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Abstract

When solving large scale semidefinite programs that admit a low-rank solution, a very efficient
heuristic is the Burer-Monteiro factorization: Instead of optimizing over the full matrix, one optimizes
over its low-rank factors. This strongly reduces the number of variables to optimize, but destroys the
convexity of the problem, thus possibly introducing spurious second-order critical points which can
prevent local optimization algorithms from finding the solution. Boumal, Voroninski, and Bandeira
[2018] have recently shown that, when the size of the factors is of the order of the square root of the
number of linear constraints, this does not happen: For almost any cost matrix, second-order critical
points are global solutions. In this article, we show that this result is essentially tight: For smaller
values of the size, second-order critical points are not generically optimal, even when considering
only semidefinite programs with a rank 1 solution.

1 Introduction

We consider a semidefinite program which is an optimization problem of the following form:

minimize Trace(CX) (SDP)
such that A(X) = b,
X >0,

where the variable X and the fixed matrix C are symmetric, of size n x n, and A is a linear operator
capturing m equality constraints.

Various iterative algorithms have been developed to solve such a problem at a given precision level ¢,
but, in full generality, they tend to be computationally demanding. For instance, each iteration may cost
O((m + n)mn?) arithmetic operations with an interior-point solver, and O((m + n)n?) with first-order
techniques applied to a smoothed version of the problem.

Improvements are possible if .4 has some structure that can be exploited, but they often do not suffice
to make large-scale semidefinite programs easy to handle. Another fundamental property of semidefinite
programs is usually more useful for designing faster algorithms: These programs tend to have a low-rank
minimizer (in many applications, there is a minimizer with rank O(1), and, in any case, there is always
one with rank ~ v/2m [Pataki, 1998, Thm 2.1]). As low-rank matrices can be stored and manipulated
in a much more efficient way than full-rank ones, this allows to propose less computationally demanding
algorithms.

Frank-Wolfe methods, in particular, can take advantage of this [Jaggi, 2013; Laue, 2012; Yurtsever,
Udell, Tropp, and Cevher, 2017]. In this work, we are interested in another approach, the Burer-Monteiro
factorization [Burer and Monteiro, 2005]. The principle behind the factorization is that a semidefinite
matrix with rank p < n can be factorized as

X =UU",

for some U € R**P. If we assume that a low-rank solution X,,; to our problem exists, and if p >
rank(X,p¢), Problem (SDP) is then equivalent to

minimize Trace(CUUT) (Factorized SDP)
such that A(UUT) = b,
U e R™P,
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In this factorized problem, the unknown U has np coordinates, much less than the n? coordinates of
X. Consequently, we can consider running on Problem (Factorized SDP) local optimization algorithms
that would be too slow on Problem (SDP). The downside is that, since the factorized problem is not
convex, these algorithms are not guaranteed to find a global minimizer. At best, they provably converge
to a second-order critical point.

However, this absence of theoretical guarantees does not prevent them from working very well in many
applications, even for very small values of p. In [Burer and Monteiro, 2003] and [Journée, Bach, Absil,
and Sepulchre, 2010, Section 5], for example, local optimization algorithms are numerically observed to
globally solve various instances of Problem (Factorized SDP), at least when p ~ 1/2m, and often for
smaller values. Similar results on instances coming from orthogonal synchronization problems can be
found in [Boumal, 2015, Section 5] and [Rosen, Carlone, Bandeira, and Leonard, 2016, Section 5]: Here,
Xopt has rank 3, and is recovered using a Burer-Monteiro factorization with p =4 or p = 5. The same
behavior occurs for other matricial problems, that do not have the form (SDP), but also admit a low-rank
solution [Mishra, Meyer, Bonnabel, and Sepulchre, 2014].

[Bandeira, Boumal, and Voroninski, 2016a] theoretically explains this behavior for instances of (SDP)
and (Factorized SDP) coming from Zs-synchronization and community detection. This article notably
establishes, in particular statistical regimes, where Problem (SDP) has a rank-1 solution, that all second-
order critical points of Problem (Factorized SDP) with p = 2 are global minimizers. Hence, suitable
local optimization algorithms globally solve Problem (Factorized SDP). For problems different from,
but related to (SDP), similar results can be found for instance in [Ge, Lee, and Ma, 2016; Sun, Qu, and
Wright, 2017; Li, Zhu, and Tang, 2018]; these articles show, in specific settings, that all second-order
critical points of the Burer-Monteiro factorization are the optimal solution as soon as p > rank(X,p¢).

While these works shed light on several important practical situations, they do not provide a general
theory on when local optimization algorithms can solve Problem (Factorized SDP). With no restrictive
assumptions, essentially the only result is due to Boumal, Voroninski, and Bandeira [2018]!: Building on
[Burer and Monteiro, 2005] and [Boumal, 2015], these authors show that, under reasonable geometrical
hypotheses, all second-order critical points of Problem (Factorized SDP) are global minimizers, for almost
any cost matrix C, as soon as

p(p 2+ D m,
that is p > |\/2m + 1/4 — 1/2]. Extensions of this can be found in [Pumir, Jelassi, and Boumal, 2018]
and [Bhojanapalli, Boumal, Jain, and Netrapalli, 2018].

As aresult there is a gap in the literature: In all the concrete settings that could be studied, all second-
order critical points of Problem (Factorized SDP) are global minimizers as soon as p 2 rank(X,p¢), but
in the general case, the only guarantees at our disposal state that we need p to be at least as large as
~ v/2m. In many applications, rank(X,,;) = O(1) while m is of the order of n, hence these two estimates
are far apart, which makes a huge difference on the computational cost of algorithms that can be certified
to be correct.

This naturally raises the question of determining whether the gap can be reduced. The goal of this
article is to negatively answer this question, by showing that Inequality (1.1) is essentially optimal. More
precisely,

(1.1)

e We show in Theorem 1 that a minor improvement over Inequality 1.1 is possible: Under a stronger
geometrical assumption than in [Boumal, Voroninski, and Bandeira, 2018] (but still reasonable),
all second-order critical points of Problem (Factorized SDP) are global minimizers, for almost any
C, as soon as

pp+1)
2

This improves over Inequality (1.1), but only in the low order terms.

+p>m. (1.2)

e We show in Theorem 2 (our main result) that, for any A, b, if p is such that

p(p+1)

e <M,
9 +pry <

1[Mei, Misiakiewicz, Montanari, and Oliveira, 2017] also considers a rather general setting, but with a different focus:
The authors prove that second-order critical points of Problem (Factorized SDP) provide an approximation of the optimal
cost (C, Xopt) within an error of order O(1/p), for any p; they do not address the question of when these critical points
exactly minimize the cost.



where 7, = min{rank(X),X > 0, A(X) = b}, then there exists a set of cost matrices C' with
non-zero Lebesgue measure on which Problem (SDP) admits a global minimizer with rank r,, but
Problem (Factorized SDP) has second-order critical points which are not global minimizers.

In particular, for A,b such that r. = 1 (as is the case in MazCut relaxations, for instance),
Inequality (1.2) is exactly optimal.

This means that, without specific assumptions on C, when running a local optimization algorithm on
Problem (Factorized SDP) with p smaller than ~ V2m, we cannot be sure not to run into a spurious
second-order critical point, even if there exists a global minimizer with rank O(1).

Regarding the organization of this article, Section 2 presents the main results: After some definitions
in Subsection 2.1, Theorems 1 and 2 are respectively stated in Subsections 2.2 and 2.3. Subsection 2.4
presents applications of these theorems to important families of problems of the form (SDP). The other
sections contain the proofs: Theorem 1 is proved in Section 3, and Theorem 2 in Section 4; Section 5
explains how to verify the hypotheses of the theorems for the examples of Subsection 2.4.

1.1 Notations
1.1.1 Notations related to matrices

For any p,q € N*, we denote by I, the p x p identity matrix, and by 0,x, the zero p x ¢ matrix.

For any p € N*, we denote by SP*P the set of real symmetric p x p matrices, by Anti(p) the set of
antisymmetric p x p matrices, and by O(p) the set of orthogonal p x p matrices.

For any ni,ns, we equip R™*"2, the set of n; X no matrices, with the usual scalar product:

VMy, My € R™M2 (My, M) “ Te(MTMy).

The same formula also defines a scalar product on SP*P for any p € N*. In both cases, the associated
norm is the Frobenius norm, which we denote by ||.||r.
We denote by [||.||| the operator norm on SP*?:

M
VMR, (M= sup [2LElle
cere\{0} ||7]]e2

For any p € N*, we define diag : RP*P — RP as the operator which associates to a matrix the vector
of its diagonal elements. The dual operator Diag : R? — RP*P associates a vector to a diagonal matrix
with diagonal entries that are the coefficients of the vector.

1.1.2 Topological and geometrical notations

For any element x of a metric space, and any positive real number ¢, we denote B(z,¢€) the open ball
with radius €, and B(z, €) the closed ball. The unit sphere in R?, for any p € N*, is denoted by SP~!.

When M is a manifold, and z an element of M, we denote by T, M the tangent space of M at z.
Furthermore, when M is an embedded submanifold of R?, it inherits the Riemannian structure of RP.
The volume form associated with this structure defines a measure on M, which we let be Ayq. When
M =RP, Ay coincides with the Lebesgue measure.

2 Main results

2.1 Definitions

We consider a problem of the following form:

minimize (C, X) (SDP)
such that X € S§"*",

A(X) =0,

X =0.

Here, A : S"*"™ — R™ is a fixed linear map, b a fixed element of R™, and C' an element of S"*", which
is called the cost matriz.



We will always denote by C be the set of feasible points for this problem:
C={X eSS AX)=0b,X =0}

As explained in the introduction, if we assume that Problem (SDP) has an optimal solution X,
with rank r, then this solution can be factorized as

T
Xopt = Vopt Vopta

where V,,; is a n X r matrix. A reasonable heuristic to solve Problem (SDP) at a (relatively) cheap
computational cost is thus to choose some p > r, and replace Problem (SDP) with its rank p Burer-
Monteiro factorization:

minimize (C,VV7") (Factorized SDP)
such that V € R"*P,
AVVT) =b.

We denote by M,, the set of feasible points for this problem:
M, ={V eRVP AVVT) =b}.

It is invariant under multiplication by elements of O(p). We assume that it is sufficiently regular so
that we can apply smooth optimization algorithms to Problem (Factorized SDP). More precisely, all our
results require that (\A,b) is p-regular:

Definition 1. For some p € N*, (A, b) is said to be p-regular if, for all V € M, the linear map
VeR™P 5 AVVT +VVT) e R™
s surjective.

This assumption is of the same style as [Boumal, Voroninski, and Bandeira, 2018, Assumption 1.1].
It notably guarantees that M, is a submanifold of R"*P, with dimension

dim(M,) =np —m,
and whose tangent space at any point V is
Ty M, ={V e R>*? AVVT +VVT) =0}.

The scalar product of R"*? defines a metric on the manifold M,, which we then view as a Rieman-
nian manifold. Many algorithms exist for attempting to minimize a smooth function on a Riemannian
manifold; a classical reference on this topic is [Absil, Mahony, and Sepulchre, 2009].

However, as said in the introduction, these algorithms are a priori not guaranteed to find a global
minimizer of Problem (Factorized SDP), but only (an approximation of) a first-order or second-order
critical point of the cost function V€ M, — <C, VVT> [Boumal, Absil, and Cartis, 2016]. These points
are defined as follows:

Definition 2. Let N be a Riemannian manifold, and f : N — R a smooth function. For any zo € N,
we say that xo is

e ¢ first-order critical point of f if
Vf(zo) =0;

e ¢ second-order critical point of f if

Vf(xg) =0 and Hessf(xg) > 0.
The goal of this article is to study for which values of p the set of second-order critical points actually
coincides with the set of global minimizers of Problem (Factorized SDP). Before turning to this objective,
we still need to define two technical properties that will appear in the assumptions of our main theorems.



Definition 3. Let p € N* be such that (A,Db) is p-reqular. We say that M, is face regular if, for almost
any V € My, the map
py : T € SP*P 5 AVTVT) e R™ (2.1)

s injective.
We chose the name “face regular” because when V' has rank p, the injectivity of ¢y is equivalent to

the fact that the face of C containing V is a singleton.

Definition 4. Let p € N* be such that (A,b) is p-regular.
Let Xy belong to C, and let r be its rank. Let Uy € R™¥" be? such that

Xo = UoUy .
For any V € M,, we say that M), is Xo-minimally secant at V' if the map
Yy (T,R) € SP*P x R™*P
= A((v ) (HVT V(R (vu)") e R (2:2)
1S 1njective.

We chose the name “minimally secant” because the injectivity of ¥y is a sufficient condition for the
intersection
Ty M, N {W € R"*? Range(W) C Range(V) + Range(Xo)}

to exactly equal the set
{VA, A € Anti(p)}

(which it always contains, because of the invariance of M, under multiplication by elements of O(p)).

Remark 1. By dimensionality arguments, M, can only be face regular if

1
dim(SP*P) = % <m,

and Xo-minimally secant at a point V if

1
dim(SP*P x R™*P) = @ +pr <m.

2.2 Regime where critical points are global minimizers

As previously stated, most smooth optimization algorithms, when applied to Problem (Factorized SDP),
are only guaranteed to find a critical point of this problem, and not a global minimizer. Fortunately,
Boumal, Voroninski, and Bandeira [2018] have shown that, when p is large enough, second-order critical
points are always global minimizers, for almost all cost matrices C. Therefore, algorithms able to
find second-order critical points (like, for instance, the trust-region method), actually solve Problem
(Factorized SDP) (and hence also Problem (SDP)) to optimality, provided that C' is “generic”.

A restated version of the theorem by Boumal, Voroninski, and Bandeira [2018], under minor modifi-
cations, is the following:

Theorem. [Boumal, Voroninski, and Bandeira [2018, Theorem 1.4]] Let p € N* be fized. We assume
that

1. The set C of feasible points for Problem (SDP) is compact;

2. (A,b) is p-regular.

