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Abstract. We are interested in studying a system coupling the com-
pressible Navier-Stokes equations with an elastic structure located at
the boundary of the fluid domain. Initially the fluid domain is rectan-
gular and the beam is located on the upper side of the rectangle. The
elastic structure is modeled by an Euler-Bernoulli damped beam equa-
tion. We prove the local in time existence of strong solutions for that
coupled system.
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1. Introduction

1.1. Statement of the problem

Our objective is to study a fluid structure interaction problem in a 2d channel.
The fluid flow here is modeled by the compressible Navier-Stokes equations.
Concerning the structure we will consider an Euler-Bernoulli damped beam
located on a portion of the boundary. As remarked in [3], such dynamical
models arise in the study of many engineering systems (e.g., aircraft, bridges
etc). In the present article we establish a result on the local in time existence
of strong solutions of such a fluid structure interaction problem. To the best
of our knowledge, this is the first article dealing with the existence of local
in time strong solutions for the complete non-linear model considered here.

We consider data and solutions which are periodic in the ‘channel direction’

Acknowledgments: The author wishes to thank the ANR project ANR-15-CE40-0010 IF-
SMACS as well as the Indo-French Centre for Applied Mathematics (IFCAM) for the
funding provided during this work.
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(with period L, where L > 0 is a constant). Here L-periodicity of a function
f (defined on R) means that f(x + L) = f(x) for all z € R.

We now define a few notations. Let Q be the domain Ty x (0,1) C R2
where Ty, is the one dimensional torus identified with (0, L) with periodic
conditions. The boundary of €2 is denoted by I'. We set

FS:TLX{l}, Fg:TLX{O}, I'=T,urly,.
Now for a given function 5 : I'y x (0,00) = (—1,00), which will correspond

to the displacement of the one dimensional beam, let us denote by €2; and
I's+ the following sets

Q ={(z,y) |z €(0,L), 0<y<1l+mn(x,t)} = domain of the fluid
at time t,

Ise={(z,y)|xz€(0,L), y=1+n(x,t)} = the beam at time ¢.

The reference configuration of the beam is I'y, and we set

ZT:FX(O,T), E%:Fs X(OaT)a
Z,} = UtG(O,T)FS,t X {t}, % = FZ X (O7T)7 (11)
Qr =Qx (0,7), Q1 = Use(o,1) % X {t}.

0 Iy L

FiGURE 1. Domain ;.

We consider a fluid with density p and velocity u. The fluid structure interac-
tion system coupling the compressible Navier-Stokes and the Euler-Bernoulli
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damped beam equation is modeled by

pt +div(pu) =0 in Qr,
(pu; + p(u.V)u) — 2udiv(D(u)) + p'Vdivu) + Vp(p) =0 in Qr,
u(-,t) = (0,7 on X,
u(-,t) = (0,0) on Y4,
u(-,0) =g in Q,
p(+,0) = po in Q,
Nt — BNee — Mtzz + WNzaex = (Tf)2 on Xf,
n(,0)=0 and m(-,0) =m in T,
(1.2)

where © = 2, ). The initial condition for the density is assumed to be
positive and bounded. We fix the positive constants m and M such that

0 <m =minpy(z,y), M =maxpo(z,y). (1.3)
Q Q

In our model the fluid adheres to the plate and is viscous. This implies that
the velocities corresponding to the fluid and the structure coincide at the
interface and hence the condition (1.2)3 holds. In the system (1.2), D(u) =
%(Vu + V7Tu) is the symmetric part of the gradient and the real constants
i, p' are the Lamé coefficients which are supposed to satisfy

>0, u >0.

In our case the fluid is isentropic i.e. the pressure p(p) is only a function of
the fluid density p and is given by

p(p) = ap”,
where a > 0 and v > 1 are positive constants.

We assume that there exists a constant external force pe,¢ > 0 which acts on
the beam. The external force p.,; can be written as follows

Pext = ap’,
for some positive constant p.

To incorporate this external forcing term pe,; into the system of equations
(1.2), we introduce the following

P(p) =p(p) — Pext = ap” —ap”. (1.4)
Since Vp(p) = VP(p), from now onwards we will use VP(p) instead of Vp(p)
in the equation (1.2)s.
In the beam equation the constants, a > 0, > 0 and d > 0 are respectively
the adimensional rigidity, stretching and friction coefficients of the beam. The
non-homogeneous source term of the beam equation (7). is the net surface
force on the structure which is the resultant of force exerted by the fluid
on the structure and the external force p.,; and it is assumed to be of the
following form

(Ty)z = ([-2nD(w) 4 (dive)L 4P |r,, I+ 7262 on Tj, (L5)
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where I is the identity matrix, n; is the outward unit normal to I'; ; given
by
Mo - 1

€1+ €
V1+n2 V3i+n:
(51 = (1,0) and 52 = (O, 1))

Observe that (p,u,n) = (p,0,0) is a stationary solution to (1.2)-(1.4)-(1.5).

n; = —

Remark 1 1. Now we can formally derive a priori estimates for the system

(1.2)( -(1.5) and show the following energy equality
2y a4 —— d _|_77 | 12 d
2dt plal” de + o EY7 e
ad
2, 2
pe . *e wel? d 2u [ |Dul?d :
. /|n| ar) + 5% /|n 2 o +u/| wPde o (16)
Q

L
—|—,u’/|divu|2dx+5/|ntz|2dx: —pem/nt.
Q¢ 0

s

The equality (1.6) underlines the physical interpretation of each coefficient
and in particular of the viscosity coefficients, u, ' and §.

Remark 1.2. Observe that in (1.2) we have considered the initial displacement
n(0) of the beam to be zero. This is because we prove the local existence of
strong solution of the system (1.2) with the beam displacement n close to
the steady state zero. There are several examples in the literature where the
authors consider the initial displacement of the structure (in a fluid-structure
interaction problem) to be equal to zero. For instance the readers can look
into the articles [26] and [9]. We also refer to the article [1] where the initial
displacement of the structure is non zero but is considered to be suitably small.
The issues involving the existence of strong solution for the model (1.2) but
with a non zero initial displacement n(0) of the beam is open. The case of
a system coupling the incompressible Navier-Stokes equations and an Fuler-
Bernoulli damped beam with a non zero initial beam displacement is addressed

Our interest is to prove the local in time existence of a strong solution
to system (1.2)-(1.4)-(1.5) i.e we prove that given a prescribed initial datum
(po,ug,n1), there exists a solution of system (1.2)-(1.4)-(1.5) with a certain
Sobolev regularity in some time interval (0,7T), provided that the time T is
small enough.

We study the system (1.2)-(1.4)-(1.5) by transforming it into the reference
cylindrical domain Q7. This is done by defining a diffeomorphism from €2,
onto Q. We adapt the diffeomorphism used in [4] in the study of an incom-
pressible fluid-structure interaction model. The reader can also look at [34],
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[24] where the authors use a similar map in the context of a coupled fluid-
structure model comprising an incompressible fluid.

1.2. Transformation of the problem to a fixed domain

To transform the system (1.2)-(1.4)-(1.5) in the reference configuration, for
n satisfying 1 + n(z,¢) > 0 for all (z,t) € ¥, we introduce the following
change of variables

Q) 1 Q — Q defined by @, (z,y) = (z,2)

N 1+ n(e, 1) an
®,: Qr — Qr defined by @, (z,y,t) = (z,2,1) ’

y
z,—2 1),
L+n(x,t) )

Remark 1.3. It is easy to prove that for each t € [0,T), the map ®, ) is a
C'— diffeomophism from Q; onto Q provided that (1 + n(z,t)) > 0 for all
x € Ty, and that n(-,t) € C*(Ty).

Notice that since 7(-,0) = 0, @, is just the identity map. We set the
following notations

plx,z,t) = p(@;l(x,z,t)), u(z, z,t) = (1, u2) = u(‘b;l(x,z,t)). (1.8)

After transformation and using the fact that @; , = 0 on X3, (since U= ;65

on X5.) the nonlinear system (1.2)-(1.4)-(1.5) is rewritten in the following
form

P+ i (i f;;tz N R Adivi= Fi(5,4,7) in Qr
Py — pAl — (¢ + p)V(divi) + VP(p) = F»(p, 1, 1) o O
u = on i
u(,5 =0 on ZZT,
u(-,0) = ug _—
P, 0) = o in Q,
Nit — Bllex — Miza + WNzwee = F3(p, U, 1) on T
7(0) =0 and n(0) =m W T
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where
o~ 1 ~ e
Fl(P, >7Y) ZW(uLzzmp + npu2,z)7
Fy(p,1d,n) = — npty + 2pU.n; — nptrly + U1 U:0epz + f(1lae
na;. U271
— — 2yl + ———2
(1 + n (1 +n)
+ )anac - 27722 ~ A~ ~ ’
—paV)u+ (u+ )
()
[ Ny Ut 2227 n z(ﬂl a1’“2%)
ar = Wlizz<cllz — Tz 2T T T4 N\
(L+mn)’

(1 +1)2100 — 2n2z) _ Ml MeU2es | (1.10)

+U17z( (1 +77) -

(I+n)  (Q+mn)

NzU1,z _ Ne2U1 22 nu2, 2z

i 1+ A+m (1+n) ]
- (an(ﬁ) - Pz(ﬁ)znx)eﬂla

o~ o~ ~ ~ aQ,z 2 277a2,z
Fs(p,u, = — — U2, + NplU2o + 22
3(0,0,m) = — p( — Uz, + 0Tz o )77 Tt
nxulz / ~ lz Tlﬂzz
— (= 2ug, + NeZ — :
(1+77)) ( (1+m) (1+77))
+ P(p).

The transport equation for density (1.9)1-(1.9)¢ is of the form

_ 7 o .
Pet |:(141H7) (w2 —mz — alzna:)] VPt pdiva =1y - Qr, (1.11)
7(-,0) = po n o

Due to the interface condition, U = ;€3 on 3%, we get that the velocity field
(U1, ﬁ(ﬂg — ez — Up27);)) satisfies
Uy

ﬁ(ﬂg — Mz — UL2My)
where n is the unit outward normal to 2. Hence we shall not prescribe any
boundary condition on the density for the system (1.11) to be well posed.
To avoid working in domains which deform when time evolves, the meaning
of solutions for (1.2)-(1.4)-(1.5) will be understood as follows: The triplet

(p,u,n) solves (1.2)-(1.4)-(1.5) if and only if (p, 1, n) solves (1.9). This notion
will be detailed in the next section.

}~n:0 on X7,

1.3. Functional settings and the main result
In the fixed domain 2 we have the following spaces of functions with values
in R?,

H*(Q) = H*(Q;R?) forall s> 0.
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We also introduce the following spaces of vector valued functions

H{(Q) ={zeH(Q)|z=0o0nT},
H21(Qr) = L?(0,T; H?(Q)) N H'(0,T; L*(Q)), (1.12)
H3 (Qr) = {z€ H*Y(Qr) | z=0 on Sr}.

Similarly for s > 0, we can define H*(§2), the Sobolev space for the scalar
valued functions defined on §2. Now for 6,7 > 0, we introduce the following
spaces which we use to analyze the beam equation

H7(S4) = L2(0,T; H(T',)) N H™ (0, T; L*(T'y)).

Remark 1.4. Since =Ty x (0,1) and T's = Ty, x {1}, the above definitions
of the functional spaces implicitly assert that the functions are L— periodic
in the x variable.

Proposition 1.5. Let T > 0. If i is reqular enough in the space variable, say
n(-,t) € H™(Ts) for m > 2 and the following holds

14+n(z,t) 20 >0 on X5, (1.13)

for some constant &g, the map g — g = g(q);(lt)(x,z)) is a homeomorphism
from H®() to H*(Q) for any s < m.

The proposition stated above can be proved in the same spirit of [24,
Proposition 2, Section 3].
Now in view of Proposition 1.5, we define the notion of strong solution of the
system (1.2)-(1.4)-(1.5) in terms of the strong solution of the system (1.9).

Definition 1.6. The triplet (p,u,n) is a strong solution of the system (1.2)-
(1.4)-(1.5) if
1€ CO([0,T); HY2(Ty)), e € L?(0,T; HA(T,))
NCY ([0, T]; H3(Ty)),
Mtt S L2(07T7 HQ(FS))7 Mttt S L2 (OaTvLQ(FS>)7
NCo([0, T); HY(Ty))

(1.14)

(1.13) holds for every (x,t) € X% and the triplet (p,u,n) = (po®;*, uod;*,n)
solves (1.9) in the following Sobolev spaces

p e CO(0, T H*(Q)), o € C°([0, T]; H (),
u e L0, T H3()) N CO([o, T]; HY/2(Q)),
u, € L?(0,7; H2(Q)) N CO([0, T]; HY (),
Uy € L2(0,T;L2()).

(n is in the space mentioned in (1.14)). Note that (p,u) can then be obtained
from (p,1) by (p,u) = (po P,,uo0d,).

(1.15)



8 Sourav Mitra

In relation with Definition 1.6, we introduce the following functional
spaces

Vi ={p € C°([0,T]; H*(Q)) | p+ € C°([0,T]; H' ()},
Yl ={u e L*(0,T; H3(Q)) N C°([0, T); H*2(Q)) | u, € L*(0, T; H*(Q2))
NC([0, T|; H'(Q)), uy € L*(0,T; L*(2))},

Vi ={n e Cc°([0,T); HY*(T,)), n(z,0) = 0 | g, € L*(0, T; H*(T,))
NC([0,T7; H*(Ts)),me € L*(0,T5 H*(T'5)) N C°([0,T); H'(Ts)),
N € L2(0,T5 L*(Ts)) }- (1.16)

The spaces YT, Y3& and Y3 correspond to the spaces in which the unknowns
p, U and 7 respectively.
Now we precisely state the main result of the article.

