovels), which are an analogue of Bruhat-Tits buildings (see | ). Together with
Abdellatif, we attached in | | Hecke algebras to subgroups slightly more general than
the Iwahori subgroup.

Let Y be the cocharacter lattice of G and W* be the Weyl group of G. The Iwahori-Hecke
algebra Hc¢ of G admits a Bernstein-Lusztig presentation but it is no more indexed by Y. Let
T C A=Y ®R be the Tits cone of G. Then T is a convex cone and it satisfies 7 = A if and
only if G is reductive. Then Hc¢ can be embedded in an algebra BYH¢ called the Bernstein-
Lusztig-Hecke algebra of G. The algebra "% admits a basis (Z*H,,) xey.weww such that
@D,y CZ* is isomorphic to the group algebra C[Y] of Y. We identify @, ., CZ* and C[Y].
Then Hc is isomorphic to the subalgebra €, cyv ycy+ CZ*H,. Let x € Tc = Hom(Y,C*).
Then x induces a map x : C[Y] — C and we can define the representation I, of B*H¢ induced
by x. By restriction, this also defines a representation I; of He. As I, admits a basis indexed
by the Weyl group of G, I, is infinite dimensional unless G is reductive. The aim of this
paper is to study these representations and in particular to study their irreducibility. As we
shall see (Lemma 2.5), I, is irreducible if and only if I is irreducible and we will mainly
study I,. We prove the following theorem, generalizing Matsumoto irreducibility criterion
(see Corollary 4.5):

Theorem 2. Let x be a regular character. Then I, is irreducible if and only if for all o € ®V,
_ PO
X(@) +x7 ") # 2 +q 2.
We also generalize one implication of Kato’s criterion (see Theorem 4.7):
Theorem 3. Let x € Tg. Assume that [, is irreducible. Then:

1. W, is generated by the reflections that it contains,

2. for all ¥ € @Y, x(a¥) + x HaV) # gz +q75.

We then check the irreducibility of I, for some particular x € Tt satisfying 1 and 2: when
W, is generated by one reflection, see Proposition 4.8 and when x(\) =1 for all A\ € Y, when
the Kac-Moody matrix defining G is of size 2, see Theorem 4.13).

Frameworks Actually, following | | we study Iwahori-Hecke algebras associated to
abstract masures. In particular our results also apply when G is an almost-split Kac-Moody
group over a non-Archimedean local field.

Organization of the paper In Section 2, we recall the definition of the Iwahori-Hecke
algebras and of the Bernstein-Lusztig-Hecke algebras and introduce principal series represen-
tation.

In Section 3, we study the C[Y]-module induced by I, by restriction and we study the
intertwining operators from I, to I/, for x, x' € T¢.

In Section 4, we establish an irreducibility criterion for I, (see Theorem 4.2). We then
apply it to obtain Theorem 2 and Theorem 3.
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2 Iwahori-Hecke algebras

Let G be a Kac-Moody group over a non-archimedean local field. Then Gaussent and
Rousseau constructed a space Z, called a masure on which G acts, generalizing the con-
struction of the Bruhat-Tits buildings (see | |, | | and | |). Rousseau then
defined in | | an axiomatic definition of masures inspired by the axiomatic definition of
Bruhat-Tits buildings. We simplified it in | |. Masures satisfying these axiomatics are
called abstract masures because they might not be associated with some Kac-Moody group.

In | |, Bardy-Panse, Gaussent and Rousseau attached an Iwahori-Hecke algebra
Hz to each abstract masure satisfying certain conditions and to each ring R. The algebra
Hr is an algebra of functions defined on some pairs of chambers of the masure, equipped
with a convolution product. Then they prove that under some additional hypothesis on the
ring R (which are satisfied by R and C), Hz admits a Bernstein-Lusztig presentation. In this
paper, we will only use the Bernstein-Lusztig presentation of Hzr and we do not introduce
masures (see | , Appendix A] for a definition). We however introduce the standard
apartment of a masure.



2.1 Standard apartment of a masure

A Kac-Moody matrix (or generalized Cartan matrix) is a square matrix A = (a; ;)i jer
indexed by a finite set I, with integral coefficients, and such that :

(Z) \V/iel7 (lm':2;
(i) ¥V (i,7) € I*, (i # j) = (ai,; < 0);

(’LZZ) A (Z,j) S ]2, (CLZ‘J‘ = 0) ~ (ajﬂ- = 0)

Y

A root generating system is a 5-tuple S = (A, X, Y, ()ier, (o) )icr) made of a Kac-Moody
matrix A indexed by the finite set I, of two dual free Z-modules X and Y of finite rank,
and of a free family (a;);e; (respectively («));e) of elements in X (resp. V') called simple
roots (resp. simple coroots) that satisfy a;; = a;(e;) for all 4,j in I. Elements of X
(respectively of Y') are called characters (resp. cocharacters).

Fix such a root generating system S = (A, XY, (;)ier, () )icr) and set A := Y @ R.
Each element of X induces a linear form on A, hence X can be seen as a subset of the dual
A*. In particular, the «;’s (with ¢ € I) will be seen as linear forms on A. This allows us to
define, for any i € I, an involution r; of A by setting r;(v) := v — a;(v)a; for any v € A. Let
& = {r;|i € I} be the (finite) set of simple reflections. One defines the Weyl group of
S as the subgroup W of GL(A) generated by .. The pair (W",.%) is a Coxeter system,
hence we can consider the length ¢(w) with respect to . of any element w of W*. If s € .7,
s = r; for some unique 7 € I. We set as = o; and o) = o).