If
1
@ >m, (2.3)
then, for almost all cost matrices C € S™*™, if V.€ M, is a second-order critical point of Problem

(Factorized SDP), then

2The matrix Ug is in general not unique, but we can fix it without loss of generality: vy is injective for all possible Up
or for none of them.



e V is a global minimizer of Problem (Factorized SDP);
e X =VVT is a global minimizer of Problem (SDP).

In order for this theorem to be applicable, the rank p of the Burer-Monteiro factorization must satisfy
Condition (2.3), hence be (strictly) larger than

le=st

It is natural to ask whether this is optimal, or whether the same guarantees also hold for smaller ranks
p, allowing further reductions in the computational complexity of solving Problem (Factorized SDP).

Our first result is that Condition (2.3) can be slightly relaxed, at the price of an additional assumption
on M, This yields the following theorem:

Theorem 1. Let p € N* be fired. We assume that
1. The set C of feasible points for Problem (SDP) is compact.
2. (A,b) is p-reqular;
3. If w <m, then M, is face regular.
If
p(p+1)

2
then the same conclusion holds as in the previous theorem.

+p>m,

Compared to the theorem in [Boumal, Voroninski, and Bandeira, 2018], the additional assumption on
M,, is the third one. Let us remark that we expect it to be satisfied in almost all applications. Indeed,
a linear map between two vector spaces is generically injective when the dimension of the second space
is at least as large as the dimension of the first one. Consequently, when p(p + 1)/2 < m, the map ¢y
in Definition 3 should be a priori injective for “generic” matrices V.

We note here that the assumption is satisfied in each of the three cases studied in Subsection 2.4,
except for a few very particular values of m and p in the case of Orthogonal-Cut (Paragraph 2.4.2).

The proof of Theorem 1 is the subject of Section 3.

2.3 Regime where there may be bad critical points

In the previous subsection, we have seen that, when @ + p > m, under some hypotheses, solving
Problem (Factorized SDP) to second-order criticality is equivalent to solving Problem (SDP) itself. We
can now address our main question: How optimal is this result?

Of course, when Problem (SDP) has a unique global minimizer, whose rank r is of the order of
v2m, the result cannot be significantly improved: p > r is a necessary condition for Problems (SDP)
and (Factorized SDP) to have the same minimum. However, as discussed in the introduction, in many
applications, Problem (SDP) admits a solution with rank 7 < v/2m, and the Burer-Monteiro factorization
is numerically observed to work when p = O(r).

Our main theorem however states that, even if we assume r < v/2m, our previous result is essentially
not improvable without additional assumptions on C' (under reasonable assumptions on (A, b)): When
p(p72+1) + pr < m, there exists a set of cost matrices with non-zero Lebesgue measure for which Problem
(SDP) has a rank r optimal solution, and Problem (Factorized SDP) nevertheless has non-optimal second-
order critical points.

In particular, the inequality % +p > m in Theorem 1 is exactly optimal when (A4, b) is such that
it is possible to choose r = 1 in the following theorem.

Theorem 2. Let r € N* be fized. Let p > r be such that

p(p+1)

<m.
5 +pr<m

We make the following hypotheses:



1. C has at least one extreme point with rank r, denoted by Xy;
2. (A,b) is p-reqular;

3. There exists V € M, such that M,, is Xo-minimally secant at V.

STLXTL

Then there ezists a subset Epqq of with non-zero Lebesgue measure such that, for any cost matriz

Ce gbad}
e Problem (SDP) has a unique global minimizer, which has rank r.

e Problem (Factorized SDP) has at least one second-order critical point Y that is not a global mini-
mizer.

The proof of this result is in Section 4.

Remark 2. A slight adaptation of the proof of Theorem 2 would actually allow to draw a slightly stronger
condition than what is stated above: “one second-order critical point Y that is not a global minimizer”
can be replaced with “one local minimizer Y that is not a global minimizer”.

Remark 3. The inequalities % +p>m and % + pr < m in Theorems 1 and 2 are exactly
complementary when r = 1. But when r > 2, our results do not provide information on the regime where
+1 1
Lp )+p§m<p7(p+ )—|—pr.
2 2
As shown through an example in Appendix B, it is possible that the conclusions of Theorem 2 are still
valid, but we do not know whether this is always the case, or whether it depends on p,r,n,m, A, b.

2.4 Examples

In this subsection, we apply Theorems 1 and 2 to three important examples of semidefinite programs:
MaxCut (Paragraph 2.4.1), Orthogonal-Cut (Paragraph 2.4.2) and optimization over a product of spheres
(Paragraph 2.4.3).

The only difficulty when applying these theorems is to check that their hypotheses are satisfied. A
general discussion about this can be found in Section 5, and detailed proofs are available in the appendix.

2.4.1 MaxCut

The most famous instance of a problem with the form (SDP) is probably the MazCut relaxation:

minimize (C, X)

such that X € S™*",
diag(X) =1, (SDP-Maxcut)
X = 0.

This problem was introduced as a relaxation of the “maximum cut” problem, from graph theory
[Delorme and Poljak, 1993; Poljak and Rendl, 1995]. It drew considerable attention when Goemans and
Williamson [1995] proved that, combined with a suitable rounding procedure, it yields an approximate
algorithm for solving this maximum cut problem, with a ratio much closer to 1 than previous methods. It
also appears in phase retrieval [Waldspurger, d’Aspremont, and Mallat, 2015] and Z/27 synchronization
[Abbe, Bandeira, and Hall, 2016; Bandeira, Boumal, and Voroninski, 2016a] (in which cases the global
optimizer of Problem (SDP-Maxcut) is known, both theoretically and numerically, to often have very
low rank, typically 1).

When applied to Problem (SDP-Maxcut), Theorems 1 and 2 show that, for almost any cost matrix,
the Burer-Monteiro factorization has no non-optimal second-order critical point as soon as

1 / 9 3
@+p>n — p>\‘ 2n+4—2J,

and moreover that this result is optimal, even if we restrict ourselves to instances that admit global
minimizers with rank 1.



Corollary 1. If p € N is such that
plp+1)
2
then, for almost any cost matriz C, all second-order critical points of the Burer-Monteiro factorization
of Problem (SDP-Maxcut) are globally optimal.
On the other hand, for any p such that

+p>n,

1
p(p;r )+p§n,

the set of cost matrices admits a subset with non-zero Lebesgue measure on which
e Problem (SDP-Maxcut) has a unique global minimizer, which has rank 1;

e [ts Burer-Monteiro factorization with rank p has at least one non-optimal second-order critical
point.

This corollary is a particular case of Corollary 2, in the next paragraph, whose proof is in Appendix
D.3.

2.4.2 Orthogonal-Cut

We now consider a generalization of MaxCut, coined Orthogonal-Cut in [Bandeira, Kennedy, and Singer,
2016b]:

minimize (C, X)

such that X e §5¢4x9¢,
Blocks(X) =14,Vs=1,...,5, (SDP-Orthogonal-Cut)
X =0,

where d, S belong to N* (with, typically, d = 1,2 or 3) and, for any M € R4 s < S we denote
by Blocks(M) the s-th diagonal d x d block of M. Observe that this is exactly Problem (SDP-Maxcut)
when d = 1.

Problem (SDP-Orthogonal-Cut) is a natural relaxation of non-convex problems where one wants to
find orthogonal matrices Oq,...,0Og € O(d) which optimize a given criterion. It notably has applications
in molecular imaging [Wang, Singer, and Wen, 2013], sensor network localization [Cucuringu, Lipman,
and Singer, 2012] and ranking [Cucuringu, 2016]. For some theoretical analysis of this semidefinite
problem, including conditions under which it admits a low-rank global minimizer, the reader can refer,
not only to [Bandeira, Kennedy, and Singer, 2016b], but to [Chaudhury, Khoo, and Singer, 2015], [Rosen,
Carlone, Bandeira, and Leonard, 2016] or [Eriksson, Olsson, Kahl, and Chin, 2018], as well.

Problem (SDP-Orthogonal-Cut) is exactly equivalent to

minimize (C, X)

such that X e §54x9¢,

A(X) = b,
X =0,
with
At X €855 (T, (Block (X)), .. ., Taup(Blockg (X)) € RSUHD/2,
and

b= (Tuup(La), - . ., Toup(Ig)) € RIUIFD/2,

where Ty, : R*d 5 RUd+1)/2 ig the operator that extracts the @ coefficients of the upper triangular

part of a matrix.

With these definitions, (A, b) is p-regular for any p € N. In particular, M, is a manifold (empty when
p < d, non-empty when p > d). We apply Theorems 1 and 2 to this problem (restricting ourselves to the
values d = 1,2, 3 because these are the ones most often considered in applications). They show, at least®

3When p < 2d, the face regularity assumption does not always hold.



when p > 2d, that, for almost any cost matrix, the Burer-Monteiro factorization has no non-optimal
second-order critical point when

1 Sd(d+1 9 3
plp+ )-I-p> (d+1) — P> Sdld+1)+-—=1, (2.4)
2 2 4 2
but that this is not true, even in the presence of a rank d minimizer, when
1 Sd(d+1
PotD) g S+

= e |y (e ) - (42)] 25

Observe that the bounds on p in Equations (2.4) and (2.5) are very close (they differ by at most d — 1,
recalling that, most often, d < 3), hence this result is almost optimal.

Corollary 2. Let us assume that d =1,2 or 3.
If p > 2d is such that
p(p+1) Sd(d+1)
> )
5 P 2
then, for almost any cost matriz C, all second-order critical points of the Burer-Monteiro factorization
of Problem (SDP-Orthogonal-Cut) are globally optimal.

On the other hand, for any p > d such that

Pt o SUdTY)

the set of cost matrices admits a subset with non-zero Lebesgue measure on which

e Problem (SDP-Orthogonal-Cut) has a unique global optimum, which has rank d;

e [ts Burer-Monteiro factorization with rank p has at least one non-optimal second-order critical
point.

The proof is in Appendix D.3.

2.4.3 Optimization over a product of spheres
As a final example, let us consider the problem
minimize (C, X)
such that X € SP*P,
di+--+ds
> Xpr=1,Ys=1,...,85, (SDP-Product)
k=di+--+ds—1+1
X =0,

where S,dy,...,ds belong to N*, and we set D = d; + --- + dg. This is the natural semidefinite
relaxation of problems that consist in minimizing a degree 2 polynomial function on the product of
spheres S% x ... x §9s

Problem (SDP-Product) encompasses several important particular cases: when d; = --- = dg = 1,
we recover Problem (SDP-Maxcut). When dy = --- = dg = 2, it is equivalent to a complex version of
(SDP-Maxcut) (for matrices C' of a particular form). When S = 2 and dz = 1, it is the relaxation of a
standard trust-region subproblem [Boumal, Voroninski, and Bandeira, 2018, Subsection 5.2]. For general
values of dy,...,dg, it is a simplification of the relaxation of optimization problems over an intersection
of ellipsoids, which appear in trust-region algorithms for constrained problems [Celis, 1985].

For Problem (SDP-Product), Theorems 1 and 2 guarantee that the Burer-Monteiro factorization has
no non-optimal second-order critical point for almost any cost matrix as soon as

1 / 9 3
Lp;)+p>8 — p>{ 2S+4—2J,

and that this is optimal, even when assuming the existence of a global minimizer of rank 1.



Corollary 3. If p € N is such that
plp+1)
2
then, for almost any cost matriz C, all second-order critical points of the Burer-Monteiro factorization
of Problem (SDP-Product) are globally optimal.
On the other hand, for any p € N* such that

+p>S5,

+1
M + P S 57
2
the set of cost matrices admits a subset with non-zero Lebesgue measure on which
e Problem (SDP-Product) has a unique global optimum, which has rank 1;

e [ts Burer-Monteiro factorization with rank p has at least one non-optimal second-order critical
point.

The proof is in Appendix D.4.

3 Proof of Theorem 1

This section is devoted to the proof of Theorem 1.

Theorem (Theorem 1). Let p € N* be fized. We assume that
1. The set C of feasible points for Problem (SDP) is compact.
2. (A,b) is p-reqular;
3. 1If % < m, then M, is face regular.

If

pp+1)
2

then, for almost all cost matrices C € S™*™, if V.€ M, is a second-order critical point of Problem
(Factorized SDP), then

+p>m,

e V is a global minimizer of Problem (Factorized SDP);
e X =VVT is a global minimizer of Problem (SDP).

When % > m, this result is a direct consequence of [Boumal, Voroninski, and Bandeira, 2018,
Thm 1.4] so, from now on, we assume that

Ianﬂman (3.1)

Problem (SDP) admits at least one global minimizer with rank p,, for some p, such that w <m

([Pataki, 1998, Thm 2.1]). We have -

(pH)((sz)H) :p<p2+1> prlsm,

so Problem (SDP) has a minimizer with rank at most p, that can hence be written as VV7T for V € M,,.
Consequently, Problems (SDP) and (Factorized SDP) have the same minimum, and, for any minimizer
V of Problem (Factorized SDP), X = VV7 is a minimizer of Problem (SDP). To establish the the-
orem, it therefore suffices to show the first half of the statement: For almost all cost matrices, Prob-
lem (Factorized SDP) has no second-order critical points that are not global minimizers of Problem
(Factorized SDP).

Before presenting the details, let us give an overview of the proof.

In [Boumal, Voroninski, and Bandeira, 2018], the proof consists in showing that any cost matrix C
for which non-optimal second-order critical points exist can be written as

A* (1) + Co, (3.2)
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for some p € R™ and Co € S"*" with rank at most n — p. One then studies the “dimension”* of the set
of matrices with this form, and shows that it is at most

which is strictly smaller than dim(S™*™) = w when m < %, implying that the set of problematic
matrices has Lebesgue measure zero in S"*™.
Our proof follows the same principle, but slightly refines it:

e First step (Subsection 3.1): We show that, under Condition (3.1), matrices C for which non-optimal
second-order critical points exist can be written as in Equation (3.2), with an additional condition
on Cs.