Theorem 1.7. Assume that

(1)  (a) Regularity of initial conditions :
pPo € H2(Q>, m € H3(1“S)7u0 S HS(Q)

(b) Compatibility between initial and boundary
conditions :
U 1.17
(b)l o 2 =0on F, ( )
(0)2 = P'(po)Vpo — (0n1,20 — (1 + 20) (u0)2,
+P(po))zpo€2 + zpo(uo)-m — po(ug - V)ug
—(—pA — (p+ p/)Vdiv)ug = 0 onT,
(73)  (1.3) holds,

where we use the notations P'(po) = VP(po), P(po) = (ap — ap”) and
ug = ((uo)1,(uo)2). Then there exists T > 0 such that the system (1.9)
admits a solution (p,U,n) € Y{I' x Y& x Yi. Consequently in the sense of
Definition 1.6 the system (1.2)-(1.4)-(1.5) admits a strong solution (p,u,n).

Remark 1.8. Our analysis throughout the article can be suitably adapted to
consider any pressure law p(-) € C*(RY) (in this article we present the proofs
with the pressure law given by p(p) = ap”, with v > 1) such that there exists
a positive constant p satisfying p(p) = Pewt, where peyt(> 0) is the external
force acting on the beam. The adaptation is possible since we only consider
the case where the fluid density p has a positive lower and upper bound.

Now let us sketch the strategy towards the proof of Theorem 1.7.

1.4. Strategy

(i) Changing (1.9) to a homogeneous boundary value problem: Recall that

(see Remark 1.2) we will prove the existence of local in time strong solution
of the system (1.2)-(1.4)-(1.5) only when the beam displacement 7 is close to
zero. Again observe that (p = p,u = 0,77 = 0) is a steady state solution of
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the system (1.2)-(1.4)-(1.5) and hence of the system (1.9). So to work in a
neighborhood of 7 = 0, we make the following change of unknowns in (1.9),

c=p—p, v=(v,v)=u-0, n=n-0. (1.18)
In view of the change of unknowns (1.18) one obtains
U1 N\ 1

ot + iy (v2 =z —vieng) | Vo + (o +p)divv)

=Fi(o+p.v,n) in Qr,
(0 +P)ve — pAV — (p + p')Vdivv

=—P'(c+p)Vo+ Fa(c+p,v,n) in Qr,
vV =165 on X7, (1.19)
v=_0 on ZZT,
v(-,0) =ug in
o(,0)=00=po—p in Q,
Nt = Blaw — OMtaw + MNzzee = F3(0 + P, v, 1) on X7,
n(0) =0 and n:(0) =m in Tg.

We transform the system (1.19) into a homogeneous Dirichlet boundary value
problem by performing further the following change of unknown

w = (wy,ws) =V — 20E3. (1.20)

Since v and 7; both are L-periodic in the x—direction, the new unknown w
is also L-periodic in the z—direction. With the new unknown w, we write
the transformed system in the following form

oy + (141rn) (w;Ui wizna) | Vo = Gy(o,w,n) in Qr,
(0 +p)wi — pAw — (u+ ' )Vdivw = Gz (o, w,n) in Qr,
w=0 on X,
. _ (1.21)
w(-,0) =wo =ug — 21162 in Q
o(,0)=00=po—p n Q,
Net = Bz — OMtaz + Wgazs = G3(0, W, ) on X7,
7(0) =0 and n:(0)=m in T,
where

Gi(o,w,n) = —(0 + p)div(w + 2mi€2) + Fi(o + p, W + 2n:€3, 1),
Ga(o,w,n) = —P'(0 +p)Vo — znu (0 + p)é3

— (—pA — (p+ ' YVAiv) (2n:€3) + Fa(o + p, W + 2163, 1),
G3(07W,77) :F3(0+ﬁ,w+77te_§a77)- (122)

(ii) Study of some decoupled linear problems: Observe that in the new system
(1.21) the coupling between the velocity of the fluid and the elastic structure
appears only as source terms. In order to solve the system (1.21) we first
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study some linear equations in Section 2. In order to analyze the local in time
existence of strong solution the difficulty is to track the dependence of the
constants (appearing in the inequalities) with respect to the time parameter
“T”. In this direction we first obtain a priori estimates for the linear density
and velocity equations with non homogeneous source terms in the spirit of
[39]. Then we prove the existence of strong solutions for a linear beam equa-
tion. The proof strongly relies on the analyticity of the corresponding beam
semigroup (see [14] for details). At this point we refer the readers to the arti-
cles [19] (maximal LP — L9 regularity of structurally damped beam equation),
[20] (analyticity and exponential stability of beam semigroup), [34] (study of
beam equation in the context of an incompressible fluid structure interaction
problem) and the references therein for the existence and regularity issues of
the damped beam equation. In our case to obtain estimates with the con-
stants independent of ‘T’ for the beam equation we first fix a constant T > 0
and restrict ourselves to work in the time interval (0,7") where

T<T. (1.23)

This technique is inspired from [35].

(iii) Fized point argument: In Section 3 we prove the existence of a strong
solution of (1.21) by using the Schauder’s fixed point theorem based on (1.21)-
(1.22).

Remark 1.9. Since n(0) = 0 the reqularity (1.14) of n guarantees that

Mllzo(2z) < CT el Lo 0,112 (1)) s (1.24)

for a constant C' independent of T. For small enough time T, (1.24) furnishes
n =~ 0 and hence during small times, the beam stays close to the steady state
zero.

1.5. Comments on initial and compatibility conditions

(i) Recall from (1.17)(i)(a) that we assume ug € H3(£2). Also observe that
in our solution (see (1.15)) the vector field G € C°([0, T]; H>/2(Q)) i.e for the
velocity field there is a loss of % space regularity as the time evolves. One
can find such instances of a loss of space regularity in many other articles in
the literature, for instance we refer the readers to [3], [26] (for the coupling
of fluid-elastic structure comprising a compressible fluid) and [15], [16], [35]
(for incompressible fluid structure interaction models).

(i1) We use (1.22)3 to obtain the following expression of G5 |;—¢ (the value of
Gs(o,w,n) at time t = 0)

G35 |t=0= — (1 +21")(u0)2,= + P(po)- (1.25)

Using pg € H?(Q2), up € H3(Q) (see (1.17)(i)(a)) and standard trace theo-
rems one easily checks that

G3 |t:0€ H3/2(FS). (126)

We will use the regularity of G3 |i=o (in fact we will only use G5 |i=o€
H(T,)) to prove the regularity of n. This will be detailed in Theorem 2.7.
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(iii) We use (1.25) and the equation (1.21)g to check that
Mie(+50) = 0n1ea — (14 21") (w0)2,2 + P(po).

Hence using (1.22), one obtains the following expression of Ga |i=¢ (the
value of Ga(o, w,n) at time ¢ = 0)

G2 |t=0 = =P (po)Vpo — (011,00 — (1t +24") (w0)2,= + P(po))zpoca  (1.27)
+ 2po(U0)2m — po(uo - V)ug — (—pA — (p + p/)Vdiv) (2mi€3).
This gives

Galimo - (- = G+ ) ¥av) (w0 = | 0 | ) = =P/ (pu) Vo

— (01,22 — (10 + 2/-/)(”0)2,,2 + P(po))zpo€2 + zpo(uo)-m
= po(uo - V)ug — (—pA — (u + p/)Vdiv)uy.

(1.28)

The regularity assumptions (1.17)(7)(a) and (1.28) furnish the following

Galima ~(-nt = o+ )V (wo = | 0 [) e @) (29

—

Hence one obtains (recalling that wo = ug — 271 €>)
the assumption (1.17)(4)(a) and (1.17)(4)(b)2
= Gy |i=0 —(—pAwo — (p + p/)Vdivwg) € H(Q). (1.30)

We need this to prove some regularity of w and hence of u. This will be
detailed in Theorem 2.1.

1.6. Bibliographical comments

Here we mainly focus on the existing literature devoted to the study of fluid
structure interaction problems.

To begin with we quote a few articles dedicated to the mathematical study of
compressible Navier-Stokes equations. The existence of local in time classical
solutions for the compressible Navier-Stokes equations in a time independent
domain was first proved in [32] and the uniqueness was established in [36].
The global existence of strong solutions for a small perturbation of a stable
constant state was established in the celebrated work [30]. In the article [39]
the authors established the local in time existence of strong solutions in the
presence of inflow and outflow of the fluid through the boundary. In the same
article they also present the proof of global in time existence for small data
in the absence of the inflow. P.-L. Lions proved (in [29]) the global existence
of renormalized weak solution with bounded energy for an isentropic fluid
(i.e p(p) = p") with the adiabatic constant v > 3d/(d + 2), where d is the
space dimension. E. Feireisl et al. generalized the approach to cover the range
~ > 3/2 in dimension 3 and v > 1, in dimension 2 in [21]. The well-posedness
issues of the compressible Navier-Stokes equations for critical regularity data
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can be found in [17], [18]. For further references and a very detailed devel-
opment of the mathematical theory of compressible flow we refer the reader
into the books [33] and [11].

In the last decades the fluid-structure interaction problems have been an
area of active research. There is a rich literature concerning the motion of
a structure inside or at the boundary of a domain containing a viscous in-
compressible Newtonian fluid, whose behavior is described by Navier-Stokes
equations. For instance local existence and uniqueness of strong solutions of
incompressible fluid-structure models with the structure immersed inside the
fluid are studied in [15] (the elastic structure is modeled by linear Kirchhoff
equations) and [16] (the elastic structure is governed by quasilinear elastody-
namics). There also exist articles dealing with incompressible fluid-structure
interaction problems where the structure appears on the fluid boundary and
is modeled by Euler-Bernoulli damped beam equations (1.2)7-(1.2)s. For ex-
ample we refer the readers to [4] (local in time existence of strong solutions),
[13] (existence of weak solutions), [34] (feedback stabilization), [24] (global
in time existence) and the references therein for a very detailed discussion of
such problems.

Despite of the growing literature on incompressible fluids the number of ar-
ticles addressing the compressible fluid-structure interaction problems is rel-
atively limited and the literature has been rather recently developed. One
of the fundamental differences between the incompressible and compressible
Navier-Stokes equations is that the pressure of the fluid in incompressible
Navier-Stokes equations is interpreted as the Lagrange multiplier whereas in
the case of compressible Navier-Stokes equations the pressure is given as a
function of density with the density modeled by a transport equation of hy-
perbolic nature. The strong coupling between the parabolic and hyperbolic
dynamics is one of the intricacies in dealing with the compressible Navier-
Stokes equations and this results in the regularity incompatibilities between
the fluid and the solid structure. However in the past few years there have
been works exploring the fluid-structure interaction problems comprising the
compressible Navier-Stokes equations with an elastic body immersed in the
fluid domain. For instance in the article [7] the authors prove the existence
and uniqueness of strong solutions of a fluid structure interaction problem
for a compressible fluid and a rigid structure immersed in a regular bounded
domain in dimension 3. The result is proved in any time interval (0, T), where
T > 0 and for a small perturbation of a stable constant state provided there
is no collision between the rigid body and the boundary 02 of the fluid do-
main. In [0] the existence of weak solution is obtained in three dimension for
an elastic structure immersed in a compressible fluid. The structure equation
considered in [6] is strongly regularized in order to obtain suitable estimates
on the elastic deformations. In a very recent article [25], the authors prove
both local and global existence (for small initial data) of a strong solution in
LP — L7 regularity framework for a compressible fluid structure interaction
problem where the rigid structure is immersed inside the fluid and follows
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Newton’s law. A result concerning the local in time existence and uniqueness
of strong solutions for a problem coupling compressible fluid and an elastic
structure (immersed inside the fluid) can be found in [3]. In the article [§]
the equation of the structure does not contain any extra regularizing term.
The flow corresponding to a Lagrangian velocity is used in [8] in order to
transform the fluid structure interaction problem in a reference fluid domain
Qr(0), whereas in the present article we use the non physical change of vari-
ables (1.7) for the similar purpose of writing the entire system in a reference
configuration. A similar Navier-Stokes-Lamé system as that of [8] is analyzed
in [20] to prove the existence of local in time strong solutions but in a different
Sobolev regularity framework. In the article [26] the authors deal with less
regular initial data. We also quote a very recent work [9] where the authors
prove the local in time existence of a unique strong solution of a compress-
ible fluid structure interaction model where the structure immersed inside
the fluid is governed by the Saint-Venant Kirchhoff equations.

On the other hand there is a very limited number of works on the compress-
ible fluid-structure interaction problems with the structure appearing on the
boundary of the fluid domain. The article [22] deals with a 1-D structure
governed by plate equations coupled with a bi-dimensional compressible fluid
where the structure is located at a part of the boundary. Here the authors
consider the velocity field as a potential and in their case the non linear-
ity occurs only in the equation modeling the density. Instead of writing the
system in a reference configuration in [22] the authors proved the existence
and uniqueness of solution in Sobolev-like spaces defined on time dependent
domains. The existence of weak solution for a different compressible fluid
structure interaction model (with the structure appearing on the boundary)
is studied in dimension three by the same authors in [23]. In the model con-
sidered in [23], the fluid velocity v satisfies curlv A n = 0 on the entire fluid
boundary and the plate is clamped everywhere on the structural boundary.
In a recent article [3] the authors prove the Hadamard well posedness of
a linear compressible fluid structure interaction problem (three dimensional
compressible fluid interacting with a bi-dimensional elastic structure) defined
in a fixed domain and considering the Navier-slip boundary condition at the
interactive boundary. They write the coupled system in the form

; p p p(0) Po
u u| . u(0) up

& = A 0,7), and ,
dt  n g | 0 OT) an 1(0) m
Mt Mt 1:(0) 72

and prove the existence of mild solution (p,u,n,7;) in the space

C°([0,T]; D(A)) where D(A) is the domain of the operator A. Their approach
is based on using the Lumer-Phillips theorem to prove that A generates a
strongly continuous semigroup. In yet another recent article [10] the authors
consider a three dimensional compressible fluid structure interaction model
where the structure located at the boundary is a shell of Koiter-type with
some prescribed thickness. In the spirit of [29] and [21] the authors prove the
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existence of a weak solution for their model with the adiabatic constant re-
stricted to v > 1—72 They show that a weak solution exists until the structure
touches the boundary of the fluid domain.