There is an action of the Weyl group W on A* given by the following formula:

VeehAweW' acA* (wa)z):=alw'z).

Let & := {w.a;|(w,i) € WY x I} be the set or real roots: then ® is a subset of the root
lattice Q) := GB L.

iel
As in the reductive case, define the fundamental chamber as C} := {v € A | Vs €
S, as(v) > 0}.
Let T := U w.C_;j be the Tits cone. This is a convex cone.
weWwv

Onesets Yt =Y NT.
Remark 2.1. By [ , §4.9] and | , § 5.8/ the following conditions are equivalent:
1. the Kac-Moody matriz A is of finite type (i.e. is a Cartan matriz),
2. A=T
3. W? is finite.

2.2 Iwahori-Hecke algebras

Let us first recall briefly the construction of the Iwahori-Hecke algebra via its Bernstein-
Lusztig presentation, as done in | , Section 6.6].

Let Ry = Z[(0s)se.s, (0%)se.r], where (05)se.s, (0%)se.r are two families of indeterminates
satisfying the following relations:

o if a,(Y) =7, then o, = 0l;



e if 5,t € . are are conjugate (i.e. such that ay(a) = ay(a)) = —1), then o5 = 0y =

ol =o;.

To define the Iwahori-Hecke algebra Hg, associated with A and (o, 0))scs, we first
introduce the Bernstein-Lusztig-Hecke algebra. Let BLHz, be the free Ri-vector-space with
basis (Z*H,)eywewv. For short, one sets H, = Z°H,, for w € W? and Z* = Z*H, for
A € Y. The Bernstein-Lusztig-Hecke algebra BLHy, is the module PXHy, equipped
with the unique product * that turns it into an associative algebra and satisfies the following
relations (known as the Bernstein-Lusztig relations):

o (BLI)V (\,w) €Y x W¥, Z* « H, = Z H,;

Hy, if /(sw) =/{l(w)+1

BL2V yv W’U Hs Hw: o . )
e BL2)Vse s Vwe W H,x {(US_USI)HNHSW if £(sw) = £(w) =1

e (BL3)V (\p) € Y2, Z*x Z1 = Z M H,
e« BLAVAEY, Viel, Hyx 2> — 7%« Hy, = Qy(Z)(Z> — Z*), where Q4(Z) —

(0570;1)+(0g70'/571)Z’“;/
1—-Z—2as

The existence and unicity of such a product * comes from | , Theorem 6.2].

Definition 2.2. Let R be an integral domain containing Z and f : Ry — R be a ring
morphism such that f(os) and f(o) are invertible in R for all s € .. Then the Bernstein-
Lusztig-Hecke algebra of (A, (0,)scs,(0))scr) over R is the algebra B*Hr = BlHp, @r,
R. Following | , Section 6.6/, the Iwahori-Hecke algebra Hyr associated with S
and (04, 0%)scs is now defined as the R-subalgebra of PLHr spanned by (Z*Hy)rey+ wewe
(recall that Y™ =Y N'T with T being the Tits cone). Note that for G reductive, we recover
the usual Twahori-Hecke algebra of G, sinceY N T =Y.

Remark 2.3. 1. Let s € .. Then if o, = 0., Q4(Z) = (1”_3%;12

2. Let s € . and A\ € Y. Then Q4(Z2)(Z* — Z**) € R[Y]. Indeed, Q,(Z)(Z* — Z*?*) =
Qs(2).2*(1 — Z7WNe) . Assume that oy = o,. Then

( as(\)—1
Z7ied if ag(N) >0
1 — Z—as()\)asv B ]go
A —as()-1
— 2% Y 2% i ay(\) <0,
\ 7=0

and thus Q4(Z)(Z* — Z**) € R[Y]. Assume o’ # o,. Then a,(Z) = 27 and a similar
computation enables to conclude.

3. From (BL4) we deduce that for all s € ./, N €Y,
ZAx Hy — Hyx Z°* = Q,(2) (2> — Z°).
4. When G is a split Kac-Moody group over a mon-Archimedean local IC with residue

cardinal q, we can choose R to be a ring containing Z[,/q""'] and take f(o,) = f(0l) =
V4 foralls € 7.

5. By (BL2), the family (H,, * Z*)wewv rey is also a basis of P*Hry.

Definition 2.4. Let Hrwe = @ cno RHw C Hr. Then Hrwe is a subalgebra of Hr.
This is the Hecke algebra of the Coxeter group (W@,.%).
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2.3 Principal series representations

We now fix (A, (05)sc., (0%)sc.#) as in Subsection 2.2 and a ring R as in Definition 2.2. Let Hz
and BYHz be the Iwahori-Hecke and the Bernstein-Lusztig Hecke algebras of (A, (0)se.o, (04)se.r)
over R.

Set Tr = Hom(Y,R*). Let x € Tr. Then x induces a morphism of algebra x : R[Y] = R
by the formula x(>_, oy aye’) = > oy ayx(y), for 3 a,e? € R[Y]. This equips R with a
structure of an R[Y]- module

Let I, = IndBLHR( ) = PYHzr ®riy) R. For example if A € Y and s € ., one has
Z21®, 1 =x(\)1®, 1 and

ZMNH,®,1 = HxZ* @, 1+Q(2) (2"~ Z*M)®, 1 = X (s N\ H; @, 14X (Qs(Z2)(Z* = Z°)) @, 1.

