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Abstract. This work concerns the statistics of the Two-Time Measurement definition of heat variation in each
reservoir of a thermodynamic quantum system. We study the cumulant generating function of the heat flows
in the thermodynamic and large-time limits. It is well-known that, if the system is time-reversal invariant,
this cumulant generating function satisfies the celebrated Evans—Searles symmetry. We show in addition that,
under appropriate ultraviolet regularity assumptions on the local interaction between the reservoirs, it satisfies
a translation-invariance property, as proposed in [Andrieux et al. New J. Phys. 2009]. We particularly fix
some proofs of the latter article where the ultraviolet condition was not mentioned. We detail how these two
symmetries lead respectively to fluctuation relations and a statistical refinement of heat conservation for isolated
thermodynamic quantum systems. As in [Andrieux et al. New J. Phys. 2009], we recover the Fluctuation-
Dissipation Theorem in the linear response theory, short of Green—Kubo relations. We illustrate the general
theory on a number of canonical models.
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1 Introduction

In this article, we are interested in the heat exchange between different reservoirs forming an isolated
quantum system. In the quantum setup, there exist multiple choices for the definition of the variation
of heat in each reservoir, and different choices may have different mathematical properties and phys-
ical relevance. We consider the Two-Time Measurement (TTM) definition (which was introduced
initially in [Kur0O, Tas00] for other thermodynamic quantities, see the reviews [JOPP12, EHMO09,
CHTI11]). Within this definition we establish a statistical formulation of the heat conservation. We
will see that this is a more subtle problem for quantum systems than for their classical counterparts.

In this introduction we present our results informally in the case of a system consisting of two reser-
voirs and start by ignoring the classical/quantum distinction. Assume that the heat dumped in reser-
voir 7 between times 0 and ¢ is represented by a quantity ();. We describe its expected properties.
Since the system is assumed isolated, one expects the first law of thermodynamics to hold in the form
Q1 + Q2 = W with W the work put in by turning on the interaction between the reservoirs. If the
work can be neglected, we then get an expression of the conservation of heat: ()1 + ()5 is negligible
with respect to the elapsed time in the experiment. One also expects a second law to hold in the form
B1Q1 + P2Q2 > 0, where 51 and (32 are the inverse temperatures, stating that the entropy production
is non negative. When ()1, Q- are average thermodynamic quantities these two laws are easily proved
from microscopic classical or quantum models.

Looking at finer properties of thermodynamic quantities leads to a description of @)1, (2 and W as
random variables. First, one expects the thermodynamic system to be ergodic; that is, for a long
enough experiment, one expects the time average of heat exchanges (Q; to be equal to their mean
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value. In probabilistic terms, )1 and ()2 should obey a law of large numbers:

Jim % Qr=(®1)4 lim % Q2 = (P2)4
where (®;). is the limit of the average heat flux 1(Q;), for i = 1,2. As discussed above, if work can
be neglected, one expects the relations (®1) + (P2) = 0 and 81 (P1)+ + S2(P2)+ > 0, from which
we deduce that in the long time limit, heat flows from the hot to the cold reservoir. Looking at the first
order of fluctuations around the law of large numbers, one expects a central limit theorem property,
i.e. that the joint distribution of (Q1 — t(®1)+)/v/t and (Q2 — t(®2);)/+/t converges to that of
centered Gaussian random variables £; and &; such that £; = —&, with probability 1 or, equivalently,
(1,1) is in the kernel of their covariance matrix. A description of fluctuations beyond the central
limit theorem typically uses a large deviation principle, i.e. gives a so-called rate function 1(qi, g2)
such that the probability that (%Ql, %Qz) is close to some value (s1,s2) decays exponentially in
time with rate I(s1, s2). The route to a large deviation principle is usually through the Girtner—Ellis
theorem (see [ElI85, DZ10]). The latter is based on the study of the limit cumulant generating function

X+ (a1, ag) = limy o0 %bg xt(aq, ), where
Xt(Oéla Oéz) — Et(emerazQz) — / 0141 —02¢2 dIP’((ﬂ, q2)
RQ

is the moment generating function of (@1, Q2) or Laplace transform of P;. Remark that the distri-
bution PP, is completely characterized by the function x; (see [Bil12]). It is now common knowledge
that properties of x; can encode thermodynamic principles: assuming that the interacting dynamics is
time-reversal invariant, IP; should satisfy a transient fluctuation relation (see [RMO07] or [JOPP12] and
references therein for a detailed presentation of fluctuation relations) in the form:

AP, (q1, go) = e~ Bra1+52a) qP, (—qy, —gn),

and an equivalent formulation is that the moment generating function verifies the Evans—Searles sym-
metry (see [ES94])

xt(on, a2) = x¢(B1 — a1, B2 — ). (1.1)

Given this symmetry, Jensen’s inequality implies directly the second law of thermodynamics. Hence,
the Evans—Searles symmetry (1.1) can be seen as a statistical refinement of the second law. Let us
emphasize that this symmetry holds for finite time ¢ (it is therefore called the transient fluctuation re-
lation) and that this statistical refinement of the second law therefore does not require the introduction
of large deviation theory.

It turns out that the properties related to the conservation of heat are not so trivial to express. Let us
describe our approach by making the strongest sensible assumption on the maximal total heat input
@1+ Qo, that it is bounded almost surely or namely that there exists C' > 0 such that P; almost surely
one has |Q1 + Q2| < C, for any time ¢. Then we obtain an almost translation symmetry in the moment
generating function parameters: for any time and any 6 € R,

ei‘€|CXt(OC17 az) < xe(ar + 6,00 +6) < €‘€|CXt(0417 az). (1.2)

Remark that this is not a translation symmetry since we do not have equalities. However, since C'
does not depend on time, it turns into a symmetry for the asymptotic cumulant generating function

X+ = im0 % log xt-
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If x4+ (a1, a9) is defined then trivially (1.1) implies x4 (a1, a2) = x+ (81 — a1, B2 — a2), and (1.2)
implies the new relation x (a1 + 0, a0 + 6) = x (a1, az) for all 6. If x, is defined on R? then
this translates into properties of the large deviations rate function I: the first relation satisfied by
X+ implies I(s1,s2) = I(—s1,—s2) — (B151 + P252), and the second implies I(s1,s2) = oo if
s1 + s2 # 0, meaning that the probability of an event where conservation does not hold, such as
|(Q1+Q2)/t| > €, decays superexponentially with time. In the present case this last statement would
be a trivial consequence of the almost sure bound |Q); + Q2| < C (once it is assumed that a large
deviation principle holds for the pair (Q1, Q2)) without need for a detour by the cumulant generating
function 4.

However, the almost sure bound and the full translation symmetry may not always hold, i.e. even when
X+ (a1, ) is defined, one may not have x4 (g, as) = x4 (aq + 0, as + 0). The extent of validity of
this relation will depend on the total heat introduced by turning on the interaction. It is trivially verified
by classical systems with bounded interaction between the reservoirs (see [BPR18, Proposition 2.3]).
Already for classical models of harmonic oscillators, it holds only for # in a bounded interval: in
that case the interaction is not bounded and there exists §g > 0, such that for any oy, as small
enough, for any 6 € [—6p, 0], x4+ (1, @2) = x4+ (1 + 6, a2 + 6), but one cannot take 0y to infinity
(see [BJP17, DHP19]). Thankfully, this bounded translation symmetry still implies some bound on
the rate function: the probability that heat is not conserved does not decay superexponentially, but
exponentially with rate proportional to fy. Namely, if there exists 8y > 0 such that for any a1, ao small
enough and any 6 € [—60y, 6p] one has x4 (a1, a) = x4 (a1 +60, a1 +6), then I(s1, s2) > g |s1+s2],
and in particular the probability of |(Q1 + @Q2)/t| > € decays exponentially with time.

Summarizing, when concerned with the laws of thermodynamics beyond the law of large number
or the central limit theorem, it is useful to study the asymptotic cumulant generating function 4
of the heat fluxes. We expect two symmetries in its parameters: the Evans—Searles symmetry is
related to the second law through the fluctuation relation, and the translation symmetry induces a
control of heat conservation violations. Interestingly, using jointly both of these symmetries, one
can prove the fluctuation—dissipation theorem short of Green—Kubo relations (see [AGMTO09] and
Section 3.4). As already mentioned, for classical system with bounded inter-reservoirs interaction,
proving both symmetries is easy; for unbounded interactions the approach has to be model-dependent
but no conceptual difficulty arises.

For quantum systems, however, even with bounded interactions the very definition of the random
variables ()1 and () raises difficulties and different definitions exist in the literature. Let us introduce
some notation: let H, H» be the free Hamiltonians of the two reservoirs and let V' denote the bounded
interaction between them. The Hamiltonian governing the dynamics is H = Ho+V with Hy = H; +
Ho and (1), is the associated Heisenberg dynamics, i.e. the evolved version A; of the observable A is
Ay = TH(A) := ™ Ae7" | Let p denote the initial state of the system; namely p is a density matrix
such that the expectation value of an observable A is tr(pA) (which we denote p(A) for concision).
A “naive quantization” approach would define for 7 = 1,2 the variable (); as proceeding from a
measurement of the observable A;H; = H;; — H, and similarly the work variable W as proceeding
from a measurement of A,V = V — 7{(V'). One then benefits from the obvious identity A;H7 +
A;Hy = A;V, but the fluctuation relation (1.1) fails (see [JOPP12, Exercices 3.3 & 6.1]) and the
thermodynamic quantities are hard to interpret physically. The TTM approach defines thermodynamic
quantities through the following Gedankenexperiment: if one measures H; and Hy at time 0 with
outcomes h; and hy (remark that H; and Ho commute and can therefore be simultaneously measured),
lets the (post-measurement) system evolve for a time ¢, and measures H; and Hs again with outcomes
R/ and hl,, then Q1 and Q5 are defined as the (random) differences h} —h; and hf, — ho. This definition
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is easy to interpret physically and ensures the validity of the fluctuation relation (see below), but the
equality @1 + Q2 = W does not hold beyond the first two moments (see [JOPP12, §3.5]), so that a
uniform bound for W does not tell us anything about (7 + 2. Similarly, the inequality

|p(T'(Hy) — Hy) + p(7"(Hs) — Ha)| < 2||V|| (1.3)

leads to E(Q1) + E(Q2) < 2||V]| but this does not prove the almost-sure boundedness of Q1 + Q2.
Thankfully, as proved in [BJP' 15, BPR18], under some ultraviolet regularity conditions on the inter-
action one can control the exponential decay of the probability of violation of heat conservation; these
ultraviolet regularity conditions are actually shown in [BPR18] to be essentially necessary to control
the tails of the total heat distribution and some examples with bounded interactions are provided where
the fourth moment E;((Q; + Q2)*) of the total heat is infinite for almost every time .