To the best of our knowledge there is no existing work (neither in dimension
2 nor in 3) proving the existence of strong solutions for the non-linear com-
pressible fluid-structure interaction problems (defined in a time dependent
domain) considering the structure at the boundary of the fluid domain. In
the present article we address this problem in the case of a fluid contained
in a 2d channel and interacting with a 1d structure at the boundary. Our
approach is different from that of [3] and [10]. In [3], since the problem itself
is linearized in a fixed domain, the authors can directly use a semigroup for-
mulation to study the existence of mild solution, whereas [10] considers weak
solutions and a 4 level approximation process (using artificial pressure, artifi-
cial viscosity, regularization of the boundary and Galerkin approximation for
the momentum equation). In the study of weak solutions (in [29], [21], [10])
one of the major difficulties is to pass to the limit in the non-linear pressure
term which is handled by introducing a new unknown called the effective
viscous flux. In our case of strong regularity framework we do not need to
introduce the effective viscous flux and for small enough time 7', the term
VP(o+p) can be treated as a non homogeneous source term. Our approach
is based on studying the regularity properties of a decoupled parabolic equa-
tion, continuity equation and a beam equation. This is done by obtaining
some apriori estimates and exploiting the analyticity of the semigroup corre-
sponding to the beam equation. Then the existence result for the non-linear
coupled problem is proved by using the Schauder’s fixed point argument. We
prove the existence of the fixed point in a suitable convex set, which is con-
structed very carefully based on the estimates of the decoupled problems and
the estimates of the non-homogeneous source terms. This led us to choose
this convex set as a product of balls (in various functional spaces) of differ-
ent radius. In the present article we prove a local in time existence result of
strong solutions whose incompressible counterpart was proved in [4].

Let us also mention the very recent article [37] where the global existence for
the compressible viscous fluids (without any structure on the boundary) in
a bounded domain is proved in the maximal LP — L9 regularity class. In this
article the authors consider a slip type boundary condition. More precisely
the fluid velocity u satisfies the following on the boundary

D(un — (D(uyn,n)yn=0, and u-n=0 on 90 x (0,7).

In a similar note one can consider a fluid structure interaction problem with
slip type boundary condition. In that case the velocity field u solves the
following

D(un— (D(uyn,nyn=0, and u-n=1n on I'yx(0,7), (1.31)

where 7, is the structural velocity at the interactive boundary I's x (0,7).
To the best of our knowledge for a compressible fluid structure interaction
problem the condition (1.31) is treated only in [3], proving the existence of
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mild solution. Of course the boundary condition (1.31) is different from the
one we consider in the present article since in our case we do not allow the
fluid to slip tangentially through the fluid structure interface (i.e recall in our
case u; = 0 on X7.).

A more generalized slip boundary condition is considered in [31] in the con-
text of an incompressible fluid structure interaction problem. In the model
examined in [31] the structural displacement has both tangential and normal
components with respect to the reference configuration. At the interface the
fluid and the structural velocities are coupled via a kinematic coupling condi-
tion and a dynamic coupling condition (stating that the structural dynamics
is governed by the jump of the normal stress at the interface). The kinematic
coupling conditions at the interface treated in [31] consists of continuity of
the normal velocities and a second condition stating that the slip between the
tangential components of the fluid and structural velocities is proportional
to the fluid normal stress. The authors in [31] prove the existence of a weak
solution for their model.

1.7. Outline

Section 2 contains results involving the existence and uniqueness of some
decoupled linear equations. We state the existence and uniqueness result for
a parabolic equation in Section 2.1, continuity equation in Section 2.2, linear
beam equation in Section 2.3. In Section 3 we prove Theorem 1.7 by using
the Schauder fixed point theorem.

2. Analysis of some linear equations

We will prove the existence and uniqueness of strong solutions of a parabolic
equation, a continuity equation and a damped beam equation with prescribed
initial data and source terms in appropriate Sobolev spaces.

From now onwards all the constants appearing in the inequalities will be
independent of the final time 7T, unless specified. We also comment that we
will denote many of the constants in the inequalities using the same notation
although they might vary from line to line.

2.1. Study of a parabolic equation

At first we consider the following linear problem
ow; — pAw — (p+ ¢/ )Vdivw = Go in Qr,
w=0 on Xr, (2.1)
w(0) = wo in Q,

where @, wy and G5 are known functions which are L-periodic in the =z

direction.
Let m and M be positive constants such that m < M. We are going to study
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(2.1) where 7, wo and G satisfy the following
TEL®Qr),0<m/2<T<2Min Qr,0<m <7(-,0) < Min Q,
{ Vo € L2(0,T;L3(Q)), 5; € L2(0,T; L3()),
(2.2)
and
Gy € L*(0,T; H' (), Gor € L?(0,T;L2(Q)),
wo € H{(Q), (2.3)
(GQ |t:0 7(7‘LLAW0 - (,U, + HJ,)VdIVWO)) S H(IJ(Q)
The following theorem corresponds to the existence and the regularity prop-
erties of the solution w of the system (2.1).

Theorem 2.1. Let m, M be positive constants such that m < M. Then for all
7, Gy and wq satisfying (2.2) and (2.3), there exists a unique solution w of
(2.1) which satisfies the following

w € L2(0, T; H*(Q)) N C°([0, T); HY/2(Q)), (2.4)
w; € L*(0,T; H?(Q)) N C°([0, T}; HY()), wy € L*(0,T; L*(Q)).
Besides, there exists a constant ¢1 (depending on m and M but independent
of T, &, Gy and wq) such that w satisfies the following inequality
[Wll Lo (0,7:m2(0)) + [[WllL2(0,7582(0) + [Well oo (0,7:11 ()
+ ||Wt||L2(0,T;H2(Q)) + ||thHL2(0,T;L2(Q))

< cfllGall 20,1 ) + G2l L (0,7512 () (2.5)
Gy |i=0 —(—pAwo — (u+ p')Vdivwy) ‘
H!'(Q)

7(0)
(L[l 20, mizs @) + VTN 20,0 @) - explea|Tel| 20,7 03(0)) -

Remark 2.2. Observe from (2.4) that w € C°([0, T]; H*/2(Q)) but in (2.5) we
only include the estimate of [|W|| Lo (0, 17;12(0)) and not of |W|| e o, 7:m5/2(0))-
Using interpolation one can recover an estimate of ||[Wl| Lo (o r;m5/2(0)) from

+ <||G2,t||L2<0,T;L2(Q)) + H

the estimates of |Wl|r2(0,mm3(Q)) and [[Wel|L2(0,7:12(Q)) where the constant
of interpolation may depend on the final time T.

Remark 2.3. Using (2.3) let us observe that Go € L*(0,T; H(2))
N HY(0,T;L2(Q)) and hence by interpolation Gy |—o€ HY?(Q). Now from
(2.3)3 one gets that

(—pAwg — (u+ i) Vdivwg) € HY2(Q).
The elliptic regularity result furnishes that wq € H5/2(Q). Since w €

C([0, T]; H?/2(Q)), for the linear equation (2.1) we do not loose any regu-
larity as time evolves.

Proof of Theorem 2.1. In the context of a smooth domain and with homoge-
neous Dirichlet boundary condition Theorem 2.1 is proved in the article [39].
There is no particular difficulty to adapt the same proof in 2 with L-periodic
(in the x direction) boundary condition. Hence we refer the readers to the
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proofs of [39, Lemma 2.1]. For a related result we also refer the reader to [38,
Lemma 2.2]. O

2.2. Study of a continuity equation

In this section we consider the following linear problem

{ O't+W'v0':G1 in QT7

0'(0) = 0o in Q (26)

where the functions W, Gy and og are L-periodic (in the z direction) func-
tions. The following theorem asserts the existence and regularity of the solu-
tion o of the density equation (2.6).

Theorem 2.4. Let w € L*(0,T;H3(Q2)), w-n=0o0nXr, oo € H*(Q) and Gy
€ LY(0,T; H*(Q2)). Then there exists a unique solution o of (2.6) such that
o€ C[0,T); H*(Q)) and
ol omm2@) < (loollrze) + c2llGrllLro,rm2(0)) 2.7)
-exp(c2||WllL1 o, miH3(0)))-
If in addition G1 € L*(0,T; HY(Q)) and W € L>(0,T;H%(Q)) then oy €
L*°(0,T; HY(Q)) and
ol oo 0,7311 (02)) SeslWllLeeo,mm2(0) (o0l m2(0) + c2l|Gallr0,75m2(0)))
-exp(ca||[ Wl p10,mm3(0))) + 1Gillo= 0.8 ())-  (2.8)
The constants co and c3 appearing respectively in (2.7) and (2.8) are inde-

pendent of T, W, og and G1.

Proof. The theorem is proved in [39, Lemma 2.4] with a particular expression
of the function G;. In our case we adapt the same proof with minor changes.
The existence of solution of (2.6) follows from the method of characteristics.
The representation formula for the solution o is

¢
o(x,t) = oo(U(x,0,t)) + /Gl(U(x, s,t), s)ds, (2.9)
0
where U(z,t, s) solves the following ODE
d _ :
%U(m,t,s) =w(U(x,t,s),t) in Qr, (2.10)

U(z,s,s) ==z in Q.
Observe
U(-,-,-) € CO([0,T) x [0, T]; H*(Q2))
and consequently
a(-,-) € C°([0, T); H?(2)).
Now to prove the estimate (2.7), we multiply (2.6); by o and integrate in .

Integrating by parts the term [ W - Voo and using the fact that w-n =0
Q
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we obtain

1
**|O’|2 Q*/diVWO'Q—F G|z llollzq)-
o lolm <3 | Gz lollaon

Due to the embedding H3(2) < C*(Q) one has

d —
Tlollizio) < cllFlas@lloliz @) + 1Gi 2@ llollz2@)- (2.11)

Before going into the next estimate let us observe that

/[(W -V)Vo] - Vo = —% /(divW)IVUIQ- (2.12)

Q Q

Now take the gradient of (2.6);, multiply by Vo and integrate in Q. Using
(2.12) one obtains

/lfol2 c(|IWllas @ IVollia @) + IVGillLz@ Vol ). (2.13)

In a similar way for the second derivative we have

/ D0 < el Wliscoy | D% e + [ [D7W1[V0l|D0
o (2.14)
+H|D*Gillez @) | Do llLz @)
One has the following estimate
[ 12 Vol1D%0] < 1D a0y 90 o0y | D% s
o (2.15)
< || D*W||s o | Vollar @) I1D*0llL2 @)
The estimates (2.11) and (2.13)-(2.14)-(2.15) furnish the following
1d —
2dtHUHH2 < c([Wllas@ oz + 1Gillmz@llollaz@).  (2.16)

Now (2.7) is a consequence of (2.16) and Gronwall lemma. Finally the esti-
mate (2.8) is a direct consequence of (2.6); and (2.7). O

The following corollary directly follows from (2.6); and the regularity
o € CY([0,T); H*(Q)) which we have obtained in Theorem 2.4.

Corollary 2.5. In addition to the assumptions of Theorem 2.4 if G1 €
CY([0,T]; HY(Q)) and W € C°([0,T]; H2(Q)) then o, € C°([0,T]; H*()).
2.3. Study of a linear beam equation

The linearized beam equation with a non homogeneous source term is the
following

{ Tt — ﬁnxar - 677txac + ONygaa = G3 in Z%, (2 17)

7(0) =0 and n:(0)=m in Ty,
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where G5 and n; are known L-periodic (in the z direction) functions. Let us

denote
0 I
] . (2.18)

—aA2 4 BA  SA
The unbounded operator (A, D(.A)) is defined in
H, = H*(T,) x L*(T), (2.19)

with domain
D(A) = HYT,) x H*(T,).

Hence with the notations

[ o] L s
Y(t) = [m(t)] , Yo = M d Gz = Gl (2.20)
we can equivalently write (2.17) as
{ Y. (t)= AY(t)+ G5 on (0,T), (2.21)
Y (0) =Yo.

Lemma 2.6. Let
Gs € L2(0,T; HX(T,) x L2(Ty)) and Yo € H3(T,) x HY(T,). (2.22)
Then the equation (2.21) admits a unique solution Y which satisfies

Y € L2(0,T; HT,) x H*(T,)) N H'(0,T; H2(T,) x L(T,))
NCO([0, T); H3(T',) x HY(T,)).

In addition if

(2.23)

Gy € L2(0,T; HX(D,) x LA(Ty))

~ . 2.24
and AYo+ Gs |t:0€ HJ(FS) X Hl(FS), ( )

the solution Y of the problem (2.21) has the following additional reqularities
Y, € L?(0,T; H*(Ts) x H?(T'y)) N C°([0,T]; H*(Ts) x HY(Ty)),

Y € L?(0,T; H*(T,) x L*(T,)). (2.25)

Proof. To prove this result we will use the maximal parabolic regularity re-
sults from [5]. Recall the definition of Hy in (2.19). The unbounded operator
(A, D(A)) is the infinitesimal generator of an analytic semigroup on Hy (for
the proof see [11]). Hence using the isomorphism theorem [5, Theorem 3.1,
p. 143] and the assumption (2.22), which can be read as Gz € L*(0,T; Hy)
and Yo € D(A'Y?), we get that the equation (2.21) admits a unique solution
Y satisfying the following:
Y € L2(0,T; HA(T,) x HA(T,)) N H'(0,T; H2(T,) x L*(Ts)).

Using interpolation (see [28]) one also obtains that

Y € C°([0, T]; H3(T,) x HY(T,)).
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This proves (2.23).
Now we assume that (2.2
Y let us differentiate (2.2

(

1
Z:(t) = AZ(t) + G3; on (0,T),
Z(0) =AY+ Gs |i=o -
Due to the assumptions (2.24), ég}t € L%(0,T;H,) and AY, + Gs3 |—o€

D(AY?) (= H3*(T,) x H'(T'y)). We can use the isomorphism theorem [5,
Theorem 3.1, p. 143] again to conclude

Z=Y,cL*0,T; H (T'y) x H*(T,)) N H*(0,T; H*(T) x L*(Ty)).
Once again using interpolation we verify that
Y, € C°([0,T]; H3(T,) x HY(Ty)).
This completes the proof of Lemma 2.6. (I

4) holds. In order to obtain the time regularity of
) with respect to t and write Z = Yy,

(2.26)

We are going to use the representation (2.21) of (2.17) to state the
existence and regularity result for the problem (2.17).

