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Impact of mode-hopping noise on InGaN edge
emitting laser relative intensity noise properties

Antoine Congar, Kamal Hussain, Christelle Pareige, Raphaël Butté, Nicolas Grandjean,
Pascal Besnard and Stéphane Trebaol

Abstract—In this study we report, through a comparative
analysis of static and dynamic measurements, on the impact
of mode hopping on the overall intensity noise dynamics of
InGaN edge emitting lasers. Mode clustering usually observed
in InGaN lasers enhances the mode competition and then the
laser intensity fluctuation. Variations as large as 20 dB have
been observed. The coexistence of longitudinal modes induces
mode competition and then unstable bimodal lasing. This mode
competition is mediated by temporal fluctuations of spontaneous
emission through nonlinear cross saturation of the optical gain.
The subsequent enhancement of the relative intensity noise can
be detrimental for applications where the intensity stability of
InGaN lasers is a key parameter. Our experimental observations
are supported by a simple rate equation model. We point out
the major importance of the different modal gain in the bimodal
regime on the overall intensity noise of the laser.

Index Terms—Relative intensity noise (RIN), nonlinear gain,
Semiconductor GaN lasers.

I. INTRODUCTION

S INCE the first demonstration of commercially available
GaN based laser diodes in 1997 [1], blue emitting coherent

light sources have opened up new opportunities in areas such
as optical data storage [2], visible light communication [3]–[5]
(VLC), linear and nonlinear spectroscopy for fundamental [6],
[7] and industrial [8] applications, pico-projection [9] and
lighting [10]. Without being exhaustive, this list highlights the
benefits offered by GaN lasers.
In the aforementioned applications, the stability of the laser
intensity is one of the key parameters. Indeed, for applications
that use modulation in the MHz to GHz range, like data
storage, VLC and pico-projection, the intensity noise has to
be calibrated on the targeted bandwidth. In the same vein, for
spectroscopic applications for which the signal to noise ratio
is the relevant parameter, the noise of the laser is the limiting
parameter and has to be quantified. A deep understanding of
the dynamics of InGaN lasers is mandatory since it affects the
overall characteristics of the devices in which they might be
embedded.
In lasers, the noise response is directly governed by the
photon and the electron populations dynamics. In particular in
monolithic semiconductor lasers, the two population dynamics
are coupled and energy exchange occurs at a frequency called
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the relaxation frequency. This type of lasers is called Class B
lasers in the Arecchi classification [11]. Intensity noise is one
of the observables allowing to better understand the impact
of the structure on the laser dynamics. Indeed, both the cavity
design (photon population) and the epitaxial structure (electron
population) directly impact the noise dynamics. Correlations
between intensity noise and spectral dynamics have been
widely studied for infrared lasers operating in the telecom
bands [12], [13] and noise classification based on their origin
is well established [14].
During the last decade, studies on the spectral dynamics of
blue laser diodes contributed to the understanding of the
manifestation of mode clustering [15]–[19]. In particular, Weig
et al. studied multimode hopping occurring in blue laser diodes
through time-resolved measurements [20] showing the role of
the nonlinear gain term on the spectral dynamics.
Despite their importance, the correlations existing between the
optical spectrum structure and intensity fluctuations mediated
by noise in blue emitting laser diodes have not been addressed
yet.
In this paper, we study the impact of the modal structure
on the intensity dynamics of InGaN edge emitting laser
diodes. Simultaneous measurements of the optical spectrum
and relative intensity noise (RIN) as a function of pump current
give access to the rich dynamics of those lasers. In particular,
we show that for specific pump current operations, the laser
can display a variety of lasing regimes, each of them featuring
their own intensity noise signature. Actually, lasing dynamics
can be classified in two regimes. The laser diode behaves either
in single mode operation with usually a very low noise level
or in multimode operation where two or more modes lase in
a stable or unstable manner.
This paper aims at describing and analyzing these two regimes
in terms of noise dynamics. It is organized as follows. First,
we recall the main characteristics of the structure under
test and describe the experimental optical setup. Then we
detail and discuss our experimental observations. Simulation
results based on nonlinear coupled rate equations support our
observations and allow us to point out the key role of gain
imbalance and the nonlinear cross-saturation term of the gain
on the RIN in multimode operation.