This condition is that there exists a matrix V' € M, on inj With rank p such that CoV = 0. Here, we
denote by M, non inj the set of matrices V' for which the map ¢y in Equation (2.1) is non-injective.

e Second step (Subsection 3.2): Denoting by Epqq the set of matrices with the form described in the
first step, we show that it has measure zero.

Informally, heuristically reasoning in terms of dimensions, &.q has the following “dimension”:

(p—1p  (n—p)n—p+1)

“dim” (Mp,non inj) - 2 + 2 +m
Dimension of For each V', dimension
possible V’s of {Cy,CoV =0}
Mp,non inj Can Dimension of
be quotiented by O(p) possible u’s
n(n+1 7 Y] :
= % + “dim” (Mp non inj) — dim(My,).

Because of the face regularity assumption, “dim” (M, non inj) < dim(M,), hence this value is
strictly smaller than “5F = dim(S™*™).

3.1 First step
We define

gbad = {A*(ﬂ) + C27N S Rma 02 S Snxn’ Ve Mp,non inj
such that rank(V) = p and CoV = 0},

and show that any matrix C' for which Problem (Factorized SDP) has a non globally optimal second-order
critical point belongs to Epeq.

Let C be such a matrix. We denote by V' a non-optimal second-order critical point. From [Boumal,
Voroninski, and Bandeira, 2018, Thm 1.6], rank(V) = p and the dimension of the face of C containing
VVT is at least e (31

ZW—m—kp q‘>(' )0.
This face is a subset of the face of VV7T in {X € S"*" X = 0}, which is {VTVT T € SP*P, T = 0}. As
it is not the singleton {V'V7T}, there must then exist 7' € SP*P such that VI'VT # VVT and VTV is
an element of C, implying

AVTVT) =b=AVVT).

From this, we see that ¢y (defined in Equation (2.1)) is not injective, so V' belongs to M non inj-
As V is a first-order critical point of Problem (Factorized SDP), there exists, from [Boumal, Voronin-
ski, and Bandeira, 2018, Eqgs (8) and (11)], 4 € R™ such that

(C—=A*(w)V = 0.

Setting Cy = C' — A*(u), we see that C belongs to Epaq-

4We use the word “dimension” to give an intuition of the proof, but it is improper, since the considered set is not a
manifold.
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3.2 Second step

To establish the theorem, we must now show that &,q has measure zero in S**". To do this, we need
an explicit (local) parametrization of Epqq.
First, we observe that, for any V' € M, non inj and X € O(p),

e VX also belongs to My non inj;
o {Cy € S CLV =0} = {0y € S, Co(VX) = 0}.

Consequently, when parametrizing &p,q, we do not need to consider all matrices V' € My non inj: We
can restrict ourselves to a subset of M, on inj Whose orbit under the multiplicative action of O(p) is the
full Mp non inj- The goal of the next proposition (proved in Appendix A) is to adequately define such a
subset.

Proposition 1. There exists a sequence (M,(,S))SeN of submanifolds of M,, such that
1. for any s € N, dim./\/l,(f) =dim M, — @;
2. {V € My, rank(V) = p} = {VX,V € U,cy M, X € O(p)};

3. for any s € N, My non inj N MI(,S) has measure zero in M,Ef).

Then, for any matrix V' € M, with rank p, we need an explicit parametrization of {Cy € S**", CLV =
0}. We denote by Zy € R™*™ an invertible matrix such that

ZyV = (0 Iy ) : (3.3)

n—p.p

Such a Zy is not unique, but necessarily exists, because rank(V') = p. With this definition, for any V,
{Cy € S, CoV =0} = {Cy € S, (2, C2 2y 2y V = 0}
={cresm (zp ezt (o,",) =0}

On*PwP

={zT (o2, ) 2y, T estpx Y (3.4)
Additionally, in a small enough neighborhood of any matrix, it is possible to define Zy satisfying

Equation (3.3) in such a way that the map V' — Zy is smooth. Up to splitting the submanifolds M,(f)
into (a still countable number of) open subsets, we can thus assume that, for each s € N, there exists a
smooth map
(s)
VeMmly - zy) e R

such that Equation (3.3) holds with Z‘(,S) in place of Zy, for any V € M%)
We now present our parametrization of ,q. For any s € N, we define

CS o R™ x Més) X S("fp)x(nfp) N gnxn
(V1) - A (o, i) A

With this definition, we have that

Ebad C U Cs (Rm X (Mp non inj N Mz(f)) X S("—P)X(n—p)> ) (3.5)

seN
Indeed, let us consider any element C' € &,q. We write
C=A"(u) + Co,

with CoV = 0 for some V' € M, non inj such that rank(V') = p. From Property 2 of Proposition 1, there
exists s € N,V € MI(,S) and X € O(p) such that

V=VX.
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Because CsV = 0, we also have CoV = 0, so from Equation (3.4), Cy can be written as

CQ = Z‘ll; ( Op.p Op'{—l\_p) Z‘”/v7

On—p,p

for some I' € S(n—P)x(n—p) } } ~
Consequently, C = (s(p, V,I'). As V belongs to Mp non inj and V = VX~ V is also an element of
Mp,non inj, SO

C e (Rm X (Mp,non inj N Mz()S)) % S("—P)X(n—p)) .

This proves Equation (3.5).
Let us conclude. For any s € N, R™ x ./\/lj(,s) x S(n=P)x(n=P) is a manifold with dimension

dim(R™ x Mz(f) ~ g(n—p)X(n—p))

:m+dim/\/lp_p(p2_ 1) + (n—p)(z—p—i—l)
:m+np_m_p(p2—1) N (n—p)(z—erl)
_nntl

2
= dim(S™*™).

From Property 3 in Proposition 1, the set My non inj N ./\/lgf) has zero measure in M](gs), so R™ x
(Mpnon inj N MI()S)) x S(n=P)x(n=p) ig a subset with zero measure of R™ x M,()S) x S(n=p)x(n=p)  Ag
(s is a smooth map from R™ x ./\/lés) x §(=P)X(n=p) to §**" and as dim (Rm X MI(,S) X S("_p)x("_p)) =
dim(S™*™), the set

Cs (Rm X (M non inj OM](DS’”) % S(n—p)X(n—p))

has measure zero in S™*™.
Combined with Equation (3.5), this shows that &4 has zero Lebesgue measure in S™"*™.

4 Proof of Theorem 2
Theorem (Theorem 2). Let r € N* be fized. Let p > r be such that

p(p+1)

+pr <m.
2 prs=m

We make the following hypotheses:
1. C has at least one extreme point with rank r, that we denote by Xo;
2. (A,b) is p-regular;
3. There exists V € My, such that M, is Xo-minimally secant at V.

Then there exists a subset Epgq of S"*™ with non-zero Lebesque measure such that, for any cost matrix
Ce gbad}

e Problem (SDP) has a unique global minimizer, which has rank r.

e Problem (Factorized SDP) has at least one second-order critical point Y that is not a global mini-
mizer.

For the whole proof, we fix X € S**",V € M, such that
1. Xg has rank r and is an extreme point of C.

2. M, is Xp-minimally secant at V.
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The proof is in two parts. First, we show the existence of one cost matrix C' for which X is the
unique global minimizer of (SDP), and V is a second-order critical point of Problem (Factorized SDP)
but not a global minimizer. In the second part, we show that, under some additional “non-degeneracy”
conditions, the two properties that we want to be satisfied on the set Epqq (unique global minimizer for
Problem (SDP), with rank r, and existence of a second-order critical, but not globally optimal, point for
Problem (Factorized SDP)) are stable to perturbations. Hence, since they are satisfied by C, they are
satisfied by all cost matrices in a small ball around C, and it suffices to define &,q as this small ball.

The first part is embodied by the following lemma, proved in Subsection 4.1.

Lemma 1. There exists a cost matriz C € S"*™ such that
e Problem (SDP) has a unique global minimizer, which is the rank r matriz X.

e The matriz V is a second-order critical point of Problem (Factorized SDP), but not a global mini-
mizer.

e The cost matriz C' can be written as C = Cy + A*(g1), with g1 € R™ and C; € S**™ such that
Cy = 0,rank(Cy) =n—1r and C1 Xy = 0.

e The Hessian of (Factorized SDP) at V' has ezactly @ zero eigenvalues.

In this lemma, the first two properties are the most important ones. The third and fourth ones are
the previously mentioned “additional non-degeneracy conditions”, that are necessary for the second part
of the proof to work.

Let us come to the second part of the proof: The two properties required from all cost matrices in
Evaq are stable under perturbations in some neighborhood of C'. We treat the two properties with two
separate lemmas, respectively proved in Subsections 4.2 and 4.3.

Lemma 2. For some cost matriz C, we assume that Problem (SDP) has X¢ as unique global minimizer.
We also assume that C' can be written as

C=C1+ A1),

with g1 € R™,Cy € S™*™ such that C; = 0,rank(C1) =n —r and C1 Xy = 0.
Then, for any C' close enough to C, Problem (SDP) (with cost matriz C') also has a unique global
minimizer, and this minimizer has rank r.

Lemma 3. For some cost matriz C, we assume that Problem (Factorized SDP) has a second-order

critical point V€ M, with rank p, such that the Hessian of (Factorized SDP) at V' has ezactly %
zero eigenvalues.

Let n be any positive real number.

For any C' close enough to C, Problem (Factorized SDP) (with cost matriz C') has a second-order
critical point in the ball B(V,n).

The proof of the theorem is now finished. Indeed, let C € S"*™ be as in Lemma 1. As V is not a
global minimizer of Problem (Factorized SDP), VV7 is not a global minimizer of Problem (SDP):

(C, Xo) <(C,VVT).
Let €, > 0 be such that, for all ¢’ € B(C,¢),V' € B(V,n),
(C', Xo) <(C", V'V'T). (4.1)

From Lemmas 2 and 3, up to replacing € with a smaller value, we can assume that, for any C’ €
B(Ce),

e Problem (SDP) has a unique global minimizer, with rank r;

e Problem (Factorized SDP) has a second-order critical point in the ball B(V,7), that we denote by
Ver.
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Consequently, if we show that, for any C’ € B(C,€), the second-order critical point Vi is not a global
minimizer of Problem (Factorized SDP), we can set Epqq = B(C,¢€). For any C’ € B(C,e),

min (C",V'V'T) = min(C’", X)
V'eEM, XecC
< {0, Xo)
Eq (4.1)
T VaVE),

so Ve is indeed not a global minimizer. (The first equality is true because, as p > r, Problems (SDP)
and (Factorized SDP) have the same minimum.)
4.1 Proof of Lemma 1
Lemma (Lemma 1). There exists a cost matrizc C € S*™*™ such that
e Problem (SDP) has a unique global minimizer, which is the rank r matriz Xg.

e The matriz V is a second-order critical point of Problem (Factorized SDP), but not a global mini-
mizer.

e The cost matriz C' can be written as C = C1 + A*(q1), with g1 € R™ and C1; € S"*" such that
Cy = 0,rank(Cy) =n —r and C1 Xy = 0.

o The Hessian of (Factorized SDP) at V' has exactly p(pgl) zero eigenvalues.

Let Uy € R™*" be such that
Xo = UgU{ .

As X has rank r, Uy also has rank r.
We start with a technical observation, proved in Paragraph C.1, that is not conceptually important,
but will be useful throughout the proof.

Proposition 2. Because M,, is Xo-minimally secant at V,
Range(Up) N Range(V') = {0}

and
Rank(V) = p.

The construction of C' is divided in two parts, respectively presented in Paragraphs 4.1.1 and 4.1.2.
In the first part, we show that, to construct C' € S"*™ satisfying the four required properties, it suffices
to construct a vector g; € R™ and a matrix Cy € S**" fulfilling three different properties, that are less
intuitive but easier to manipulate. In the second part, we construct such g, Cs.

4.1.1 First step

We start with three lemmas, that provide explicit sufficient conditions on C for the following properties
to hold:

e Xj is the unique global minimizer of Problem (SDP) (Lemma 4).
e V is a first-order critical point of Problem (Factorized SDP) (Lemma 5).

e In addition to being a first-order critical point of Problem (Factorized SDP), V is a second-order

p(p—1)
2

critical point, and the Hessian matrix has zero eigenvalues (Lemma 6).
Their proofs are in Subsections C.2, C.3 and C.4 of the appendix.
Lemma 4. If C € S™*" can be written as C = Cy + A*(¢g1), with

* g1 €R™,

o () € S™*™ such that C; = 0, rank(Cy) =n —r and C1Uy = 0,

then Xg is the unique global minimizer of (SDP).
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Lemma 5. For C € S"*", the matriz 'V is a first-order critical point of Problem (Factorized SDP) if
and only if C' can be written in the form

C =Cy+ A*(g2),
with go € R™ and Cy € S™*™ such that CoV = 0.

Lemma 6. For C € S™*", if V.€ M, is a first-order critical point of Problem (Factorized SDP), then
it is a second-order critical point if and only if

VV S Tv./\/lp, <CQ, VVT> >0, (42)

where Cy is the unique matriz satisfying the properties of Lemma 5.
When this happens, the Hessian of Problem (Factorized SDP) at V' has exactly p(pgl) zero eigenvalues
if and only if, in Equation (4.2), the equality is attained exactly for matrices V of the form

V =VA, Ac Anti(p).

From Lemma 4, we see that the first property in the statement of Lemma 1 is implied by the third
one. Thus, to find C satisfying the four properties of the lemma statement, it is enough to find C
satisfying the second, third and fourth properties.

We also observe that, if X, is the unique global minimizer of Problem (SDP) and V a second-
order critical point of Problem (Factorized SDP), then VV7T is not a global minimizer of (SDP) (since
VVT # X, as a consequence of Proposition 2). Problems (Factorized SDP) and (SDP) have the same
minimum (because of the assumption p > r), so V is not a global minimizer of Problem (Factorized SDP)
either. Therefore, in the second property of Lemma 1, we can neglect the fact that V must not be a
global minimizer of Problem (Factorized SDP).