Theorem 2.7. Assume that T < T (recall that T was fired in (1.23)), G3 €
L>=(0,T; HY*(Ty)) and Gs; € L?*(0,T;L3*(Ty)). Also suppose that n, €
H3(Ts) and G3 |i—o€ HY(Ts). Then the equation (2.17) admits a unique
solution n which satisfies

n € L>=(0,T; HY*(Ty)),
ny € L2(0,T; HY(T'y)) N C°
nee € L*(0,T; H*(T)) N C
nue € L*(0,T; L*(Ty)),

and for some positive constant c4 independent of T, G and 1, we have the
following estimate

([0,77; H*(T))
0

(10, 7% HA(T), (2.27)

170l oo (0,75 19720 yy + el 20,7512 (00y) + M2l Lo 0,523 (1))

+ Inetll 20,0512 (02 )) + et oo 0,750 (00 )y + [1Mseel 220,720, )) (2.28)
<ca(lmllase.y + ||G3 lt=0 [z (r.) + 1G3ll e (0,311 721, ) '

(0.1:22(r.))):
Proof. We first consider

G3 € L*(0,T; L*(T's)) and n; € HY(Ty). (2.29)
In view of the notations (2.20), (2.29) corresponds to the case (2.22) of Lemma

2.6. Hence we can use (2.23) to obtain

1l L2 0.y + el L2020y + (06l 20,7220, (2.30)

c(mller ey + Gl 20,7:02(r,))) '
where the constant ¢ might depend on the final time 7. We want to show
that there exists a constant ¢ independent of T' such that the inequality (2.30)

is true. For that we extend G3 by defining it zero in (7,T) and denote the
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extended function also by Gs. Observe that G3 € L*(0,T; L?(T's)). We can
solve (2.17) in the time interval (0,T) and consequently

90l 20,512 (r.y) + Imell 220,052 (00)) + el 20,7522 (0 ))

< |nll2o 7 ma sy + 1Ml 20 72y + Ineell 20 7 p2 . )
_ (2.31)
< T (Imlla e,y +1Gall g2 0 Tz ()

= c(T)(Imllarr.y + 1Gsll20.0:2(xr.)) ) -

So we are able to get a constant ¢(T) which is independent of 7.
To prove the regularity estimates of 7;, we will use

Gsy € L2(0,T;L2(Ty)), mi€ H3(Ty) and Gs li—o€ H'(T,). (2.32)

Indeed, observe that (2.32) implies §Anm +G3 ;=o€ H'(T's). Now differentiate
the equation (2.17) with respect to t,

{ (nt)tt - 5(77t)zz - 5(77t)tma: + Oé(nt)xzzx = GB,t on 23‘7

2.33
n:(0) =m and  7:4(0) = 6An + G3 |i=o in T,. (2.33)

In view of the notations (2.20), (2.32) and (2.33) correspond respectively
0 (2.24) and (2.26) in Lemma 2.6. Hence we can use (2.25) to furnish the
following

||"7t||L2(O,T;H4(I‘S)) + ||77tt||L2(0,T;H2(FS)) + ||77ttt||L2(O,T;L2(F5))
(2.34)
c(lmllas@yy + 1Gs li=o ar @y + 1Gs.illz20.:22r.)) s

where the constant ¢ might depend on the final time T'. Since we are interested
in proving (2.34) with a constant ¢ independent of T, we extend the function
G3 ¢+ by defining it zero in the interval (7, T') and denote the extended function
also by Gs ;. In a similar spirit of the computation (2.31) one can prove

7l 2o,z 8 02y + Imet | 220,72 (00)) + Imetell 220,522 (0. )

_ (2.35)
< e(T)(Ilmllascr,) + Gs

(0.7:L2(I,)))

for some constant ¢(T) independent on 7. In order to get explicit bounds
on the L>°(0,T) norms of n, n; and 7y we first multiply (2.17)1 by 7tz and
integrate over I';. We use the L-periodicity (in the z direction) of 7 and
integrate the terms by parts to obtain

1d 2

I, (2.36)
< §||77t:cx(t)||%2(rs) + 5HG3HL2(FS)-
Now integrating (2.36) with respect to ¢,

2 2 2
Nt || 7,00 . + Nza || 700 . + || Ntzz .
717 (0,T;L2(T,)) [ Iz (0,T;L2(T,)) (7 HL?(O,T,L?(FS)) (2.37)

+ ||77II:E||%°°(O,T;L2(FS)) < C(Hntx(O)Hzm(rs) + ||G3H2L?(O,T;L2(Fs)))'
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From (2.37) we get in particular

191F 00 0,713 0yy < €lllmlFr e,y + 1Gl172 0,122 ) - (2.38)

Now consider the equations (2.33). One imitates the analysis used to obtain
(2.37) to find

Hnttw”%w(O,T;L?(FS)) + ”ntwazH%w(O,T;Lz(Fs)) + HnttmzH%?(O,T;LZ(FS))
F 1zzelToe 0,75 02(r0y) < €llmllzs e,y + 1Ga le=o [ Fr,) (2.39)
+ HGB,t||2L2(0,T;L2(FS)))~
Hence in particular
”nt”%w(O,T;HS(FS)) + Hntt”%m(O,T;Hl(Fs)) <C(||771||§{3(r5) + 1G5 |e=0 Hip(rs)
+ Gl 720, 02(r,y))-  (2:40)
Now we will use that
Gz € L>(0,T; HY/2(T,)). (2.41)
Write (2.17)1 as
Noaae = = (G3 4 ONiaa + Bllea — Nit)- (2.42)

In view of (2.41) one observes that all the terms appearing in the right hand
side of (2.42) belongs to L>(0,T; H'/?(T,)). As the beam in our problem is
one dimensional, € L>(0,T; H%/%(I'y)) and the estimates (2.38) and (2.40)
furnish the following

100l oo 0,75 m0972 0y < e(lmlls ey + 11Gs li=o a0,y + 1G5l 20,7522 (0.

+1Gsll L 0,mm1/2(r, ) ) - (2.43)
Hence combining all the above estimates we here conclude the proof of The-
orem 2.7. 0

The following corollary follows directly by using the regularities (2.27)
and the expression (2.42) of Nypzs-

Corollary 2.8. In addition to the assumptions of Theorem 2.7 if Gs fur-
ther satisfies the regularity assumption Gy € C°([0,T]; H/2(Ty)) then n €
CO([0,T); H¥2(Ty)).

3. Local existence of the non linear coupled system

From now on up to the end of this article, we fix the initial data (pg, ug,71)
such that they satisfy the assumptions stated in (1.17). We also fix the con-
stant

do € (0,1). (3.1)
The constant dg will be used to keep a positive distance between the beam
and the bottom I'y of the domain €. Also recall that the positive constants
m and M were fixed in (1.3) and T was fixed in (1.23).
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Proof of Theorem 1.7. This section is devoted to the study of the non linear
system (1.21). We will prove here that the system (1.21) admits a strong
solution in a time interval (0,7, for some T > 0 small enough and hence we
will conclude Theorem 1.7.

Now we sketch the steps towards the proof of Theorem 1.7:

(i) First in Section 3.1 we define a suitable map for which a fixed point gives
a solution of the system (1.21).

(ii) Next we design a suitable convex set such that the map defined in step
(i) maps this set into itself. This is done in Section 3.2.

(iii) In Section 3.3 we show that the convex set defined in step (ii) is compact
in some appropriate topology. We further prove that the fixed point map
from step (i), is continuous in that topology.

(iv) At the end in Section 3.4 we draw the final conclusion to prove Theorem
1.7.

In what follows all the constants appearing in the inequalities may vary from
line to line but will never depend on T.

3.1. Definition of the fixed point map
For (o, w,7) satisfying

5 € L>(0,T; HX(Q

) N WL (0, T; H(Q
w € L>(0,T; HY?(Q
Q)

);
)ﬁLQ(O,T,H3() Wheo(0, T; HY (2))
)

)
) )N
ﬂHl(OTHQ( YN H2(0,T; L%()), (3.2)
7€ L>(0,T; HY/2(T',)) N Who°(0, T; H3(T)) :
NHY(0,T; H*(Ts)) N W2°(0,T; H*(Ts))
NH?(0,T; H*(Ts)) N H3(0,T; L3(Ty)),
we consider the following problem:
or + W(W,7) - Vo = G1(5, W, ) in Qr,
(@ +p)wt — pAw — (p+ p')Vdivw = Ga(0, w,7)  in Qr,
w=20 on X,
w(-,0) = wo =ug — 2116, in
o(,0)=00=po—p in €
Tt — an:}c - 67715:52 + ONyzze = GS(Ev {"77 ﬁ) on E;’v
n(0) =0 and n(0) =m in T,

where G1, G2, G3 are as defined in (1.22) and W(Vw 7) is defined as follows

It turns out that it will be important for us to check that Go(o, w,7)
and G3(c,w,1) respectively coincide at time ¢t = 0 with the values G and



24 Sourav Mitra

GY computed in (1.27) and (1.25), and given as follows:

G5 = —P'(po)Vpo — (601,00 — (1t + 214" (u0)2,= + P(po))zpo€a + zpo(ug).m
= po(uo - V)ug — (—pA — (p+ p')Vdiv)(2méz), (3.5)

G§ = — (1 +2u)(u0)2,= + P(po)- (3.6)
This will be imposed by assuming (&, w, 7, 7:)(+,0) = (00, Wo,0,71) and

ﬁtt('a 0) = 6771,11 - (M + 2,U/l)(UO)2,z + P(PO) in Q7

Wil,0) = (G — (s — (u+ p)Veliv)(uo — 2m3)) in @, 7

)

Indeed, under the above conditions, one can check from the expressions of
GQ(&I,VV,m and G3(57VT/, ﬁ) that GQ(&I,\,’\VI,ﬁ) ‘t:O: Gg and Gg(&l,{’vv,m |t:O:
Q.

Lemma 3.1. Let the constant &y be fized by (3.1). For T < T, let us assume
the following

(o, w,7) satisfies (3.2), (3.8)

W =0 on X7, (3.9)

(B,0), (0,7, 0), (- 0)) = (o — 7 o — 215, 0,m1) in 0, (3.10)
(3.7) holds, (3.11)

14+7(z,t) = 6 > 0 on X5, (3.12)
0<%<E+ﬁ<2M1nQT7 (3.13)

where m and M were fized in (1.3).

Then G1(o,w,7), G2(o,W,7) and G3(,w,n) satisfy the following
G1(a,w,n) € L*(0,T; H*(Q)) N L>(0,T; H'(Q)),
Go(7,w,n) € L*(0,T; H'(Q)) N H*(0,T;L2(Q)) N L>(0, T; L*(Q)),
Gs(5,w,7) € L>=(0,T; HY*(T,)) n H*(0,T; L*(Ts)), (3.14)
W (w,7) € L'(0,T; H3(Q)) N L™=(0, T; H3(2)),
G2(5, W, 1) |i—o= GY and Gs(5,W,7) |—o= GY.

Proof. The detailed computations to verify (3.14) follows from Lemma 3.8
(for estimates of G1), Lemma 3.10 (for estimates of Gs), Lemma 3.12 (for

estimates of G3) and Lemma 3.14 (for estimates of W) in the Section 3.2.2.
(]

Observe that the condition (3.9) implies that W(Vv, 7)-n = 0 (where w
is as defined in (3.4)) on Y. Hence in view of Lemma 3.1, for all (&, w,7)
satisfying the conditions (3.8)-(3.9)-(3.10)-(3.11)-(3.12) -(3.13), the system
(3.3) admits a unique solution as a consequence of Theorem 2.1, Theorem
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2.4 and Theorem 2.7 in the space Z{ x Y3 x ZI | where Y, is defined in
(1.16), ZT and ZI are defined as follows

Z{ ={p € C°([0,T; H*(Q)) | pr € L>(0,T; H*(2))},

73 ={n e L>=(0,T; H*(T\)), n(x,0) = 0 | n, € L*(0,T; H*(T',)) (3.15)
NCO([0,T); H*(Ts)), me € L2(0,T; HA(T'5)) N C([0, T]; H' (Ts)),
nue € L*(0, T L*(Ty))}.

Observe that the only difference between Y;' (defined in (1.16)) and Z7 is
that the elements of ;I belongs to C*([0,T]; H(Q)) while the elements of
ZT are in Wh*°(0,T; H*(9)). Also one observes that the elements of Y3
(defined in (1.16)) are in C°([0,T]; H%/?(T)) while Z¥ is only a subset of
L(0, T; HY/2(T,)).

Before defining a suitable fixed point map (in order to solve the non-linear
problem (1.21)), we will introduce a convex set Cr (where we will show
the existence of a fixed point). The set Cr will be defined as a subset of
L?(0,T; L?(Q)) x L?(0,T;L?(Q)) x L?(0,T; L?(T,)) such that the elements
of Cr satisfy some norm bounds and some conditions at initial time ¢t = 0.
Let us make precise the assumptions which will be used to define the set Cr.
Regularity assumptions and norm bounds of (o, w,n):

161|220 0, 7512(0)) < Brs [[0¢]|Lee 0,11 (2)) < B, (3.162)

Wl o0, 7:12(0)) + [IWllL2(0, 783 () + IWell Loe (0,711 () (3.16b)
+ ([ Well 220, rm20)) + [Well 20wz ) < Bss

1771 Loe (0,3 972(0)) + W7l o< 0,120 )) + |70l L2 0,1 10 (1)) (3.16¢)

+ 1Ml oe 0,751 (02 )) + el 220,752 (0 )y + I Tettl 220, 1522(1,)) < Bas

1479z, t) = 6 >0 on X7, (3.16d)
0<%<5+ﬁ<2M in Or, (3.16¢)

where B;’s (1 < i < 4) are positive constants and will be chosen in the
sequel. The norm bound (3.16b) implicitly asserts (by interpolation) that w
is in CO([0, T); H/2(Q)).