II. EXPERIMENTAL SETUP

The laser structure was grown by metalorganic vapor phase
epitaxy on a c-plane free-standing GaN substrate. The active
region consists of two 4.5 nm wide InGaN quantum wells
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Fig. 1. (Color online) a) L-I curve of the laser. Optical spectra of the diode b)
below (I = 40 mA), c) above (I = 90 mA) and d) far above (I = 160 mA)
the laser threshold (Ith = 63 mA).

separated by 12 nm undoped In0.05Ga0.95N barriers with low
In-content and a p-AlGaN electron blocking layer. The bottom
and top cladding are 1 µm and 500 nm in thickness, respec-
tively. The laser consists of a 680 µm long ridge structure.
The width of the ridge is limited to 2.5 µm to ensure single
mode transverse operation. A five-layer dielectric distributed
Bragg reflector (SiO2/Ta2O5) with a reflectivity of ∼ 95% is
deposited on one of the facets to maximize the directivity of
the emission on the opposite facet. The structure is described
in more details elsewhere [21]. The laser is characterized using
an optical setup allowing to study RIN, L-I curves and optical
spectra together. These simultaneous measurements permit
to analyze the static and dynamical behavior of the laser.
The L-I curve and the RIN are collected through a silicon
photodiode followed by a 20 dB low noise RF amplifier.
The overall detection scheme has a 2 GHz bandwidth. The
RIN measurements are obtained following a method described
elsewhere [22]. The spectrometer has a resolution of 120 pm
which is sufficient to resolve the spectral dynamics of the laser
under study.

III. EXPERIMENTAL RESULTS

A. Static measurements

First, we study the static response of the laser based on
L-I curve measurements. The results are presented in Figure
1 a). Above the laser threshold (Ith = 63 mA), the optical
power has a linear dependency to the pump current masking
the dynamics of the spectral energy redistribution. Indeed,
Figures 1 b) to 1 d) show the optical spectrum dynamics
for different pump currents. Figure 1 b) displays the optical
spectrum below threshold (I = 40 mA) corresponding to the
amplified spontaneous emission regime. It is important to note
that the spacing between the resonances of the Airy function
of the cavity is expected to be 36 pm at 415 nm. Nevertheless
a strong modulation of the gain curve (Fig. 1 b)) is observed.
The gain exhibits a ripple with ∼ 800 pm periodicity. As
shown in Figures 1 c) and 1 d), this ripple determines the

operating longitudinal modes. This discrepancy between ex-
perimentally measured and theoretically predicted free spectral
range in GaN laser diodes is commonly observed [23]–[26].
In the literature, different origins can be attributed to such
mode clustering, in particular cracks in the GaN structure and
substrate mode coupling. Indeed, due to aging of the structure,
microcracks can induce subcavities introducing a modulation
of the gain [6]. The crack position is, by nature, randomly
distributed and should not lead to a periodic modulation of the
cavity modes. Instead, the periodic modulation of the gain, that
subsequently allows only a few modes to lase, is attributed to
coupling between the longitudinal modes and substrate modes.
As reported by Laino et al. [16] the thickness and the optical
index of the n-cladding layer play a major role on the modal
gain modulation. Thicknesses below 2 µm allow the coupling
between longitudinal modes and substrate modes giving rise
to gain ripple (Fig. 1 b)). Hence, the periodicity of the gain
ripple is determined by the length of the ridge and the bottom
cladding layer thickness. Nevertheless, the origin of the mode
clustering is not primordial for our study.
When increasing the pump current above threshold (I =
90 mA), the laser displays one cluster whose magnitude is
lying 23 dB above the others. One cluster includes less than
ten successive longitudinal operating modes. Increasing the
pump current up to 160 mA (2.54 Ith) the laser behaves in
bicluster operation and displays two 828 pm spaced clusters.
In the following, we study simultaneously the overall intensity
fluctuations of the laser and its spectral structure.