In the present article we work with the TTM definition of thermodynamic quantities and study the
statistics of the pair (Q1,Q2). We introduce ultraviolet regularity conditions generalizing those of
[BJP™15, BPR18], that allow us to prove a bounded translation symmetry of the cumulant gener-
ating function. Our proof fixes an error in the derivation of the translation symmetry provided in
[AGMTO09], where the authors overlooked the necessity of ultraviolet regularity conditions (see Re-
mark 3.9). We then present and derive rigorously the previously mentioned consequences of the
symmetries satisfied by the cumulant generating function (see Section 3), and derive the fluctuation—
dissipation theorem short of Green—Kubo formula (Theorem 3.19) At the end of the article we give
some examples of application to standard models of quantum statistical mechanics (see Section 4).
Before we enter into a more rigorous discussion, we conclude this section with an informal presenta-
tion of our assumptions and results.

Our assumption is essentially that for some strictly positive «q both of the following bounds hold:

sup He*é(alHlJraQH?) Vefé(alHlJFO‘QHQ)H < 00 (1.4)
a1,a2€[—ao,+ag]
sup |‘e+§((a1+61)H1+(az+Bz)Hz) Ve—%((a1+61)H1+(a2+ﬂ2)H2)H < 0. (15)

a1,02€[—ap,+ao]

We call this assumption an ultraviolet regularity as in paradigmatic models of non-equilibrium statis-
tical mechanics the condition translates directly to an ultraviolet regularity condition (see Section 4.2
and [BPR18]). It can also be understood through a golden rule approximation of the energy transitions
induced by the interaction: in such approximation the transition rate between two H eigenstates |¥ z)
and | /) of respective energy E and E is essentially given by T'(E, E') = |(¥ |V ¥ )|2. Then the
uniform bounds of equation (1.4) imply for example that T(E, E') = o(e~®EZ=E'l) namely, tran-
sitions towards high energy (i.e. ultraviolet) states are exponentially suppressed. Although obviously
a stronger condition than the boundedness of V' which was assumed to derive (1.3), this ultraviolet
regularity condition holds in many models of physical interest; see Section 4. As already mentioned,
the results of [BPR18] show that this ultraviolet regularity condition is essentially necessary for the
probability of violation of heat conservation to be exponentially suppressed. The emerging underlying
picture is that, in the quantum setting, total heat fluctuations are sensitive to energy transitions induced
by the interaction (i.e. ultraviolet regularity of V'), rather than to the interaction strength (i.e. ||[V|]).

In the present article, we only deal with bounded interactions. Our results thus do not apply to reser-
voirs of bosons. Nevertheless the intuition behind our proofs should apply to models involving un-
bounded interaction. Though, in this case, as for classical models with unbounded interaction, the
strength of the interaction may also limit the size of the interval on which the translation symmetry
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is valid. A first approach to the questions we deal with here but for unbounded V' can be found in
[BPR1S, §4.2 and §4.3].

We choose to describe infinitely extended systems through their approximations by finite dimensional
systems. Infinitely extended reservoirs are required to observe non-trivial thermodynamic behavior,
but their description relies typically on infinite-dimensional operator algebras, and the related theory
of e.g. states and dynamics is technically demanding. We can however state our assumptions exclu-
sively in terms of generating functions associated with finite-dimensional approximations. Although
such a route may have its limitations (see [JOPP12] for an in-depth discussion), it allows us to bypass
heavy algebraic machinery and make it accessible to a larger audience. Our mathematical analysis re-
lies essentially on simple trace inequalities that allow us to give relevant bounds. The thermodynamic
limit is only performed at the level of generating functions, and therefore of probability distributions.
The probabilistic tools involved are elementary, except possibly for the Gértner-Ellis theorem, used to
obtain a large deviation principle. Note that [BPR18] takes a different approach and studies directly
infinitely extended systems via algebraic and analytic tools.

The article is organized as follows. In Section 2 we introduce our main objects of interest in a finite-
dimensional setting, i.e. for confined systems, and derive various bounds for generating functions
from simple trace inequalities. In Section 3 we specialize to thermodynamic quantum systems com-
posed of several thermal reservoirs, and establish results concerning the joint distribution for the heat
variations in the different reservoirs: we show a law of large numbers, a central limit theorem and a
large deviation principle. We also recover the Fluctuation-Dissipation Theorem (short of Green—Kubo
relations), and discuss the role of “small” systems, i.e. systems whose Hilbert space stays finite di-
mensional in the thermodynamic limit. In Section 4, we present various models for which we discuss
our ultraviolet regularity assumptions and those of our results that apply.
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0002-02 ) and by ANR contract StoQ ANR-14-CE25-0003-0. The research of A.P. was partially sup-
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2 Definitions for confined systems and basic bounds

In this section, we consider systems with a finite number of degrees of freedom. This allows us to
define without analytical difficulties the random variables corresponding to thermodynamic quantities
in the Two-Time Measurement picture and to derive relevant inequalities for their joint generating
function from basic trace and norm inequalities for matrices.
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2.1 Setup: observables and measurement

We first recall the basic formalism of quantum mechanics: a physical system is described by a triple
(H, H, p) where H is an Hilbert space, H a self-adjoint operator on H and p is a density matrix, i.e. a
nonnegative operator p on H with trace 1 (we will use the same symbol p for the density matrix and
the linear form A — tr(pA)). We consider a confined system in the sense that dim H < oo. In this
setting, denoting by B(#) the algebra of (bounded) linear operators on #, the physical observables
can be identified with self-adjoint elements A of B(H). The dynamics of the system is dictated by the
operator H which is interpreted as energy observable and is called the Hamiltonian. We will work in
the Heisenberg picture where an observable evolved to time ¢ is given by A; = et A ¢=1H while
the state p stays constant.

We also recall the standard description of measurement: the measurement of an observable A has ran-
dom outcomes taking values in the spectrum sp A with probability depending on the pre-measurement
state p. More precisely, if we write A = zaesp 4 aF, the spectral resolution of A, then a measure-
ment of the observable A on a system with pre-measurement state p will return the value a € sp A
with probability tr(P,p). In particular, the expectation and variance of the measurement outcome are
respectively p(A) and p((A — p(A))?). Conditioned on outcome a, the post-measurement state is
P,pP,/tr(P,p).

We are interested in systems consisting of several “reservoirs” Rq,...,Ry. Once again we will ap-
proximate physical reservoirs by confined systems; this will be formalized in the next definition.
Therefore, we view our confined system as consisting of different subsystems. Typically, the Hilbert
space can be written as product of Hilbert spaces H = H; ® ... ® Hy, and to each reservoir one
can associate a "free" energy Hj, j = 1,...,/, generating the dynamics of subsystem R ;. For the
full system we consider two different Hamiltonians: one is Hy = Z§=1 H; which we call the free
Hamiltonian, another is H = Hg+ V which we call the full Hamiltonian. The observable V' therefore
represents the interaction between the different R ;.

For compactness, we set E = (Hy, ..., Hy) and we give the following definition.

Definition 2.1. A confined multisystem is a quadruple (H,p, E, V'), with H a finite-dimensional
Hilbert space, E a finite set of commuting observables, p a density matrix and V an additional
observable.

In what follows, the nature of the reservoir R; is irrelevant and the decomposition of the Hilbert
space only appears in the fact that we consider a set of commuting observables E = (Hy, ..., Hy).
Therefore, the analysis in the remainder of the paper can be extended to any system formally satisfying
the above definition. Note that, with the above definition, we do not need to specify the nature of the
interaction, and in particular whether the reservoirs interacts directly or through another system. This
will be relevant in the thermodynamic limit, see Remark 3.2 and Appendix A.

Notation: We follow the convention that bold letters (e.g. A, a, ¢) are used for ¢-tuples. If a, b € C,
ab= Z§:1 a;b; is the bilinear quadratic form extending to C* the canonical scalar product of R’.

From now on, we always write ) _; for Z?:p and use notation suchas .=}, a;H; fora € Ct.
In addition, we denote || = (|a1], ..., |cp|) and ||a|| = sup,;_; _, |ay].

A particular family of states will be relevant in confined multisystems. They are of the form
pg =2 te  Zibitli = 71 BE  ith 7 = tr(e” 2Py = tr(e P ), (2.6)

where B8 = (51,...,0¢) and 3; > 0 for all j. A state of this form is called a multi-thermal state
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with respect to inverse temperatures 3. If p is a multi-thermal state, then initially each subsystem is
in thermal equilibrium, and if two of the inverse temperatures 3; are different, then the temperature
differential will result, in the thermodynamic and large-time limit, in the onset of steady heat fluxes
across the system. Our goal is to study the statistical properties of those fluxes.

Taking a “naive” quantization picture, these fluxes are described by the observables ®; = i[H, H;].
One has immediately

t
Hji — Hj 2/ ©jsds
0

so the convention is that heat flowing into a subsystem R ; corresponds to positive values of ®;.

2.2 Setup: Two-Time Measurement picture

In this section we fix a confined multisystem (H, p, EZ, V') and construct the joint probability distribu-
tion [P; of heat variation rates into the different reservoirs, according to the Two-Time Measurement
picture.

The set up is the following. The commuting observables Hy, Hs, . .., Hy are measured simultaneously
a first time. For short we say we measure E. The system evolves for a time ¢, then E is measured
again. We denote by sp E the possible outcomes of a measurement i.e.

spE ={e=(e1,...,er), ej€spHjforj=1,...,¢}.

Let (Pe)eesp £ be the commuting family of projectors such that for any j = 1,...,¢, one has H; =
Zeesp g €j Pe. If the system is initially in the state p, then the outcome of a measurement of E
will be e € sp E with probability tr(PepP.), and after the measurement the system is in the state
%. We can equivalently write the above probability and post-measurement state as tr(p Pe)
and p P, /tr(p Pe), where p is the a priori state with respect to E defined by

p= > PepPe. 2.7)
ecsp B

In many situations of interest, and in particular whenever p is a multi-thermal state, p will commute
with E and we will therefore have p = p. Assume now that, after measuring E at time 0, with
outcome e, we let the system evolve for a time ¢ before making a second measurement of E. The

post-measurement state evolves, after a time ¢, into w0 Pe)
e

—itH 5 p o HitH . )
(e L (Fﬁ)i'i) Per) The probability that these two measurements give

e then €’ is therefore tr(e " 5 P, eti* P,,). The joint law of the heat fluxes towards the different
reservoirs is the induced probability measure P; on R’ of the vector ¢ = (e’ — e)/t and describes the
rate of change of E between the two measurements. More precisely, for ¢ € R,

. The second measurement of F

then gives €’ with probability %

Pip) = Y le—e—tptr(ejPee™p,). 2.8)

ee'cspE

The measure [P, is concentrated on the set (sp E — sp E)/t. The random variable ¢ is the canonical
coordinate mapping ¢ — . We denote by [E, the expectation with respect to IP,. We define a map x;
from C’ to C:

Yel@) = Eq(exp(—tang)) = 3 e T %1 Py(g). 2.9)
%}
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We will occasionally consider two additional random variables. The first is ¢, defined by

doiprlo=> o
j

The second is ¢, defined in the case where the state p is multi-thermal with respect to inverse temper-
atures 3 by

st Bo=Y Bip;.
j

It is clear that ¢y and ¢ are random variable emerging from the Two-Time Measurement of Hy and
(when the state p is multi-thermal) S = > y BjH; + log Z = —log p respectively. Therefore, ¢
represents the rate of total heat absorption and ¢ the rate of change of total entropy in the Two-
Time Measurement picture. Our statements below on the distribution of ¢ obviously translate into
statements on the distributions of ¢g and <.