To summarize, the four properties of Lemma 1 are equivalent to the following three ones:

e The matrix C can be written as C = Cy + A*(g1), with g1 € R™ and C; € S™ ™ such that
Cy = 0,rank(Cy) =n —r and C1 X, = 0.

e The matrix V is a second-order critical point of Problem (Factorized SDP).

e The Hessian of (Factorized SDP) at V has exactly 22~ D zero eigenvalues.

From Lemmas 4, 5 and 6, to construct a matrix C with these three properties, it suffices to find
C1, g1, Cs, g2 satisfying the conditions appearing in the lemmas and such that, in addition,

Ci+ A" (g1) = Ca + A" (g2).

(Indeed, we can then set C = C; + A*(g1).)
Without loss of generality, we can® impose go = 0. Then, we rewrite our goal as finding g; € R™, Cs €
S™*™ such that

1. 4 def Cy — A*(g1) is a positive matrix with rank n — r, such that C1Uy = 0;
2. CQV = 0;

3. forall V e Ty M, <C’27 VVT> > 0, with equality if and only if V = VA for some A € Anti(p).

4.1.2 Second step

We now prove that it is possible to find g7, Cs satisfying the three conditions at the end of the previous
paragraph.

We begin with a lemma showing that, if we can find a pair (g1, C3) satisfying Conditions 1 and 2,
then, from this pair, we can construct another one, that satisfies Conditions 1, 2 and 3. Its proof is in
Subsection C.5 of the appendix.

5Indeed, a 4-tuplet (C1, g1, Ca, g2) satisfies all the desired properties if and only if (C1, g1 — g2, C2,0) also satisfies these
properties.
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Lemma 7. Let us assume that g1 € R™, Cy € S™*™ satisfy Conditions 1 and 2.
Let us define a subspace E, of R™ as

E. = (Range(Up) + Range(V))™,

and denote by Py € S™*" the matriz representing the orthogonal projection from R™ onto E, in the
canonical basis.
For any t € RY, we set
Cop =Cy+1tP,.

Then, for all t € RT large enough, the pair (g1,Ca,:) satisfies Conditions 1, 2 and 3.

Finally, we have to prove the existence of g1, Cs meeting Conditions 1 and 2. The following lemma,
proved in Subsection C.6, provides a sufficient condition on g; € R™ for C5 to exist such that (g1, C5)
meets Conditions 1 and 2.

Lemma 8. Let g1 be an element of R™. If

(a) VIA*(g1)V <0,

(b) UFA*(g1)V = 0y,

then there exists Cy € S™*™ such that g1, Cs satisfy Conditions 1 and 2.

To conclude, let us show that there exists g3 € R™ satisfying Conditions (a) and (b). We observe
that the dual of ¥y (defined in Equation (2.2)) is

e o R™ o SPXP x RTXP
g — (2VTA*(g)V,2Uf A*(g)V).

Since M, is Xo-minimally secant at V', 1y is injective, so 9y, is surjective. In particular, it means that
there exists g7 such that

VIA (q)V =1, and  ULA*(g1)V =0,

Such a ¢y satisfies Conditions (a) and (b).

4.2 Proof of Lemma 2

Lemma (Lemma 2). For some cost matriz C, we assume that Problem (SDP) has Xo as unique global
minimizer. We also assume that C' can be written as

C=C+ A (q1),

with g1 € R™ and Cy € S™*™ such that C; = 0,rank(C1) =n —r and C1 Xy = 0.
Then, for any matriz C" close enough to C, Problem (SDP) (with cost matriz C') also has a unique
global minimizer, and this minimizer has rank r.

Proof. We start with a technical proposition, showing the existence and continuity of minimizers of
Problem (SDP) when the cost matrix is close to C. The proof is in Subsection C.7.

Proposition 3. For any € > 0, there exists ¢ > 0 such that, when C' € B(C,(),
e Problem (SDP) (with cost matriz C') admits at least one minimizer;
e all minimizers of Problem (SDP) belong to the ball B(Xy,€).

A second technical proposition, proved in Subsection C.8 shows that (because of the p-regularity as-
sumption) Problem (SDP) satisfies Slater’s condition. It is useful for the proof, as it allows to characterize
the minimizers of Problem (SDP) in terms of Karush-Kuhn-Tucker conditions.

Proposition 4. Slater’s condition is satisfied: the feasible set C of Problem (SDP) contains a matriz X
such that X > 0.
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To establish the lemma, it suffices to show that, for any sequence (C},)ren of cost matrices converging
to C, Problem (SDP) with cost matrix C}, has a unique minimizer, and this minimizer has rank r, as
soon as k is large enough.

Let (C},)ken be such a sequence, and let us denote by (X} )ren an associated sequence of minimizers
(it exists from Proposition 3, at least for k large enough). Let us show that, for any & large enough,

rank(X;,) = r and X, is the unique minimizer of Problem (SDP). (4.3)

For any k, since Slater’s condition is true from Proposition 4, strong duality holds, and the Karush-
Kuhn-Tucker conditions apply at X},. It means that C}, can be written in the form

Cl = Dy + A*(hn),

with hj, € R™ and Dy, € S™*™ such that Dy, = 0 and DX, = 0.

Because (A,b) is p-regular, one can show that Dy koo C and hy =2 geo g1- This is what the
following lemma says; its proof is in Subsection C.9.

Lemma 9. When k goes to infinity,
Dy —Cy and hp — g1.

For any k, because DX, =0,
rank(Dy) + rank(X},) < n. (4.4)

From Proposition 3, (X}, )xen converges to Xo, and from Lemma 9, (Dy)ren converges to Cy. In partic-
ular, for k large enough,

rank(X},) > rank(Xy) = r
and rank(Dy) > rank(Cy) =n —r.

Combined with Equation (4.4), this proves that, for k large enough,

rank(X;) =7 and rank(Dy)=mn —r.
This establishes the first part of Property (4.3). The second part (that the minimizer is unique) is a
direct consequence of Lemma 4, with C4, g1, Xo replaced by Dy, hi, X7, O
4.3 Proof of Lemma 3

Lemma (Lemma 3).
For some cost matriz C, we assume that Problem (Factorized SDP) has a second-order critical point V' €

M,,, with rank p, such that the Hessian of (Factorized SDP) at V has ezactly p(p;l) zero eigenvalues.
Let n be any positive real number.
For any C' close enough to C, Problem (Factorized SDP) (with cost matriz C') has a second-order
critical point in the ball B(V,n).

Proof of Lemma 3. For any cost matrix C’ € S"*", let us denote by for the cost function appearing in
Problem (Factorized SDP):
for i W e M, = (C" WWT) eR.

To establish the lemma, we show that there exists a smooth map g, defined over a neighborhood of
C, such that g(C) =V and, for any C’, g(C") is a first-order critical point of (Factorized SDP). Once
this is done, with a simple continuity argument on C’ — Hessfc:(g(C")), we show that, for any C’, g(C”)
is actually a second-order critical point. This implies the lemma.

Construction of g such that, for any C’, g(C”) is a first-order critical point: To construct g, the first
intuition is to look at the map

(C", W) € SV x M,, — grad for (W) € TwM,,

show that its differential along M, is invertible at (C, V'), and deduce from this and the implicit func-
tion theorem that, for any C’ close enough to C, there is a W, smoothly depending on C’, such that
gradfor (W) = 0.

Actually, because of the invariance properties of fo, gradfo (W) has particular properties, formal-
ized in the following proposition (proved in Subsection C.10), that prevent the differential from being
invertible.
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Proposition 5. For any cost matriz C' € S**", for any W € M,,
TwM, D {WA,A e Anti(p)},
and, denoting fc: the cost function of Problem (Factorized SDP),
gradfo (W) € {WA, A € Anti(p)}+.
Additionally, if W is a first-order critical point of for,
{WA, A € Anti(p)} C Ker(Hessfc (W)).

When rank(W) = p, this inclusion is an equality if and only if Hessfo: (W) has exactly pe=1) erg

2
eigenvalues.

To overcome this technical issue, we consider Mp, an arbitrary submanifold of M, containing V,
with dimension dim(M,,) — %, such that

Ty M, = Ty M, N {VA,A e Anti(p)}*,

and define N N
X: S x M, — Ty M,
(C/, W) — PV(gradfc/(W)),

where Py denotes the orthogonal projection from R"™*P to T V./Wp (it is a homeomorphism when restricted
to Tw M, N{WA, A € Anti(p)}*, for any W close enough to V; its role is simply to ensure that x takes
its values in a set that does not depend on W).
With this definition, . .
dwx(C,V) : Ty M, — Ty M, is invertible. (4.5)

We admit this fact for the moment, and explain how to conclude the proof.
From the implicit function theorem, there is a neighborhood V¢ of C' in S**" and a smooth map
g : Vo — M, such that
9(C) =V;
vC' € Ve, x(C',9(C")) = 0.

From Proposition 5, for any C”, grad fo/ (W) belongs to
TwM, N {WA, A c Anti(p)}+,

and we have said that Py is a homeomorphism from this space to TVMVP for any W close enough to V,
so, provided that V¢ is small enough,

x(C",9(C")) =0 <= gradfc (9(C")) = 0.

Therefore for any C’ € V¢, g(C’) is a first-order critical point of fer.
For any C’, g(C") is a second-order critical point: From the last equation in Proposition 5, Hess o (g(C"))

el > ) zero eigenvalues (its kernel contains a L2 > )

has at least -dimensional space). When C” is close

enough to C, it also has at least dim(M,,) — 2 (p 5 U strictly positive eigenvalues (because Hessfo (V) =
Hessfc(g(C)) does). Thus, for any C” close enough to C, all eigenvalues of Hessfc (¢(C’)) are nonneg-

ative: g(C") is second-order critical.
Proof of Property (4.5): For any W € Ty M,,

dwx(C,V)-W = Py(Hessfc(V) - W) = Hessfc (V) - W.
The second equality is because Hessf.(V) : Ty M, — Ty M,, is self-adjoint, so
Range(Hessf.(V)) = TyM,N (Ker(Hess f.(V)))*

(Prop 5

@9 1, M, N {VA, A € Anti(p)}*
= TyM,.
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Therefore, for any W e TVMP, dwx(C,V) - W = 0 if and only if

(Prop 5

W € Ker(Hessfc(V)) ) {VA, A€ Anti(p)}.

From the definition of Tvﬁp, this is only possible if W = 0. Consequently, dwx(C,V) is an injection

from Tvﬂp to itself whence it is a bijection.
O

5 How to apply Theorems 1 and 2

In this section, we discuss the difficulties that may arise when trying to apply Theorem 1 and 2 to
concrete examples of problems of the form (SDP), as done in Subsection 2.4.

The main issue is that it can be difficult to check whether the hypotheses of the theorems hold or
not. Compactness, p-regularity, and existence of extreme points for C, are typically easy to deal with.
For each of the two theorems, problems happen only with the third hypothesis:

e Face regularity of M, when @ < m, for Theorem 1;
e Existence of V' at which M), is Xo-minimally secant, for Theorem 2.

While we have no “recipe” for verifying these hypotheses in the most general setting, we can provide
at least partial methods in two situations:

e When one is interested in a problem with fixed dimensions (n,p,m are fixed) (Subsection 5.1),
e When the problem has a block-diagonal structure (Subsection 5.2).

The second situation contains all three examples discussed in Subsection 2.4.

5.1 When the dimensions are fixed

In this subsection, we consider a problem of the form (SDP) with fixed n, p, m, and provide an easy way
to numerically determine whether the two hypotheses hold or not.

We rely on the following remark, which says that, under mild assumptions, the maps ¢y and ¥y are
either never injective, or injective for almost any V' € M,,. Its proof is in Subsection D.1, and is based
on an analyticity argument.

Remark 4. Let p € N* be fized. We assume that (A, b) is p-regular and M, is connected and non-empty.
Then the following two statements are equivalent:

1. There exists V. € M,, such that ¢y is injective.
2. For almost any V € M,,, ¢y is injective (that is, M, is face regular).

Additionally, if Xo is a rank r element of C, there is also an equivalence between the following two
properties:

1. There exists V € M,, such that ¢y is injective (that is, there exists V at which M, is Xo-minimally
secant).

2. For almost any V € M, ¥y is injective.

Consequently, to numerically check the face regularity of M, it suffices to pick a “generic”® element

W in M, and to determine whether ¢y, is injective. If it is, it implies that ¢y is injective for almost
any V € M,, and M,, is face regular. Otherwise, M, is not face regular with probability 1.
The same principle applies to the property of M), being X(-minimally secant at some V.

6By “generic”, we mean “chosen according to a probability density that is absolutely continuous with respect to the
measure A,
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5.2 When A is block-diagonal

In this subsection, we consider the case where the operator A is block-diagonal.
Formally, let » € N* and b € R"("t1)/2 be fixed. For any d € N*, we consider a linear operator

Ad . ded N R7'(T+1)/2'

For any S € N*, and S-tuplet (di,...,ds) € (N*)°, we define

] grir+1)
A(dl,...,ds)~ snxn R 2

M —  (Ag (Blocky(M)),..., Aq.(Blocks(M))),

where n = d; + -+ + dg and Block; (M), ..., Blockg(M) are the successive diagonal blocks of M, with
sizes dq X dq,...,ds X dg.
Setting

r(r+1)

bs = (b,...,b) e RS2
we consider Problem (SDP) with A = A(g,, .. 4¢) and b = bs. We denote by Cld1.ds) jtg feasible set,

and, for any p, by /\/lz(jd1 the feasible set of its rank p Burer-Monteiro factorization (Factorized SDP).
This framework covers all three examples discussed in Subsection 2.4: Problem (SDP-Maxcut) is the
case where r =d; =---=dg =1, and

A =Idg,g and b=1.

.....

Problem (SDP-Orthogonal-Cut) corresponds to 7 =d; = -+- =dg = d and
Ag=Tay and b= Te,(la)
Finally, Problem (SDP-Product) is the case where r = 1, dy, ..., ds may be arbitrary and, for any d € N*|
Ay = Trace and b=1.