Assumptions on initial and boundary conditions:

w =0 on X, (3.17a)
(5(70)5‘%}(70)777(’ 0); ﬁt(70)) = (PO —p,ug — 277162707771) in Q, (317b)
Mt (+,0) = 01z — (0 + 24")(u0)2,- + P(po) in Q, (3.17c)

Fi(-,0) = %(Gg — (—pA — (p+ ) Vdiv)(up — 2mé3)) in Q. (3.17d)
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For T < T, let us define the following set
GT(B17 BQ; B37 B4)
= {(e,w,n) € L*(0,T; L*()) x L*(0, T;L*(2)) x L*(0, T; L*(Ts)) |
the relations (3.16) — (3.17) are true}. (3.18)
Now for (5,w,17) € Cr(By, B2, B3, By), let (o, w,n) € ZL x Y,F x ZT (recall
the definition of Y3, from (1.16) and Z{, ZI are defined in (3.15)) be the
solution of the problem (3.3) corresponding to (¢, w,7). This defines the map
L: eT(Bl,BQ7B3,B4) — Z? X Y2T X Z?T
(0, w,n) = (o, w,m).
Now observe that if the map L admits a fixed point (of, wys,ny) on the set
Cr(Bi1, B2, B3, Bs), then the triplet (of, ws,7y5) is a solution to the system
(1.21). Thus, our goal from now is to prove the existence of a fixed point to

the map L. In that direction we first show that for suitable parameters B;
(1<i<4)andT, the set Cr(By, Bs, Bs, By) is non-empty.

(3.19)

Lemma 3.2. There exists a constant B; > 0 such that for all B; > Bj
(1 < i< 4) there exists T (B1, Ba, Bs, By) € (0,min{1,T}) such that for all
0 < T < T§(By,Bs, B3, By) the set Cr(By, Ba, B3, By) is non empty.

Proof. The choice of the constant Bj will be done based on the calculations
performed in the following steps.

Step 1. In this step we will prove the existence of a function w* which satisfies
the norm bound (3.16b) and the condition (3.17d) at time ¢t = 0. We begin by
recalling that (pg, ug,n1) satisfies (1.17) and hence one observes that (ug —
2m @) € H3(Q2). As GY is given by the expression (3.5), using (1.29) one
has G € H'(Q). We can thus find a lifting h € L?(R*t; H}(Q)) and h; €
L?(RT;L%(Q)) (see e.g. [27, Theorem 3.2, p. 21]) such that h(0) = GY in Q.
(In fact, we only need G € H'/2() in this step.)

Let w* be the solution of the following system

pow; — pAW* — (u + p/)Vdivw* = h in Qe
w* =0 on Yo, (3.20)
w*(0) = wo = (ug — 2m1€3) in Q.
In view of (1.30) one can uniquely solve (3.20) such that the function w*
satisfies the following estimate

W™ [ Loo (0,00:2(2)) + W[ 22(0,00;13(Q)) F [[WF | Lo (0,001 ()

Wil 22(0,00:182(2)) + Wil 22(0,00:12(02))

< c(|[hl 220,001 () + el 20,0022 () + G2 li=0 |71 () (3.21)
+{lao — zmésl| g3 (o))

< es5([|Ge li=o 1) + w0 — 2mi€zl aa(a))-

Using (3.20) one also observes the following

N 1
Wy ('70) =

o (GS = (—pA — (p+ /) Vdiv)(ug — 21 63)). (3.22)
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In view of (3.21) and (3.22) one observes that w* satisfies (3.16b) and (3.17d)
respectively.

Step2. In this step we will prove the existence of a function n* which sat-
isfies the norm bound (3.16¢), (3.16d) and the condition (3.17¢) at time
t = 0. In that direction first recall that G§ € H'(T5). We use in partic-
ular the regularity G € H'/2(T'y) to obtain a lifting h; of GY such that
hy € L2(RT; HY(T,)) N HY(RT; L*(T,)) N L®°(R*; HY/?(T,)) and hy(0) = G
in T';. Let n* be the solution of equation (2.17) with G5 replaced by h;. From
Theorem 2.7 and inequality (2.28) one obtains

17" | Lo 0,75 19721,y + 172 Iz 0,518 (0 0)) + 106 | Loo 0,753 (1))

F 1mtll 2050200y + 105l o o, 7050 (00)) + 1Ml £200,75 221, )

< e((ha)ellL20,005L2(r.)) + 1l oe (0,00, 1172 (00 )) + Gl a1 ()
+lmllase.)) < callGslla @, + lImllase.)), (3.23)

where the constant ¢, is independent of T. One further uses (3.6) to check
that

15 (+,0) = M wa — (14 20) (uo)2,= + P(po). (3.24)
In view of (3.23) and (3.24) we get that n* satisfies (3.16¢) and (3.17¢).
Since n*(.,0) = 0, we observe the following by interpolation

* w«111/3 «112/3
I7*loogssy < el 122 oo @ 1172 0 otz ey (3.25)
« 1/3 « 2/3
<2 (Inf o) - (107 o.mim2(r.))
At this point we set
By = maX{CE)(HGgHHl(Q) + [Jug — 2771€3||H3(Q))7 llpo — ﬁ”H?(Q), (3.26)

ca(|G3 1l oy + Imllms )}
and for all 1 < <4, B; > Bj.
Hence in view of (3.25), there exists T¢ ( By, Bz, B3, By) € (0,min{1,T}) such
that for all 0 < T' < T (B1, Ba, Bs, By) we verify that
147" 29 >0 on X7,
i.e n* satisfies (3.16d).
Step 3. One easily checks that o* = pg — p verifies (3.16a) and (3.16¢).
We further observe that (o*, w*, n*) satisfies (3.17a) and (3.17b) automati-
cally by construction.
So we have shown that if we choose Bj (and hence B; > B, for all 1 <1 < 4)
as in (3.26) and 0 < T < T§(B1, B2, B3, By) then (0* = py — p,w*,n*) €
(?T(Bl, Bg, Bg, B4), i.e.
Cr(B1, Ba, B3, By) # @.
O

Remark 3.3. Observe from the proof of Lemma 3.2, the constant
T5(B1, B2, Bs, Bs) depends on dg € (0,1). Since dg is fized (see (3.1)) we do
not write explicitly the dependence of T§(B1, By, B3, Bs) on d.
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3.2. For small enough 7', L maps Cr(B1, B2, Bs, By) into itself

To prove that the map L admits a fixed point we first show that for T
small enough and a suitable choice of parameters (By, Ba, B3, By), the set
Cr(By, Bs, Bs, By) is mapped into itself by L.

Provided (o, w,n) € Cr(B1, Bs, Bs, By), we have to estimate the terms
Gy(o,w,n), Ga(o,w, 1), G3(o,w,77) and /V\V/(VTI, 7) (recall the definition of G,
Ga, G3 and W from (1.22) and (3.4) respectively). For this purpose we will
require some results which we collect in the following section.

3.2.1. Useful lemmas. The following lemma concerning the Sobolev regular-
ity of the product of two functions is standard in the literature.

Lemma 3.4. Consider a bounded domain Qqy in R? (ford =1,2). Letr > 4,
0<s<r Ifve H (Qo) and w € H*(Qp) then vw € H*(Qy) with

lowll =20y < K (Q0)[[v]l 17 (20) [l 122 (020) -
Similar estimates hold when v and w are vector valued functions i.e for v €
H" () and w € H*(Qp).

Lemma 3.5. Let T < T (recall that we have fized T in (1.23)). We assume
that £ € H;;(QT) As usual we use the notation £, to denote the directional
derivative 0,f of £ with respect to z. Also suppose that I's is a smooth subset of
T. Then the trace £, |s,. on Ty (i.e the normal derivative of f on T's) belongs
to HY5(0,T; L(T,)). In particular there exists a constant K > 0 such that
for all f € H;i (Qr) we have the following

IE: T2z ez e,y < TVOR(IEO my0) + Iflaz on) (3:27)

where £(0) denotes the function £ at time t = 0. We specify that in our case
the space H;;(QT) s endowed with the following norm
Hf”H%;(QT) = |Ifll 20,7122 (02)) + el 220,712 (02))-
Remark 3.6. The appearance of £(0) in the inequality (3.27) might seem re-
dundant since for all, f € HQE; (Qr)
(OIS KT||f||H§v;(QT)~

But the constant K there may depend on T while the constant K in (3.27)
is independent of T. This is the reason why we prefer working with (3.27).

Proof of Lemma 3.5. We have to estimate ||f. [, [[z2(0,7;22(r,))- Using
Holder’s inequality we get the following
1/3

T 1/2 T
[t ts ey | < (1815 ey | 7
’ 0 13 (3.28)

T
<K@ | [l | T
0
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To prove (3.27), in view of (3.28) it is enough to show the following inequality
18120 moror ) < K T) (Il () + 1O ey o) (3.29)
In order to prove (3.29), first let us consider the solution f* of
ff —Af*=0 in Qr,
f*=0 on S, (3.30)
f*(.,0) =£(0) in Q.

As £(0) € HY(Q), f* € HQZ;(QT) It is also well known that there exists a
constant K () such that f* satisfies the following inequalities

1 || 521 f(0 1
(.). 12 (@ry < KQIEO) 0 (3.31)
(id) [If* ||L°° orsms )+ [E 2 0,mm2(0)) < K(Q)[£(0) 811 (02)

Now we will estimate the norm of £* in L3(0, T; H*/3(Q)). Using interpolation
we have for a.e t

* w1 12/3 N 3
10 s/ ) < KOIE ()13 I (DI
From the last inequality one obtains the following

1/3

1€ L3 0,532y = /||f*(t)||§15/3(9) (3.32)

%11/3 *
@£ HLOC(OTHl(Q))Hf ||L2 (0,T5H2(2))"
Hence using inequality (i) of (3.31) in (3.32) we obtain
€50 22 0,15/ (2)) < K(DIF(0) 13- (3.33)

Now let us observe that (f — £*)(0) = 0. Extend the function (f — f*) by
defining it zero in the time interval (T — T, 0) (the extended function is also
denoted by (f — £*)). In what follows we will use the notation

Qr_pr=2x(T - T,T).

We also introduce the space H;i (Qp_7 ) which is defined as in (1.12) with
Qr replaced by Qp_7 1
One can check that the extended function (f — £*) € H%;(QT—T,T) and

I = £z 0y = I = £z (- (3.34)

Again due to the embedding H3:, (Qr_77) = HYS(T =T, T; H3(Q)) we
have the following

||f - f* ||H1/6(T77,T;H5/3(Q)) g K(T7 Q)”f - f* ||H;’; (QT77‘T)' (335)

Since HY/S(T —T,T) is continuously embedded into L3(T —T, T), hence from
(3.35)

If—f ||L3(T77,T;H5/3(Q)) S K(T,Q)f - f ||H§:; Qr_7.1)" (3.36)
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Use of triangle inequality furnishes the following
€1l L3 0, 75115/2 (02))
TiH . 3.37
< K (I = £ a0 smessen) + I8 o mamerscay) (337
Incorporate inequalities (3.33) and (3.36) in (3.37) in order to obtain
Il s 0,7:15/3 () (3.38)
S K@Q,T)(|If - f*||H22‘;(QT7T,T) + 1£(0) ez 2))- '
In view of the equality (3.34) we can obtain the following from (3.38),
HfHLS(o,T;HS/B(Q)) <K@ T)(|If - f*”H%;(QT) + Hf(O)HH}J(Q))' (3.39)

Once again use triangle inequality and (3.31) (¢), in order to prove (3.29).
Finally use (3.29) in (3.28) to show (3.27). This completes the proof. O

The following lemma is a simple consequence of the fundamental theo-
rem of calculus, whose proof is left to the reader.

Lemma 3.7. Fizi > 0 and a domain Qq in R? (d is either 1 or 2). Then there
exists a constant K > 0 such that for all+p € H*(0,T; H ()), the following
holds

91| oo 0.7 20)) < K100 i 0y + T2 [0t L2011 (207))s (340)
where ¥(0) denotes 1 at time t = 0. The inequality (3.40) is true even for a
vector valued function ¥ € H*(0,T; H(y)).

3.2.2. Estimates of G, G2, G3 and W.

Lemma 3.8. Let B} and T§ are as in Lemma 3.2 and B; > Bf (V1 <i<4).
Then there exist K1 = K1(B1, B2, B3, By) > 0 and Ko > 0 such that for all
0<T< TJ(Bth, Bs, B4) and (5,\?/,77) S GT(Bl, Bs, Bs, B4), G1(57W,m
(defined in (1.22)) satisfies the following estimates

(i) NGi(@, W, D)L 0,7:m2(0) < K1(B1, B2, By, B4)T"/?,

(i) [|G1(a, W, )| Lo 0,151 () < Kallpodiv(uo)| m1 (o) (3.41)
+K1(Bi, Ba, By, By)T/2.

Remark 3.9. In (3.41), the constant K5 does not depend on any of the B;

(1<i<4).
Proof of Lemma 3.8. (i) We will first prove (3.41)(z).
(W

Estimate of (6 +p)div(W + 27j;€2) in L*(0, T; H%(Q2)): From (3.8), we get that
(G+p) € L°°(0,T; H*(Q)) and (W+21,2) € L?(0,T; H%(Q)). Hence we have
the following inequality

[(@ + p)div(W + 21:€2) || L2 (0,7;12(02))

< K(|(@ + )l 0,7;120)) | (W + 20:€2) || 11 (0, 7;12()))  (using Lemma 3.4)
S KTY2([( + P) | o, m2(0) | (W + 277:82) || 20, 75882(92))) (3.42)
< K(By, Bs, By)TY?,  (using (3.16a), (3.16b), (3.16¢)).
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Estimate of Fy (6 +p, W+ 27;:€2,1) (defined in (1.10)) in L*(0,T; H?(£2)): First
observe that, as 77 € L>°(0,T; H%/?(T,)) and (3.16d) holds, one can verify the
following

1

9 e L>=(0,T; H*(I,)) (3.43)

and

1
H (1 + 7]) Loo(0,T;H9/2(T,)) (3_44)
< K7l oo 0,7:m9/2(r,y) < K (By), (using (3.16¢)).
(0 +p) (w1 + 21:€3)-

Hence we get the following estimate of ki — ,
(1+m)

12(0 4 P) (w1 + 21:€3)-

(1+m) L1(0,T;H2(R))
1
< K102l os 0.1 1772 (r, 1@ + D)l (0,7512(0
(0,17 (T's)) (1+7) Lo (0.5 H/2(T)) ( ()
||(1F171 + Zﬁte_é)z||Ll(07T;H2(Q))) (using Lemma 34)
< K(By, Bs, By)T"/?, (3.45)

(using Hélder’s inequality and (3.16a), (3.16b), (3.16¢) and (3.44)).