In the remainder of the section, we list some immediate properties of y; and establish a connection
with the first two momenta of the heat fluxes.

First, one easily verifies from (2.8) and (2.9) that

. . 1 : 1 1 : 1

Xt(a) = tr (efltHﬁ e+a.Ee+1tHefa.E) = tr (efga.EefltHe+§a.Eﬁ e+§a.Ee+ltHefaa.E) ) (210)
It is then clear that ; is an entire function of a and x;(a) € R, for @ € R’. The restriction of
o — log x;(a) to R? is a convex function'. The triangle and Cauchy-Schwarz inequalities imply
respectively

Ix¢(a)] < x¢(Rea) fora € C, (2.11)
xi(—a)™ ! < xi(a) fora e RE (2.12)
An easy computation shows that
0 .
%xt(a)\a:o = —tr(p(Hj: — Hj)),
o2 ! (2.13)
dajay, Xt(@)jazo = tr(p(Hjs — Hj)(Hiy — Hy)).

Recalling that we denote by ®; = i[H, H;] the flux observable of H; in the “naive” quantization
definition, we thus have

10 1 [t
Et(¢j) = —Z@Xt(a)\azo = ;/0 P(‘I)j,s) ds,
1 92 1 [t
Et(¢j¢k) = t—zmxt(a)‘azo = P /0/0 ﬁ(Q)j’r@k#) dr ds, (2.14)
J

cove, (000 = 75 | [ 547 = 50,)) 1 = (1)) dr .

'We define a convex function as a map f from R* to ] — co, 4+-co] which is not +occ everywhere, and for a1, a2 € R
and u € [0, 1] satisfies f(ua + (1 — uw)oz) < uf(or) + (1 —u) f(o2).
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We will denote (®;); = Jo (®;5) ds. Assume temporarily that p commutes with E (as is the case
if e.g. p is multi-thermal); then p = p and Equations (2.13) and (2.14) show that for all 5 and k

Bilo) = 7 o(Hye— Hy),  Baléson) = 5 (i — Hy) (Hye — Hi)),

and we recover the well-known fact (see [DDRMOS8]) that the heat fluxes defined in the Two-Time
Measurement picture have the same first two moments as the distribution of the observable (E,—E)/t.
Using H; = H, it implies in particular that

1 1
Z(‘I’j>t =3 p(V—V;) and ZCOVIP%(%‘, br) = P p((V = V).
J 7.k
It follows that

4V
T (2.15)

‘ Z@ﬁt‘ < m and Y covp, (¢, d) <
J 7k
Remark 2.2. One can also consider an additional set of commuting observables (N1, ..., Ny) that
satisfy [H;, Ni] = 0 for all j, k where N is interpreted as the observable counting the number of par-
ticle in the j-th subsystem, and one can study the Two-Time Measurement of (Hy, ..., Hy, N1, ..., Ny)
with respect to the state
o 2 Bi(Hj—n;iN;)

N tr (e~ 2 P (Hi—#i Ni)y’

where (1 € R is the chemical potential of the j-th subsystem. Our results extend directly to this setting
and we will leave these extensions to the interested reader.

In the rest of this section, we collect various bounds on the moment generating function y;, which
we will then use to study the thermodynamics of systems described as infinite-dimensional limits of
confined multisystems.

2.3 Transient fluctuation relation for confined systems

As mentioned in the introduction, the Two-Time Measurement definition of thermodynamic quantities
allows for an extension of the transient fluctuation relations to the quantum setting ([Kur0O0, Tas00,
TMI11]). Transient fluctuation relations are equivalent to a symmetry of the generating function,
often called Evans—Searles symmetry (see [ES94], and [RMO7, JOPP12] for more references). In
the multi-reservoir context, these relations are often called exchange fluctuation relations ([JW04,
CHT11, EHMO09]). For the reader’s convenience, we present a precise statement about fluctuation
relation and the corresponding symmetry in our context.

Definition 2.3. We say that the confined multisystem (H, p, E,V') satisfies time-reversal invariance
if there exists an antilinear involution C' on ‘H that commutes with H, p, and all H;’s. In other words,
time-reversal invariance holds iff H has an orthonormal basis in which the matrix elements of H, p,
and all H;’s are real.

We then have:

10
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Proposition 2.4. Let (H, p, E, V) be a time-reversal invariant confined multisystem, where p is multi-
thermal with respect to inverse temperatures (3. Then

xi(e) = xi(B — ) forany o € R”. (2.16)

or equivalently P;(y) and Pi(—p) are mutually absolutely continuous and

P(+¢) +t3: Big;
SOTP) _ Y Bivs 2.17)
Pi(—¢)

for any @ € R such that Py () # 0.

Because of the choice of initial state, the proof is a trivial consequence of time-reversal invariance
(see [JOPP12, Proposition 3.9] for details).

Remark 2.5. Relation (2.17) implies in particular ; Bi(®;)¢ > 0, which is the usual expression
of the positivity of the (average) entropy production. To describe a more familiar form of fluctuation
relation, denote by e; the moment generating function of , i.e. the function R > a — E;(e=*°). Then
relation (2.16) implies

er(a) = e(1 — ),

which in turn is equivalent to Py(¢ = +s) and Py(¢ = —s) being mutually absolutely continuous and
Pyc=+s) _ oHs
]P’t(g = —S)

for any s such that Py(¢c = s) # 0.

2.4 Bounds for confined systems

In this section we give relevant bounds on the generating function Y; associated with the family
E = (Hy,...,Hy). Note in particular that Proposition 2.7 proves a relation corresponding to Equa-
tion (1.2). Detailed proofs are given in Section 5.

These bounds are immediate in the classical case when V' is bounded, but, as explained in the intro-
duction, the situation is more subtle in the quantum TTM framework, as the fluctuations are controlled
by ultraviolet properties of the interaction rather than its strength. In the confined case, however, this
problem can not occur and classical proofs can be extended making use of trace inequalities (see Sec-
tion 5). The choice of the constants in the bounds below becomes relevant only in the thermodynamic
limit and is therefore discussed in Section 3 (see also Section 4).

Let (#, p, E, V) be a confined multisystem. For any o € R, let
V, = ctaxByesaF (2.18)
For ap € R we introduce the constant

S(ag) = sup ||Vl (2.19)

el <eo

: : 1 1

Note that there cannot exist a finite uniform bound for sup,,cg¢ |eT2%E Ve 2%F|| unless V com-
mutes with E. We discard this situation as physically uninteresting since it would imply that all
considered observables are constant (and, after the thermodynamic limit, that V" is non local).

11
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We start by giving estimates on x;(c). The relevance of S(||c||) comes from the fact that o. E

1 . 1 . .
and H = Hg + V do not commute, so that the term et BotitHo—50E i the expressions (2.10)

for y; can essentially only be controlled by writing eT®EetitH o= B — o+it(Ho+Ve) with V,, non
self-adjoint. This is made more precise in the following statement.

Proposition 2.6. For any o in R we have

o250l < (o) < o2t

Remark that, if we define

St,(0o) = sup HeJr%GHO Ve*%GHOH (2.20)
10]<60o

then a proof using similar arguments shows the time-independent bounds
e A0Sm,(0) <y (01) < eF21015Ho (0) (2.21)
This was used in [BJPT15] to derive results on the large deviations of the total heat flux random

variable ¢ with respect to ;. We state a similar result in Remark 3.12.

Let (H,p, E,V) be a confined multisystem with p multi-thermal with respect to inverse tempera-
tures (3; in this subsection we prove a bound relating x;(c + 61) to x;(cx). We define for oy € R

B(ag) :i={aeR: a1 =0,|a| < ap},

and for 6y > «p,

S(a()?HO) = sup sup Hva+91H (2.22)
|9‘§90 aeB(ao)

and

Sa(ag,bp) = S(ag,bp) + sup  sup ||[Vaiatorll- (2.23)
‘9|§90 QEB(O{Q)

Note that B(«yp) is the intersection of the real open ¢*° ball of radius « with the hyperplane of
equation cc.1 = 0.

Contrary to the simple estimate for y;(a) in Proposition 2.6, a comparison of x;(c) and x;(a + 61)
in the case where p is proportional to e #F requires to control not only et®FetitH g=a-E byt gi50
et 3(B-a)-BotitH o= 3(B-a)-B Thjg explains the role of the second term in (2.23), which is the same
as S(ao, 0p) with V replaced by the deformed interaction observable V3.

We then have the following result, which will be crucial in our statistical formulation of heat conser-
vation. Its proof can be found in Section 5.2.

Proposition 2.7. Let (H, p, E,V') be a confined multisystem with p multi-thermal at inverse temper-
atures 3. Then for all o € RY such that .1 = 0 and 6 € R,

xi(a) e~ 1015p(ledl.0) < xe(a +01) < xi(a) e t101Sa(llell,0) (2.24)

3 Multi-reservoir systems: the first and second laws

In this section we will study the joint distribution of the heat fluxes, as defined by the Two-Time
Measurement picture, in each reservoir of a multi-reservoir systems. Our approach is to describe such

12
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systems as the thermodynamic limit of confined multisystems as described in Section 2.1. We will
use the bounds proved in Section 2.4 and make assumptions of uniform boundedness of quantities
such as S(a, 0g) or Sg(ao,fp). As we have argued in the introduction, we view these assumptions
as ultraviolet conditions.

3.1 Setup: multi-reservoir systems and thermodynamic limit

Our setting for a multi-reservoir system will be the following:

Definition 3.1. A multi-reservoir system is a family of confined multisystems (H(L) B EW) V(L))LeN
where EL) is a vector with ¢ components and the index ( is independent of L. We say that the multi-

reservoir system is in a multi-thermal state at inverse temperatures 3 = (f31,...,0e) if, for all L,

L in N, the confined multisystem (H(L), pB) E@) V(L)), is time-reversal invariant.

as in (2.6). We say that the multi-reservoir system is time-reversal invariant if for every

Note that the existence of an embedding of the L system in the L’-th system for L < L’ plays no role
in our arguments and will be neither assumed nor discussed.