Let h € L. Write b = 3 ey yewo huaHuZ* @y cun, where (b)), (cop) € R,
which is possible by Remark 2.3. Thus

h= > hupCopnX(NHy @, 1= (> hyacuax(V)Hy)1 @, L.

AEY ,weWv AeY,weWv

Thus I, is a principal P*Hr-module and I, is a free R-module with basis (H,, ®, 1)yewv. If
moreover R = F is a field I, = Hyv .1 ®, 1 (see Definition 2.4 for the definition of Hyv r).

Assume that R = F is a field. Let x € T». Then I, induces a representation ]; of Hr
by restriction. As a vector space, one has I, = [;r . By the following lemma, it suffices to
study the irreducibility of I,

Lemma 2.5. Let x € T'r. Then I, is irreducible if and only if I;(L is irreducible.

Proof. Assume that I;{ is irreducible. Let V' C I, be a Pt z-module. Then V is also an
Hr-module and thus V' = {0} or V' = I, = I7. Hence I, is irreducible.

Assume that I, is irreducible. Let V* C I, V* # {0} be an Hz-submodule. Let
xz € VT \ {0}. Then PHr.x = I, and thus there exists a € PVHz such that a.x = 1 ®, 1.
For A € C7 sufficiently dominant, Z*.a € Hz and thus ﬁZ’\.a € Hr. Consequently

1®, 1= ﬁZ’\.a.x € V* and hence V" = I}: I} is irreducible. m

2.4 Sketch of the proof of irreducibility criteria

Our proof of irreducibility criteria is based the fact that C[Y].x is finite dimensional if x € I,
(see Lemma 3.1) and on the following well known result.

Theorem 2.6. (Frobenius) Let F be a field, V' be a finite dimensional vector space over F
and G C GL(V) be a commutative subgroup. Assume that for all g € G, g is triangularizable.
Then there exists a basis B of V' for which for every g € G, the matriz of g in the basis B is
triangular.

Let us sketch our strategy to obtain irreducibility criteria for the I,, x € Tt.

Let M be a BrHc-module. For x € Tg, set M(x) = {x € M|Z*x = x(\)z, YA € Y}.
One has C.1 ®, 1 C I,(x) for all y € T¢.

Let x € T¢. Following Matsumoto, we define nontrivial intertwining operators ¢,, : I,, —
I, for all w € W? (see Proposition 3.12). If I, is irreducible, these operators have to be
isomorphisms. We prove that these operators are isomorphisms if and only if y is in some
subset Uc of Tt (see after Lemma 3.14 for the definition of Ug and see Lemma 3.16) and we
deduce the condition (2) appearing in Theorem 1, 2 and 3.
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We also prove that {x’ € T¢| I, (x') # {0}} = W".x (see Proposition 3.13). If w € W"
BLY el ®yy 1 = I, and thus I, is irreducible if and only if every X c-submodule of
I, contains 1 ®,,, 1. Using Frobenius Theorem and Schur Lemma, we deduce that I, is
irreducible if and only if x € Uc and dim I, (x) = 1 (see Theorem 4.2). We then apply this
criterion to obtain Theorem 2 and Theorem 3.

3 Study of the R[Y]-module structure and of intertwining
operators

Let x, X' € Tr = Hom(Y,R*). Let M be a BvHyr-module. For x € Ty, set M(x) = {z €
M|Z*x = x(N)z, VA e Y}.

In this section, we study the morphisms of BXHr-modules from I, to I,,. We prove that
when R = F is a field, Homevy (I, I,v) # {0} implies x' € W".x (see Proposition 3.4).
Reciprocally, we prove that Homevy . (Iy, 1y.) 7# {0} for all w € W? (see Proposition 3.12).

As we shall see, Homsvy, (I, I,/) ~ I,,(x) (see Lemma 3.7). We thus study simultane-
ously the weight spaces I, (w.x) for x € Tz, w € W" and the spaces Homsry - _moa(Lys Luw.y)-

In Subsection 3.3 we prove that if I, is irreducible, then I, is isomorphic to I, for
all w € WY. We deduce that if I, is irreducible, the values of x satisfy some conditions,
see Lemma 3.16. This explains the condition (2) appearing in Theorems 1, 2 and 3 (see
Remark 3.15).

The definition we gave for I, is different from the definition of Matsumoto (see | ,
(4.1.5)]). It seems to be well known that these definitions are equivalent. We justify this
equivalence in Subsection 3.4. We also explain why it seems difficult to adapt Kato’s proof
in our framework.

3.1 Weights for the R[Y]-module structure

Let x € Tr. Let x € I,. Write x = Y, 10 TuwHy ®y 1, with (z,,) € RW?). Set supp(z) =
{w e W*| z, # 0}. Equip W" with the Bruhat order. If w € W", set [1,w] = {v € W'|v <
w} and [1,w) = {v € WY| v <w}. If a finite set E is contained in W, max(FE) is the set of
elements of £ that are maximal for the Bruhat order. Let R be a binary relation on W (for
example R =4“<", R =%, ...) and w € W". One sets

If“’ = @ RH, ®, 1= {z € I|supp(z) C {v e W’vRw}} C I,

veEWv|vRw
and
Rw
Bl = @ RH+Z ={ Y awaHu* Z aga # 0= vRw} C "Hr.
vEWV|vRw,\€Y veEW? AeY

Lemma 3.1. Let A\ € Y and w € W°. Then Z H,, € BL’H%U. In particular, if x € T,
Ifw and [fw are R[Y]-submodules of I,.. In particular, if R = F is a field, F|Y|.x is finite
dimensional for all x € I,,.