Rest of the terms in the expression of Fy (0 +p, W+ 27j:€2,7) can be estimated
in a similar way. Hence we can show the following

1F1(G + P, @ + 27782, 1) || L1 (0,712 (02)) < K (B, Ba, Ba)T'/?. (3.46)
We combine (3.42) and (3.46) to prove (3.41)(3).

(if) We will now prove (3.41)(i4).
Estimate of (¢ + p)div(W + 27;€) in L°°(0,T; H'(Q)): We observe the fol-
lowing

(& + P)div(W + 27:€2) )¢l L2 (0,751 (20))
< K(|loediv(w + 27:€2) [| L2 0,717 (92))
+[[(o + p)div(W + 21::€2) || 2 (0,711 (2)))
< K([[o¢l| Lo (0,721 () | dIV(W + 2706€2) || L2 (0,712 (00)) (3.47)
+ [l + Dl Lo (0,732 () [ div(We + 271:€2) || L2 (0,711 () (using Lemma 3.4)
< K(B1, By, B3, By), (using(3.16a), (3.16b), (3.16¢)).
Now apply the inequality (3.40) with ) = (¢ + p)div(Ww + z7:€3). We obtain
(6 + P)div(W + 217:€2)|| L (0,711 (2))

. (3.48)
< K|lpodiv(uo)|| 1 () + TY?K(By, Bs, B3, By), (using (3.47)).
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Estimate of Fy (¢ + p,w + 2m€2,7) in L>(0,T; H*(2)): We can have the

following estimate

‘ 12(0 + p) (W1 + 21:€3)-

(1+n)
< <||7793HL°°(OTH (T'2)) H a+m

Lo (0,T5H' ()

(@ + D)l Lo (0,7:52(02))
Los(0,T;H9/2(T,))

| (w1 + 27¢€2) 2 || o< (0,7: 51 (2))) (using Lemma 3.4)

< KTY2 (|0t p2 07502 ) H

1+7)
(@ + D)l oo 0,752 () [ (W1 + 270:€3) 2 || Low 0,73 112 (02)))
(using (3.40) with ¢ = 7, and the fact that 7,(0) = 0)

Lo (0,T;H%/2(Ts))

< K(By, Bs, B,)TY?,  (using (3.16a),(3.16b),(3.16¢) and (3.44)). (3.49)

A similar analysis can be applied to estimate other summands of Fj(c +
P, W + zm€2,7). Hence we can now show that

| F1(G + P, @ + 212, 7)|| oo (0,111 (2)) < K (B, Ba, Ba)TY/2. (3.50)
Combine (3.48) with (3.50) to show (3.41)(47). O
Lemma 3.10. Let B and T§ are as in Lemma 3.2 and B; > By (V1 <i<4).
Then there exist K3 = Kg(Bl,BQ,Bg,B4) > 0, Ky = K4(Bl,B4) > 0
and Ks > 0 such that for all 0 < T < T (B1, By, Bs, Bs) and (o, w,7) €

Cr(Bi1, B2, Bs, By), Go(o,w,7) (defined in (1.22)) satisfies the following es-
timates

(Z) ||G2(5a VT” ﬁ)‘lLQ(O,T;Hl(Q)) < K3(Bl7 By, Bs, B4)T1/27 (351)
(i0) |[(G2(&, W, 7)) ll L2 (0,712(2)) < K3(B1, Bz, Bs, B4)T"/? + K4(By, By),
(iii) |GG, W, 1) | 2 (0,7:1.2(0)) < K5l|GlL2(q) + K3(B1, Ba, By, By) T2

Remark 3.11. The estimates in (3.51) are inspired from the results stated in
[39, p. 269] which is done in absence of the beam unknown n but includes the
evolution of the temperature of the fluid.

We further emphasize that the constant K does not depend on (Bs, Bs) and
K5 does not depend on any of the B; (1 <i1<4).

Proof of Lemma 3.10. One can use (3.16¢) to show that for v > 1,
(G+7p)7" € CO[0, T H*(2)) and (5 +7)7 % € C°([0, T); H*(Q))
and
1@ +2) " o omimr2()) < K& o 0,312 () < K (B),
1@ +5)" 2|l o< 0,7 12(0)) < K& || < 0,7 12(02)) < K (Ba).
(i) We first estimate Ga(a, w,7) in L2(0,T; HY(Q)).
Estimate of P'(¢ + p)V& in L?(0,T; H'(Q)):

(3.52)
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|P'(& +P)Val 20,18 ()
<TY3|P'(G + PIVG | Lo (0,7:11 (02))
STV +9) Ml 0.1:02(2) IVF | L 0,711 (2))
(using the definition of P and Lemma 3.4)
< K(By)TY?, (using(3.16a)). (3.53)

Estimate of 27 (5 + p)é2 — (A + (u + p/)Vdiv)(2m€2) in L2(0, T; HY(Q)):

[27:6(0 + p)@ — (uA + (u+ p')Vdiv) (27:€2) || L2 (0,788 (2))

< TY2 |20 (G + 5)é2 — (uA + (n+ 1) Vdiv) (2782) || L= (0, 75111 ()

< TY2K ([Tt oo (0,710 () |G + B) | o= 07182 (2)) + 177t | L= 0,75 125 (02)))
(using Lemma 3.4)

< K(By,B,)TY?,  (using (3.16a), (3.16¢)). (3.54)

Estimate of F»( +p, W + 21;€2, 7)) (defined in (1.10)) in L2(0, T; H(Q)): We
will only estimate the terms of Fy(c + p, W + 27;€5,7]) which are the most
intricate to deal with. The others are left to the reader.

(@) |In(@ +p)(We + 2mie€3) || 20,71 (2))
S TY2|55(0 + ) (We + 277065 || Lo (0,751 (00)
<

TY2K ([0l L 0,120 ) | @ + D)l o< (0,7:112(52)) (3.55)
|(We + 20:¢€3)|| oo (0,731 ()))  (using Lemma 3.4)

< K(By, B3, B,)TY?, (using (3.16a), (3.16b), (3.16¢)).

(0) l2(c +p) (W2 + 1€2)ne || 20,7181 ()
< T2)|2(G + 5) (W2 + 7€3)T || Lo (0,511 ()
S TY2E(||(G + )| < (0,7502 0 | (W
+ ﬁte_é)HLOC(O,T;Hl(Q))||ﬁt||L°°(O,T;H2(FS))) (using Lemma 3.4)

< K(B1, B3, By)TY?,  (using (3.16a), (3.16b), (3.16¢)). (3.56)
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VNszzlei
(C) ﬁ
A+ {2080 2))
~ 1
< K(|Wez |l 220, m00 o) 172 | Low 0,75 121 ) H T+ )
L°°(O,T;I{9 2(F5))

(using Lemma 3.4)

< TYV2K (Wl p2 0. ) 102 22 0,02 ()

1
H (L+0) | oo 0,75 1972(r.)
(using (3.40) with ¢ = 7j2 and the fact 7j,(,0) = 0)

< K(Bs, By)TY?,  (using (3.16a), (3.16b), (3.16¢) and (3.44)).  (3.57)

(d) Using arguments similar to that in the computation (3.53) we show
the following

|(P'Gy — P'G. 277 )€i || 20,7011 () < K(By, Ba)T*2. (3.58)

Now the reader can deal with the other terms using similar arguments in
order to prove

| F2(G + P, (W + 217:€5), )| 20,711 () < K (B1, B3, By)TY?. (3.59)
Combining the estimates (3.53), (3.54) and (3.59) we conclude the proof of
the inequality (3.51)(%).

(i) We now estimate ||(G2(a, W, 7))l 220,512 (2))-
Estimate of (P'(¢ + p)Va), in L?(0,T; L?(2)):
[(P"(&+P)VE)illL2(0,7:12()
<TY2|[(P'(G + P)VE)t ] Loe 0,702 ()
< Tl/zK(H(g + ﬁ)(’y_Z)(Afitv/&HLm(O’T;Lz(ﬂ))
+ 1@ +5) 7 VG L 0.2 @) (3.60)
STYPK (@ + )2l 0,120 15l Loe (073001 ()

VG| Lo 0,8 () + 16+ P) ™l Loo0,7502(02))

VGt Lo (0,752(02))) (using Lemma 3.4)
< K(By, Bo)TY?,  (using (3.16a) and (3.52)).

Estimate of (27 (0 + p)éz — (A + (p + 1) Vdiv) (21:€2)); in
L2(0,T;L%(Q)):
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(277 (6 + p)éa — (A + (u + p')Vdiv) (217:€2))e |l 20,712 (2))

< TY2E (el oo 0,151 (o)) 1Fel Lo 0,71 (2)) + K (et 220,312, )
1@ + D)L= 0,7;m2(0)) + el z20,7;m2(r.)))  (using Lemma 3.4)

< K(Bg, By)TY? + K(By, By). (3.61)
Estimate of (Fy(d + p, (W + 27:€3),7))¢ in L2(0,T; L2()):

(a) (7(c +2) (Wi + 2012€32))¢ || L2 (0,712 ()
< K(|(1:(0 4 p) (Wt + 2116€3)) | 12 (0, 7312(0))
+1m0:(We 4 20:4€3) || 20,7512 ()
+[(1(@ +P)(Wer + 2710€2)) | L2 (0,712 () )
S TYV2E (||| Lo 0.7582 0 1@ + D) | 2o (0,758 ()
|(We + 206:€3)| oo (0, 75181 (2)) + 1Tl Loe (0,73 52(1, )
||5t||L°°(O,T;H1(Q))||(V~Vt + Zﬁtt65)||Lm(o,T;Hl(Q))) (3.62)
+7ll o< 0,752 () 1T + D) Loe (0,712 (02))
|(Wee + 20eee€3) || 220,752 ()
< T'Y2K(By, By, Bs, By) + T2 |||l 20,7312 )

(@ + D)l Lo (0,712 () | (Wit + 27e6€2) || L2 0,751.2 (02))
(using (3.40) with ¢ = 77and the fact7(,0) = 0)

< K(Bi, B2, B3, By)T/2.
(b) Using similar estimates we can have the following

[(2(6 4+ B) (W= + 1€3)m)ell 20,712 (00)) < K(Bi1, B2, By, By)TY/2. (3.63)

(¢) Now we estimate
(&)
(1+mn) /,

To start with, we have the following identity of distributional derivatives

<“~7zz227ﬁ> _ Zzwtzzﬁg 2ﬁazﬁzt®zz {"72222537715 (3 64)
a+m /, A+ (1+7) (L+mn)? '

We now estimate the first term of the summands. Using (3.44) one obtains

L2(0,T5L2(Q)) .

25 =2
z Wtzznz

A0 lzoree@) (3.65)
< K(Ba)([IWezz [l 22 0,m512(0)) 112l oo (5,))-

Now we use inequality (3.40) and 7, (-,0) = 0 to get

77l e (2) < Clllall L= 0,7512(r.)) < K (Bs)T2. (3.66)
Hence we use (3.66) in (3.65) to obtain
ZQVT’tzzﬁg

) < K(B3,B4)T. (3.67)

L2(0,T5L2(Q2))
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For the second and third summands of (3.64), we similarly obtain:
2~.CE~I NZZ
77177 tW K(Bg,B4)T1/2,
(1+m) L2(0,T5L2(42)) (3.68)

and H Wer 2T, < K(By, BT,
(L+m? L2010

So altogether we get

(1+ 7“7) .
The remaining terms in the expression of F5 are relatively easier to deal with
and hence we leave the details to the reader to show

[(F2(G + p, W + 21763, 7))el| £2(0,7:1.2(02)) < K (B1, Ba, By, By)T1/2.
(3.70)
Hence combining the estimates (3.60), (3.61) and (3.70) one gets (3.51)(éi).
(iii) In (3.40) replace ¢ by Ga(w,o,7) and use the estimate (3.51)(i7) to
prove (3.51)(4i). O

< K(Bs, By)T'>. (3.69)

L2(0,T5L%(Q))

Lemma 3.12. Let B and T§ are as in Lemma 3.2 and B; > By (V1 <i<4).
Then there exist Kg > 0 and K7 = K7(Bi, B2, B3, By) > 0 such that for all
0<T < T(T(Bh BQ, Bg, B4) and (5, VAO', 7’7) € GT(Bl, BQ, Bg, B4), Gg(&, \A’\}, 77)
(defined in (1.22)) satisfies the following estimates

()  [IGs(a, W, )| Lo, msmr2r,y) < Kell(po, wo) | 2 (0)x 2 ()
+K7(B1, Ba, Bs, By)T/?,  (3.71)

(i1) [(Gs(G, W, M)ell20,m522r.)) < TYK7(Bi, Bs, Bs, By).
Remark 3.13. We emphasize that K¢ does not depend on any of the B; (1 <
i<4)

Proof. In this proof we will consider the function w and (¢ +p) on I';, i.e we
take the trace of these functions and make use of well known trace theorem
without mentioning it explicitly.