In this setting where A is block-diagonal, an important remark can be made: The face regularity
can be deduced from the existence of V' at which the minimally secant property holds. Hence, when we
want to apply Theorems 1 and 2, it suffices to establish the hypotheses of Theorem 2. If these hold, they
imply the ones of Theorem 1 (except for the compactness one, which we have said is generally easy to
check). The proof of this remark is in Subsection D.2.

Remark 5. Let (ds)sen be a sequence of positive integers. We assume that
e for any s, C\%) has an extreme point with rank r;

e for any S and p > r, (A@5) bg) is p-reqular;

e for any S and p > 2r, MI(,dl""’dS) is connected and non-empty.
Then the first property below implies the second one:
1. For any S € N* and p > r such that

p(p+1) (r+1)
2

r
<S——
+pr= 5

there exists Xo an extreme point of C(4-99) with rank r, and a matriz V € ./\/lédl’”"ds) such that

MS99) g X ominimally secant at V.

= 2. For any S € N* and p > 2r such that

plp+1) _ 7
2 - 2
M,()dl""’dS) is face regular.

As to establishing the minimally secant property, we do not have a general method. For the three
problems considered in Subsection 2.4, our proof relies on showing that, for any V', ¢y is injective if and
only if some specific family of matrices (that depends on V') spans S®+7)x(P+7) " This second property is
easier to manipulate than, directly, the injectivity of ¥y,. We then get the result by explicitly constructing
a particular V' for which the spanning condition is verified. But there are probably interesting examples
of problem of the form (SDP) for which this technique does not work.
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A Proof of Proposition 1

Proposition (Proposition 1). There exists a sequence (M,(f))seN of submanifolds of M,, such that
1. for any s € N, dim/\/ll(f) =dim M, — @;
2. {V € My, rank(V) = p} = {VX,V € U,cx M, X € O(p)};

3. for any s € N, My non inj N MI(,S) has measure zero in MZ(,S).

Proof of Proposition 1. First, we consider an arbitrary element V; in M, with rank p, and we define
M, v, a submanifold of M, fulfilling the following four properties:

dim M, v, = dim M, — @; (A.1a)

ny, > 0 such that M, N B(Vo,nv,) C{VX,V € M,v,,X € O(p)}; (A.1b)
YV € My v, ,rank(V) = p; (A.1lc)

)\MPVVO (Mp,non inj (1 MP,VU) =0. (Ald)

Once this is done, we construct the Més) from the M, y,, using a compactness argument, but we first
explain the construction of M, v;.
As M, is stable by multiplication by elements of O(p), it contains V,O(p), so

Ty, M, D {VoA, A € T1 O(p)} = {VoA, A € Anti(p)}.

Because Vj is injective (it is a m X p matrix with rank p), the vector space {VoA, A € Anti(p)} has

p(p—1)
5

dimension dim Anti(p) = Let Ty pnMp be its orthogonal complement in Ty, M,; it is a

(dim M, — %)-dimensional vector space.

Let M, v, be any submanifold of M, with dimension (dim M, — @), containing Vp, whose

tangent space at Vj is T‘}O’ AntiMp. By choosing M, v, small enough, we can ensure that all its elements
have rank p, so that Property (A.lc) holds.
The map
Xve: Mpv, x Op) — M,
V , X = VX

is €. Because Ty, My v, = Ty rniMy, its differential at (Vp,1,) is a bijection. From the inverse
function theorem, xy, thus defines a diffeomorphism from some neighborhood of (Vp, I) in My, v, x O(p)
to some neighborhood of Vj in M,,. In particular, Property (A.1b) is true.

Up to reducing the size of M, y,, we can assume that xy, is a diffeomorphism on M, v, x (O(p) N
B(I,,€)), for some € > 0.

Let us show Property (A.1d). We observe that, for any V' € My non inj and X € O(p), the matrix
VX also belongs to My, non inj, 50, for any € > 0 small enough,

A, (Mp non inj)
> AM, (XVO ((Mp,vo N Mp.non inj) % (O(p) N B(I, 6))))

LMy mom s0s (V) det dxv, (Vs X)[dA g, v (V)dAo(p) (X)),

po (

//vlp,vO x(O(p)NB(Ip,€))

where 1o, .. 1,; denotes the characteristic function of My, yon inj-

As M, is face regular, A, (Mp non inj) = 0. Because | det dyv, (V, X)| > 0 for any (V, X) € M, v, x
(O(p) N B(Ip,¢€)) (for e small enough), the function (V, X) — 14, 0. 1 (V) must then be zero almost
everywhere on M, v, % (O(p) N B(Ip,€)), which is equivalent to Property (A.1d).
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We have thus constructed M, v, enjoying Properties (A.la) to (A.1d), as announced. Since Vj was
arbitrary, we can repeat the construction for any V' € M, with rank p; it yields a submanifold M, v
with the same properties. For any V', we fix 5y > 0 as in Property (A.lc).

Now, let (V(®)),en be a sequence of elements of M, with rank p such that

{V.e Mp,rank(V) =p} C U (Mp N B(V(s),r]ws))) :

seN

(Such a sequence exists because {V € M,,,rank(V) = p}, as any subset of R"*? is Lindel6f.)
For any s, we set

s) def
MI(7) == Mp,v(s)'

The manifolds ./\/lz(,s) each have dimension dim M, — % (from Property (A.la)), which is the first

property required in the statement of the proposition. Additionally,

{V e My, rank(V) = p} € |J (My 0 B, 1y0)
seN

(A.1b)
c VX, VeM,ye, X €0(p)}

seN

={vXx,ve|[JMP X ecOop)}

seN

The converse inclusion is also true: For any s and any V € ./\/l,(,s), X € O(p), the matrix VX is an element
of M, (since M, is stable by multiplication by elements of O(p)), and rank(VX) = rank(V) = p.
Consequently,
{V € My, rank(V) =p} = {VX,V € [ J M), X € O(p)},
seN

which is the second required property.
This third required property comes from Property (A.1d).

B The condition @ + pr < m is not tight

In this section, as announced in Remark 3, we provide an example where the conclusions of Theorem 2
hold true, but the assumption
1
plptl) or<m
2
is not satisfied.

Proposition 6. If A = diag and b = 1,1 (“MazCut case”), whenr =p =2 and m = n = 6, there exists
a subset Epgq of S"*™ with non-zero Lebesgue measure satisfying the same properties as in Theorem 2.
Nevertheless, we have that
p(p+1)
2

Proof. The proof of Theorem 2, in Section 4, starts by fixing X¢, V' such that Xy is a rank r extreme
point of C, and M), is Xp-minimally secant at V. Then, it constructs &qq from these Xy and V.

When @ + pr £ m, it is impossible to choose X, V' such that M, is X¢-minimally secant at V'
(from Remark 1). Hence, the reasoning of Section 4 does not directly apply. However, the only parts of
the proof where this minimally secant assumption is used are the second step in the proof of Lemma 1
(Paragraph 4.1.2) and the proof of Proposition 2.

Consequently, to establish that the conclusions of Theorem 2 remain true when » = p = 2 and m = 6,
it suffices to show that, for some careful choice of Xy, V', Proposition 2 and the conclusions of Paragraph
4.1.2 are valid despite the fact that the minimally secant assumption does not hold.

+pr=7<Lm.
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We set (this precise choice was suggested by numerical experiments)

2 1

VAV
-1 0

Uy = i 8 and  Xo = UpUZ;

2 1

N

0 1

V:

SSshsh o o
o N

The matrices Xy and V' have rank 2, and we can check that they satisfy Proposition 2. We can also check
that X is an extreme point of C (it is equivalent to the equality {G € S?*2,diag(UyGU{') = 0} = {0},
that can be verified by manually solving the involved linear system).

Showing that the conclusions of Paragraph 4.1.2 are valid means showing the existence of g; €
RS, Cy € S%6 such that

1. 4 def Cy — Diag(gy) is a positive matrix with rank n — r = 4, such that C,Uy = 0;

2. OQV = O;

3. for all V € Ty Mo, <C2, VVT> > 0, with equality if and only if V = V A for some A € Anti(2).

We set
V5
3
-2+ 75
n=| "1
! -2
0
1
and
_ 02,2 02,4 -
CG1T<’ - >G1
2 ( ) 04}2 (U() €1 62)T Dlag(gl) (UO €1 62)

_ 0 0 _
20 G IN\NT 4.4 4,2) G 1 .
+20( ) (02,4 I

where e, e are the first two vectors of the canonical basis of R6%! and G = (V Uy e 62) € R6%6
is the horizontal concatenation of V, Uy, e1, ez (it is not difficult to check that this matrix is invertible).
With this choice, Property 2 is true, because

@V_@G<5)_0
04,2

)
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For Property 1, we observe that, defining D, = Diag(¢1),

Cy — Diag(g1) =

(GY)T <02,2 T02,4 >
012 (Uo e e) Di(Up er e2)

+20 (04’4 042) - GTD1G> G

024 Iy
—VTD1V 7VTD1U0 7VTD1 (61 62)

=(@GhHr ~Ug D1V 02,2 02,2 G !

- (61 €2)TD1V 0272 20 Ig

g s 00 0 0

6 14 2 3
_ -1y | 0 0 00 0 0 .
=(G7) 0 0 0 0 O 0 G

0 V5 0 0 20 0

3
0 2- 7 0 0 O 20

From this expression, we see that Cy — Diag(g1) is a positive matrix with rank 4, and also that

02,2
(CQ — Dlag(gl))Uo = (02 — Dlag(gl))G’ IQ =0.
02,2
Therefore, Property 1 is true.
We finally consider Property 3. Let us define the bilinear form
q: Tv./\/lz X Tv./\/lg — R
1, Ve) = (G ).

It contains V' (9 {) in its kernel: For any Vi € Ty M,

Q(th(%)) <C2V( 0) V1>
<062,V1>

(The second equality comes from Property 2: CoV = 0.)

If we show that the matrix associated to ¢ in an orthonormal basis of the 6-dimensional vector space
Ty My has 5 strictly positive eigenvalues, then it proves that ¢ is semidefinite positive, with a kernel of
dimension 1, equal to RV (9 {), and hence implies Property 3.

It is not pleasant to check by hand that the matrix associated to g has 5 strictly positive eigenvalues.
However, since we have an explicit expression for Cs, we can numerically compute the matrix associated
to ¢ in the following orthonormal basis of Ty Mo:

10 00 0 0 0 0 0 0 0 0
0 0 10 0 0 0 0 0 0 0 0
00 00 %—% (2)01 0 0 0 0
00’00’00’ﬁ—ﬁ’201’00
0 0 0 0 0 0 0 0 = 0 0
0 0 00 0 0 0 0 0 0 10

The 5 largest eigenvalues of this matrix are all larger than 0.4, hence strictly positive.

25



C Auxiliary results for the proof of Theorem 2

C.1 Proof of Proposition 2
Proposition (Proposition 2). Because M, is Xo-minimally secant at V,
Range(Uy) N Range(V') = {0}

and

Rank(V) = p.

Proof of Proposition 2. The two desired properties are simultaneously true if the following implication
holds, for all z1,€ R", 25 € RP:

(Uox1 = Vag) = (z1 =0 and z5 = 0).

Let us prove this implication. Let 21 € R", zo € RP be such that Uyz; = Vzs. We show that 1 = 0 and
ro = 0.
If we set
T = xoxs and R=—xx3,

then (v Uo) (%) = (Vag — Upz1)zd =0, so
A((vu) (VT 4V (3T (ven)T) = A0) =0,

As M, is Xo-minimally secant at V', we must have (T, R) = (0,0), so z2 = 0.
Since Upzy; = Vs = 0 and Uy is injective (it is a n X r matrix with rank r), we also have x; = 0.
O

C.2 Proof of Lemma 4
Lemma (Lemma 4). If C € S"*™ can be written as C = Cy + A*(g1), with

e gy € R™,
o (1 € S™*™ such that C; = 0, rank(Cy) =n —r and C1Uy =0,
then Xg is the unique global minimizer of (SDP).

Proof of Lemma 4. This lemma is a variation around the well-known optimality conditions of problems
of the form (SDP).

Let us assume that C = C; + A*(g1), with Cq, g1 as in the statement.

Let X be any feasible point of Problem (SDP). We have to show that

(X,C) > (Xo,0),

with equality if and only if X = Xj.
Because A(X) = b = A(Xy), we have that

(X = X0,0) = (X = X0,C1) +(X — Xo, A" (91))
= (X — Xo,C1) + (A(X — Xo),01)
— (X — Xo,C1) .

Additionally, <X0,Cl> = <U0Ug,01> = <U0701U0> =0. As )(7 Cl t 0,
(X — X,,C) = (X,Cy) > 0.

This already shows that (X, C) > (X, C). Let us show that the equality holds if and only if X = Xj.
The equality is attained if and only if (X, Cy) = 0. Because X, C; > 0, this is equivalent to

Range(X) C Ker(Ch).
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We have Ker(C7) = Range(Up): Range(Up) C Ker(Cy) since C1Up = 0, and dim(Ker(C1)) = n —
rank(Cy) = r = dim(Range(Up)). Therefore, the equality is attained if and only if Range(X) C
Range(Uy), which is equivalent to X being of the form

X = UgTxUZ,

for some positive matrix Tx € S"™*".
But if X has this form, then, for all € > 0 small enough,

(1—=1)Xo +tX =Ug(I, +t(Tx — I))UL = 0 for all t € [—¢; €],
= (1—-t)Xo+tX eCforallte[—¢e.

As Xy is an extreme point of C, this is only possible if Xy = X. O

C.3 Proof of Lemma 5

Lemma (Lemma 5). For C € S"*", the matriz V is a first-order critical point of Problem (Factorized SDP)
if and only if C can be written in the form

C=0Cy+ A(g2),
with go € R™ and Cy € S"*™ such that CoV = 0.