Proof. We prove it by induction on ¢(w). If £(w) = 0, this is clear. Assume that ¢(w) > 0 and
that for all w' € W such that ((w') < l(w), Z H, € BLH;{” . Write w = sw’, with s € .
and w’ € W such that (w') = ¢(w)—1. Let A\ € Y. By (BL4), one has Z*«H, = aH*Z**+b



for some a,b € R. Then Z* % H, = (aH,Z°* + b) * Hy € H,  BLH5" + BLH5" by the
induction assumption. As s.[1,w’] C [1,w], we deduce that H x BLHz" +BLy =" c BLy ="
and the lemma follows. ]

Lemma 3.2. Let A € Y and w € W*. Then there exists u € BYHy" such that Z*H, =
H,Z" > +u. In particular if x € Tr,

A w™ A w w
(Z*Hy, — Hy.Z" ) @, 1€ IT" C I

Proof. We do it by induction on ¢(w). Let w € W be such that Z*H,, = H,Z" > + u,
with u € PVH5". Let s € . and assume that £(ws) = £(w) + 1. Then by (BL4):

Z Hys = (HyZ" +u) % Hy = Hypo Z° 2 + aH, + uH,,
for some a € R. Moreover, u H, € P“H5"" and the lemma follows. O
For x € Tk, set W, = {w € W"| w.x = x}.
Lemma 3.3. Let x, X' € Tr. Let x € I,(X'). Then if x # 0,
max (supp(z)) C {w € W*| w.x = X'}
In particular, if I,(x') # {0}, then X' € W".x and thus

X € TrlL(X) #{0}} C W".x.

Proof. Assume z # 0. Let w € max(supp(z)). Write x = a,,H,, ®, 1 +y, where a,, € R\ {0}
and y € I%w. Then by Lemma 3.2,

22 = awHyZ" @ 1+ 4 = x(w ' NawH, @ 1+ 9 = X' (N awHy @y 1+ X (A,

where ¢y’ € Ifw. Therefore w.x = x'.
O

Proposition 3.4. (see 4.3.3 Théoréme (iii) of | 1) Let x, X' € Tr and M’ be a BvHp-
sub-module of I,,. Assume that there exists f € Homsryy, —mea(Ly, M')\{0}. Then x' € W".x.

Proof. Let f € Homsuy, (I,, M') \ {0}. As I, = BMHp.1®, 1, f(1 ®, 1) # 0. Therefore
f(l®y 1) e M'(x)\ {0} and lemma 3.3 completes the proof. O

Remark 3.5. Let x € Tk. Let F be the field of fractions of R. Then one can regard x as an
element x7 of Tr = Hom(Y,F*). There is a natural inclusion I, — I, of BYHz-modules
and one has I,(x') = I, -(X'z) N I, for all X' € Tk.

The following lemma will be crucial to define an intertwining operators I,, — I, ,, for
s € & and thus to define intertwining operators I,, — I, for all w € W".

Lemma 3.6. Let s € . and x € Tr be such that s.x # x. Then x(Qs(Z)) € Frac(R) is well
defined and I=° N1, (s.x) = R.(H; @y 1= x(Qs(Z)) @y 1) N1, In particular, I5* N1 (s.x) #
{0}.



Proof. By Remark 3.5, we may assume that R = F is a field. If o, = 0., then Qs(2) =
1"7;—‘13 Let A € Y be such that x(s.A) # x(\). Then x(—as(N)a)) # 1, hence x(—a)) # 1
and thus x(Qs(Z)) is well defined. If o, # o/, then a,(Y) = 2Z and thus x*(a)) # 1 by the
same reasoning. In both cases, x(Qs(Z)) is well defined.

Let A€ Y. Let a,b € F. Then

Z M (aH, @, 1+b®, 1) — x(s.))(aH, @, +b®, 1)
= (X(Qs(DX(Z* = Z5)a+ (x(N) = x(s:2)b) @, 1
= (X(A) = x(s:2))(ax(Qs(2)) + b) @y 1.

As x # s.x, the lemma follows. ]

3.2 Intertwining operators

Let M be a BlHz-module and y € Tx. For z € M(x) define T, : [, = M by T,(u.1®,1) =
w.x, for all u € BYHz. Then Y, is well defined. Indeed, let u € BYHz be such that
u.1®, 1 =0. Then v € R[Y] and x(u) = 0. Therefore u.x = 0 and hence T, is well defined.
The following lemma, which is similar to the first form of “Frobenius reciprocity ” (see | :
Proposition 1.10]) is then easy to prove.

Lemma 3.7. Let M be a BYHr-module, x € Tr * € M(x). Then Y, is well defined.
Moreover the map Y : M (x) — Homevry, moea(Iy, M) defined mapping each x € M(x) to T,
is an R-module isomorphism and Y71 (f) = f(1 ®, 1) for all f € Homsryy, nea(Ly, M).

Corollary 3.8. (see [ . (4.1.10)]) Let M be a BYHg-module such that there exists
& € M satisfying:

1. there exists x € Tr such that & € M(x),
2. M =By £
Then there exists a surjective morphism ¢ : I, = M of BVHg-modules.
Proof. One can take ¢ = T¢, where T is as in Lemma 3.7. m

Proposition 3.9. (see [ , Théoréme 4.2.4]) Assume that R = F is a field. Let M
be an irreducible representation of BYHx containing a finite dimensional F[Y]-submodule
M’ # {0}. Then there exists x € T such that there exists a surjective morphism of B2 H z-
modules ¢ : I,, — M.