Remark 3.2. A multi-reservoir system models a family of reservoirs, each of which is described
through an approximating sequence of confined systems, and the interaction between those reservoirs.
One may wonder what effect a “small” system, i.e. one whose Hilbert space dimension remains finite
in the L — oo limit, can have on the thermodynamics of the system, in particular in the case where
the reservoirs R ; interact through this small system. Note that this will typically change not only
the state space of the considered random variables but also the reference probability distribution. In
Appendix A we show that, in the large-time limit, this effect is essentially irrelevant.

In the following, all quantities of interest related to the L-th confined system will be denoted with

a superscript (L) (e.g. IP)I(EL), XIEL)). We now state our minimal assumptions on the existence of the

thermodynamic limit:
Assumption TL: for (£, ) € R, x iR, the following limit exists and is finite:

lim i (@) = yi(e), (3.25)

L—o0
and for all t € R, iR’ 5 a > () is continuous at 0.

This is a standard assumption implying the existence of a Borel probability measure P, on R¢ such

that for any bounded continuous function f : R® — C, limz 0 [ f() d]P’gL)(go) = [ () dPi(ep).
We extend the definition of y;(c) to any a € R’ as an extended real number by setting y;(c) :=
[ e tedPy ().

We limit our study to bounded interactions, hence throughout the paper we assume

sup [V < o0 (3.26)
L

without further mention.

We will consider two regularity assumptions that strengthen this assumption. We recall that S~ (w0, 6)
and S L(;,L) (g, Bo) are defined by relations (2.22) and (2.23) respectively.

13
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a2

~ 0

Figure 1: Schematic representation of the domains J0-% N R and ngﬂo N R for ¢ = 2 with J0:%
and Q:goﬂo defined in the text.

Assumption B (., 0y): for some oy > 0 and 6y > «,

S(ap,0p)=sup S(E) (avg, o) is finite.
L

Assumption Bg(«, 6): for some oy > 0 and 6y > «v,

Sa(ag,bp)=sup Sﬁ(f) (avg, o) is finite.
L

Observe that Bg (o, 0y) implies B (g, 0p), but also that B(«y, 0y) implies Bz (g, o) (although
with different values of o and 6) for small enough values of the (3}, i.e. at high temperatures.

We will use the following sets:

309 — o+ 51 s.t. (Reay); € B(ap), |Res| < 6o} (3.27)
¢ = {a+tB st.aed0h t€0,1]}. (3.28)

Note that Q:go’eo is simply the convex hull of the sets J*:%0 and 3+3%0:%_ A schematic representation
of the real part of these sets for £ = 2 is drawn in Figure 1.

Remark 3.3. In Appendix C we show that, starting from any multi-reservoir system with interaction

(V) pen satisfying the assumptions of uniform boundedness supy, |V )|| < oo and the local con-

+ia. EW) /(L) g—ic. B

tinuity in 0: 1im)| o) o supy, [le — VWD = 0, we can find an (arbitrarily good)

approximating sequence (V1)) cy satisfying Bs (o, 0y) for any B, ag and 6.

A standard convergence theorem (Vitali’s lemma [JOPP12, Appendix B]) guarantees the existence

and regularity of the limit lim 7, X,ﬁ” (a) for a € RY. This is formulated in the next statement.

14
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Lemma 3.4. Assume TL and B(c, 0) hold. Then for any o € 3%, the limit (3.25) exists. It is
uniform in any compact subset of the strip 309 and defines an analytic function. Moreover, for any
non negative t and any o in 3%,

L—oo

lim x\" (o) = / e~t? qP, (). (3.29)
In addition, the family (P;); is exponentially tight.

Proof. Under assumptions TL and B (v, ), the bound (2.11) and Proposition 2.6 allow us to apply

Vitali’s lemma on the set J*-%. The exponential tightness of (P;); follows from Proposition 2.6
again, as
Py(lpll = M) < e M Ey(exptagllp]]) < e ™M N xi(ave)
ec{—1,+1}¢
which from B (. f) is bounded by 2¢et25(@0.0)e—taoM O

This shows that the distribution P; of ¢ (and therefore the distribution P, ; of ¢ under P;) is light-
tailed. This is non-trivial, as ¢ is not in general a bounded random variable; see [BPR18]. Note that
condition B(«y), 0y)was used.

It follows that, if we assume TL and B(«yp,0)), then the thermodynamic limits of average fluxes
exist: from relations (2.14), the limits

: L : 10 (1 . L
(@)t = Lh_I)T;OEwg (9)) = thgo—gaﬁ% i (@)iaz0 = nggo<<1>§ )y
exist and satisfy
10
(@) = Ei(9) = —Z@Xt(a)‘azo. (3.30)

Transient fluctuations relations are immediately inherited from their confined version (Proposition 2.4)
whenever the limit exists. Finiteness of the limit is guaranteed by Lemma 3.4 and Holder’s inequality.
This is summarized in the following lemma:

Lemma 3.5. For any multi-reservoir system which is time-reversal invariant, in a multi-thermal state
at inverse temperatures (3, and satisfies TL, the quantity x:(a) € [0, +o0] satisfies

xi(a) = xi(B — @) for any o € R, (3.31)

If in addition B(c, 6) holds then x.(c) is finite for o in ng’eo.

3.2 Limiting generating functions and translational symmetry

In this section we consider the large-time limit and we prove a translational symmetry of the limit
function that will have important consequences on statistical refinements of the heat conservation. In
the large-time limit, the relevant quantities are the rates % log x¢(a). Such limits may not exist, and
we therefore start by considering

1
X+ () = limsup i log x¢(cx) (3.32)

t—o00
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for all a in R? (recall that by convention y;(cx) € (0, +o0] is well-defined for all ¢, see Section 3.1).
This allows us to discuss properties of ¥, without worry. The function X, vanishes at the origin,
takes values in [—o0, o], and is convex. Similarly, whenever the limit is defined, we let

1
X+(@) = lim —logx:(a) (3.33)

(we postpone the discussion regarding the domain of definition of ). Obviously, relations satisfied
by X, will carry over to x . The following theorem is obtained as an immediate consequence of the
key bound of Proposition 2.7, and of Lemma 3.5.

Theorem 3.6. Consider a multi-reservoir system in a multi-thermal state satisfying TL. If Bg(cv, 6)
holds, then for any o € B(y), 6 € [—00, 0p] we have

Xi(a+601) =X, (). (3.34)
If the multi-reservoir system is time-reversal invariant, then for any o € RY,
X+(B—a)=X,(). (3.35)

When the multisystem (H, p, E, V') is such that p is not necessarily multi-thermal, assuming that
B(«g, 0p) holds for some oy and any 6 leads to the translation symmetry (3.34).

Theorem 3.7. Consider a multisystem satisfying TL and B(«y, 0y) for some ag > 0 and any 6y >
a. Then, for any o € B(oy) and any 0 € R,

Xi(a+01) =X, ().

Proof. Proposition 2.6 implies Y, (a 4 61) < oo for any o € B(cy) and 6 € R. As a superior limit
of convex functions, (ca,f) — X, (a + 61) is convex on B(cg) x R. As a finite convex function,
a — X4 (a) is continuous on B(ay).

Since B(ayg, 0) holds for any 6y, sup;, S}iLO) (0) < ooforany ¢ € R. Then (2.21) implies ¥, (/1) = 0
for any § € R. Assumption B (v, 0) for any 6y € R and Lemma 3.4 ensure x; (o + 1) is finite for
(a,0) € B(ag) x R. Then, from Holder’s inequality, for any ¢ € R, any o« € B(cy) and any 6 € R,
for any p > 1 small enough that pax € B(cy) and ¢ > 1such that 1/p +1/q = 1,

1 1
log x¢(a +61) < Elog xt(por) + 510g xt(q61).

It follows that for o € B(c), p > 1 small enough and any § € R, X (o + 61) < % X (pax). Since
a — X (a) is continuous on B(ay), taking p to 1 leads to X, (o + 1) < X, () for all §. By
convexity of y, one has equality. U

Remark 3.8. We will not mention the assumption “B(«, 0y) for some ag > 0 and any 6y > op”
again, but every time a result is a consequence of the symmetry (3.34), this assumption can be used
instead of B (v, 0y) for some oy > 0 and some 6y > ay.

Remark 3.9. Assumption B (v, 00) is missing in [AGMTO09]. In Step 5 of [AGMT09, Section 4.4]
the authors claim that Bg (v, 0y) holds for any ag and 8y as long as (3.26) holds. In [BPRIS,
Section 4.1] a quasi-free fermion gas example is given where the validity of Bg (o, 6) depends on
the ultraviolet regularity of the thermodynamic limit of V\Y). Particularly, the example can be such
that supy, |V F)|| < oo but there does not exist g > 0 and 6y > aq such that Bg(ay, 0p) holds.
Moreover, while B (o, 0y) and relation (2.21) imply sup;cr x¢(—001) < oo, in this model TL
holds and sup;, ||V ()| < oo but x;(—01) = oo for any 6 > 0 and almost every time t.
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In the rest of this section we explore the consequences of the symmetries proved in Theorem 3.6 on
the fluctuations of heat in the reservoirs.

For s € RY, we define

I(s) = — inf (a.s+7x,(a)) € [0, +oc].
acR?
This function I allows to control the large deviations of ¢: a standard argument using the Markov

inequality and an optimization in the parameter o shows that for any s € R¢ and any € > 0, one has
1 -
limsup —log P(||¢p —s|| <€) < — inf I(u). (3.36)
t—oo T

In the case where ;. is assumed to exist, then the role of the associated function I will be made more
precise by the Girtner—Ellis theorem.

The following result gives relevant relations satisfied by this function I.

Theorem 3.10. Assume that TL holds. Then,

(i) If Bg(ao,0) holds, then

I(s) >0y |s.1].
Hence, if for any 0y Bg(cv, 0) holds for some oy , then 1(s8) = +oc if s.1 # 0.
(ii) If the system is time-reversal invariant, then
I(s) =1(—s) — B.s.

Proof. ForItem (i), I(s) = —inf, 1 infper cv.5+0s. 14X, (a+61) > — inf o eB(ag) inf|g) <0, -5+
§s.1+X . (a+61). Theorem 3.6 then implies X, (a+01) =X, () forany o € B(ayg) and |0| < 6.
Hence, 1(s) > 6g|s.1| — inf e B(ag) (€8 + X1 () and X, (0) = 0 implies that (i) holds. Item (ii)
follows from Theorem 3.6. O
Theorem 3.10 (i) implies the following heat conservation type result. Theorem 3.10 (ii) is related with
an expression of the fluctuation relations at the level of the rate function.