Proof of Lemma 5. From [Boumal, Voroninski, and Bandeira, 2018, Eq. 7], the gradient of the cost
function of (Factorized SDP) at V is
2Projy (CV),

where Projy, : R**P — Ty, M,, is the orthogonal projection onto the tangent space of M, at V.
Consequently, V' is a first-order critical point if and only if Projy,(CV) = 0, that is

OV € (Ty M,)*
={VeR? AVVT +VVT) =0}*
—{V e R, Vg, e R™, (VVT 4 VI, A'(g2)) = 0}
= {V e R™? Vg, € R™, <V7A*(92)V> =0}
1
= ({A*(g2)V, g2 e R™})
= {A"(92)V, 92 € R"}.

The fact that CV can be written as A*(g2)V for some g, € R™ is equivalent to the fact that C' can be
written as C = Cy + A*(g2), with go € R™ and Cy € S"*" such that CoV = 0.
O

C.4 Proof of Lemma 6

Lemma (Lemma 6). For C € S"*", if V € M, is a first-order critical point of Problem (Factorized SDP),
then it is a second-order critical point if and only if

YWeTyM,, (CoVVT) >0, C.1
p

where Cy is the unique matriz satisfying the properties of Lemma 5.

When this happens, the Hessian of Problem (Factorized SDP) at V' has exactly p(p;l) zero eigenvalues

if and only if, in Equation (4.2), the equality is attained exactly for matrices V of the form

V =VA, Ac Anti(p). (C.2)

Proof of Lemma 6. Let C € S™™™ be a cost matrix such that V' € M, is a first-order critical point of
(Factorized SDP). We write

C=Cy+ A (g2),

with CoV =0, as in Lemma 5.
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Such a pair (Cs, go) is unique: If Cy + A*(g2) = C4 + A*(gh), with CoV = CLV = 0, then A*(go —
g5)V =10, so

. . . 1
go—gh € {A(VVT +VVT),V e R"Xp}

Because (A, b) is p-regular (see Definition 1), we must then have g2 — g4 = 0, hence g, = g5 and Cy = CJ.

Equation (C.1) is equivalent to V being second-order-critical: Let us denote fo the cost function of
Problem (Factorized SDP). For any V € Ty M,, from [Boumal, Voroninski, and Bandeira, 2018, Eq.
10,

Hessfo(V) - (V, V) = 2 <5V, V> : (C.3)

where S is a matrix of the form S = C — A*(u), for some p € R™, that satisfies 2SV = gradfo(V) = 0.
We have just seen that there is a unique way to write C' as Co + A*(g2), with go € R™ and CoV = 0,
so u = gg and S = Cs.
Now, in view of Equation (C.3), we can conclude that V is second-order critical if and only if, for
any V € Ty M,,
(Co, VYT = (7, V) > 0.

Equation (C.2) is equivalent to the Hessian having exactly p(p — 1)/2 zero eigenvalues: The fact that
Hessfc (V) has exactly p(p — 1)/2 zero eigenvalues is equivalent to

Ker(Hessfc(V)) = {VA, A € Anti(p)}.

(See Proposition 5 in Appendix C.10 for the justification of this equality.)
When V is a second-order critical point, in view of Equation (C.3) and since S = Cj, this last
property is the same as the following equivalence being true:

((C27VT) =0) = (Ve{vaAcAntip)}).

C.5 Proof of Lemma 7

Lemma (Lemma 7). Let us assume that g € R™,Cy € S™*" satisfy Conditions 1 and 2.
Let us define a subspace E, of R™ as

E, = (Range(Us) + Range(V))*,

and denote by P, € S"*™ the matriz representing the orthogonal projection from R™ onto FE, in the
canonical basis.
For any t € RY, we set
Cop =Cy+1tP,.

Then, for all t € RT large enough, the pair (g1,Ca,y) satisfies Conditions 1, 2 and 3.

Proof of Lemma 7. Let g1,C5 satisfy Conditions 1 and 2.
For any ¢t € RT, g1, Cs 4 also satisfy Conditions 1 and 2: As Cy —A*(g1) and P, are positive matrices,

Cot — A (1) =Co — A (g1) +tPL = 0.

The rank of Cy; — A*(g1) is at least as large as the rank of Cy — A*(g1) (adding a positive matrix to
another one cannot reduce the rank). Hence rank(C2; — A*(g1)) > n — r. From the definition of P, ,
PLUO = 0, SO
* % Cond. 1
(Ca = A1)V = (Co = A"(g0))Uo ™= V0,

As rank(Up) = r, we must have rank(Cs; —A*(g1)) < n — r so rank(Cy; — A*(g1)) = n — r. Condition
1 holds.

Additionally, C5 ;V = 0, because C2V = 0 from Condition 2 and P; V' = 0 by construction. Condition
2 also holds.
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Condition 3 is true when t is large enough: We recall that Condition 3 is

YV € Ty M,, <02,t, VVT> —0if V e {VA,Ac Anti(p)},
>0if V g {VA Aec Anti(p)}.

We first prove that this property is implied by the following one:
YV € (Ty M, N {VA, A € Anti(p)}*) — {Onp}, <c2,t, VVT> > 0. (C.4)

Indeed, assuming Property (C.4), let us show that Condition 3 is satisfied. Let V € Ty M,, be arbitrary.
We can uniquely write it as ) }
V=VA+V,

with A € Anti(p) and V € {VA, A € Anti(p)}*-. As VA belongs to Ty M,, (see Proposition 5), V also
does, so from Property (C.4),

(Con VVT) 2 0

with equality if and only if V = On.p-
Consequently,

<02,t,VVT> Copy (VA +2V)( T> <02,t,171"/>

(
<02tv (VA+2V)AT >+ cz,t,m"/>

(Cond. 2) <027t,vv>
0

>

)

with equality if and only if V = 0, that is if and only if V = V' A. This is exactly Condition 3.
To conclude, we have to show that Property (C.4) is true for all ¢ large enough. For any ¢ > 0, we
define
S ={V € Ty M, N {VA, A€ Anti(p)}*, IV ||p = 1, (Ca, VVT) < 0},

and observe that Property (C.4) is true if and only if S; = (.
The sets S; are closed and bounded, hence compact. For any t1,t2 such that t; < to, Sy, C Sy, .
Therefore, either

() S: #0, (C.5)

>0

or Sy = () for all ¢ large enough. _
Let us show that Equation (C.5) does not hold. Let V be any unit-normed element of Ty M, N

{VA, A e Anti(p)}*+, and let us show that V ¢ N;>0S;. We make the following observation (proved in
Paragraph C.5.1).

Proposition 7. Range(V) ¢ Range(Up) + Range(V).
As a consequence,
(PL,VVT) >0
Indeed, the scalar product of two positive matrices is always nonnegative. It could only be zero if we
had P, VVT =0, that is

Range(V) C Ker(P, ) = Range(Up) + Range(V),

which cannot be true from the proposition.
Therefore, for ¢t > 0 large enough,

<02,t,VVT> - <02,VVT> +t<PL,VVT>
> 0.

This implies that V ¢ N> St- As V was arbitrary, it shows that Equation (C.5) is not true, hence
S; = ) for all ¢ large enough, which established Property (C.4), and thus concludes the proof. O
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C.5.1 Proof of Proposition 7
Proposition (Proposition 7). Range(V) ¢ Range(Uy) + Range(V).

Proof of Proposition 7. We assume by contradiction that the inclusion holds. Then V can be written as
(v Uo) (g; ), for two matrices Ry € RP*P, Ry € R"™*P. As V belongs to the tangent space of M, at V,

0=AWVVT+VVT)
fA( (% ) (vuo)' + (v Uo)(gé)VT)
Ri + RT
=¢v(1 )
(where ¢y is the mapping defined in Equation (2.2)).
Because M,, is Xo-minimally secant at V', we then have

Ry + R

5 =0 and Ry =0.

Therefore, V. = VRy, and Ry € Anti(p). This contradicts the fact that V is a non-zero element of
{V A, A € Anti(p)}+. O

C.6 Proof of Lemma 8

Lemma (Lemma 8). Let g1 be an element of R™. If

(a) VIA*(g1)V <0,

(b) U§ A*(g1)V = Orp,

then there exists Cy € S™*™ such that g1, Co satisfy Conditions 1 and 2.

Proof of Lemma 8. Let g € R™ satisfy the two conditions. Let us show the existence of C5 such that
Conditions 1 and 2 hold.
The proof is in two parts:

e FLirst, we show the existence of 02(0) € S™*™ such that
) _ g= _
(9 = av(9)) Uy =0 (C.6a)

and "V = 0. (C.6b)
e Then, from C’éo), we construct Cy such that Properties (C.6a) and (C.6b) still hold, but in addition,
Cy — A*(g1) is a positive matrix with rank n — 7, (C.7)

hence g1, Cs satisfy Conditions 1 and 2.

First part: Properties (C.6a) and (C.6b) are equivalent to
Céo) (V' Uo) = (0np A*(91)00),

so the existence of Céo) € S"*™ gatisfying them is implied by the following proposition (proved in
Paragraph C.6.1).

Proposition 8. Let H € R ®+7) be o matriz with rank p+r. Then

Range (T eS"™" 5 TH € R"X(p”))

= {J e R™*®P+7) such that HTJ is symmetric} .
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Indeed, the matrix (V Us) has rank p + r (because rank(Up) = r and from Proposition 2), so we can
apply the proposition with H =

(v Uo ). Observe that

(V' Uo)" (O A*<gl>Uo)‘<0”’ VA (91)U

0
Onp UEA* (gl)U0>
T € S"™" — T (Vv Uy ), hence C’éo) as desired exists

is symmetric because of Condition (b). Consequently, (0., A*(91)Us) is in the range of the mapping

Second part: Let SV € smxm e fixed, satisfying Properties (C.6a) and (C.6b). We must construct
C5 satisfying Property (C.7), in addition to (C.6a) and (C.6b)
Let P, € S™*" be the representation in the canonical basis of R™ of the orthogonal projector onto

(Range(Uyp) + Range(V))L
For any ¢t > 0, we define

C(t)

i +tpy.
For any ¢ > 0, since P\ Uy =0and P,V =0 ol

5 satisfies Properties (C.6a) and (C.6b). We show that
for t large enough, C’ét) also satisfies Property (C.7).
To achieve this, it suffices to prove that, for ¢ large enough

Ve e R", a* (02(15) - A*(gl)> x >0, with equality iff © € Range(Up) (C.8)
Indeed, if Property (C.8) is true, then C(t) A*(g1) is positive, and its rank is
n — dim(Range(Up)) =n — r.

Let us establish Property (C.8), for all large ¢. For any = € Range(Uy), because of Property (C.6a)
whatever the value of ¢,

x” (Cét) - A*(gl)) x=0.

As a consequence, we only have to show that, when ¢ is large, for all © ¢ Range(Up)

x* (Cét) - A*(gl)) x> 0.
Let such a z be fixed. We can write it as

(C.9)

r=uy+v+ Pz,
with ug € Range(U,

0),v € Range(V), and v, P, x not both zero. For any ¢ > 0
G

(w0 + v+ Pra)” (57 = A*(91)) (uo +v + Pua)
@

(v+ Pra) (€3 = (@) (v + Pua)
(v + PLx)* (c§ ) _

©)

2 A*(gl)) (v+ Pra) + ta*Pda
(v+ Prz)* (Céo) — A*(gl)) (v+ Pra) +ta*Plx

( ) — A*(g )) v+ 22 Py (CQ(O) - A*(91)> v

+ x*PJ_(CQ(O) —
G

A*(g1) + t1, )Plx
v A*(g1)v — 22" P, A*(g1)v + x*PJ_( —A*(g1) + tI,)P x
> Amin (=A™ (g)|[v]1* = 2/ |A* (g)|[] |[v]| [| PLe]]

F Amin (CSV — A*(g1) + t1,) || PLa||>.

(C.10)
(Equality (1) is because of Property (C.6a), Equality (2) because P, v = 0 by definition of P, and v
and Equality (3) because of Property (C.6b).)
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From Condition (a), Amin(—A*(g1)) > 0. The expression obtained in Equation (C.10) is a second-
degree polynomial in ||P) z||. Computing the corresponding discriminant, we see that, if

A (gD)III?
>\min (»A* (gl)) ’
then (recalling that ||v|| and || P, z|| are not both zero) Expression (C.10) is necessary positive. Therefore,

when Equation (C.11) is true, Equation (C.9) is also true, for any x ¢ Range(Up).
Inequality (C.11) holds for all ¢ large enough. This concludes the proof. O

Amin (CS) — A*(g1) + t1,,) > (C.11)

C.6.1 Proof of Proposition 8

Proposition (Proposition 8). Let H € R"*P+7) be o matriz with rank p +r. Then
Range (T €S 5 TH ¢ R”X(”Jrr))

= {J e R™ P+ such that H'J is symmetric} )

Proof of Proposition 8. The kernel of (T' € S**" — TH € R"*(P+7)) ig
{T € """, Range(H) C Ker(T)},

which has dimension

(n —rank(H))(n —rank(H)+1)  (n—(p+7)(n— (p+r) +1)

2 2

As a consequence, the range of (T' € S**™ — TH € R"*(P+7)) has dimension

nn+1) (n—(p+r)n—-(p+r)+1)

2 2
(p+r)p+r—1)

=n(p+7r)— 5 .

As it is included in { J € R"*®+7) guch that HTJ is symmetric}, it suffices to show that

dim {J € R™ P+ guch that H”J is symmetric}

=n(p+r)— (p+r)(p2—|—r—1).