Proof. By Frobenius Theorem (Theorem 2.6), there exists £ € M’\ {0} such that Z*.£ € F.£
for all 4 € Y. Let x € T be such that £ € M (). Then we conclude with Corollary 3.8.
[

Recall that Hr we = @, cppo RHWw C BL7{ % is a subalgebra of BLHy (see Definition 2.4).
If R is a binary relation on W" and w € W, set

”H%”WU = @ RH, ={ Z ayHyla, #0 = vRw}.

veWv|vRw veEW®Y

If x € Tr, one has Hg wv.1®,1 = I, and if w € W, (H%’WQ, \HR ) 1@ 1 C IS\ IS



Lemma 3.10. Let w € WY and s € . be such that ws > w. Then

(MR \ Hle) * (M \ Hittwe) C Hr'ro \ Hivli).

Proof. This follows from the fact that [1,w].[1,s] C [1,ws] and that [1,w).sU[1,w] C [1,ws].
[l

Lemma 3.11. Let sy,...,s, € . For j € [1,k], set w; = sj_1...s51 (where we set
Sp...51 = 1) and x; = w;.x. Set w = wy. Assume that x; # Xj+1 for all j € [[1 k—1].
Then there exists f € Homsry, —mod(Iy, Lw.y) such that f(1®, 1) € I<w \I<w

Proof. Let j € [1,k —1]. By Lemma 3.6, one can choose x; € I,,,,(x;) N I>Z+1 \ {0}. Set
fi =Yg 0...00, € Homsry, —moa(ly, Iy;y1) (Where the Yo, : I, — I are defined in

Xj+1 Xj+1

Lemma 3.7). Let P; : “f;(1®, 1) € I;]jl“ \]w]Jj1 7. Then P; is true by Lemma 3. 6 Let j €

[1, k—2] and assume that P; is true. Write f;(1®,1) = h.1®,,,,1, where h € Hﬁ V{,ﬁl \HR V{ful.
Then one has T, ., (f;(1 ® 1)) = h.T,, (1 @y,,, 1). Write 2j41 = I'.1 ®,,,, 1, where

h' e H;S{{;j \R1®,,,, 1. Then fj11(1®, 1) = h.h1®,,,, 1. By Lemma 3.10, we deduce
that P;1; is true. Thus Py is true, which proves the proposition. O

Proposition 3.12. (see [ , (1.21)]). Let x € Tg and w € W". Then one has
Homsryy, —mod(Iys Twy) 7# {0}. More precisely, let w, € WV be such that wy.x = w.x and
having minimal length for this pmperty. Then there exists f € Homery, —moa(Iy, w.y) such

that f(1®, 1) € T\ Il

Proof. Write wy, = $i...s1, where k = l(w,) and s1,...,s5; € 7. For j € [1,k] set
wj = sj_1...5 and x; = w;.x. Let j € [1,k —1]. Then x;41 # x;. Indeed, suppose that
Xj+1 = Xj- Then wy.x = 8;...5;...51.X = Sk...5;...51.X, which is absurd by choice of w,,.
This is thus a consequence of Lemma 3.11. O

Proposition 3.13. Let x € Tr. Then {x’ € Tr|Ix(X') # {0}} = W".x.

Proof. By Lemma 3.3, we already know that {x' € Tr|Ix(X") # {0}} C W".x. Let w € W
and f € Homery, moa(Lwy, Iy) \ {0}. Then as BlHzr.1 @yy 1 = Ly, f(1 @y, 1) # 0. As
f(1®yy 1) € Iy(w.x), the lemma follows. O

3.3 A necessary condition for irreducibility

We now assume that R = F is a field. Let y € Tr and s € .% be such that s.x # x. Recall

that Qs(Z) = (Us_agl)ltg:ff_l)z_% CSet 2y s = Hy @5, 1 = x(Qs(Z))1 ®5, 1. By Lemma 3.6,

Tys € Loy (X). Set fys =Ty ., € Homery,moa(Ly, Lsy)-

Lemma 3.14. Let x € Tr and s € % be such that X' = s.x # x. Then

frs © frs = (1 X(Qs(2))X (Qs(2)))1d,

and

Frs furs = (1 QU)X (Qu(2))1dig.
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Proof. Let g = fys0 fy,s- Then g € Homsry, . poa(ly, Iy). Therefore it suffices to compute
g(1®, 1). One has

91L&y 1) = (H, — X(Qu(2) fyall 8 1)
— (H, = X(Qu(2)) * (H. ~ X (@u(2))) 18, 1
= (o= 07 = X(QU2) = X(Qu2) + 1+ XQUEN(Qu(2)) ) 1,1
— (1 (QuUZIN(Qu(2) & 1
and the lemma follows by symmetry. 0

Let Ur be the set of x € T such that for all w € W" and s € . such that sw.x # w.x,
1+ x(Qs(w.2))x(Qs(sw.2)) # 0.