Theorem 3.11. Consider a multi-reservoir system in a multi-thermal state and assume that TL and
Bs(a,00) hold. Then, for any Borel set B in RY,

1
limsup — log P;(B) < —6 inf |s.1]. (3.37)
seB

t—o00 t

Proof. By Lemma 3.4, the family (P;); is exponentially tight. Baldi’s theorem (see e.g. Theorem
4.5.20 in [DZ10]) then implies that

1 1 -
lim sup n log P,(B) < limsupg logP,(c1 B) < — inf I(s)

t—o0 t—00 secl B

with cl B the closure of B. The result follows from Theorem 3.10 (i) and the continuity of s — s.1.
O

Remark 3.12. The above implies in particular bounds such as

1
lim sup — log P;(|¢o| > €) < —boe.
t—oo

Such bounds, however, can be derived by assuming a uniform bound on S}fo) (0o) (defined in (2.20)),
which is a condition weaker than Bg (v, 0y). See [BJPT 15, BPRIS] for this and related results on
the Py-distribution of ¢q .
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3.3 Law of large numbers, central limit theorem and large deviation principle

In this section we want to describe the behavior of the distribution P, of the heat fluxes ¢ beyond
large deviation upper bounds. To this purpose, we will introduce additional assumptions in terms
of large-time (LT) behavior of x;, which allow to apply standard results in large deviation theory.
Although proving them can be non-trivial, it is known that LT assumptions hold for relevant physical
models (see [JOPP12] and Section 4). Our proofs make extensive use of the Girtner-Ellis and Bryc
theorems, which give information on the large time behavior of a random variable (heat fluxes in our
case) from the regularity of a limiting object x4 (). To this purpose, additional assumptions in terms
of large-time limit are required. Our discussion consists of three levels of increasing precision, which
correspond to a law of large numbers, a central limit theorem, and a large deviation principle.

We assume T'L and start with the following assumption about the large-time behavior of the cumulant
generating functions log .

Assumption LT («): TL holds and for some g > 0, the limit

X+ (o) = lim %log xt(a) (3.38)

t—r00
exists as a real number for any o € R? such that ||| < .

Remark 3.13. Assuming B(o, 0p), if x+ () exists as an extended real number, then by Proposi-
tion 2.6, ||| < ag implies x+ () < 0.

Remark 3.14. Assuming LT (o) and B (o, 0y), Proposition 2.7 implies that x (o + 1) exists
as a limit and is finite for any (o, 0) € B(ag) % [—00, Oo)-

The existence of x together with additional regularity assumptions on x4 will have various conse-
quences on the behavior of the distributions (IP;);.

Assume first that LT («v) holds and x is differentiable at the origin. We can then define for j =

1,...,£ the quantity
0
<q)]>+ = —a—% X+(a)|a:0 (339)

Lemma 1V.6.3 in [EII85] and relations (3.30) then show the existence of the average fluxes in the
thermodynamic and large-time limits:

. . .10
(®))4 = tlggo<¢j>t - tllglo Ei(¢;) = - tlgglo ;@Xt(a)\azo- (3-40)
We denote by (®)_, the vector with components (®;) .
The following is a formulation of the heat conservation at the level of the averages of fluxes ¢1, . .., ¢p.

Note that, because we consider the distributions of the random variable ¢ with respect to different
probability measures PP;, no almost-sure convergence statement can be given.

Theorem 3.15. Consider a multi-reservoir system in a multi-thermal state and assume that LT (o)
holds, and that x 4 is differentiable at the origin. Then (®), satisfies

> (@) =0, (3.41)

J

18



Heat conservation for multi-reservoir systems

and for any small enough € > 0, there exists a constant Cg(e) > 0 such that

. 1
hmsupzlogIP’t( sup |¢; — (®j)4] > €) < —CE(e). (3.42)

t—o0 ]:1,,[

Proof. Equation (3.41) follows from (2.15) and (3.26). The second part of the statement, i.e. relation
(3.42), is similar to Equation (3.36) and is a standard result (see e.g. the proof of Theorem I1.6.3. in
[ELI85]). O

We now turn to a central limit theorem for the random variables ¢. For this assume in addition to
LT () that there exists a complex neigbourhood O of the origin such that %\ log x¢(cv)] is uniformly
bounded for t > 1 and @ € O (remark that Proposition 2.6 only gives a bound on log |x:(c)|). An
application of Vitali’s lemma then shows that the limit x () can be extended to an analytic function
on 0. We define for j,k =1,...,¢

02 1 (32Xt(a) _ Oxi(@) Ixi(a)

D= _o = lim -
ik 8aj8akx+(a)‘a*0 e ¢ Do Oy, Joj  0Oaj

> |o=0 - tlggo t Covt(¢j’ or)

(3.43)
(again the second and third equalities are consequences of Vitali’s lemma and relations (2.14)). The
¢ x £ matrix D = (D 1,); is automatically real-symmetric positive semidefinite. It is not positive
definite since (2.15) and (3.26) imply Zm Dj . = 0. We then have

Theorem 3.16. Consider a multi-reservoir system in a multi-thermal state and assume that LT ()
holds and that there exists a complex neigbourhood O of the origin with

1
sup sup —|log x: ()| < oc.
t>1 aco t

Then the following convergence in distribution, with respect to the family (Py);, holds:

V(¢ — (®)4) — N(0,D). (3.44)

t—o00

Proof. The convergence (3.44) follows from Bryc’s theorem (see Appendix B in [JOPP12] for a
multi-dimensional version of the lemma originally proven in [Bry93]), and relations (3.43). ]

To formulate a large deviation principle, we need to introduce some additional notation. We simply
apply the Girtner-Ellis theorem, and follow the treatment of [DZ10]. We will assume LT (o), and
that x () is defined as an extended real number by (3.38) for all o in R*. We denote by D the set

D={acR st xy(a)<+oo}.
Note that, under assumption LT (), we have 3290:3% D, We define for s in R?

I(s) =— igf&e (s + x4 () € [0, +00]

and denote by F the set of s € R’ such that there exists o € D with
a.s+1(s) <a.s +I(s) forall s € R\ {s}.

‘We can now state our two theorems:
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Theorem 3.17. Assume that LT (c) holds and assume that (3.38) defines x 1 () as an extended real
number for all o in RY. Then,

(i) if Bg(oo, ty) holds, then
I(s) > 6p|s.1|.

Hence, if Bg (v, 0) holds for any 6y, I(s) = +ooif s ¢ 1+.

(ii) if the system is time-reversal invariant, then

Proof. The theorem follows from I = I and Theorem 3.10. O

Theorem 3.18. Consider a multi-thermal multi-reservoir system satisfying LT (o), and assume that
(3.38) defines x 1 () as an extended real number for all o in RY. Then for any Borel set B C RY:

1 1
. < Timinf L < Tim sun & <_
seini?g)ﬂ]:l(S) < hgg)lf ; logPy(B) < hgsotolp " logP:(B) < Selcrll(fB) I(s). (3.45)

If we assume that LT (o) holds for all ag and R® > o+ x4 () is differentiable everywhere, then
(3.45) holds with F replaced with RE.

Proof. Relation (3.45) is obtained by a direct application of the Girtner-Ellis theorem (see [DZ10]).
If LT () holds for all ag > 0 and x is differentiable on R, then F = R’ O

3.4 Linear response theory

In this section we are interested in multi-reservoir systems which are near thermal equilibrium, in the
sense that they are multi-thermal at an inverse temperature 3 = (31, ..., 3¢) such that for all j one
has 3; ~ f3.4 for some 3. > 0. The purpose of the linear response theory of multi-reservoir systems
is to describe fluxes to the first order in the thermodynamical forces (; = 3; — Beq-

We suppose that for some Joq > 0 and 6 > 0 we have, for any 3 with ||3 — feq1| < 0, a multi-
reservoir system (’H(L), pB) EWL), V(L)) LeN which is multi-thermal at inverse temperatures 3. We
assume that H(L), E(X) V(L) do not depend on (3, and that for any 3 as above, the multi-reservoir sys-
tem (HL), pl) | E@) V() satisfies assumption LT (vg) (note that LT () depends on 3 through
the state p).

We let Beq = (Beq - - - » Beq) = Beql and B = Beq + ¢ so that ¢ = 0 corresponds to the equilibrium
situation B = Beq = [eql. We shall denote by e.g. X;(8, o), x+(3, ) the functions ¥; (), x+(cx)
corresponding to the value 3 of the inverse temperatures, and indicate the dependence of the currents
on the thermodynamical forces, denoting them e.g. (®;)¢. Assuming that the functions ¢ — (®;)¢
are differentiable in ¢ at the origin, the kinetic transport coefficients are defined by

I Pr)¢

Lj= 2, Ic=0- (3.46)

An immediate consequence of the mean heat conservation in the form (3.41) is >, L = 0forall j.
To discuss further properties of these coefficients, we strengthen LT ().
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Assumption LR (o, 0): for some Soq > 0 and § > 0 there exist agp > 0 and 6y >
ap + Peq such that for any 3 with |3 — Beql|| < J the multi-reservoir system satisfies
Bgs(ap,6p) and LT (), and for any v, ¢ € R with ||| < ap and ||| < 4, the limit

1
X+(:Beq + C7 a) = tll)I& Z log Xt(ﬁeq + Ca a) (3-47)

exists and defines a map that is continuously differentiable in ¢ and twice continuously
differentiable in c.

An immediate consequence of this assumption is that the transport coefficients (3.46) are well-defined.
The next theorem shows that Onsager reciprocity relations can be easily proven as a simple conse-
quence of the translational symmetry (3.34) and symmetry (3.35), recovering the result of [AGMT09].

