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Abstract

We construct two staircase rank one transformations whose Cartesian product is
not loosely Bernoulli.

1 Introduction

In this paper we study the loosely Bernoulli property for zero entropy, measure preserving
transformations. Loose Bernoullicity was introduced by J. Feldman, [3]|, and A. Katok,
[6]'. Recall that a zero entropy measure preserving transformation is loosely Bernoulli (LB
for short) if it is isomorphic to a transformation induced from an irrational rotation of the
circle. It follows from [8] that the class of loosely Bernoulli systems is broad: it is closed
under taking factors, compact extensions and inverse limits. Moreover it contains all finite
rank systems. First non-loosely Bernoulli examples were constructed by J. Feldman [3] by a
cutting and stacking method. D. Ornstein, D. Rudolph and B. Weiss [8] constructed a rank

n [6], zero entropy loosely Bernoulli is called standard.



one transformation T such that 7' x T' is not loosely Bernoulli. The example in [8] is based
on Ornstein’s construction in [7] of a class of almost surely mixing rank one transformation
with random spacers. On the other hand, M. Gerber constructed in [4] a mixing rank one
transformation whose Cartesian square is loosely Bernoulli. An algebraic example of a
zero entropy non-loosely Bernoulli transformation comes from the work of M. Ratner, [10],
where it was shown that the Cartesian square of the horocycle flow (on compact quotients)
is not loosely Bernoulli, although horocycle flows are loosely Bernoulli [9]. It was recently
shown in [5] that there exist smooth flows on T? (Kochergin flows) whose Cartesian product
is not loosely Bernoulli (provided that the exponents are different).

In this note we study the loosely Bernoulli property for a natural class of mixing
rank one transformations: staircase rank one systems (mixing for this class was proved
by Adams, [1]). Loose Bernoullicity for products of staircase rank one transformations is
not known. Our main result implies in particular that there exist two staircase rank one
transformations whose product is not loosely Bernoulli.

Our method uses some ideas from [5], but the main mechanism is different: systems
considered in [5] have superlinear (in fact polynomial with degree close to 2) growth, which
is the main source of non-loose Bernoullicity. In our case, the orbit growth is linear and
instead we take crucial advantage from the d-alternation property (see Definition 1.1),
which ensures that the heights of the towers of the two rank one transformations are never
of the same order. Since our argument is essentially based on this assumption, it certainly
does not apply to the case of the Cartesian square of a single rank-one transformation. In
particular, new ideas will be required to answer a famous question by Jean-Paul Thouvenot
whether the Cartesian square of Chacon’s transformation is loosely Bernoulli or not.

1.1 Statement of the main result

T
For a rank one system 7', let (p!)en, (ag’i)fgl and (h1),en denote the sequence of cuts,

spacers and heights respectively (see Section 2.1). For 0 < v < ' < 1 define

Cyry = {T € Rank(1) : there exists n, € N such that for every n > n/,

n,Pn

T T ™| T T . T T VY
Pn € [(hn)'y, (hy)" | sag; > apq fori=2,....py, and a, , < (h,)" } (1)
Notice that if T is a staircase rank one transformation, i.e. ol = i for n € N and

i€ {l,...,pr}, and if pL € [(RL)7, (RI)Y'], then T € C., ..

Definition 1.1 (J-alternating sequences). Fiz d > 0 and let (a,,) and (by,) be two increasing
sequences of positive integers. We say that (by) is (ay)-alternating with exponent § if the
following holds: there exists ng € N such that for every n = ng, if m(n) is unique such that
bin(n) < an < byy(n)+1, then b}rj(i) < a, and altd < b(n)+1- Moreover, (an) and (bn) are
called §-alternating if (ay,) is (by)-alternating with exponent 6 and (by,) is (ay)-alternating
with exponent 9.

For 0 <v <+ <1let

Lo = {(T,8) €Cyy xCyy : (hY) and (hY) are d-alternating} . (2)



Theorem 1. If T is weakly mizing and (T,S) € LYY with § < ~ then T x S is not
loosely Bernoull.