Remark 3.15. Assume that B¥Hr is associated with a split Kac-Moody group over a local
field of residue cardinal q. Let @V = W@ {a)|s € .7} be the coroot system. Then

Ur = {x € Tx| Yw € W",¥a" € 8", x(a") + x (") # ¢* + ¢},

Indeed, let x € Ur. Let w € WY and s € 7. Suppose that sw.x = w.x. Then w.x(a)) = 1.
Hence w.x(a) + (w.x(aY))™ =2 # q2 + ¢~2. Suppose that sw.x # w.x. Then

(¢* — q %) i
(1= x(wtay)) (1 = x(wtay)™?) 7 -1

or equivalently, ) .
X(w™ha)) +xTHwha)) £ g7 +q7E

This proves one inclusion and similar computations yield the other inclusion.

Lemma 3.16. 1. Let x € Ur. Then for all w € WV, I, and I, are isomorphic as
BLY r-modules.

2. Let x € Tr be such that I, is irreducible. Then x € Ur.

Proof. Let x € Ur. Let w € W? and y = w.x. Let s € .. Assume that s.y # x. Then by
Lemma 3.14, I} is isomorphic to I,y and 1 follows by induction.

Let x € T'r be such that I, is irreducible. Let s € .# be such that s.x # x. Then f;, s # 0
and Im(fs,.s) is an BYH z-submodule of I,: Im(fs,s) = I,. Therefore f, 50 fsys # 0. By
Lemma 3.14, 1 + x(Qs(2))x(Qs(s.Z2)) # 0 and f,, : I, — I;, is an isomorphism. By
induction we deduce that I, is isomorphic to I, and thus irreducible for all w € W and
that X € Z/{]:. [

Lemma 3.17. Let x € T be such that I,, ~ I, (as a ®*Hx-module) for allw € W*. Then
for all w € WV, there exists a vector space isomorphism I, (x) =~ I, (w.x).

Proof. Let w € W*. Then by hypothesis, Homsry, . _moa(Ly, Iy) ~ Homsry, . mod(Lw.y Lw.y)-
Let ¢ : I, — I, be a B*H z-module isomorphism. Then ¢ induces an isomorphism of vector
spaces I, (w.x) =~ I, (w.x). By Lemma 3.7,

I (x) ~ Homevy . moa(Ly, Iy) ~ Homevy, mod(Luw.xs Lwy) = Twa(w.x) =~ I (w.x).
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3.4 Link with the works of Matsumoto and Kato

Assume that W is finite. Then H¢e = BYHce. Let x € Tr. Then by Subsection 2.3,
dime I, = [W?|. One has Z*1®, 1 = x(A\)1 ®, 1 for all A € Y and Hc.1®, 1 = I,. Thus
by | , Théoréme 4.1.10] the definition we used is equivalent to Matsumoto’s one.

Assume that Hc is associated with a split reductive group over a field with residue
cardinal ¢. For w € W", set T,, = qéf(“’).Hw. Then by (BL2), one has : Vs € ..V w e W,

Tew if {(sw) =l(w)+1
TsxT, = .
(¢ — DTy + qTs if (sw) = L(w) — 1.
Set 10 = > pewe Tw @y 1. Then if s € &, T,.1, = ql,. Then by | , (1.19)], 17 is
proportional to the vector 1, defined in | |. Kato proves Theorem 1 by studying whether
the following property is satisfied: “for all w € W", He. 1y, = Lu,” (see | , Lemma

2.3]). When W is infinite, we do not know how to define an analogue of 1} and thus we do
not know how to adapt Kato’s proof.

4 Study of the reducibility of I,

In this Section, we study the reducibility of I,.

In Subsection 4.1, we prove that if x € Ur, I, is irreducible if and only if dim I, (x) =1
(see Theorem 4.2).

In Subsection 4.2, we study the case where y is regular and prove Matsumoto’s criterion
(see Corollary 4.5).

In Subsection 4.3 we prove one implication of Kato’s criterion (see Theorem 4.7).

In Subsection 4.4 and 4.5, we prove the irreducibility of I, in some particular cases where
X is non regular.

4.1 An irreducibility criterion for I/,

If B is a C-algebra with unity e and a € B, set Spec(a) = {\ € C| a — Ae is not invertible}.
Recall the following theorem of Amitsur (see Théoréme B.I of | BE

Theorem 4.1. Let B be a C-algebra with a unity e. Assume that the dimension of B over
C is countable. Then for all a € B, Spec(a) # 0.

Recall that U is the set of x € T'r such that for all w € W* and s € .% with sw.x # w.y,
1+ 0 (Qu(2))ws.x(Qs(2)) 0.

Theorem 4.2. Let x € Ic. Then the following are equivalent:
1. I, 1is irreducible,
2. I(x) =C1®, 1 and x € Uc,
3. Endery, mod(ly) = C.Id and x € Ue.

Proof. Assume that B = Endsry,. mea(fy) # CId. By Lemma 3.7 and the fact that I,
has countable dimension, B has countable dimension. Let ¢ € B\ CId. Then by Amitsur
Theorem, there exists v € Spec(B). Then ¢ — ~vId is non-injective or non-surjective and
therefore Ker(¢ —~Id) or Im(¢ — 7Id) is a non-trivial ®*Hc-module, which proves that 7, is
reducible. Using Lemma 3.16 we deduce that (1) implies (3).
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By Lemma 3.7, (2) is equivalent to (3).

Let x € Tt satisfying (2). Then by Lemma 3.16 and Lemma 3.17, dim I, (w.x) = 1 for
all w € W*. By Lemma 3.16, for all w € W7, there exists an isomorphism of B¥Hc-modules
Jw i Luy = L. As C.fy,(1 ®4y 1) C L (w.x) we deduce that I, (w.x) = C.f,(1 @y, 1) for
all w e W".