Theorem 3.19. Consider a (3-dependent multi-reservoir system as described above, satisfying LR (v,

and such that for any B with |3 — Beql|| < 0 the multi-reservoir system is time-reversal invariant
and multi-thermal at inverse temperature 3. Then for every j, k = 1,... ¢ we have

2L; k. = Djk(Beq),

and in particular L; = Ly, ;.
Proof. Using successively translational symmetry (3.34) and symmetry (3.35), we have for ||a|| < ayp,

YJr(:Beq + Ca a) = YJF(Beq + C, o+ :Beq) = YJr(:Beq + Ca C - a)' (3.43)

Assumption LR (g, 9) ensures that x4 is defined at (Beq + ¢, a) for || 3| < 0, infp<g, [|a — 01| <
g, and is a C'12 function. By relation (3.48), it satisfies

X+(Beq + ¢, @) = X+(Beq + ¢, ¢ — ). (3.49)
Definitions (3.39) and (3.46) imply that
92
Ljk = ~ 9,00 X+(5eq + ¢, @) ¢c=a=0-

Relation (3.49) and a simple application of the chain rule give

& _1 &

Comparison with (3.43) shows that L; , = 5.D; 1(Beq)- O

X+(18€q + C? a)\czazo-

Remark 3.20. The equalities Lj = Lk,j are the Onsager reciprocity relations. The central limit
theorem (3.44) and relation Ljj = 2Dy are the first part of the Fluctuation-Dissipation Theorem
for multi-reservoir systems. The second part involves the validity of the Green-Kubo formulas for L;
their formulation and proof require introduction of the infinitely extended dynamical system describing
multi-reservoir systems and we will not discuss them in this paper (see [JOPP12] for references). Here
we can only prove

L L L L L
L= Jim i & [ [ (8 = 0 ) 82, — 2 01

t—00 L—oo t
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4 Examples

4.1 Open quantum spin systems

In this section we study a model of multi-reservoir system (in the sense of Section 3) defined from
quantum spin systems.

Let G = Z9, and fix a finite partition G = Gy U ... U Gy of G into infinite sets. For each j, let
0G; C G; be the boundary of G, i.e. the set of elements = of G; that have at least one neighboring
vertex not in G;. To each vertex x € G we associate a copy of CF. Let S be a self adjoint operator
from (CF)®(24+1) (o itself. For any 2 € G let S, be a copy of S that acts non trivially only on the
Hilbert space associated to x and its neighboring vertices.

We then denote G) = {—L,... ,+L}% and QJ(-L) = G; N G the restriction of G; to G for any

L € N and assume for simplicity that G; N G (L) £ () for any L and j. We similarly define BQ](.L). We

then define
(L) _
H7 = > &
reg{"\ag!"

and
v = N (@),

(L)
xeu;@:lagj

with & +— J(z) a real function such that ) __ 196, |J ()| < oc. This assumption ensures that V()
=
stays bounded in the thermodynamic limit.

We recall that E(X) = (HfL), .. ,HéL)) and fix some 3 = (f1, ..., B¢). We assume that the system
is multi-thermal at temperatures 3, i.e. we consider the density matrix p(Z) = e=8-E'") Jtr(e BE ) ).

This defines a multi-reservoir system (%), p(1) E(E) (1))} y in the sense of Section 3.1.

The following result shows that Theorem 3.11 applies to this example. It is proven in Appendix B.

Theorem 4.1. Suppose that limy, tr(pX) A) = p(A) exists for any A € O. Then TL holds, and one
has B(«, 0y) for ag and 6y small enough.

Remarks 4.2.

o Theorem 4.1 can be generalized by looking at convergent subsequences of ,o(L). Then for each
of these subsequences assumption T'L is true. This extension is relevant when the uniqueness
of the limit (3;,7;)-KMS state for each part j is not guaranteed.

e If d = 1, one can prove, adapting the results of Araki [Ara69], that Bg(cv, 0y) holds for any
g, b € R

e Actually TL and B(ay, 6y) hold for a much more general set of spin models. The proof in
Appendix B can be easily extended using the appropriate adaptation of the proof of [BR97,
Theorem 6.2.4].

4.2 Spin-fermion model

We now turn to the spin-fermion model, which describes a two-level atom interacting with ¢ indepen-
dent free Fermi gas reservoirs. We will define a multi-reservoir system (in the sense of Section 3.1)
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through finite-dimensional approximations of the reservoirs, as in Example 5.3 of [AJPP06]. We use
freely standard notation which can be found in e.g. [BR97].

To describe the ¢ reservoirs, we consider for j = 1,...,/ a Hilbert space h; = L*(Ry,dx; $;) for
some auxiliary Hilbert space §);, h; the operator of multiplication by the variable z € R, and
a vector v; € h; which we call a form factor. The Hilbert spaces {);} encode the non-energetic
degrees of freedom of each particle, h; is the one-particle energy operator and the v;’s will be the
form factors of the interaction of each reservoir with the spin. We denote by a7, a;, ¢; the operators
associated with the free Fermi gas I';(f;). The small system (see Section A) is described by the state
1 0
0 -1
A, the state of the small system has no influence on the large-time behavior, for notational simplicity
we assume the intial state on S is ps = %id.

space Hs = C2 and the Hamiltonian Hs = ¢® = . Since, by the discussion in Section

The spin-fermion model is usually defined and studied without tight binding assumption, i.e. for an
unbounded one-particle Hamiltonian, hence our choice of h;. Tight binding models have a natural
ultraviolet sharp cutoff induced by the lattice approximation, so ultraviolet conditions are always
satisfied as we will see in the electronic black box model of Section 4.3. A continuous space model
provides a non-trivial example in the sense that our conditions are satisfied only for some choices of
the form factors.

To fit our previous framework, we need to assume the model can be obtained as limit of confined
approximations. This is summarized in condition SFTL below. This assumption can easily be proved
for relevant choices of Hilbert spaces {);}. Proofs will also be given in terms of confined approx-
imations. However note that conditions SEFUV (v¢) and SF1 and SF2 are indeed conditions on the
form factor that can be verified directly in the infinite dimensional model.

Assumption SFTL: forevery j = 1,...,¢ and L € N, there exist th), hg.L),v§L) with
1. th) is a finite-dimensional subspace of b; with f)g-L) C h§L+1) and |, f)g.L) = b;,
2. hg-L) is a definite-positive operator on th) and, if we extend canonically th) to b,
then hg-L) — hj in the strong resolvent sense as L — oo,

3. ?)J(-L) is an element of th) such that ?)J(-L) — vj in bj.

We can then define H(X) = Hs ® ®§:1 I’f(f)g»L)). We let H](L) = dF(h§L)), H(SL) = Z§:1 H](L) and

V) = Z§:1 oM@ gpj(v§L)), where all operators are extended canonically to (). We also define,
ree) (D)

for fixed B8 = (b1, .., B¢) by p() the state ps ® ®§:1 e Pifl; /Z](L) with Z](-L) = tr(e_BJHJ' ).

Under these assumption we have the following, which we prove in Appendix B.

Proposition 4.3. Assume SFTL is satisfied. Then, for any \ > 0 and 3, assumption TL holds.

Conditions B (v, ) and Bz (v, 0y) will be guaranteed by the following assumption defined for
any vo € R,. Note that this assumption corresponds to the form factor superexponential decay in
high frequencies.

Assumption SFUV (vq): forall j = 1,...,¢ one has v; € Dom (e%VOhﬂ').

Again the following is proven in Appendix B:
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Figure 2: Schematic representation of the domains J*°-% N R¢ and Q:goﬂo N R¢ for ¢ = 2 compared
to the constant vy in the spin-fermion model.

Proposition 4.4. Assume SFTL and SFUV (). Then assumption B(«, 0y) is satisfied for all oy
and 0y such that ag < 0y < 7o, and assumption Bg (o, 0y) is satisfied for all c, 0 and B such that
ap < 0o <o — [IB].

A schematic representation of the real part of J*°-% and ng,(?o with respect to g for £ = 2 is presented
in Figure 2.

For the large-time limit, we make additional technical assumptions. We extend the form factors v; to
functions ©; on R by setting ;(x) = v;(|x|). The fist is a technical assuption, which is verified for
physical choices of v

Assumption SF1: there exists 6 > 0 such that for every j = 1,...,/, the functions v;
extend to analytic functions on the strip | Im z| < 4 satisfying

sup / e’5ﬂ||z7j(x + iy)||%jd:c < 0.
ly|<d /R

The next assumption states that the small system is effectively coupled to the reservoir at the Bohr
frequency (+1) — (—1) = 2 of the 2-level system S.

Assumption SF2: forall j = 1,...,¢ one has [|v;(2)]|5, > 0.

Remark also that SF1 implies SEUV () for any 79 < minj—;_,/3; =: B%. Indeed it implies that
for y = 0 and any vy < fs, fgoo e*“’(’xHﬁj(m)H%jdx < 00. A simple change of variable x — —x
leads to He%“/ohf v;|? < oo for any vg < 8. Nevertheless, for clarity’s sake, we keep referring to both
assumptions independently.

In the sequel, we denote by e.g. X,ﬁ” the generating function ; obtained in the thermodynamic limit
for the system with coupling constant .
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Theorem 4.5. Suppose that SF1 and SF2 hold. Let 8 € (0, —{—oo)é and €,0 > 0 be given. Then
there exist A > 0 and an open set O in C* that contains (8 + (—¢, +€)*) x (=6,+6)" such that the
following holds:

1. For any X\ with |\| < A there exists tx > 0 such that for t > ty the function (3, a) —

log XgA) (B', &) has an analytic continuation to O that satisfies

1 A
sup sup z\log X,§ )(,Bl,a)\ < 0. (4.50)
t>t5 (B,00€0

2. For any \ with |\| < A, the limit

o1
W8 @) = Jim logxV (8, @) (4.51)

exists and defines a real analytic function on (B + (—¢, +€)*) x (=6, +6)".

The above statement can be proven using the spectral scheme described in [JOPP12][Sect 5.5] com-
bined with the remarks for the generalization to the multiparameter case in [JOPP12][Sect 6.5]. In
[DRO9] a similar analysis of the more involved spin-boson model has been done.

Clearly by Propositions 4.3 and 4.4 and Theorem 4.5, a spin-fermion model with SFTL, SFUV (~g),
SF1 and SF2 satisfies assumptions TL, Bg(ag, 6p), LT (a) with regularity of x4 in a complex
neighbourhood of the origin, for any ag and 6y with oy + 6y < 79, and in addition LR.(«ay, d) for
any Beq > 0and 0 < § < fBeq, as soon as A is chosen small enough. Therefore, Theorems 3.11, 3.15
and 3.16 apply.

Lastly, the present spin-fermion model is time-reversal invariant if all functions v; are real: if Cs is

the complex conjugation in the canonical basis of Hs and cg.L) the complex conjugation of f; then

ch) = Cs @ ®§:1 F(cg.L)) is a time-reversal of the L-th confined model. If this is assumed in
addition to SFTL, SFUV (7g), SF1 and SF2, then Theorem 3.19 holds as well.

4.3 Electronic Black Box model

The electronic black box (EBB) model is a basic paradigm in the study of coherent transport in elec-
tronic systems in mesoscopic physics (see [AJPP06, JOPP12] for more references). It consists of £
infinitely extended leads exchanging quasi-free fermionic particles through a finite system S. A dis-
tinctive feature of this model is the tight-binding approximation. This discretization of space leads to
a sharp ultraviolet cut off. The energy of each fermion is bounded, hence the one particle Hamiltonian
is bounded and all our ultraviolet regularity assumptions are verified for any parameter.