In Subsection 3.2 we will also show the following:

Lemma 1.2. For every T € Cy ., 0 < v <~ < 1/3 there exists a staircase rank one
S € C, /33y such that (T, S) € L3374,

It follows from [2] that staircase rank one transformations are mixing. Therefore,
Theorem 1 together with Lemma 1.2 has the following consequence:

Corollary 1.3. There exist two staircase rank one transformations whose product is not
loosely Bernoulli.

Outline of the proof

A rank one transformation 7 is defined inductively (see Section 2.1) by a sequence of nested
towers (Tm)men. Therefore, there is a natural notion of distance: two points x,y are at
distance ﬁ, if m € N is the largest such that z,y are in the same level of Ty, (see (7)).
To show that a system is not loosely Bernoulli, one needs to show that “typical” points
are not close in the f metric (see Section 2.2), i.e. that for typical points there is no good
matching. For two rank one transformations T and S and typical points (x,y), (/,y) in
the product space, consider some matching of pieces of orbits of length N. One can then
split such a matching into sets A, according to which interval of the form [27%=1 27F)
the maximum over the distances (for T and S) of a given iterate of T' x S belongs (see
(31)). The main goal is to show that the cardinality of A is bounded above by Nk~2
(see Proposition 4.1). Then the fact that the matching is of small cardinality follows by
summing over k.

The main result towards this is Lemma 3.2 which describes how the horizontal distance
behaves under iterates of 1" and S. First, due to the staircase nature of 7" and S, it is
shown that if two points in the same level of 7, but not in the same level of 7,1 reach
the top of T, (which happens before h,,), then their orbits will not be in the same level
of Ty, for time > hi™ (for some & > 0) (see (25)). This is a consequence of the fact that
each time the orbits hit the top they split by a positive shear (due to the staircase nature),
but the only way they could end up in the same level of T, is if they split by > h,,, which
does not happen before h711+2§ (the total amount of shear is to small). The second part
of Lemma 3.2 (see (26)) shows that if z, 2" are in the same level of 7, (not too close to
the top or bottom of 7,), the only way that T?xz and T72’ lie in the same level of T, for
i,j < M2 is when i = j.

We will use Lemma 3.2 for both 7" and S to show that Aj has cardinality < Nk~2,
together with the fact that the sequences of heights are d-alternating. Namely, if z,z’
are at distance % and (y,y’) are at distance ﬁ, (assume without loss of generality that

h%p < h%g), then by (25) (for ), the “vertical” matching (that is, matching (T%x, S'y) with

(T'x', S%)) does not work on Ay, for i € [k, (h3,) %] (it only can work for i € [0, h3)]).
T

On the other hand, using (h3,)! 7% < Z—g (by d-alternation) and (26) for T, the only way

to match (Tz, S%y) with (T2, S7y') in Ay for i,j € [h5, (hs,)'T%] is that i = j, i.e. the



matching has to be vertical. The inconsistency of the matching on [k, (k)1 2%¢] gives the
bound |Ax| < Nk~2.

Acknowledgements: The authors would like to thank Jean-Paul Thouvenot for sev-
eral discussions on the subject, and the anonymous referee for the relevance of his advice
and remarks.

2 Basic definitions

2.1 Rank one maps

Recall that a rank one system is constructed by cutting and stacking: fix a sequence of
cuts (pn)nen and a sequence of spacers (an )i, n € N. We define k1 = 1 and inductively

Pn—1

hn = pnflhnfl + Z An—1, for n > 2. (3)
i=1

The sequence (hy)nen is the sequence of heights. The rank one system 7' is constructed
from the sequences (pp)nen and (an,i)i";, n € N in the following way: we start with the
interval [0, 1] which we cut into py equal intervals (I1)F,. For every i € {1,...,p1} we put
ay,; spacers (extra intervals with the same length as I!) over I}, getting the ith subcolumn.
Then we stack everything over I3, putting the (i 4 1)th subcolumn over the ith subcolumn
for each i = 1,...,p; — 1, and call this new tower T3 (with base I{). The transformation
T on T3 just moves one level up except the last level, where it is not yet defined. Next,
inductively at stage n, we cut the tower 7,, with base IT* into p,, equal subtowers, over the
ith subtower we put a,; spacers and then we stack to get tower 7,41 with base I (see
Figure 1). Finally, the rank one map T is defined almost everywhere, i.e. it is defined
on Too = Upen Tn- Often, if there are more transformations involved, we will write a
superscript T' in the sequences (py), (an,i), (hy) and 7,. In what follows we will always
assume that p, > 1 for every n. This implies that

hp =271 (4)