We first assume that H has the form

A
H = , C.12
(On— (p+7')7p+r) ( )

for some invertible A € R®+7)x®+7) n this case,
{J € R™*P+7) guch that H'J is symmetric}
- {(AT;Tl) Ty € SPHnxetn) 7, ¢ Rﬂ-(p-&-r),p-s-r} 7
2

and this latter space has the prescribed dimension.
When H cannot be written as in Equation (C.12), we can at least write H as

H=0.H,
with O; € O(n) and H as in Equation (C.12). With these notations,
{J e R™*(P+7) guch that H”J is symmetric}

= {OlJ with J € R"*®+7) guch that H?J is symmetric} ,

and, because J — O1J is a bijection from R"*(P+7) to itself, the dimension is the same as in the case
where H has the form (C.12). O
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C.7 Proof of Proposition 3
Proposition (Proposition 3). For any ¢ > 0, there exists { > 0 such that, when C' € B(C, (),

e Problem (SDP) (with cost matriz C') admits at least one minimizer;
e all minimizers of Problem (SDP) belong to the ball B(Xg,¢€).

Proof of Proposition 3. Let € > 0 be fixed.

For any matrix C’ € S®*", we denote by (C’,.) the function X € S"*" — (C’, X) (that is, the cost
function of Problem (SDP) with cost matrix C”).

The proposition is equivalent to the following property: for any sequence (C},)ren of cost matrices
converging to C, (C},.) admits at least one minimizer on C, and all its minimizers belong to B(Xo, €),
as soon as k is large enough.

Let (C}.)ken be such a sequence. The desired conclusion is true if the following property holds:

For all k large enough, VX € C — B(Xy,¢), (C},Xo) < (Cp,X). (C.13)

Indeed, in this case, for any k large enough, no element of C — B(Xy,€) is a minimizer of (C,.).
Additionally, any minimizer of (C},.) on C N B(Xo,€) (this exists: a continuous function always admits
a minimizer on a non-empty compact set) is a minimizer of (C},,.) on C, so at least one minimizer exists.

Therefore, we only have to show Property (C.13). We assume, by contradiction, that it is not true.
Then, up to replacing (C},)ken by a subsequence, we can assume that, for any k € N,

AX] €C— B(Xo,e), (Ch.Xo) > (Ch, X}) . (C.14)

For any k, let X, be such a matrix.
Up to extracting a subsequence again, we can assume (by compactness), that

(=)
||XI/<: - XOH kEN
converges to some unit-normed limit Z € S**". From Equation (C.14) and because (C},)ren converges

to C,
(C,Z) <0.

Equivalently,
(C, X0+ €eZ) <{C, Xy). (C.15)

Observe that X + €Z belongs to C: It is the limit of the sequence

€ €
l1——— X0+X’> )
(( |X,;Xo||> X, — Xoll ™) pen-

Each element of this sequence belongs to C (X, and X}, do, and C is convex), and C is closed, so the limit
also belongs to C. Consequently, Equation (C.15) contradicts the fact that Xy is the unique minimizer
of (C,.) on C.

O
C.8 Proof of Proposition 4

Proposition (Proposition 4). Slater’s condition is satisfied: the feasible set C of Problem (SDP) contains
a matriz X such that X > 0.

Proof of Proposition 4. We first present an observation, whose proof is in Paragraph C.8.1 and relies on
the p-regularity of (A, b).

Proposition 9. There exists no g € R™ — {0} such that

A* (g)XO =0.
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The principle of the proof is to show that, if Slater’s condition is not satisfied, then a non-zero g € R™
exists such that A*(g)Xo = 0. We thus assume that C contains no positive matrix. In other words,

(X € S™", A(X) = b} N {X € S, X = 0} = 0.
From a hyperplane separation theorem, there exists M € S"*" —{0,, , }, # € R such that
VX e{XeS" X =0}, (M,X)>up (C.16a)

and VX € {X € SV A(X) =b}, (M,X)<p. (C.16b)

Equation (C.16a) is equivalent to
M >0 and p <0.

Because {X € S"*", A(X) = b} = X, + Ker(A) = X, + (Range(A*))", Equation (C.16b), on the other
hand, is equivalent to
M € Range(A") and (M, Xo) < p.

Combining the last two equations yields in particular

As M and X, are semidefinite positive, this is only possible if M Xy = 0. Denoting by g € R™ a vector
such that M = A*(g), we have that
A* (g)XO = 03

which enters in contradiction with Proposition 9.

C.8.1 Proof of Proposition 9
Proposition (Proposition 9). There exists no g € R™ — {0} such that
A*(g)Xo = 0.

Proof of Proposition 9. We proceed by contradiction, and assume that such a g exists.
We write
Xo =WV,

with Vi € R™*P. This is possible, because rank(Xy) = r and p > r. The matrix V; belongs to M,,.
As Range(Xy) = Range(V}), the condition A*(g)Xo = 0 is equivalent to

A*(g)Vo = 0.
For all V € R™*P,
<A(V0VT + VvV, g> = <VOVT + VL, A (g)>

=2(V, A (9))
0.

Hence, the linear map V € R™? — A(VoV7T + VV') is not surjective. This contradicts the assumption
that (A, b) is p-regular. O

C.9 Proof of Lemma 9
Lemma (Lemma 9). When k goes to infinity,

Dy —Cy and hp — g1
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Proof of Lemma 9. Because C; = Dy + A*(hi) goes to C = C; + A*(g1) when k goes to infinity, we
have
Dy —C1 + .A*(hk — 91) ki}ioo 0. (017)

In particular, if hy oo g1, then Dy, hrgoo (4, so we only have to show that (hy)ren converges to g;.
We proceed by contradiction, and assume that

k——+o0

he  # g1

The principle of the proof is to combine this hypothesis with a compactness argument to construct a
non-zero g € R™ such that
A*(g)Xo =0, (C.18)

which is impossible from Proposition 9.
Up to replacing (hg)ren by a subsequence, we can assume that (||hr — g1]|)ken is lower bounded by
a (strictly) positive constant, and, by compactness, that

( hy — g1 )

ok = 9111 / ken

converges to some non-zero limit. Let g € R™ be this limit. We show that it satisfies Property (C.18).
From Equation (C.17),

Cl - Dk k—>$oo
A*(q). C.19
e =gl (9) (G.19)

From Proposition 3, (X}, )xen converges to Xo, so

X, P 0 X = 0,

and because (||hr — g1]|)ken is bounded away from zero, this implies

[Pk — gal]

Recalling that, from the definition of Dy, Dy X;, = 0 for all k, Equation (C.19) yields:

. Cl_Dk) /
A () Xy = lim — | X, =0.
(9)Xo ka+w(|hk—gl| ¢

This is exactly Equation (C.18). O

C.10 Proof of Proposition 5

Proposition (Proposition 5). For any cost matriz C' € S"*™, for any W € M,,
TwM, D {WA,A e Anti(p)},
and, denoting for the cost function of Problem (Factorized SDP),
gradfo (W) € {IWA, A € Anti(p)}+.
Additionally, if W is a first-order critical point of fcr,

{WA, A e Anti(p)} C Ker(Hessfcr (W)).

L . . . . . 1
When rank(W) = p, this inclusion is an equality if and only if Hessfo (W) has ezactly % zero
etgenvalues.
Proof of Proposition 5. The first relation is because, if W belongs to M,,, then
{WBvB € O(p)} - Mpa
so since T7,0(p) = Anti(p),
{WA, A e Anti(p)} C TwM,. (C.20)
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The second one is because, for any C’, W, and any B € O(p),
fer(WB) = for (W).
If we differentiate this equality in B at B = I,, we get the following:
VA € Anti(p), (gradfc (W), WA) =0.
For the last relation, we differentiate in W the following equality, for any A € Anti(p):
(grad for (W), W A) = 0.
It yields, for any W € TwM,, A € Anti(p),
<Hessfc/(W) W, WA> + <gradfc/(W), WA> =0.
When W is first-order critical (that is gradfer (W) = 0), it means that
Range(Hess for (W) C {WA, A € Anti(p)}*. (C.21)
As Hessfc (W) is self-adjoint on Ty M,,
Ker(Hessfc:(W)) = TwM,N (Range(Hessfcr W)+

Eq (C.21)
> TwM,N{WA,A e Anti(p)}

FaC20) 4, A € Anti(p)).

Finally, when rank(W) = p,

dim{W A, A € Anti(p)} = dim(Anti(p)) = plp - 1)7

2
so the inclusion is an equality if and only if
-1
dim (Ker(Hessfor (W))) = %,
or, equivalently, if and only if Hessfc/ (W) has exactly 2 (p > D zero eigenvalues. O

D Application of Theorems 1 and 2 to examples

D.1 Proof of Remark 4

Remark (Remark 4). Let p € N* be fized. We assume that (A,b) is p-reqular and M, is connected and
non-empty. Then the following two statements are equivalent:

1. There exists V € M, such that ¢v is injective.
2. For almost any V € M, ¢v is injective (that is, M, is face regular).

Additionally, if Xo is a rank r element of C, there is also an equivalence between the following two
properties:

1. There exists V € M,, such that ¢y is injective (that is, there exists V' at which My, is Xo-minimally
secant).

2. For almost any V € My, ¢y is injective.

Proof of Remark 4. We prove only the equivalence for the first pair of statements; the proof is identical
for the second pair.

Since the second property clearly implies the first one, we assume that the first one holds, and show
that it implies the second one. Let Vy € M,, be such that ¢y, is injective.
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Let M;"j C M, be the set of all V’s for which ¢y is injective. We have to show that
Am, (Mp\ M) =0.
We define o
E={V e My, 3e >0, A, (Mp \ M) N B(V,e)) = 0}.

This is an open subset of M,. We observe that V; belongs to £: as ¢y, is injective and V' — ¢y is
continuous, ¢y is injective for V' close enough to Vp, meaning that (M, \ M) N B(Vy,e) = for e >0
small enough. In particular, £ is non-empty.

We now show that £ is closed. Let Vi belong to the closure of £, and let us show that V; € €.

Since M,, is the zero set of the analytic map V € R"*P — A(VVT) —b € R™, whose differential at
any point of M, is surjective ((A,b) is p-regular), M, is an analytic submanifold of R"*?.

For any dy,ds, the set of non-injective matrices in R%*% is a real algebraic manifold (that is, the
set of common zeros of a finite set of polynomials). Since the matrix representing ¢y in any fixed basis
of SP*P has polynomial coordinates in V', the set of all V’s in R™*P for which this map is non-injective
is also a real algebraic manifold in R™*P.

Consequently, around Vi, M, \ M;,”j is the intersection of the analytic submanifold M, with the
zero set of a finite number of polynomials. Two cases can then happen:

e First case: M, \M;,”j coincides with M,, around V;.

e Second case: The intersection of M, \ M;"j with some neighborhood of Vi in M, has measure
zero in M,,.

Because V7 is in the closure of &, the first case can be excluded. We are then in the second case, which
means

Vieé.
We have now seen that £ is non-empty, open and closed in M,. Because M, is connected,
E=M,.
As a consequence, M, — ./\/l;;"j has measure zero in the neighborhood of any point of M,,, implying that

A, (M \ M) =0.

D.2 Proof of Remark 5

Remark (Remark 5). Let (ds)sen be a sequence of positive integers. We assume that
e for any s, C\%) has an extreme point with rank r;
e for any S and p > r, (A@5) bg) is p-regular;

e for any S and p > 2r, M](jdl,...,ds)

is connected and non-empty.
Then the first property below implies the second one:

1. For any S € N* and p > r such that

1 1
PAD L, o gt )

there exists Xo an extreme point of C(¥45) with rank r, and a matriz V € ./\/lédl’”"ds) such that
MS99) o X minimally secant at V.

= 2. For any S € N* and p > 2r such that

p(p+1) < Sr(r+ 1)7
2 - 2

Mz(,dl""’dS) is face reqular.
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Proof of Remark 5. Let us assume that the first property holds, and show that the second one also does.
Let S and p > 2r be such that

p(p+1) < Sr(r+ 1)

- s (D.1)

and let us show that M 45) is face regular. From Remark 4, it is enough to prove that ¢y is injective
for at least one W € Médl""’dS). We set

(dy,....d
p

p=p—r>rand S =5-1

From Equation (D.1),

P +l) oy _pletl) (dDr_ grir+1)
2 2 2 2
From the first property, there exists Xy an extreme point of C(%1:@s') with rank r, and a matrix

Ve Mz(,ﬁil“"’dsl) such that M;ﬁil""’ds') is Xo-minimally secant at V. Let such Xy, V be fixed. From

these two matrices, we now construct W € M;(,dl""’dS)

Let Uy € Rldit+ds)xr 16 guch that

such that ¢y is injective.

Xo = UpUL.

Let also ug € R4*" be such that ugul is an extreme point of C(4s) with rank r (from our hypotheses,
it exists).
We set
o (U2 ) o

Odg xp’ Ug

This matrix belongs to ./\/l](gdl""’ds): For any s < S — 1, because VVT and Xo = UgU{ belong to
C(dl’m,dsq)’

- 1/ - - -
Aa, (Block, (WWT)) = = (Au, (Block,(VVT)) + Ag, (Block, (UUf ))) = b,
and we also have, since upul belongs to clds)

Aq, (Blocks(WWT)) = Ay, (uoul) = b.

Let us show that ¢y is injective. For any T € SP*P_ if we decompose T as

T
r_(f Ta . with Ty € SP="x=1) 7, ¢ Rr*(P=7) Ty ¢ §7XT
T, T3

we have the following relation:

ow (T) = Aa,.....as)(WTWT)

.....

1
= <2A(d1,-~7ds—1)(VT1VT + VTQTU(? + U()TQVT
+ UpoT3UY), Aag (uoT3u0T)>
1 T /2\ /T 2\7 T
= §A(d1,_4,,ds,1)<(v Uo ) ( T )V JrV( 7 ) (V Uo)
+ UOTBUOT),Ads (unguoT)>

1 ~
= <2 (Vv (T1/2,T5) + Agay,...as ) (UoT3U5 ) Adg (U0T3U0T)> .

Let us assume that ¢y (T) = 0, and show that T = 0. First, from the previous expression of ¢w (T'),
we see that Ay, (uoTsul) = 0. This implies that uoTsud = 0 (otherwise, uoul is not an extreme point
of C(ds )) and, as a consequence, that

T3 =0
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(because rank(ug) = r). Therefore, 1y (11/2,T>) = 0. Since ¢y is injective (./\/lz(f,il"“’ds') is Xo-minimally
secant at V),
Ty =0and Ty, = 0.