The Hilbert space describing the L-th confined system is H(L) = Pf(f)(L)) where () = hs @
@le f)§L>, For simplicity we consider hs = C and f)§L> = (2({0,...,L}). We use the canonical

embedding to identify each of hg, h§L) with a subspace of h(). The associated Hamiltonians are

Hs=dl(hs), H” =arl”), HY =drn®)

where hg = ¢, th)

ust = uppr = 0,and hH = hs + 32, A 4+ 20® for v = S0 (68 + 87) (x]) where

= —%A§L> for A§L> the discrete Laplacian with Dirichlet boundary conditions
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x =1 € Cand 5§L) = (1,0,...) € b;. Remark that for all j, supy, \\th)]] < 0o. The quantity A > 0

(L)

is a coupling constant and we denote h(L) = hs + Z . We assume that the initial state of the

reservoirs is multi-thermal, and the initial state of S is chaotlc ie pt) = 1d ® ® Le Pt /ZJ(-L).
Once again we discard the heat variation of the small system (see Appendlx A) and consider the

generating function X,§ ) for the heat variation of the reservoirs only.

We denote by el) = (th), . ,h@L)). Using the general identity trI'(A) = det(id + A) (see
[JOPP12, Lemma 6.1]) we have immediately
(1) () det (id + e~ th") e(a=P)e® g tith™ g—ae®)y  qeg (id + e*ﬁ.e(L)eith,(XL)efith(L))
Q) = =
det(id + c=B-e")) det (id + e~ 8-

(4.52)
with hg = hg + Avg for

v =3 (e mi 68| e st ().
J

(L)
Remark that the [|c®" 6]@) || are bounded uniformly in L € N and in « for | Re || < ap, for any
« (in comparison with the general spin-fermion model, SFUV () holds for any ~q in the present
model thanks to the boundedness of the discrete Laplacian). This shows:

Proposition 4.6. For any \ > 0 and B € (0, c)*, assumption TL holds, and assumption B (g, 0p)
is satisfied for all oy, 0y € [0, 400).

We now wish to compute the quantity x; following the results of Appendix A we restrict to the
case as = 0. Computing % log Xﬁ“(o, a) for j = 1,...,¢ one shows that (see Section 6.6.6 of
[JOPP12] for details on all computations described in this section):

—10gXt / / tr 1d+e(ﬁ ue).efy’ nt U e(*r)t) [h(L),a.e(L)]) drdu (4.53)

with e/ = (tht), s hﬁ)) for hﬁ) = g ith™ hg-L)e*ith(L). The above formula remains valid after

the thermodynamic limit, with operators hg, h (defined similarly to h(()L), h(E) with a discrete Laplace
operator on £?(N) satisfying Dirichlet conditions at 0) replacing h(()L)

limit, we make the following additional assumption:

, h). To discuss the large-time

Assumption EBBTL The one-particle coupled Hamiltonian & has only absolutely conti-
nous spectrum.

Precise assumptions leading to EBBTL (typically for any small enough \) can be given, see e.g. The-
orem 6.2 of [AJPPO6]. Next proposition follows from a straightforward adaptation of the arguments
found in Section 6.6.6 of [JOPP12]. Provided EBBTL holds, the following wave operators exist as
strong limits:
Wi = lim eith g—itho 1r
t—=+o0
with hg = hs + > ; h; and 1 the orthogonal projector onto P ; b;. Then we can give a useful

expression for the limit cumulant generating function.
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Proposition 4.7. Assume EBBTL, then the electronic black box model satisfies LT () for any «y.
Let S = Wi W_ be the scattering matrix and T = W* i[h, o - e]W_. We have

1
Xi(o) = — / tryy, ((idg + S*elP-ue)eg euee)=l ) gy, (4.54)
0

and the electronic black box model satisfies LRy, ) for any ag and 0.

Noticing that 7" is finite rank, Equation (4.54) yields that LR(ng 9) holds for all oy and ¢ and that
there exists a complex neigbourhood O of the origin such that 1| log x(cv)| is uniformly bounded for
t > 1 and o« € O. Therefore, under assumption EBBTL, Theorems 3.11, 3.15, 3.16 and 3.18 hold
for the electronic black box model.

As for time-reversal invariance, if the state pfSL) is Gibbs then the Electronic Black Box model is au-

tomatically TRI: if cs and ch), . cg ) are the complex conjugations of hs of th) then the operator

Ch) =T(cs) ® @ﬁ:l F(cg.L)) is a time-reversal invariant of the L-th confined system, and Theo-
rem 3.19 holds. Note that, denoting J the complex conjugation on hs & b ... by, one has Jhg = hoJ
and Jh = hJ, therefore S* = JSJ.

One can also write y () in the momentum representation. By discrete Fourier transform, one can
identify b; with L2([0, 7], d¢;) and h; with the multiplication operator by €(¢;) = 1 — cos ;. More-
over we can identify hr = Z§:1 L2([0,7],d¢;) with L2([0,7],d€) @ C. In this representation the
scattering matrix acts as the operator of multiplication by a unitary ¢ x ¢ matrix S(§) = (s;,;(£))

and T has an integral kernel T'(¢/, ) (see Equation 6.18 in [JOPP12]) with diagonal given by

33"

76,6 = T (5K (0.)5(6) ~ K(1,9))

where K (a, ) is the diagonal matrix on C* with jth coefficient K (e, £); = —ae(€).
Again following the arguments in Section 6.6.6 of [JOPP12] we find:

1 /7r log det(id 4 S*(&) e KB &) g(¢)e~Kle9)

(@) =50 det(id + e~ K(8.9)) ¢(€) de.

From the above expression, it is easy to recover the symmetry x (8 — @) = x4 () of Theorem 3.6
for a € RY. Set D(€) = S*(€) e KB=.8) §(g)e K(8) Since x4 (a) € R, then det(id+ D(€)) =
det(id + D(€)*). Using S* = JSJ, J> = 1 and e K(®8) ] = Je K(®8) the symmetry follows
immediately.

Last, the translation symmetry x (a + 61) = x. () follows from e~ K (@+01,8) — (fe(@)ide—K(a, &)

4.4 Open XY chain

We first describe the general XY chain over a finite discrete interval [a,b] C Z (in all of this sec-

tion, the notation [, | refers to discrete intervals). The Hilbert space is Hiap) = (C2)®[a’b], with
Hamiltonian
2 A
Hygp = -+ Z Jo +1+J(2)Ui£1)_§ Z al?).
a<x<b a<z<b
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where ag) acts on the z-th copy of C2 as the Pauli matrix ¢(*). This describes a spin system, where
spins are localized at sites = € [a, b], with nearest neighbour coupling and magnetic field in the (3)-
direction. The constants .J and A represent the strengths of, respectively, the nearest neighbor coupling

and the magnetic field.

Now fix M € N. For any integer L > M, consider the above model with [a, b] = [- L, +L]. We view
the sites belonging to [— M, +M] as the small system, and sites belonging to [M + 1, L] (respectively
to [-L, —M — 1]) as the confined right (respectively left) reservoir. With a slight abuse of notation,
we denote

Hs=H_y g HY =H_;_y_y HY =Hyy, — HY = Hs+H" +H,

and

(1) (1) (2) _(2)

J, «a 1 2 2
Vi=—~ . 0(1)\44'0(71)\4710(71)\4) ‘/QZ_Z(UMUM+1+JMUM+1)a

4(071\471 —

so that H(E) = HSL) + V1 4 V. We assume that the initial state of the system is of the form

L) — e ® ps ® il
L L
AR AR

Generating functions for this model can be computed by identifying unitarily the XY chains with
an electronic black box model using the well-known Jordan-Wigner transformation (see [JOPP12]
for details) up to an irrelevant additive constant. In the Jordan-Wigner representation, the decoupled
system is a free Fermi gas with one-particle Hilbert space

C([-L,+L)) = *([-L,—M — 1)) @ L*([-M,+M]) @ £*([M + 1, L))

and the one-particle uncoupled and coupled Hamiltonians are

hi? = Mo, —m—1) @ ALy any @ Piv,L)s W =h_p = h$" ol 4+ ug?,

where the coupling terms
J J
o = S (0nm ) Oon| + 100 Goaraal), v = 5 (1080 Gara| + [Sa4) Gaal)

are finite-rank operators. It then follows from Section 4.3 that our general assumptions TL, B (g, 0p),
LT () and LR.(cv, 0) are satisfied for any «y, 6. Formulas for the generating functions are special
cases of the ones obtained in the previous subsection. In particular, for x; () starting from (4.3) and
using the explicit form of the scattering matrix

_ —2isign()me (0 1
s(€) = (3 o)

one has, denoting o = (a1, ) and B = (B4, f2),

du.

1 [? cosh § (81 — a1 + a) cosh § (g + B2 — az)
X+ () log
0

~or cosh(%ﬁlu) COSh(%@“)

In addition, the Jordan-Wigner transformation shows that the X'Y-chain model is time-reversal invari-
ant. Therefore Theorems 3.11, 3.15, 3.16, 3.18 and 3.19 hold for the XY-chain. Note that symmetries
X+(a+61) = x4 (a) and x4+ (B — @) = x4 () are apparent in the above expression.
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5 Proofs of the bounds for confined systems

In this section we gather the technical proofs for the bounds in Section 2.4.

5.1 Trace and norm inequalities

In this section we give two relevant general inequalities which will be used to prove the bounds in
Section 2.4.

Lemma 5.1. Let A and X be two operators on a Hilbert space, with A bounded and X trace-class.
We have
tr(AX)] < [[A]| tx]X]. (5.55)

Proof. Let X = U|X]| be the polar decomposition of X and (¢);); be an orthonormal basis of
eigenvectors for | X|, with corresponding eigenvalues (|x;]);. We have

[tr(AX)| =) (e, AU|X|9)] < st;pl(¢jaAU¢j>| > Izl
i i

which implies tr(AX) < || 4| tr|X]. O
Lemma 5.2. For any two bounded A and B one has
[eATBe 4| < exp sup [[e*Be*4]. (5.56)
s€[0,1]

Proof. One has the obvious relations

d d
&HGS(A—I—B) e—sAH < ||& eS(A+B) e—sAH — Hes(A—i—B)Be—sAH < Hes(A—l—B) e—sAH He—l—sAB e_SAH’
so that .
log et +B) e || < / le**AB 4| ds
0
and the result follows. O

5.2 Proofs for Section 2.4

We first prove Proposition 2.6; note that the upper bound and inequality (2.12) imply the lower bound.
Since p and a. E commute, it follows from relation (2.10) that

xt(a) = tr(ﬁ o Hit(HotVa) efit(HOJrV“")). (5.57)

Remark that etit(Ho+Va) apd ¢~i(Ho+tV-e) gre mutually adjoint. Using (5.55) we have

Xt(a) < ||e+it(H0+Va) e—it(HoJrV_a)H < ||e+it(H0+Va) e—itHouz.