We also assume below that the total measure of all the spacers is finite:

+o0
S (5

Under this condition, T" preserves a probability measure pr given by the normalized Le-
besgue measure on 7. It is a classical fact, easily seen by a density point argument,
that rank one systems are ergodic with respect to the Lebesgue measure. Hence T' acts on
(Too, B, ur). Moreover, (5) implies the following bound on the sequence of heights: there
exists 1 < K < oo such that for every n € N

n—1 n—1
Hpiéhn<KHpi- (6)
i1 i1
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Figure 1: Step n in the construction of a staircase rank-one transformation 7'. Each point
not on the top of the figure is mapped to the point directly above him. The arrows show
how the subcolumns are stacked together to form 7,41. The figure also shows two points
x, ¥’ in the same level of T, but not in the same level of 7,11, and their images 7"z and
Tr2' for some h, < r < (h,)'*%* as in Lemma 3.2. The points 77z and 7"z’ are not
any more in the same level of 7T, because the corresponding orbits went through different
numbers of spacers.



Indeed, the LHS is immediate from (3). The RHS follows by (5) and (3) since for €, =
ﬁ (2?21 an,;), we have

Pn—1 n—1
E (p—1,; = €p—1 H Di < €n—1Pn—1Nn—1
i—1 i=1

and so by (3)
hin < pn—lhn—l(l + 6n—l)

and recursively
n—1 n—1 n—1
hn < <H<1 +ei)> [Ir: <K& ]w
=1 i=1 i=1

where K := [[7°(1 4 ¢;) < co by (5). This shows (6).
The set of rank one transformations (satisfying (5)) will be denoted by Rank(1).

For n € N and z,y in the same level of T, we define the horizontal distance of x,y,

setting
1

()

dH (1"7 y) = ) (7)
where m = m(x,y) > n is the largest number such that z,y are in one level of T, (i.e.
they are in different levels of 7,,+1). If x,y € T and there is no n such that z,y are in
the same level of T, we set

dp(z,y) = 1.
Observe that if T' € C /, for n large enough we have

W(Th) < w(TD (1+ (D),

and using (4), we get
WT)) 21-0(n?). (8)

2.2 Loosely Bernoulli transformations

We recall the definition of f metric introduced in [3]. For two finite words (over a finite
alphabet) A = aj...a; and B = by...by, a matching between A and B is any pair of strictly
increasing sequences (is, js)7_; such that a;, = b;, for s =1,...r. The f distance between
A and B is defined by

r
f(AvB):l_%a

where r is the maximal cardinality over all matchings between A and B.

Let T : (X,B,u) — (X,B,u) be a measure preserving automorphism. For a finite
partition P = (Py,...P,) of X and an integer N > 1 we denote P(])V(x) = 29...TN_1, Where
x; € {1,...,r} is such that T%(z) € Py, fori =0,..., N — 1.



Definition 2.1. A zero entropy process (T, P) is said to be loosely Bernoulli if for every
e > 0 there exists N. € N and a set A. € B, u(A:) > 1 — ¢, such that for every x,y € A.
and every N > N,

F(P' (), P () < e (9)

A zero entropy automorphism T is loosely Bernoulli (LB for short) if for every finite
measurable partition P, the process (T, P) is loosely Bernoulli.

To prove Theorem 1, in view of Definition 2.1 it is enough to show that there exists
a finite partition P such that the process (T' x S,P) is not LB. Recall that we have an
exhaustive sequence of towers (7,7) and (7,°) for T and S respectively. For n € N let Q,,

be the partition of 7.1 into levels of 7,7 and 7L\ 7,7 (7L \ 7,F is the union of all spacers
at stages > n). Let R, be the analogous partition of 7'0*2 and define P,, := 9,, X R,,. Then
P, is a partition of 7';5 X Tog (in fact, the sequence (P,) converges to the partition into
points). Theorem 1 is a consequence of the following theorem:

Theorem 2. Let T' be weakly mizing and (T,S) € L770 with § < ~. There exists mg
such that the process (T' X S, Pum,) is not LB.