(i) Estimate of F3(G+7, W+7j:€2,7) (defined in (1.10)) in L>(0, T; H'/2(T,)):
(a) First let us estimate (@sq . + 1) in L>°(0,T; HY/?(T)):

(2,2 + )| Lo 0,111 /2(1, )
< K(l[woll w2y + T2 (@s,z + )il 2 (030 /2(r, ) (wsing (3.40))
K (|[uol|m2(q) + TV*K (B3, By)), (using (3.16b) and (3.16c)).  (3.72)
(b) Let us estimate P( + p) in L>(0,T; H'/2(T,)).
|P(a + D)l oo 0,7: 01 /2(r, )
K(lpolzc@) + T2 + 7)™ Full agoroarysaqr.yds) (using (3.40))
K(|pollg2(qy + TV?K (B1,Ba)),  (using(3.16a)). (3.73)
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TzW1, 2

in L>(0,T; H'/2(T,)),
A+ 7) ( (L))

(¢) Now we estimate

| LD | oo (0,751 /21, )
(L+ 1) B0
< K(Ba) (112l 2= 0,732 0 ) W12 [ e 0,711 721, ) (using (3.44))
< TY2K(Bs, By), (using (3.40) with¢) = 77, and 7,(.,0) = 0).  (3.74)
We use similar sort of arguments to show that
1 £5(0 + P, W + 1t€2, 1) || oo (0,711 /2(7.))
< K|pollm2(r,) + K (B1, B2, By, By)T*/2.
Combine (3.72) with (3.75) to prove (3.71)(4).

(i) Estimate of (F3(c+p, W+1:€2,7))¢ (defined in (1.10)) in L2(0, T; L*(Ts)):
First let us estimate (ws , + 7:€2)¢ in L2(0,T; L*(Ts)):

(3.75)

(W2, + 1 )¢l 20,3021, )
< w2t 220,502 (r0)) + el 20,7522 (L))
< TYOR (Wi (-, 0) [l ) + ||V~Vt||H;; @) T T2 K |[eel| oo (0,722 )
(using Lemma 3.5 with f replaced by w;)
1 . -
< Tl/GK(H(Gg li=o —(—pA — (p+ p/)Vdiv)(ug — 2m1€3)) H
po Hj(Q)
+ K(B3)) + TY2K(B,). (3.76)
(using (3.17d) and the inequalities (3.16b) and (3.16¢))

Using similar line of arguments one can prove that the trace of (F5(c+p, w+
nt€2,1))¢ on I's belongs to L2(0, T; L?(T',)) and the following inequality is true
for T <1,

[(F5(5 + 5, W + €2, 7))¢ll 20,702 (v, ) < TV°K(B1, By, B3, Ba).  (3.77)
Combining (3.76) and (3.77), we conclude (3.71) (7). O

Lemma 3.14. Let B§ and T are as in Lemma 3.2 and B; > By (V1 < i< 4).
Then there exist Kg = Kg(B1,Bs,Bs,By) > 0, and K9 = Kg(Bs3,By) > 0
such that for all 0 < T < T§(B1, Ba, B3, Bs) and (o, w,1n) €
Cr(By, Bs, Bs, By), we have the following estimates (recall the notation W
from (3.4))

(UHW(VN‘GmHLl(o,T;m(Q)) < Ks(Bi, Ba, B3, By)T"?, (3.78)
(ii)H/W/(VNVvmHLN(o,T;HQ(Q)) < Ko(Bs, By) + Ks(By, Bz, Bs, By)T"/?,

(10) |Gl 20,7 02()) + IV 20,7 12(0)) < Ks(Bi, Ba, Bs, Ba)T"/2.
Remark 3.15. We emphasize that K9 does not depend on By and Ba.
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Proof. (i) One can use Lemma 3.4 to check that W(v~v, n) € L*(0,T; H3(Q)).
As a consequence, (3.78)(i) follows.

(ii) The following estimates follow from the regularity of w.

w01 Lo (0,7;12(02)) < K (Bs), (3.79)
1 W .
H(l—l—ﬁ)wz L0 < K(Bs, By), (using (3.44)) (3.80)
and
1
walznm L= (0,T;H2 (@)

< K (By)([[W| 1o 0,75882(2)) |1 || oo (0, 73522 (1, )))

(using (3.44) and Lemma 3.4) (3.81)

< Tl/ZK(B4>(||V~V||L°°(O,T;H2(Q)) Mzt 20,7 H2(1, )
(using (3.40) with ) = 7, and 7,.(.,0) = 0)
< TY2K(Bs, By).

Combine (3.79), (3.80) and (3.81) to prove (3.78)(i7).

(iii) From the definition of Cr (B, B2, Bs, B4) we know that oy is in
L*°(0,T; HY(Q)) and V& belongs to L>(0,T;H(£2)). Hence one uses the
continuous embedding H'(2) < L3(Q) to obtain that the embedding from
L=(0,T; HY(Q)) < L?(0,T; L3(Q)) has a norm of size v/T. We then easily
derive (3.78)(iii). O

3.2.3. Choices of By, By, Bs and B4. Now we will choose the constants B; >
B} (< i < 4) such that for a small enough time 0 < T < Tg(B1, B2, Bs, By),
L maps Cr(B1, Ba, B3, By) into itself.

Lemma 3.16. Let B; and T are as in Lemma 5.2. There exist constants
B; > B} (1<i<4)and a time T*(B1, Ba, B3, By) satisfying

0 < T*(B1,Ba,Bs,Bs) < T§(B1,Bs, B3, By) such that for all 0 < T <
T*(B17BQ7B3,B4), L maps GT(Bl,BQ,B3,B4) into itself.

Proof. In the following we will fix B; (1 < i < 4) in a hierarchical order. We
use the constants B} (Lemma 3.2), ¢4 (Theorem 2.7), K¢ (Lemma 3.12), ¢;
(Theorem 2.1), K4 (Lemma 3.10), K5 (Lemma 3.10), ¢3 (Theorem 2.4), Ky
(Lemma 3.14) and K> (Lemma 3.8). First we set B; and By as follows

By = max{2(|loollm20) + 1), Bg},
By = max{ca(|[n1|lzs .y + [|1Gs li=o |51 (r,) (3.82)
+ K|(po, wo)l| g2 () xm2(0) + 1), Bg }-
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Now using B; and B4 we choose By and Bj in the following order.

Bg = max{cl(2 + K5||G2 |t:0 ||L2(Q) + 4(]. + K4(Bl,B4) (383)
G2 |t=0 —(—pA — (u+ ' )Vdiv)(ug — 2m163) .
i |Gl —p B (et M)A ). B
Po H!(Q)
and

BQ = max{QC3K9(B3, B4)||00||H2(Q) + KQHpodiV(uO)HHl(Q) + 1, BS}
(3.84)

In the rest of the proof we verify that with the choices (3.82), (3.83) and
(3.84) of B; (V1 < i < 4), there exists a time T*(By, B2, Bs, By) such that
for all 0 < T' < T*(By, B2, Bs, By), L maps Cp(B1, B2, B3, By) into itself.
Let (,w,7) € Cr(B1, B2, Bs,By) and L(c,w,n) = (o,w,n). From Theo-
rem 2.1, Theorem 2.4 and Theorem 2.7 we know that (o, w,n) satisfies the
following inequalities with

(G17 GQa G3) = (Gl(av{fvama GQ(ayﬁvﬁ)v G3(a/7€‘}a 77))

Wl Lo 0,732 (Q)) + 1W 20,7583 () + [|1Wel| oo (0,718 (02))
T Iwell2o,mm2()) + [[Wetll 20,7522 (2))
< cafllGallr2o0,mmr ) + G2l L= 0,712 (0)) + (|G2,tll 220,712 (02))

N G2 =0 —(—pA — (p+ p)Vdiv)(ug — zm1€3) )

‘Hl(n)

Po
(14 ||5t||L2(o,T;L3(Q)) + ”VaILZ(O,T;Li"(Q)))eXP(ClHat”%Z(O,T;L?’(Q)))}a
(3.85)

||U||L°°(O,T;H2(Q))
< (lloollz2 @) + c2llGillLo,m;m2@)))explea|[Wl L o,rm3 @) )

llotll os 0,7: 51 () (3.86)
< 3| Wl 0,702 ) (00l 2 () + 2| Gl L2 0.1

: eXp(CZ”W”Ll(O,T;HS(Q)))] +|G1llLe=0,7;m1 ()
and
7l Lo 0, 7m972(r,y) + [10ell 20,754 00y + el Los 0,713 (1))
+ HnttHL?(O,T;H?(FS)) + Hntt”LOO([O,T];Hl(FS)) + ||77ttt||L2(0,T;L2(Fs)) (3.87)

< ca(llmllase,) + 1Gs le=o llm1 ) + 1Gsll Lo o.1:m1/2(r.))
+1Gs ¢l 20,7502 (r.)) -
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(7) Using the estimate (3.71) on G3(o, w,7) in (3.87) we obtain:

7l Lo 0, 7,m972(r,y) + [10ell 20,7400y + el Los 0,783 (1))

+ Hntt”LQ(O,T;H?(FS)) + Hntt“L‘X’([O,T];Hl(Fs)) + ||77ttt||L2(0,T;L2(F5))

< callmlae,y +1Gs Lo e,y + Koll(oo, wo) L= @prnay )
+ K7(B1, Ba, B, By)T"? + TY/SK7(By, By, B3, By).

Now choose T} = Ty (Bi1, B2, Bs, B4)(< T§(B1, Ba, B3, By)) small enough

positive such that

K7(B1, Ba, By, Ba)(T7)Y? + K7(Bi1, Ba, B3, Ba)(T7)V5 < 1. (3.89)
In view of the choice of By (see (3.82)) and (3.89), for all 0 < T' < T3 one
verifies that

171 Loe (0,3 12972(0.)) + el 20,71 (0. ) + el e 0,112 1))
+ 10eell 20,5120 y) + IMeell Los (o, 715 (00)) + 1eeel 220, 0522(00y)  (3.90)
< By.

(i7) Using the estimates (3.41)(i) on G1(5, w,7) and (3.78)(i) on W (W, 7) in
(3.86)1 furnish

ol L7200 < (loollmz(0) + c2K1(B1, Ba, Bs, By)T*/?)

eXp(CQKS(BhBQaB3aB4)T1/2)' (391)

Choose Ty = Ty (B1, Ba, B3, B4)(< T7) small enough positive such that

CZKl(Bla B?a B3a B4)(T2*)1/2 <1

and  exp(cyKg(B1, Ba, Bs, By)(Ty)'/?) < 2. (3.92)

In view of the choice of By (see (3.82)) and (3.92), for all 0 < T < Ty the
following holds

lloll o< 0,7;m2(2)) < Bi- (3.93)
(7i7) Using the estimates (3.51) on Ga(o,w,7) and (3.78)(¢i7) on & in (3.85)
to obtain
Wl Lo 0, 75m2(02)) + IWlL2 0,113 () + 1Well oo 0,758 ()
+Iwell20,rsmz2()) + Wil 20,7512 (0))
< ei{ K5 G2 |i=o llL2(0) + 2K3(By, By, Bs, By)T"/?

+ (Ks3(By, By, B3, By)T"/? + K4(By, By) (3.94)
n H G2 lt=0 —(=pA — (p+ p/)Vdiv)(ug — z11€3) ‘
po H(2)

- (1+ Kg(Bi, Ba, By, B))T"/*)exp(c1 KZ(B1, Ba, B3, B4)T)}.
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Choose Ty = T (B, Be, B3, B4)(< Ty (B1, Ba, B3, By)) small enough posi-
tive such that

Ks3(Bi, By, Bs, By)(T3)Y? < 1, (3.95)
and (1 + Kg(B1, By, Bs, By)(Ty)'/?)exp(c1 K2(By, By, Bs, By)Ty) < 4.

In view of the choice of Bz (see (3.83)) and (3.95), for all 0 < T' < T5 we
have

Wil oo 0,012 (0)) + Wl 220,713 () + [1Wil[ Lo 0,701 () (3.96)

+ [[WellL20,7m2(0)) + 1Wetll 22(0,7,12(0)) < Bs.
(iv) Using the estimates (3.41) on Gi(o,w,7n) and (3.78)(i)-(3.78)(i7) on
W (W, 7) in (3.86) furnish
lo¢ll oo 0,751 (2)) < c3(Ko(Bs, Bs) + Kg(B1, B, Bs, B,)T"?)
[(looll 2 () + c2K1(Bi, Ba, By, B)T"?) - exp(caKs (B, Ba, By, B)T/?)]
+ || podiv(uo) || i1 () + K1(B1, Ba, By, By)TV?. (3.97)
Choose T = T;(B1, Bz, B3, B4)(< T%) small enough positive such that
K1(B1, B2, By, By)(T;)"? + cac3Ko(Bs, Ba)K1(B1, Ba, By, By)(T5)"/?
-exp(caKs(B1, B, Bs, By)(T;)'/?) + Ks(B1, Ba, B3, Ba)(T3)*[(llool 2 (0
+ ¢2K1(By, Ba, B3, B)(T;)"/?) - exp(caKs(B1, B2, Bs, Ba)(T5)Y?)] < 1.
(3.98)
In view of the choice of By (see (3.84)) and (3.98), we check that for all
0 <T < Ty the following holds
lloell Lo 0,701 () < Ba. (3.99)

Hence with the choices (3.82), (3.83) and (3.84) of the constants B; (1 < i <
4), (o,w,n) satisfies the estimates (3.93), (3.99), (3.96) and (3.90) respec-
tively for all 0 < T" < Tf. We can also use similar kind of interpolation argu-
ments as used in (3.25) to show that there exists a T¢* = T (B1, Ba, B3, By)
(< Ty), positive, such that for all 0 < T < T7,

1+n(z,t) = d >0, on X7

3.100
%<0($,27t>+ﬁ<2M, in QT~ ( )

Again it follows from the equation (3.3)y that wy(0) satisfies the condition
(3.17d). Similarly one uses (3.3)g to show that n:(-,0) satisfies (3.17¢). Now
we set
T* = T*(By, By, B3, By) = T7.