B. Spectral and RIN measurements

We record continuously the optical spectrum and the RIN
as a function of pump current above threshold. Figure 2 a)
shows the spectrum distribution and Figure 2 b) the RIN. Our
first observation concerns the redshift of lasing clusters (Fig.
2 a)). Two trends can be extracted. First, there is a redshift
of the gain profile due to a temperature increase mediated
by the current density [17], [27]. This phenomenon is at the
origin of the laser swinging between single and bicluster
operation. Second, a tiny variation in the refractive index
due to a change in the carrier density will also redshift the
clusters [28]. These two effects contribute to the redshift of
the lasing wavelengths with two specific slopes. We measure
for the gain and the clusters shifts of 23.9 pm/mA and 7.5
pm/mA, respectively. The related ratio of 3.2 is comparable
to previously reported values [25], [28]. A ratio larger than
one allows adjacent clusters to lase for some pump current
values since the gain curve redshifts faster than the clusters
do.
A comparative study of Figure 2 a) with Figure 2 b) allows
to identify the impact of the lasing regime on RIN properties.
In general, the RIN curve of a laser diode can be analyzed
considering three frequency windows. At low frequency
(<1 MHz) flicker noise mainly due to carrier injection
dominates. At intermediate frequencies, from 1 MHz to few
GHz, RIN curves display a quite flat plateau mostly related
to spontaneous emission. At higher frequencies, relaxation
oscillations specific to class B lasers can be observed. Our
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Fig. 2. (color online) a) Optical spectrum evolution as a function of pump current above the laser threshold. b) RIN measurements for specific current values
revealing the impact of mode hopping competition in InGaN laser diodes. The strong peaks visible between 10 and 25 MHz and at 100 MHz and 1 GHz are
artefacts from electromagnetic perturbations of the setup.

study focuses on the intermediate frequency range from 1
MHz to 1 GHz.
As previously mentioned, slightly above the laser threshold
[I = 90 mA], the laser displays a single cluster [mode
1 in Fig. 2 a)]. The corresponding RIN measurement is
presented in Figure 2 b), where the strong peaks visible
between 10 and 25 MHz and at 100 MHz and 1 GHz are
artefacts from electromagnetic perturbations of the setup. The
RIN behavior is specific to that of a class B laser in single
mode operation with constant low level around −145 dB/Hz
at intermediate frequencies [1 − 1000] MHz and a rise at
frequencies above 1 GHz, which is a signature of relaxation
oscillations. For a pump current corresponding to twice the
threshold [I = 120 mA], the spectrum displays two clusters
(1 and 2), featuring an enhancement of the RIN amplitude
at low Fourier frequencies [1 − 300] MHz (Fig. 2 b)). For
increasing currents [I = 140 mA], the smooth redshift of the
gain favors cluster 2 with respect to cluster 1. The laser then
follows the behavior of a single mode laser characterized
by a RIN amplitude below −150 dB/Hz [Fig. 2 b)]. For I
reaching 160 mA [2.54 Ith], the continuous shift of the gain
curve allows again bicluster operation to occur [clusters 2
and 3]. RIN enhancement as large as 20 dB with respect to
stable single cluster operation is measured at intermediate
frequencies [1− 400] MHz. The RIN curve features a strong
resonance around 300 MHz when two clusters of modes are
present.
We summarize the overall dynamics of the laser in Figure 3.
The RIN level (Figure 3 a)) at an intermediate frequency (30
MHz) corresponding to the amplitude of each lasing mode
(Figure3 b)) is shown as a function of pump current. As
already explained when single mode operation occurs, the
RIN amplitude reaches its minimum (below −140 dB/Hz).
For unstable bimodal operation, the RIN increases reaching a

peak when the amplitude of both lasing modes is maximum
[I = 120; 160 mA].

Although we cannot precisely determine the number
of consecutive longitudinal modes within one cluster we
make the hypothesis that the behavior of the laser can be
understood using a simple single/bimodal laser approach.
Model simulations will corroborate this hypothesis. In
bimodal lasing operation, two successive modes having
similar intensity amplitude can compete to drain the gain
through stimulated emission. These two modes, having
approximately the same amplitude, have difficulties to equally
share the available gain contributing to intensity fluctuations
and even mode switching. We attribute the RIN resurgence
at intermediate frequencies to mode hopping due to temporal
fluctuations of the spontaneous emission. The spontaneous
noise is enhanced through the optical gain by self- and cross-
saturation terms [29]. Indeed, this intermediate frequency
intensity noise follows a Lorentzian profile with a plateau
from 1 MHz to 100 MHz and a cut-off frequency around 100
MHz. This mode competition phenomenon is triggered by the
spontaneous emission, which is a stochastic process described
by a Poisson distribution [30] that explains the white noise
shape.
The appearance of a resonance around 300 MHz shows that
modes exchange energy preferentially around this hopping
frequency [31], [32]. The hopping resonance observed in the
bimodal regime reflects a partial antiphase noise since this
contribution is visible for the total intensity noise. This partial
antiphase noise has been already reported in other types of
semiconductor lasers [33], [34]. A coherent antiphase noise
would have been only observed on each mode characterized
separately. This resonance behavior has been reported through
time measurements by Weig et al. [20] in the case of GaN
laser diodes.
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Fig. 3. (Color online) a) RIN of the laser at 30 MHz and b) integrated power
of each mode numbered from 1 to 4. Both figures are plotted as a function
of pump current.