In the following subsections we will state some lemmas which will help us in proving
Theorem 2.

3 Preliminary lemmas

3.1 A combinatorial lemma: lower bound on f

In this section we state a general combinatorial lemma which allows to give a lower bound
on the f distance. Let (is)h_1 and (js)5_; be two increasing sequences of positive integers
in [0, NV].

For M < N and 1 < w < r define

I(M,w) = {s € {1,...1} : iy € [iw,iw + M]} C [0, N]

and
J(M,w)={se{l,...r} : js € [Jw,Jw + M]} C [0, N].

The following property of I(M,w) and J(M,w) is straightforward and will be useful in
the proof of the lemma below: If s > w and s ¢ I(M,w), then

I(M,w)NI(M,s) =1, (10)
and analogously for J(M,w). We have the following lemma:

Lemma 3.1. Let § € (0,1). Let (i5)i_; € [0,N] and (js)i_q € [0, N] be two increasing
sequences of integers for which there exists a number K € N, 8K'7¢ < N such that for
every s=1,...,r

min (|1(K1+5,s)y, \J(K1+5,s)|) < 2K, (11)

AN
then r < e



Proof. Set sy := 1. If [I(K*¢ s1)| = [J(K'*E, s1)|, we set By := J(K*¢ s1) otherwise,
we set By := I(K'*¢ s1). By (11), we have

1By| < 2K.

We then proceed inductively: assume that for some £ > 1 we have constructed 1 = s; <
Sg < +++ < 8¢ <rand subsets By,...,Bpof {1,...,r}. f ByU---UB;={1,...,r}, we
stop here and set v := ¢. Otherwise, we define s,y as the smallest element of {1,...,7}\
BiU---UBy, and By as either (K¢ sp,1) or J(K'*¢ s,,1) (by choosing the set with
the smallest cardinal). By (11), we always have

|Byy1| < 2K.
We go on in this way until we obtain a finite sequence of sets {B;}_;, such that
BiU---UB, ={1,...,r}, (12)
and such that
|Be| = min(|T(K7¢, s0)|, [J (K¢, s0)|) < 2K for every £ € {1,...,v}. (13)

Moreover, if 1 < ¢; < f < v, then sy, ¢ By,. If we further assume that By, =
I(K1* sp,) for h € {1,2} (or By, = J(K'*¢,s,) for h € {1,2}), then by construction
(see also (10))

By, N By, = 0. (14)

v

By pigeonhole principle, there exists a set A C {1,...,v}, with |A] > ¥ and such that
cither for every ¢ € A, By = I(K'*¢,s)), or for every £ € A, By = J(K'*¢,sy). By (14),
the subsets By, ¢ € A correspond to disjoint subintervals of [0, N], each of them of length
K¢ We thus get

v N
3 < 7orTe- (15)
Now, (12), (13) and (15) yield
4N
r<|Bi|+ -+ |By| <2Kv < KE
O

3.2 Proof of Lemma 1.2

Proof of Lemma 1.2: Let (kL) denote the sequence of heights for 7. We will construct a
staircase S € C, /33, such that (T, .5) € LY/3377/4 e, the sequences (hL) and (h5) are
~v/4- alternating. For this, we will show that there exists ng such that for every n > no,
we have

(hS_ )/ < hT and (BI04 < RS, (16)

Fix n < 1/100. Let K7 denote the constant K for 7" in (6). We will first construct
(p?)° so that for n > ng, we have

n—2 1+(i+77)"/ n—1 n—1 14v/4 n—1
(w) <TLor o (chnpf) . o
=1 =1 =1

=1



Then we will show how to derive (16) from (17).
Since T' € C, it follows that for n > nf.,, by (6), we have

n n—1 T4y
Kr [ ol = hiya = ()™ > (H P?) : (18)
i=1 i=1
Set p; = 2 for every n € {1,...,n + 1}. Then (by enlarging n/. if necessary), we have
1 L+ (g +m)y / 1 - Ly P2
II »’ = (2t GE <KT2”T“> < [] »
i=1 =1