Let M # {0} be a BYHc-submodule of I,. Let x € M \ {0}. Then M’ = C[Y].z is a
finite dimensional C[Y]-module. Thus by Frobenius Theorem (Theorem 2.6), there exists
¢ € M'\ {0} such that Z*.¢ € C.£ for all A € Y. Then £ € I(Y') for some \' € Tg.
By Proposition 3.13, x' = w.x, for some w € W*. Thus { € C*f,(1 ®,, 1). One has
Bie.& = fu(P"Hel ®@uy 1) = fullwy) = I, € M. Hence I, is irreducible, which finishes
the proof of the theorem. O

Remark 4.3. Actually, our proof of the equivalence between (2) and (3), and of the fact
that (2) implies (1) is valid when R = F is a field.

4.2 The regular case

Assume that R = F is a field. An element x € T is said to be regular if w.y # x for all
we W,

Proposition 4.4. (see | , Proposition 1.17]) Let x € Tr be reqular. Then for all
we W, dim L (w.x) =1 and I, = @, cppo L (w.X).

Proof. By Lemma 3.3 dim [, (w.x) < 1 for all w € W" and by Proposition 3.13, dim I, (w.x) >
1 for all w € W" and thus dim I, (w.x) = 1 for all w € W".

Let v € W*. By Lemma 3.3, I, (v.x) C IZ*. Thus if w € W, one has @,_,, I (v.x) C
IS, As these two vector-spaces have the same dimension, @, Iy(v.x) = IE“’. Let z €
LA\A{0}. Then = € 3 v 15" € @uewe Iy(w.x), which concludes the proof of the
proposition. ]

Corollary 4.5. (see [ , Théoreme 4.5.5] Let x € T be regular. Then I, is irreducible
if and only if x € Ur.

Proof. By Lemma 3.16, if I, is irreducible, then x € Uzr.
Assume that x € Ur. Then by Proposition 4.4, dim/,(x) = 1 and we conclude with
Theorem 4.2 and Remark 4.3. O]

4.3 One implication of Kato’s criterion

Let Z = {wsw Hw € W' s € ./} be the set of reflections of W°. For y € Tg, set
W, ={w e W w.x = x}.

Lemma 4.6. Let x € It be such that W, is not generated by ZNW,. Let E = W, \(ZNW,).
Let w € E be such that {(w) = min{l(v)| v € E}. Write w = si...s1, where k = {(w)
and s1,...,s, € . Then for all j € [0,k — 1], sj...S1.X # Sjt1...51.X, where we set
S9...51 = 1.

Proof. Suppose that for some j € [0,k — 1], sj...51.X = Sj41...51.X. Then
WX = Sk...5j...81.X = Sk---8j41-..51.X-

By choice of w, si...8j11...51 € (ZNW,). Moreover, sy...5;.541.5;...51 € (ZNW,).
Therefore w = Sg ... 8j41...51.51...5;.8j41.5; ... 51 € (ZNW,): a contradiction. O
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Theorem 4.7. Let x € I be such that W, is not generated by ZNW,.. Then I, is reducible.

Proof. We take the same notations as in Lemma 4.6. For j € [1,k], set w; = sj_1..... 1
and x; = w;.x. Then by Lemma 4.6, x; # x;j+1 for all j € [1,k — 1]. By Lemma 3.11, there
exists f € Homsryy, —mod (I, Tw) = Homeryy, moa(Iy, I) such that f(1®,1) € IS¥ \Igv .
Therefore f(1®, 1) € I,(x) \ C1 ®, 1. By Theorem 4.2, I, is reducible. ]

4.4 Case where the fixer of y is generated by one reflection
Assume that R = F is a field.

Proposition 4.8. Let x € Ur be such that W, = {1,t} for some reflection t. Then I, is
wrreducible.

Proof. Write t = s1...5j_1.5;.5j_1...5 for some s1,...,5; € . Let v =15;_1...51,5=5;
and ¥ = v.x. One has s.x = x and Wy = {1, s}. By Lemma 3.3, I3(x) C ];s.

Let A € Y. Then Z*H, ®; 1 = X(\Hs ®; 1 + X(Qs(Z)(Z* — Z5*))1 ®; 1. Suppose
05 = By Remark 2.3, ¥((Qs(Z2)(Z* — Z*?)) = a,()\). As there exists A € Y such that
as(A) # 0, we deduce that Hy ®5 1 ¢ I;(Y) and thus I3(Y) = F.1 ®4 1. Similarly, if o, # o7,
I;(x) = F.1 ®; 1. We conclude with Theorem 4.2 and Remark 4.3. O

[IRTERE

4.5 Irreducibility of I; for size 2 Kac-Moody matrices

Assume that R = F is a field. Let 1 € T be defined by 1(\) =1 for all A € Y. One has
Wy = W?, which is generated by .. Thus when W7 is finite (i.e. in the reductive case), Iy
is irreducible, by Kato’s Theorem. The aim of this subsection is to prove the irreducibility
of I1 in the case where the Kac-Moody matrix defining A (see Subsection 2.1) is irreducible
(see | , §1.1]) and of size 2 (see Theorem 4.13).