We have thus shown that all subblocks of T" are zero, hence T' = 0. O

D.3 Proof of Corollary 2

Corollary (Corollary 2). Let us assume that d =1,2 or 3.

If p > 2d is such that
p(p+1) Sd(d+1)

> :
5 TP 2

then, for almost any cost matriz C, all second-order critical points of the Burer-Monteiro factorization
of Problem (SDP-Orthogonal-Cut) are globally optimal.
On the other hand, for any p > d such that

p(p+1)
2

d(d+1
+pd§w’

the set of cost matrices admits a subset with non-zero Lebesgue measure on which
e Problem (SDP-Orthogonal-Cut) has a unique global optimum, which has rank d;

e [ts Burer-Monteiro factorization with rank p has at least one non-optimal second-order critical
point.

Proof of Corollary 2. Let d € {1,2,3} be fixed.

We note that (A, b) is p-regular for any p > d, and M, is connected, unless p = d.

First part of the corollary: It is a direct consequence of Theorem 1; we simply have to check that the
three hypotheses of this theorem hold, for any p, S satisfying the required inequalities. The feasible set
C is closed and bounded in S™*", hence compact, and we have already seen that (A, b) is p-regular for
any p > d, so the first two hypotheses hold true.

The third one (M, is face regular if % <Ss d(dTH)) is more delicate. However, from Remark 5, it
is implied by the following property: For any S € N*,p > d such that

d(d+1
+pd§5%,

p(p+1)

there exists Xy an extreme point of C with rank d, and V' € M, such that M, is Xo-minimally secant
at V.

We will establish this latter property while proving the second part of the corollary, so this concludes
the proof of the first part.

Second part of the corollary: We deduce it from Theorem 2; we simply have to check that the
hypotheses of this theorem hold true.

Let S and p > d be fixed, satisfying the inequality

POt o SUdTY)

We have already seen that (A, b) is p-regular, which is the second hypothesis.

We set
Iq
UO — ( . ) c Rnxd
I

and Xo = UgU{. Then Xj is an extreme point of C with rank d, so the first hypothesis holds.

Let us now check the third hypothesis: We have to find V' such that M, is Xo-minimally secant at
V. We recall that this condition is equivalent to the map ¥y in Equation (2.2) to be injective. It does
not seem obvious to directly establish the injectivity of ¥y, for a given V', but this condition happens to
be implied by another one, easier to manipulate, as stated in the following proposition, whose proof is
in Paragraph D.3.1. (The two conditions are actually equivalent, but we only need an implication.)
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Proposition 10. For any V € M, and k < S, we denote by V}, the k-th d x p block of V. If

{(oﬁd)Ao Oy 1) +;§:1( ) kad),AO,...,ASESdXd}

= S§wtd)x(ptd) (D.2)
then ¥y is injective.
In view of this proposition, we simply have to find matrices V3, ..., Vs € R?*? for which Equality
(D.2) is true, and such that
V< S, WV =1,
Vi
Indeed, setting V' = { : | then produces an element of M, for which vy is injective.
Vs
We did not find a simple construction for Vi, ..., Vs that would not depend on d. Hence, we present
separate constructions for the cases d =1, d =2 and d = 3.
Case d = 1: Let us denote ey, . . ., €, the elements of the canonical basis of R'*?, and define Vi, ..., Voo +p
- 2

such that

. . e t+e . .
{‘/17"'7V%+p} :{@iJSp}U{_eiJSp}U{\/5]J<] Sp}

For % +p <8<, we set Vy arbitrarily, in such a way that V,VI = 1.
Let us show that Condition (D.2) is satisfied. If we denote €1, ..., e, ; the canonical basis of R (P+1)
we have

o Foralli <p, effe; = — (%) (00 1)+ 3 () (1) + 3 (757) (mei 1),
° 6;7_;_1@;+1 — (Oplxl) (olxp 1),
e Foralli <p,efe,, | +efef=73 ({) (e 1)—%(’?) (—eil).

e Forall: < j<p,

/T/ /T/ el +e] eite;
L€ =2 7z ( = 1)

T T
—eiel — € e —2ep+1ep+1

= V2 (el ey +epiael) = V2(ef e +egiaeg)

Span <{(°“1) (ove DIU{(Y) (51}, s)

.....

This implies that

contains {ef’ e} }icpr1U{ef" e +e e} }isj<pra, which is a basis of S+ x(p+1) - Consequently., Condition
(D.2) holds.
Case d=2: We will use the following blocks in our construction:

0O 0 1
Gi=(398).  G=(@D,  G=(% L),

We distinguish depending on the congruency of p modulo 3.
If p=0[3], for any ¢ =1,...,p/3, we set

Wq(l) = (02><3(q—1) G1 O2x(p—3q) ), Wq(Q) = (02><3(q71) G2 025 (p—3q) ) ,

Wq(g’) = (02><3(q—1) G3 O2% (p—3q) ), Wq(4) = (02><3(q—1) G4 Oz (p—3q) ) .
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For any q,¢' € {1,...,p/3} such that ¢ < ¢/, we set

1

X;q), = (02><3(Q*1) G1 Ozx3(q/—q—1) G1 025 (p_3q/) ) /\[2,
2

Xé’;/ - (02><3(q71) Go 02><3(q/7q71) Gs 02><(p73q/) ) /\[27

3
X; q)/ = (02><3(r171) Gy O2><3(q’7q71) G2 02><(p—3q’) ) /\/§

Now we choose Vi, ..., Vg so that {Vi,...,Vs} contains all the Wq(i) and all the X(f)

9"
S p>+5p : ) . . . P2+5p
because there are =t such matrices and our assumption on S is precisely that S > #=F.

With this choice, it is tedious but not difficult to check that any matrix M € SP+2x®+2) that
belongs to the orthogonal of the vector space on the left-hand side of Condition (D.2) is zero, implying
that Condition (D.2) holds. Indeed, if one divides M into (£ + 1)2 blocks as follows,

It is possible

3 3 2
—_—— —_—
3{/ M M » M 541
: : 7
3| M. Mgy  Mgpn
2 { M§+1,1 M§+1,g M§+1,§+1

one immediately sees that Mz 41241 = 02x2, because of the orthogonality to (0‘};2 ) Ag (02xp I2) for any
Ag € §?*2. Then, for any ¢q < £, using the fact that Wq(l), Wq(Q), Wq(g), Wq(4) all belong to {V1,...,Vs},

hence (Wi)T> S (W 14) belongs to the set on the left-hand side of Equation (D.2) for any ¢ < 4,5 €
, one can show that M, , = 03x37Mg+1,q = 02x3 and Mq7§+1 = 03x2. Finally, for any ¢,q" such
that ¢ < ¢ < £, using the fact that Xé};,7X(§’2,J),,X§?(I),
My = My .q = 03x3.

In the case where p = 1[3], we define T/Vq(l)7 T/Vq(Q)7 T/Vq(g)7 Wq(4) and X;qu),7 X;i]),, X(fq)/ as previously, for

any q < %, and any q < ¢’ < %. For q = %, we define six matrices (Wq(z))i=1,_“76 by

S2><2

belong to {Vi,...,Vs}, one can prove that

q
with
1000 0100 _ (0010
Hi=(5180), H2=(3670), Hs=(3006%):
11 o9 0 00 -L -1
0001 _ (2 _ 2 s
Hy=(%000)> H5<0 011), Hﬁ*(ggo 0)
V2 V3 55

And for ¢ < 222, ¢/ = 1 we define the following four matrices:

3 3
Xz;lq)/ = (02><3(q71) G1 O2xp-—3q-4 Hi ) /\@’
Xl,(?,zq)/ = (02><3(q71) G1 02xp—3q—a Hs ) /\/5,
Xé?q)/ = (02x3(q-1) G2 O2xp—3¢—4 H1) /\/57
thfiq)' = (02x3(q-1) G2 O2xp-3¢-1 Hz) /\/5

We choose Vi, ..., Vg so that {V1,..., Vs} contains all Wq(i) and all X;g,. This is possible because, again,

{Wq(i), q,1} U{X (gi)?,, q,q',i} has cardinality ”2%51’ < 5. We conclude as previously, the only difference
being that we have to split M into (% + 1)2 blocks, as follows:

3 4 2
I e
5 ([ M ... M My ooty
. : . |
4| Moy oo Mmoo Maoiry,
2 0\Megin o Megien Meppgegn



Finally7 in the case where p = 2[3], we define Wq(l) Wq@) W(g) W(4) and Xélq)” X;zq),, X(S), as before

for ¢ < 222 and g < ¢ < p 2 Forq= p+ , we define only three matrices (W(l))z_lg’g.

Wq(i) = (Oax(p-2) Ji ),

with
11
n=@9 m=(h). a= (30
V2 V2
Forq<pT_27q’:p—31,weset
X;lq), = (U2><3(q 1) G1 O2xp-_3q-2 J1)/\/§,
Xq(Zq) (02><3(q 1) G2 O2xp—3¢q—2 Jl)/\/é.

We conclude as before.

Case d = 3: This case can be dealt with in the same way as d = 2, but is even more technical. The
easiest thing to do (although maybe not the most elegant one) is to distinguish 12 cases, depending on
the congruency of p modulo 12. To avoid pages of definitions, we only focus on the case where p = 0[12]
and, even in this case, only provide a sketch of proof.

For any ¢ < {5, we define 19 matrices (Wq(i))iglg of size 3 x p, by
Wq(l) = (03><12(q—1) Gi 03 (p—129) ),
for matrices G1,...,G1g 6 R3*12 suitably chosen’.

Then, for any ¢,q" < with ¢ < ¢/, one defines 24 matrices (Xéi)11>i§24

— 12’
X(z) — G/ G//
a9 — (03><12(q—1) i 03><12(q/7q71) i 03)((;0712(1’) ),

for appropriate G}, GY.

In the exact same way as in the case d = 2, one can then check (it is tedious to do by hand, but easy on
a computer), by dividing it into 12 x 12,12 x 3,3 x 12 and 3 x 3 blocks, that any matrix M € SP+3)x(»+3)
belonging to the orthogonal of the vector space on the left-hand side of Condition (D.2) is zero, meaning
that Condition (D.2) is satisfied. O
D.3.1 Proof of Proposition 10

Proposition (Proposition 10). For any V € M, and k < S, we denote by Vj, the k-th d x p block of V.
If

S
{ (01}2d)140(0’1><17 I'i)"'z (‘;{)Ak(v’f Id)’A07""AS ESdXd}
k=1
= Sprd)x(p+d) (D.3)

then vy is injective.
Proof of Proposition 10. We recall that vy is the map
Yy : (T, R) € SP*P x R4XP
A ((V o) (B VT +V(£)T(v UO)T) c RS4(d+1)/2

= A((vu) (2 R) (55»

We define
Gv:Qe€ g(p+d) x (p+d)
T
- (Tsup ((de,o ) Q (Opljd )) A (( VU )Q <ZUT ))) € R(S+Dd(d+1)/2
"For the same reason as in the proof of Remark 4, a “generic” choice of G1,...,G1g such that G;G] = I3 is actually
fine.
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For any T, R, ¥y (T, R) = 0 implies (v ((2RT ROT>>
also.

The map (y is injective if and only if its dual

(0,9v(T,R)) = 0, so, if {y is injective, then 1y

Gy (Ak)ogkes € (RUGTHD/2)(SHY

s
. (oﬁd) T7p(Ao) (Oaxp 1a) + Z (‘?;T) T:p(Ar) (Vi 1a) € SO ()
k=1
is surjective. As Ty, is surjective, the surjectivity of (j; is equivalent to Condition (D.3). O

D.4 Proof of Corollary 3
Corollary (Corollary 3). If p € N is such that

p(p+1)

5 +p>S5,

then, for almost any cost matriz C, all second-order critical points of the Burer-Monteiro factorization
of Problem (SDP-Product) are globally optimal.
On the other hand, for any p € N* such that

1
@_’.pg‘s’

the set of cost matrices admits a subset with non-zero Lebesgue measure on which
e Problem (SDP-Product) has a unique global optimum, which has rank 1;

e [ts Burer-Monteiro factorization with rank p has at least one non-optimal second-order critical
point.

Proof of Corollary 3. The proof of the first part of the corollary is identical to the one in Subsection
D.38, so we prove only the second part. Let us consider p such that

w +p<S. (D.4)

We apply Theorem 2; we simply have to check that its hypotheses are satisfied. Let us define

1 wo,1
0 .
Vs < S,ups = <> e R%*! and U0—< : >6RDX1.

A u
0 0,S

We set Xg = UOUOT . It is an extreme point of C, with rank 1, so the first hypothesis holds true.

The second hypothesis (p-regularity of (A, b)) can be checked in the same way as for MazClut.

Let us turn to the third hypothesis: The existence of V' € M,, at which M, is Xp-minimally secant
(that is, the map ¢y of Equation (2.2) is injective). We are going to deduce it from the reasoning done
for MaxCut (Corollary 1).

For any W € RS*P, we denote ¥{l4*“4¢ the map

¢%ax0ut c (T, R) c SPXP x RlXp

T
1 1

— diag <w : ) (TYwT +w (L)" (w : ) € R%.
i i

While proving Corollary 1 (Subsection D.3, case d = 1), we have seen that, in the MazCut case, the third

hypothesis of Theorem 2 is satisfied when Inequality (D.4) holds. In other words, there exists W € RS*P,

such that diag(WWT) = 1 and ¢{le*Cu is injective.

8Provided that p > 2. When p = 1 (hence also S = 1), we have to check the hypotheses of Theorem 1 by hand, but it
is not difficult.
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Let W be such a matrix. We denote by Wi, ..., Wy its rows, and define

Wy
0dq—1,p

V= :
W
Odg—1,p

With this definition, we observe that, for any (T, R) € SPXP x R1XP,
wV(T) R) — w%(lmcut(T, R)

In particular, as w%‘wcm is injective, 1y is also injective.
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