(The last inequality by (18) and since pL > 2.) So the left inequality in (17) holds for
n = n/,+3. We then proceed inductively: having defined (p;q )i, so that the left inequality
in (17) holds for n = w + 2, we choose p5 ,; > 2 so that

w wil \M4 wre N\ g
(ng) Pas1 € (KT 11 pz'T) : (H p?) : (19)
i=1 i=1

=1

We explain below why such a choice is always possible. Notice that by (18) for n = w + 2,
we have

w2 . m w1 . 14y
Hpi — | Kr Hpi >
i=1 i=1
o Tl whl /4 w1 .
FTHpi - KTHpi >4Hpia
i=1 i=1

i=1

the last inequality by 1—1—(1;7177)7 > 1+ /4 (recall also that Kp is a fixed constant and
w > n/.+ 3 and n/. can be made sufficiently large with respect to K7.) Moreover, since we
assume that the left inequality in (17) holds for w+2, it follows that 4 H;”:Jrll pl > 4112, Py
Therefore the length of the interval on the right of (19) is at least 4[]}, p¥, and so such
p.1 > 2 always exists.

By (19), the first inequality in (17) is satisfied for n = w + 3, and the second inequality
in (17) holds for n = w + 2. Recursively, it follows that (17) holds for n > ng := n/, + 3.

To guarantee that S is a staircase rank one system we set aii = ¢ for n € N and
i € {1,...,pn}. It remains to show that S € C,/33, and, using (17), that (16) holds.

Notice that by (17), for w > ng, we have

S wHl T w+l T T T
Py < Hi:l p; < Hi:1 D; PwPw+1

= ) 20)
w—1_§ _ 2 = _ 2 w—1_T (
i 7 (H;U=11 piq) (Hi"zf pzT) L=y pi
Since T' € Cy » with 0 <y <+’ < 1/3 and by (6), we get
2! 3y
r o 2 w—1 T T\ 3 ( w—1 .T>
pgpgﬂ . hy hzu+1 . Ky <Hz:1 pz) (Pw) o Ky (1= v (21)

1 S ) S ) S )
| pzT [Ii5, pzT [, pzT IS pzT



10

Notice that (20) and (21) together with the definition of spacers for S and 7' < 1/3 imply
that

Pn

ZH@ 1p'L (; ) ZH’L 1pz
\Z nlS +00,

n=1 le’L

and hence (6) holds for S (with constant Kg). Then, (17) and (6) (for T and for S) ensure
the validity of (16) for n large enough. This proves that (hl) and (h?) are v/4- alternating.

Now it remains to check that S € C. /3 3,/. For this, we will use the following inequality:
for n large enough, using several times (6) and the fact that T € C,, ,/, we get

n+1

T T
hpa < Ko [ [ 1]
i=1
n—1

T T T
= KT Pp+1Pn H b;
=1

< Kr pn+1 P by
< Kp (bl )" ()™
< Kr (KTpn n) (hT)HM{
< KT( hT 1+’Y) hT)1+’Y
_ K% (h )1+2'y +’7'2

)

143
< (hy)"

By (16), it follows that for n large enough, we have

1
Kshs Ks(hT )1H74 KshT / ot
S T omyA T S g S Ksl)™ < ()
n (hn) n

On the other hand, again by (16)

S T 1+~/4 2
h‘n-l—l (hn+1) v/ (ty/4)"—1

B2 e ) T
n+1
Therefore and by (6), for n large enough, we have
ho Kshi :
P € [ h;iLS*] < [Eyr, ms>']. (22)

Using (22) and the definition of spacers for S (S is a staircase transformation) we get that
S € Cy 33y This finishes the proof. O
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3.3 Distribution of points for maps from C, ./

In this section we will do quantitative estimates on recurrence of points. Fix G € C(~,/).
Since GG will be fixed throughout this section, we drop the superscript G and denote by
T, Bn, hy and p, the tower, base, height and the number of cuts at stage n (recall that
Pn € [h%,h%,] for n > ny,). Fori e {1,...,pn}, let T,; C T, denote the column over the
1th cut.