Assume that || = 2 and that the Kac-Moody matrix of the root generating system S
is irreducible . This is equivalent to assuming that the Kac-Moody matrix of & is of the

2 . . o .
form (b g), with a,b € Z.o. As the case where W is finite is a particular case of Kato’s

Theorem we assume that W is infinite, which is equivalent to the assumption that a,b < —4
by | , Proposition 1.3.21]. The group W is then the infinite dihedral group. Write
& = {s1,$2}. Then every element of W* admits a unique reduced writing involving s; and
S9.

Forwe WY and x =) v aH, ®1 1 € Iy, set 7(x) = a,.

The following lemma is easy to prove.

Lemma 4.9. Let w € WY and s € .7 be such that {(ws) = {(w) + 1. Let v € WV be such
that v < w, then vs # w.

Lemma 4.10. Let w € WY, s € .7 be such that {(ws) = l(w) +1 and A € Y. Then
(2 Hys @1 1) = ag(w™N).

Proof. Write Z*H,, = H,Z" "> + u, where u € BL’Héw, which is possible by Lemma 3.2.
One has

Z)\st — (szwfl.)\ +U) % Hs — HwSZSwfl.)\ _f_HwQS(Zw*l,)\) Py Hs-
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Therefore
Z Hys @1 1= Hys @1 14+ 1(Qy(Z% ")) H, @1 1+ ux Hy @y 1.

By Lemma 4.9, 7% (Z H s ®1 1) = ]I(QS(Zw_l.)\))‘

Assume for example that ay(w=".\) > 0. Then Q,(Z¥ ') = Z;‘i%wfl"\) Zw ' Aied gand

thus 1(Qs(Z¥ ")) = ag(w™".\). Similarly if a,(w™'.\) < 0, 1(Q.(Z¥ ) = as(w L.\),
and the lemma follows. O

Lemma 4.11. Let w € WY, s € .7 be such that {(sw) = l(w) +1 and A € Y. Then
(2 Hgpy @1 1) = ().

Proof. One has Z H,,, = (H,Z** + Q4(Z*)) * H,. Moreover Z°* x H,, € BLHéw. By a
reasoning similar to the one of the proof of Lemma 4.9, 7% (H,Z**H,) = 0. Moreover,

T (Qs(ZMH,) = 1(w.Qs(Z2*)) = a(\) (where w.ZH = Zv " n for all p e Y). O

Recall that . = {s1,s2}. Set A, = o' ({0}) N o ({0}) = Nyeo @ '({0}) (where
¢ = {w.a;lw e Wi eI}).

Lemma 4.12. Let wy,wy € W*. Then wy.a ' ({0}) Nwa.ay ({0}) = Ay
Proof. Recall that C} = {z € Alay, () > 0 and a,(z) > 0}. For J C {1,2}, set

FU(J) ={z € Alay, () = 0Vi € J and ay,(z) > 0Vi € {1,2} \ J}.

By | , 1.3], wi. FP({1}) Nwqe. F'({2}) = 0 and the fixer W of F({i}) satisfies
Wy = (s;). Thus F”({i}) is spherical (which means that the fixer of F"({i}) in W" is
finite). Recall that T = |J,cyo w.C}. By | , 1.3, F*({i}) C T for both i € {1,2} and

TN =T =0. Therefore wy. F*({1}) N —ws. F*({2}) = 0. Moreover if i € {1,2} and j = 2 —1,
o, ({0}) = F*({j}) U Ay, U —F*({j}) and the lemma follows.
[

Theorem 4.13. Assume that the matrix of the root generating system S is irreducible of size
2 and that WV is infinite. Then Iy is irreducible.

Proof. Let us prove that I1(1) = C.1®y 1. Let z € I; \ C.1 ® 1 and assume that = € I (1).
Let n = max{/(w)|w € supp(z)}. Let wy,wy € W? be such that {w € W] {(w) = n} =
{wy,wy}. For i€ {1,2}, set a; = 7*i(z). Write ./ = {51, s2}.

First assume that n is odd. Maybe exchanging s; and s5, we may assume that the reduced
writing of w; begins (and ends) with s;. Let v = syw;. Then ¢(v) = n — 1, w; = syv and
wy = vse. Set a, = ¥(x). Then by Lemma 4.10 and Lemma 4.11,

(Z x) = 7 (Z’\.(ale1 ®1 1+ asHy, @1 14+ a,H, ®1 1)) = a1, (N) + agars, (V1) + a,.
As x € I (1), we deduce that for all A € Y, aja, (N) + asa, (v1\) + a, = a, and thus
aras, (A) + aza, (v 1) = 0.

As Y spans A, we deduce that for all u € A, aya, (u) + asa, (v'u) = 0. By Lemma 4.12,
this is absurd. Therefore n is even.
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Let v = s1.wy. Maybe exchanging s; and so, we may assume that ¢(v) = ¢(w;) — 1. Then
wy = v.51. Set a, = 7¥(x). Then by Lemma 4.10 and Lemma 4.11, for all A € Y,

(Z)2) = a1a,, (\) + aza, (VEN) + ay, = a,

and hence
ara, (A) + aza, (v1N) = 0.

As Y spans A, we deduce that for all u € A, a;a, (u) + agag, (v'.u) = 0. By hypothesis,
ay # 0 or as # 0 and thus a; # 0 and ay # 0

Let uw € FY({1}). Then a,,(v~'.u) = 0. Consequently, v~ *.F*({1}) = F”({1}) and hence
v = s1. But then wy = 1: a contradiction. Therefore I;(1) = C.1 ®1 1 and by Theorem 4.2,
I; is irreducible. [
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