IV. ANALYTICAL MODEL

To confirm our hypothesis and assess our experimental
observations, we model the operation of a semiconductor
laser diode around 415 nm featuring two 800 pm spaced
longitudinal modes coupled through nonlinear gain terms and
derive the RIN in such a case. In particular, we will show that
gain imbalance and the nonlinear cross-saturation term are the
physical parameters at the origin of the RIN resurgence in
bicluster operation.
The rate equations for such bimodal operation are given by
[35],

dP1(t)

dt
= (G1 − γ1)P1(t) +Rsp + Fp(t), (1a)

dP2(t)

dt
= (G2 − γ2)P2(t) +Rsp + Fp(t), (1b)

dN(t)

dt
=
I

q
− N(t)

τs
−

2∑
k=1

GkPk(t) + FN (t), (1c)

where Pk are the photon numbers in the cavity, k indicates
the mode number, Gk and γk are the gain and loss of the kth

mode, respectively. N is the carrier number, I is the pump
current, q represents the charge of the electron and τs the
carrier lifetime. Rsp is the spontaneously emitted photon rate
and Fp and FN are the Langevin noise source terms with zero
mean and unit standard deviation as defined in the Appendix.
We used the small signal approximation to linearize Eqs. 1.
δN , δP1 and δP2 indicate the small variations of carrier
number and photon number of each mode. The modal gains
have nonlinear components so that [35],

G1 = Ḡ1 +GNδN −BδP1 −DδP2, (2a)

G2 = Ḡ2 +GNδN −BδP2 −DδP1, (2b)

where Ḡ1 and Ḡ2 are the steady-state gains of the two modes,
GN is the differential gain coefficient. The two modes are
coupled through the gain introducing nonlinear contributions
from B, the self-saturation term, and D, which is the cross-
saturation term. The latter determines the strength of the
coupling between the modes. The saturation terms are approx-
imately given by [29],

B =
9

4

ΓGNR
2
cv

ε0n2
r

h̄ω

V

(τin
h̄

)2

(Nth −Ns), (3a)

D = (4/3)B, (3b)

where Γ is the confinement factor of the light in the active
region, Rcv is the dipole moment, V is the volume of the
active region, nr is the refractive index of the active region,
τin is the intraband relaxation time, Nth is the carrier number
at threshold and Ns(∼ 0.8Nth) is the carrier saturation coeffi-
cient. Fourier transform of linearized versions of Eqs. 1 gives
access to the small signal variations of the two considered
modes, namely δP̃1(ω) and δP̃2(ω).
Recalling that the RIN of the dual-mode is given by,

RIN(ω) = lim
T→∞

1

T

∣∣∣δP̃1(ω) + δP̃2(ω)
∣∣∣2

(P̄1 + P̄2)2
, (4)

and replacing the expression of δP̃1(ω) and δP̃2(ω) in Eq. (4)
gives,

RIN(ω) =
2D11|TF1

|2 + 2D22|TF2
|2 + 2D1N |T ∗F1

TFN
|

|TZ |2(P̄1 + P̄2)2

+
2D2N |T ∗F2

TFN
|+ 2DNN |TFN

|2

|TZ |2(P̄1 + P̄2)2
,

(5)

where

TF1 = jω +
Rsp

P̄2
− (D −B)P̄2 −

(Ḡ1 − Ḡ2)GN P̄2

ΓN + jω
, (6a)

TF2 = jω +
Rsp

P̄1
− (D −B)P̄1 +

(Ḡ1 − Ḡ2)GN P̄1

ΓN + jω
, (6b)

TFN
=

GN

ΓN + jω

[
jω(P̄1 + P̄2)