Using (5.56) with A = itHg and B = itV we have

Ixt(a)] < exp (2|t| sup HeJristHoVa efistHOH)
s€[0,1]

— exp (21| Val)-
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This concludes the proof of Proposition 2.6.

We now turn to the proof of Proposition 2.7. Recall that V, was defined in (2.18). We first prove that
the similar upper bound
xe(e +01) < xi(er) o IOTR(D), (5.58)

where

Tg(a,8) = sup [[Vaysorll + sup [|[Va—a—so1ll;
s€[0,1] s€[0,1]

is valid for any o (not necessarily satisfying a.1 = 0) and §. We have p = p = Z 1 e B F Let

1 1 1 1 1 1
T(a,0) = o20Ho+Va) o= 30H0 _ gjaBg30H o~ 30Ho ,— 3B

and
D(a,0) =T(ca,0)T*(c, 0).

Starting from (2.10),
xt(a+01) = Z_ltr(D(a, G)e_%a'Ee_itHe_%(ﬁ_a)'ED(,B - a, —G)e_%(ﬁ_a)'EthHe_%a'E).
Applying twice inequality (5.55) we have:
Xela+601) < Z7Y|D(e, 0)|tr (e 2% Fe 3~ E (g _ o —)e 2B~ Betith g—50.F)
= Z"YD(e,0)||tr (D(B — o, —G)e_%(B_a)'EthHe_a'Ee_itHe_%(B_O‘)'E)
< 27 D(e )[D(B — v, =) [t (72 =) Bt gmeBomitt =3 (9700 )
= [|1D(e, )[I1D(B — o, =0) | x¢(cx).

From (5.56), for any o € R and 4 € R,

1 _1
ID(ex, 0)[| = [Je2”HotVe)e™ 202 < exp(|6] sup |[Varsorl),
s€(0,1
_1 1
ID(8 — a, =) = [|le™ 2ot VB-e)ea0M0 |2 < exp(|)] 2o 1V—a-—se1ll)-
s€|0,1

The desired inequality therefore holds. In addition, the inequality T5(cx,0) < Sg(|||,|6]) holds
when .1 = 0. This yields the upper bound in (5.58). The obvious symmetry T(cx,0) = Tg(ox +
01, —0) gives the lower bound.

A The role of the small system

We consider a system which we view as consisting of a fixed system S described by (Hs, ps, Hs),
which is coupled to reservoirs R, j = 1, ..., £, each of which is decribed by (Hg»L), §-L), H ](L)) LEN-
We assume that Hs is of finite dimension, and that Hs, ps, Hs do not depend on L. Then the L-th
confined full system is described by the Hilbert space H;L) = Hs ® HL), with the free Hamiltonian
Hs ® id + id ® Hy and initial state pch) = ps ® pP). The coupling is described by an observable

V() on HECL) so that the full Hamiltonian is given by HJ([L) =Hs+ HSL) + v,
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One way to look at this system is to consider the small system S as an £ + 1-th reservoir and measure
the energies both in the reservoirs R; and in the small system S. We call this the “full” descrip-
tion and label corresponding objects with an f. It amounts to consider the multi-reservoir system
(’Hf,pch), E(L), V() with EJ(CL) = (Hg, HfL), e ,HéL)). Setting oy = (as, ), we denote by

f
X;Lt) (acf) the associated generating function on R x R’. Another way to look at the system is to view

S as part of the interaction and therefore to consider only the £ reservoirs. We call this the “reduced”
description and label corresponding objects with an r. It amounts to consider the multi-reservoir

system (H s, pEIL), E,Hs + V(). We have:

Xﬁ)(af) _ tr(efitH(L)ﬁS ® ﬁ(L) eJrasHera.E(L)eJritH(L)efaSHSfa.E(L))

Xfﬁ)(a) _ tr(efitH(L)pS ® ﬁ(L) e+a.E<L)e+itH(L)efa.E<L))

)

and obviously,

e 2asllifslly () < X;ﬁ)(a& a) < Plesliflsly (), (A.59)

so that, even though the assumption TL in the reduced and the full picture are not equivalent (although
the latter implies the former), as soon as they are assumed to hold then X, | () = X (s, )
for all ag, and both versions of LT () are equivalent and define the same functional y ., which
only depends on «. Similarly, the fact that Hs commutes with the H;, 7 = 1,...,¢ implies that
assumptions B (o, 0y) and Bz (v, 0 ) are equivalent for the full and the reduced pictures. Therefore,
the choice of the full or reduced description is irrelevant to the conclusions of all our large-time results
results, from Theorem 3.6 to Theorem 3.19.

B Proofs for Section 4

For the spin system, of Section 4.1, since the considered interaction has finite range, a direct appli-
cation of e.g. Theorem 6.2.4 in [BR97] shows the existence of strongly continuous one-parameter
groups (7');, (7,)¢ of *-automorphisms on the norm closure O = Jy g ®,cx Mi(C), such that
for o € C* with ||c|| small enough,

lim He+itH(L)Ae_itH(L) — A =0 lim He+im'E(L)Ae_ita'E(L) — 7L (A)|| =0 (B.60)
L—o0 L—o0 «

uniformly for ¢ in a compact set of Ry and A € O. We will denote by 7 the map 7, for o = 1,
which is the limit of the evolution associated with the free Hamiltonian HéL).

Proof of Theorem 4.1 Animmediate adaptation of the proof of Theorem 6.2.4 in [BR97] shows that
there exists two constants 79 > 0 and C' > 0 such that for any = € Uleagj, any a with |la| < 70,
one has . : ) 5
lim sup [let 2P g, e 2 FY | < ¢ 4]]. (B.61)
L
Expanding V(%) and applying Equation (B.61) implies B(ayg, 0p) provided 0y < 7p.
We now prove TL. Let I\ (¢) = oS VA o=itlGD iy Y = et BO () a BW)

as before. Fix a € iRY; from relation (5.57) we have

W(a) = tr(pP T8 () T (8)). (B.62)
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Let V and V,, be the (norm) limits as L — oo of V&) and Vc&L) respectively. Their existence is
assured by our assumption on = — J(x), and o € iR, Let T'n(#) be as the solution of % Lo(t) =
il (t) 7§ (Vi ), with initial condition T'o (0) = id (this ' (%) can be explicitly constructed in terms of
a Dyson expansion). By differentiating T (t)T%,(t), and using the unitarity of Tl (t) and T, (),
we obtain

t . (L) .
IS (6T, () — id]| < / e HD VAP s HED e s,

Since by B(a,0p) and (B.60), HeHSHéL) VAP e-istg” 75 (Vo) || is uniformly bounded and con-
verges to 0 as L — oo for any ¢, we have limy,_, Hl“(aL) (t) — Ta(t)|| = 0. Relation (B.62) and the
assumption that the states converge then imply

Jim i (@) = p(Ta(t)Ta(1))

uniformly for ¢ in any compact set, and o € iR’. Continuity of x;(c) in & = 0 along iR’ is a
consequence of the uniform in o € iR’ norm convergence of the Dyson expansion of I'(¢). This
proves TL. O

Proof of Proposition 4.3 We have
WPlas,a) = %tr <e— ST RN e,ith) ) ( ﬁ Z]@)
with
as,a = Hgs + ZH + AZ ( 2as e+2as> ® L(a;(emjh;“v]@)) i aj(efajth)v§L)))

A Dyson expansion of e shows that X§L) (as, &) converges for any (as, o) in iR F!

as L — oo (see [BPR18, Appendix B] for some related techniques of thermodynamic limit on Fock
spaces).

+itH§’jg),a o—itH®)

L)

Proof of Proposition 4.4 Using |la™ (v)|| < ||v|| and the positivity of each h§ , one has for a in

B(Oéo) and 6 in [—90, —i—@o]

¢
ot 3@+ D (L) o= 5 (at01).ED) ) 1y o(c0+60) > (llet2 300+ 00} (1)) +HU 1))
7j=1

Assumption SEUV () therefore implies B (), fy) whenever cig < 6y < ~. The proof regarding
Bs (o, o) is similar.

C Analytic approximation of the interaction

As discussed in Section 3.1, starting from any multi-reservoir system (H (), p(l) B V(L))
we can always find a sequence (VX)) cy) approximating (VX)) ¢y uniformly in L, and such that
Bga (v, 0p) is true with any o and 6y in (0, +00), provided that ¢ — eHa.EW /(L) g—ia. EX) goaiie
some uniform (in L) continuity condition at £ = 0. More precisely, we have:
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Proposition C.1. Assume that sup; |V || < oo and

| hHrgO iug HeJrla.E(L)V(L)efia.E(L) i V(L) H —0. (C63)
o S

Then for any € > 0 there exists a sequence of (V: A ))LeN with V( ) V( )x ¢ B(H(L)), such that

sup [VAH) — v < ¢ (C.64)
L

and the multi-reservoir system (HF), p(1) E(F) f/g(L))LeN satisfies assumption Bg (o, 0y) for any
B € R, for any ag and 0y in (0, +00),

Proof. We define (denoting do = do ... doy)

V](VL) _ /%/ +3i0. BW) /(L) ~jie. BX) —sz 197 o

This is the analytic element defined in [BR87, Proposition 2.5.22] . As a direct consequence of this
definition, for any L and N in N, we have ||‘~/]S,L) | < [[V)|. In addition, it is easy to prove that for
any € > 0, there exists /N, > 0 such that supy, Hf/;,f) — V(|| < . We now drop the subscript N, for
V]S[f) and we show that for any c in (0, +00)*, one has sup;, HVO(‘L) | < oo where VP is VA with
V() replaced by v,

For a € iR’ a simple change of variable gives

/N / +1io. E(L) )ef%ia.E(L) o~ N(otia).(o+ia) 44

For a general a € CY, the integrand on the right end side and its derivative in & can be norm bounded
by
sup [V (14 2N(|lar| + [l ])) e Zimi (Rees) =N Zjms (r—tmes)?,
L

so the integral is well defined for any o € C* and the map o € C* = ") () € B(H) it defines is
entire analytic. Since for any L finite o — f/ch) is entire analytic, V(L) I )(a) for any a € C*.
Since IX) is uniformly bounded in L and o on any compact subset K C C¢, so is o — Vc&L) and
Bg(ao, 0p) is satisfied for any 3, oy, 0. O

Remark C.2. We would like to insist that this proposition does not imply that B (o, 00) is fulfilled
for VD), even if VL) is the limit of an analytic approximation such as V) : in general we do not
have

lim sup | V&) — VA¥|| = 0

e—0 p,

L
since the factor e~ =1 Re(@))? proys up as N grows to infinity.
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