Hence if B; (V1 < i < 4) is chosen as in (3.82), (3.83) and (3.84) and
0 <T <T* (0,w,n) satisfies all the conditions (3.16)-(3.17), guaranteeing
(07 w, 77) € GT(Bla B27 BS; B4)

This concludes the proof of Lemma 3.16. O
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We fix the choice of B; (V1 < i< 4) and T = T*(By, Bz, B3, By) as in
Lemma 3.16. Hence in the following we will simply use the notations

T=T* and GT = GT(Bl,BQ,B3,B4). (3101)

3.3. Compactness and continuity
Let us observe that Cr is a convex, bounded subset of the space

X = {(o,w,n) € C°((0,T], H'(Q)) x C°([0, T|; H'(Q)) x C*((0, T}; H'(T's))
N Co([0,T]; H* (L))},
endowed with the topology induced by the norm

(o, w,m)llx = tSE(JJPT](HJ(f)||H1<Q)+||W(t)||H1<Q)+||77(t)HH?(Fs)Hlm(t)IIHI(FS))'
€10,

Lemma 3.17. Let Cp be the set as introduced in (3.101). The set Cr, when

endowed with the topology of X, is compact in X.

Proof. We claim that the set Cr is closed in X.

Assume that a sequence (G, Wy, 7,) € Cr and that (7, Wy, ) — (T, W,7])
in X. Now 7, — 7 in C*([0,T]; H*(I')) implies that 7, ; — 7, in

CO([0,T); HY(Ts)), ntt — My and e — Myye in D'(0,T; L?(T's)) in partic-
ular, where D'(0,7T; L?(Ts)) denotes the space of distributions on (0,7) with
values in L*(Ts).

We recall the norm bounds over 7 in the set Cp. Hence we have up to a
subsequence (still denoted by 7,,) that 77, — 7 weak® in L>°(0,T; H%/*(T)),
Tt — 7, weakly in L2(0,T; H*(T5)) and weak* in L>°(0,T; H*(T's)), et —
7, weakly in L2(0,T; H?(Ts)) and weak* in L>(0,T; HY(Ts)), M.ttt — Ty
weakly in L2(0,7; L?(T'y)). Also by the lower semi-continuity of the norms
with respect to the above weak type convergences we get

721l o< 0,75 11972 (v, ) + Tl 2w 0,730y + 7Tl 220,712 ) (3.102)
7l Lo om0y + 1Meell 2 0.1im2 (00)) + et | 220,752y < Bas
As 7, — 7 in C1([0,T); H(T's)) and 7, , — 7, in C°([0,T]; H*(Ts)), hence
7i(,0)=0 and 7,(0) = . (3.103)
The uniform bounds of [|7,¢¢ o0, 7;m1(r.)) and ||9n,seell 220, 7;02(r,)) and
Aubin Lions lemma ([2]) furnish that up to a subsequence (still denoted by
Tin), Tn.1t strongly converges to 7j,, in C°([0,T]; L*(Ts)). Hence
T1t(+0) = 01 wa — (1 + 20)(u0)2,2 + P(po)- (3.104)
Similar arguments (used to show (3.102)) can be used to show that
] . 0. rsee2e0) + W20 rems ) + IWell o omiemeny (5 105
Wil 20,712 () + Wil 20,7512 () < Bs,
||5||L°°(O,T;H2(Q)) < By, ||5t||Loo(o,T;H1(Q)) < Bs. (3.106)

Since 7, converges to 77 in L*°(X5.) (follows from the continuous embedding
H?(T's) < L>(T)), one has the following (as 7,, satisfies (3.16d))

1+7(x,t) 26 >0 on X5. (3.107)
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Observe that the weak* convergence of &,, to & in L°(0,T; L?(f2)) is enough
to conclude that (since &, satisfies (3.16e))

T;< o(z,z,t) +p<2M in Qr. (3.108)

Using the strong convergence of (G, Wy, 7,) to (¢, W,7) in X furnishes

W,
W(-,0) = (up — 2m1€3) in g, (3.109)

a(-,0) =09 in
Now we can use the uniform bounds of ||Wy, ¢[| 1 (0, 7;11 (0)) and
Wl 20,7512 (0)) and the Aubin Lions lemma to have the convergence
Wit — Wy in CY([0, T]; L2(9)). Consequently

7,(,0) = pio(ag C(—pA = (VA (o — 2mE)). (3.110)

So combining (3.102)-(3.103)-(3.104)-(3.105)-(3.106)-(3.107)-(3.108)-(3.109)-
(3.110) we conclude that the limit point (7, W,7) € Cr and hence Cr is closed
in X.

Once again using Aubin Lions lemma we get that Cr is a compact subset of
X. O

Now to apply Schauder’s fixed point theorem one only needs to prove
that L is continuous on Cr.

Lemma 3.18. Let Cr be the set in (3.101). The map L is continuous from Crp
into itself for the topology of X.

Proof. Suppose that (5, Wy, 7,) € Cr, converges to (o, w, 1) strongly in X.
Then, according to Lemma 3.17, (o, w,7) € Cp. We thus set (G, Wy, 7,) =
L(0p, Wi, 1), (0,w,n) = L(o,w,7). Our goal is to show that (G, W, 7,)
strongly converges to (o, w,7) in X. Using that (7, W, 7,) belongs to Cr
(see Lemma 3.16) we get that there exists a triplet (&, w,7) such that up to
a subsequence

Gn =7 in L®(0,T; H*(Q)) N Whe°(0,T; H'(Q)),

W, =W in L*(0,T;H3(Q)) N HY (0, T; H2( )) N H?(0,T; L3(Q)),

W, =W in L®(0,T; H2(Q)) n WhH(0, T; HY(Q)),

B, —7  in HY0,T; HX(T,)) N H(0, T; H2( ) N H3(0,T; L*(Ty)),
3

*

*

o7 in L(0,T5 HY2(T,)) N W (0, T; H(T,))
NW2(0,T; HY(T,)).
(3.111)
The compactness result proved in Lemma 3.17 provides the strong conver-
gence in X i.e, up to a subsequence, (G, W,,7,) converges strongly in X
to (,w,7). It is clear that in order to prove that the map L is continuous
it is enough to show that (,w,7) = (¢, w,n). This will be verified in the
following steps.
(i) We first claim that Ga(6,,W,,7,) converges weakly to Ga(d,w,7) in
L2(0,T; L%(Q)).
Since (G, Wy, 7,) belongs to Cr and we have fixed B; (for all 1 < i < 4)
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and T, one can use Lemma 3.10 to show that ||G2(Gn, W, Tn) | L2(0,7:L2(02))
is uniformly bounded. Hence, to prove our claim it is enough to show that
Go(Gp, Wi, ) converges to Geo(a,w,7) in D'(Qr) (D'(Qr) is the space of
distributions on Q7).
Wn,zzzQﬁ?L,$
(L+m)
[Wh, ZzHL?(O TiHI () W get that w,, ., converges weakly in L?(0,7; H'(2))
to W,,. Since 7, strongly converges to 7 in C°([0,7]; H*(T's)) and both

Let us consider the term From the uniform norm bound over

M, and 7 satisfy (3.16d), and 7, , converge strongly to

1
T+ ) +7
and 7], respectively in the spaces C°([0,T]; H%(T's)) and CO([O T); Hl(F )).
Hence one gets in particular the strong convergence of 72 Np.o O 72 in the
o~ 222 i~ 272
space C9([0,T); L?(T's)). This implies that M converges to WaaZ Ny

(1 + 7771) (1 + 77)

weakly in L?(0,T; L' (2)) and hence particularly in the space D'(Q7).
Now we consider the term P'G, .27, +€1 = (Gn + P)? " 0pn 2270 4€1. Since
(G +7) HCU(O,T;Hz(Q)) is uniformly bounded so is ||(7,, —|—ﬁ)’7_1 ||CU(0,T;H2(Q))
and hence (G, + p)?~! converges weakly to (¢ + p)?~t in L2(0,T; H?(1Q)).
We also have that &, , converges strongly to &, in C°([0,77]; L?(f2)). Hence
(Gn + p)Y 15, converges weakly to (¢ + p)?~ 15, in L?(0,T; L*(Q)). Now
the strong convergence of 7, ; to 7, in C°([0,T]; H'(T';)) furnish that (7, +
P) 15, , 20, weakly converges to (6+p)? 15,27, in L?(0,T; L'(Q)). Hence
(Gn+P)T " 0 2270 €1 converges to (o +p)?15,27,€ in the space D'(Qr).
We can apply similar line of arguments to prove that Ga(,, Wy, 7,) con-
verges to Go(o,w, ) in D'(Qr). Hence we have proved that Ga(0y, Wy, 71,
converges to Go(o, W, ) weakly in L2(0,7T;L?(Q2)).
Also observe that (7, + p) converges strongly to (o +p) in C°([0,7]; H(Q2))
and Wy, ¢, (—puA — (1’ +p)V(div))w,, converge up to a subsequence weakly to
w,; and (—pA — (4 + p)V(div))W respectively in the spaces L2(0,7; H?(2))
and L2(0,T; H'(Q2)). Hence up to a subsequence one obtains in particular
the following convergence

(Gn + D)Wt — pAW,, — (' + )V (divw,)
— (6 +p)Wi — pAW — (i + p)V(divw) in  L2(0,T;L3(Q)).

Now consider (3.3)2 with (7, w, 77) and w replaced respectively by (G, W, Tn)
and w,,. The weak convergences discussed so far allow to pass to the limits
in both sides of this equation. So using the uniqueness of weak solution for
the linear problem (2.1) we conclude that w = w.

(it) Now we claim that G1(c,, Wy, 7,) converges weakly to G1(c,w,7) in
L2(0,T; L?(Q)).

1 ~ o~ o~
Let us consider the term ﬁ(wn)17zznn7m(an + p). We already know
n
1 _ ! 1 _ .
that ——— and 7, , converge strongly to — and 7, respectively

(1+7) (1 +1)
in the spaces C°([0,7]; H*(T's) and C°([0,7]; H'(Ts)). One also observes
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that (wy)1. weakly converges to w . in L%(0,T; H?(2)) (since w,, — W
in L2(0,T; H*(Q2))). Finally the strong convergence of (7, + p) to (¢ +p) in
C°([0,T]; H*()) furnish the weak convergence of ﬁ({ﬁn)l,zzﬁnym(ﬁn +
n
1 ~ o~
p) to ———(W)1,,27,:(c +p) in L2(0,T; L*(Q)). We can apply similar argu-

1+
ments(for ?t)her terms in the expression of G1(c, w,7) in order to prove the
weak convergence of G1(Gy,, Wy, ) to G1(a, W, ) in L(0,T; L(f)).
We further observe that V&, strongly converges to V& in C°([0,T; L2()).
Since (w,,); weakly converges to w; in L?(0,T; H3(Q)), (1,) strongly con-
verges to 7, in L (X5,) (because (7,), strongly converges to 7, in
C°([0,T); H*(Ts)) and the embedding H(T's) < L>°(T) is continuous) and
i Strongly converges to ﬁ in CY([0,T]; H*(Ts)), the term
(Hilﬁn) (Wn)12(Tn) 2 (Gr) » weakly converges to ﬁ@l 21,0, in L2(0,T; L?(12)).
Besides, up to a subsequence (7, ); weakly converges to o, in L2(0,T; L?(2)).
Hence up to a subsequence we have

~ (ﬁjn)l ~

(@n)e + [O:ﬁ")«wn)z - (wnhz(ﬁn)m)] Van

= w1 U5 i 2 .72

ot + ﬁ({@ @vlzﬁm):| Vo in L?(0,T;L*(f2)).

Now consider (3.3); with (&, w,7) and o replaced respectively by (G, Wy, 75
and 7,,. The weak type convergences discussed so far allow to pass to the lim-
its in both sides of this equation. Hence from uniqueness of weak solution of
the linear problem (2.6) we conclude that @ = &.
(#4¢) Ome can use similar line of arguments as used so far to show that
G3(Gp, Wi, 1n) converges weakly to Gs(a,w,n) in L2(0,T;L?(T'y)). Using
the norm bounds of 7, (since (G, Wyn,7,) € Cr) we can prove that up to
a subsequence the left hand side of (3.3)¢ with 7 replaced by 7),, converges
weakly to

ﬁtt - ﬁﬁzz - 6ﬁtzr + aﬁmzzm

in L2(0,T; L*(T,)). Now the uniqueness of weak solution to the problem
(2.17) furnishes 77 = 7). Hence the proof of Lemma 3.18 is complete. O

3.4. Conclusion

The following properties hold

(i) The convex set Cr is non-empty (Lemma 3.2) and is a compact subset of
X (Lemma 3.17).

(ii) The map L, defined in (3.19), is continuous on Cr in the topology of X
(Lemma 3.18).

(iii) The map L maps Cr to itself (Lemma 3.16).

Thus, all the assumptions of Schauder fixed point theorem are satisfied by
the map L on Cp, endowed with the topology of X. Therefore, Schauder
fixed point theorem yields a fixed point (of,wys,n¢) of the map L in Crp.
From the definition of the map L, one has (o7, wyg,ns) € Z{ x Vi x Z1.
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Hence we have the following time continuities (since still now one only has
the regularities (3.41) of G1(of, wg,n¢), (3.51) of Ga(of, wg,ny) and (3.71)
of G3(Uf7 Wwig, 77f))

op € C°([0,T]; H*(9),
wy € CO([0, T); HY2(Q)) 0 ([0, T]; H (), (3.112)
UIRS CO([OvT];H4(FS>) N Cl([ovT];H?’(Fs)) n 02([07T];H1(Fs))-

The regularities (3.112) can be used to further check that Gi(of, wys,n5) €
C°([0,T); HY(Q)) and G3(os,wy,np) € CO([0,T); HY/2(T)). Hence we use
Corollary 2.5 and the Corollary 2.8 to obtain the following

(07): € CO([0,T]; H'(Q)) and nj; € CO([0, T]; HY/2(T,)).

Hence, (op,wy,nf) € YT x Y3' x YJI'. The trajectory (of, wy,n¢) solves the
nonlinear problem (1.21) in Y x Y;I' x Y3l Consequently the system (1.19)
admits a solution. This further implies that the original system (1.2)-(1.4)-
(1.5) admits a strong solution in sense of the Definition 1.6. Finally the proof
of Theorem 1.7 is complete. O
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