+Rsp

(
P̄1

P̄2
+
P̄2

P̄1

)
− 2(D −B)P̄1P̄2

]
,

(6c)
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TZ = −ω2 + jωRsp

(
1

P̄1
+

1

P̄2

)
+ jωB(P̄1 + P̄2)

+
jωGN

ΓN + jω
(Ḡ1P̄1 + Ḡ2P̄2) +

GNRsp

ΓN + jω

(
Ḡ1P̄1

P̄2
+
Ḡ2P̄2

P̄1

)
− GN (Ḡ1 + Ḡ2)(D −B)P̄1P̄2

ΓN + jω
+

R2
sp

P̄1P̄2

+BRsp

(
P̄1

P̄2
+
P̄2

P̄1

)
− (D2 −B2)P̄1P̄2.

(6d)

where diffusion coefficients Dij are defined as in [35].
In the following, we show the impact of gain imbalance on
the RIN amplitude (IV-A). In section (IV-B), the link between
an increase of the cross nonlinear term strength and the RIN
resurgence bandwidth is detailed. Finally, we use the model
to reproduce our experimental observations (IV-C).

A. Effect of the gain imbalance on the RIN

In this section we aim to study the impact of gain imbalance
on the total RIN amplitude. To do so, we plot in Figure 4 the
RIN as a function of gain ratio ∆ = Ḡ2/Ḡ1. We fix the
value of the nonlinear gain terms considering the difference
as D − B = 400 s−1. The pump current is fixed to 1.9 Ith
and the power ratio r = P1/P2 is equal to 1. When ∆ = 1,
the noise of the bimodal laser is minimal and corresponds to
the RIN behavior of a stable bimodal laser. In such a case,
fluctuations in both modes cancel out since their amplitude is
exactly equal. On the other hand, when ∆ is different from
1 there is a sudden jump in the low frequency RIN of the
dual-mode. This can be explained from Eq. (5) considering a
special case. We assume that P̄1 = P̄2 = P̄ and derive the
expression of the RIN for ω = 0. According to Eqs. 3, we thus
have D = B = 0. The RIN at low frequency is then given by

RIN(ω = 0) =

Rsp

(
1
P̄
− 2GN

ΓN

)
+ 2

(
GN

ΓN

)2

(2RspP̄ + N̄/τs)[
Rsp

P̄
+ GN P̄

ΓN
(Ḡ1 + Ḡ2)

]2
+

(
GN P̄

ΓNRsp

)2

(Ḡ1 − Ḡ2)2RspP̄[
Rsp

P̄
+ GN P̄

ΓN
(Ḡ1 + Ḡ2)

]2 .

(7)

From the last term in Eq. (7), we see that amplitude RIN
resurgence in the low frequency range is due to a different
amplification of the spontaneous emission in both modes.
Noise terms in the two modes cancel each other only when
Ḡ1 = Ḡ2. As the difference between modal gains increases,
the noise fluctuation in one mode becomes higher than in the
other mode. As a result the dual-mode is impacted by a noise
component at low frequency explaining the sudden jump in
the low frequency RIN curve for ∆ < 1.

B. Effect of the nonlinear cross-saturation term on the RIN

We now fix the gain ratio to an arbitrary value (here,
∆ = 0.8) and vary the nonlinear terms amplitudes to study
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Fig. 4. Variation of the dual-mode RIN for different values of ∆ = Ḡ2/Ḡ1.
Here D −B = 400 s−1, r = 1 and I = 1.9Ith.

their impact on the total RIN(the pump curent and the power
ratio remain the same as in A). Figure 5 shows that as D−B is
increased the cut-off frequency ΩC increases to higher values.
This phenomenon reveals that the strength of the coupling
between the two modes is related to an increase in the cross
saturation-term amplitude. A larger coupling strength increases
the rate at which modes exchange energy. The impact on the
RIN is an increase in the bandwidth for which spontaneous
emission is amplified through the gain.
In our laser, the origin of the cross-saturation term might be
attributed to spectral hole burning [36]. Due to the large spec-
tral detuning between the two modes, 800 pm (corresponding
to a beating period of 0.72 ps), spectral hole burning is not
mediated by the population lifetime (≈ ns) but by the intrinsic
relaxation lifetime (≈ hundreds of fs).
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TABLE I
BLUE LASER PARAMETERS USED FOR THE ANALYTICAL MODEL.

NON-REFERENCED PARAMETERS ARE EXTRACTED FROM THE
CHARACTERIZATION OF THE LASER DIODE

.

Parameter Value

Carrier lifetime (τs) 2.43 ns [37]
Carrier number at threshold (Nth) 7.65 × 108

Rate of spontaneous emission (Rsp) 1.573×1013s−1

Decay rate of the mode photons (γ) 3.52×1011s−1

Steady-state gain (Ḡ1) 6.79×1011s−1

Gain coefficient (GN ) 3.55×103s−1

Dipole moment (R2
cv) 1.8 × 10−57C2m2 [20]

Refractive index of the active region (nr) 2.53 [17]
Intraband relaxation time (τin) 80 fs
Group refractive index (ng) 3.48
Confinement factor (Γ) 0.043
Active region volume (V ) 30 µm3

Threshold current (Ith) 63 mA

C. Comparison to experimental results

We then use this analytical model to reproduce our exper-
imental observations. Experimental RIN curves of the laser
are reproduced analytically for various combinations of pump
current I and intensity ratio r in Figure 6. The values of
the parameters used in the model are summarized in Table
I. We only have two adjustable parameters in our model τin
and ∆. Non-referenced parameters are calculated using values
extracted from experimental characterizations. We determine
the τin value by looking for the same cut-off frequency than
the one deduced from experiment, i.e. around 100 MHz. The
value of τin that we use is of the same order than values
found in the literature [20]. Considering τin = 80 fs in Eq.
(4) we obtain B ∼ 3× 104 s−1 and D ∼ 4× 104 s−1 giving
a difference of strength for the nonlinear terms D − B =
1 × 104 s−1. The gain ratio ∆ is determined by looking
for a RIN amplitude (at 1 MHz for I = 120 mA) of -136
dB/Hz, leading to ∆ = 0.87. This gain imbalance between
two consecutive clusters is justified by the large spectral cluster
spacing of 828 pm. Under this condition, the model reproduces
the experimental observations of Figure 2b) in particular the
relaxation frequency shift, the RIN resurgence in bimodal
operation and the cut-off frequency at 100 MHz. Amplitude
discrepancy of the RIN for I = 90 mA and 140 mA is
related to the limited sensitivity of the experimental setup.
The antiphase noise resonance appearing around 300 MHz
is not included in our simple model based on a perturbative
approach. Numerical simulations would have to be performed
to reproduce this behavior.

V. CONCLUSION

In conclusion, we have shown that mode clustering strongly
impacts the intensity stability of InGaN laser diodes. Strong
resurgence of the RIN in bicluster operation or single mode
RIN dynamics in single cluster operation is observed. Using a
bimodal rate equation model, we were able to reproduce our
experimental observations and to highlight the main role of
gain imbalance and the nonlinear cross-saturation gain term
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Fig. 6. Variation of the dual-mode RIN for different values of r and I similar
to the experimental conditions. Here D −B = 104 s−1 and ∆ = 0.87.

to the observed phenomenon. Finally, this study reveals that
InGaN laser diodes can manifest strong intensity dynamics
that can even be detrimental for specific purposes. Nowadays,
commercially available monolithic GaN lasers are limited to
edge emitting devices. The multimode nature of those lasers
strongly favors intensity fluctuations of the output beam as
shown in this paper. An attractive solution would be the design
of stable single mode lasers. Currently, only external cavity
lasers can offer single mode operation in the blue wavelength
range hence highlighting the need to develop monolithic single
mode InGaN laser diodes.

APPENDIX
LANGEVIN FORCES

To deal with the noise terms, it is assumed that the
correlation times of the noise sources are shorter than the
photon or carrier lifetimes, i.e., γ−1 and τs. This is the so-
called Markovian assumption under which, the Langevin terms
satisfy the relations [35]

〈Fi(t)〉 = 0 (8a)

〈Fi(t)Fj(t
′)〉 = 2Dijδ(t− t′) (8b)

where the bracketed terms represent the ensemble average and
Dij are the diffusion coefficients which are given as [35]

Dkk = RspP̄k, Dkl = 0 (9a)

DkN = −RspP̄k, DNN = Rsp

∑
k

P̄k + N̄/τs (9b)

where k = 1,2 and N̄ is the steady-state value of the carrier
number.
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