We will construct some subsets of To,, on which we control the dynamics well. First,
we cut off the “boundaries” of T,,: let

fn— %J pn_Lh;YLMJ
=1 U ¢By|n| U Tl (23)
i=| 2] i=(n/")

Notice that since p, > hj for n > nf, and every column has equal measure, we have
pa(FS) > 1 — % for n large enough. Let

- N e, (24)
=N
where nq is such that p(F%) > 1—107°. In particular, if 2 € FY, then = € Ty,,. This will
be used in the statement of the lemma below.
Lemma 3.2. Fiz 0 < ¢ < 100 ' min(y,1 —'). There exists m1 € N such that for every
n > my the following holds: for every x,x' € FC such that dg(z,2") = i (see (7)), for
every r € {hp, hn +1,..., (hn)'F%} for which G"x,G"2' € F&, we have

T T 1
dp (G (2),G"(2)) = + (25)
n— 1
Moreover, for every x,2' € F such that dy(z,2') < ﬁ and for every i,j € {0,...%@},
1 #£ j, we have
. , 1
An(GH(2), G (o)) > = (26)
n—1

Proof. Let n > ny be large enough so that h%/“g < hn/n2, and let z, 2’ € FS be such that
dy(z,2') = hl (see Figure 1). Fix r € {hpn,hn + 1,..., hnt %} for which G"z, G"2 € FC.
Let 0 < ¢1,03 < py, be such that z € T, 4, and 2’ € T, 4,. Since z,2’ € F&% C ES (see
(23)), £1,42 € [h%/4,pn — h%/4]. Notice that r < hrlf% and the height of 7, is h,. By the
definition of F¢ it follows that
Pn
Grz,G"a' ¢ U 7 (27)
i:Pn— 1 UL;YLMJ

Since dy(z,2') = h , we have {1 # {5 (otherwise dy(z,2’) < ﬁ“) Assume without loss

of generality that ¢; < f3. Let £, > {1 be such that G"z € 7T, 4,. Notice that since r > h,
and G"z € F¢ C T, it follows that in fact ¢, > ¢;. Define

lr—1

Wr =Y (G byt — i)

=01
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By G € C,,, using (27) we get that a,¢,—¢, 45 — an; > 0 (the spacers are monotonically

placed). Since £, > /; it follows that w, > 0. Moreover, a,; < h%/ fori € {1,...,pn},
hence

ot ,
w, < (b — 0)h) < ——h) = h] T2 < h, /n?.

n
hn
Let s be such that G"z € G*B,,. Since G"z € FY C FY, we have s > h,,/n?, and it
follows by definition of w, and the fact that w, < s that G"2’ € G5~ B,,. Hence G"x and
G"z are not in the same level of 7, and (25) follows.

For (26), notice that z,2’ € F& C FY (see (23)) and by assumptions x,2’ are in one
level of Ty, i.e. for some s € [Z—S,hn — Z—Z], z,x’ € G°(By,). But by the bounds on s it
follows that for u € {i,j}, we have G¥(z) € G*T*(B,,) (and 0 < s+ u < hy,). Since i # j,
we have s +i # s + j and hence G*(x) and G (z') are in different levels of 7,. This gives
(26). O

For n € Nand z € T, let i, € {0,...,h, — 1} be such that z € G*=(B,,). Define
5]
gt =T\ |J G(B) (28)
i)

Notice that, since G € C, ./, by (8) we have u(D5") =1 — O(n~2). We define

D¢ = () D", (29)

nz=ns

where ng is such that for all z, u(DS) >1—1075.

Lemma 3.3. There exists ma € N such that for every x € FE (see (24)), every 2’ € DS

every n = mo and every i,j € {0, e [ g1 J}, we have

(n+1)*
7 j (o 1
(G (@), B (a) > - (30)
Proof. Let ma := 2max(ni,ng) (where n; and ng are defined just after (24) and (29)

respectively), and fix n > mgy. Let z, 2’ and 4,5 be as in the assumptions of the lemma.
Assume by contradiction that dg (G%(x), G’ (2')) < i By (7) this implies that G*(z) and

GI (') are in the same level of Tp,41. Since x € FY C FZ,; (see (23)) and 0 < i < (21762

, this implies that Gz and G7(2’) are both located i levels above x in 7T,,11. Therefore

and G’~%z’ are in the same level of T, 1. But |j —i| < (:’fﬁg, which contradicts the fact
that 2/ € DS C Dg’nﬂ (see (28)). The contradiction finishes the proof. O

4 A proposition which implies Theorem 2

For the rest of the paper (T,S) € L7790 with 0 < § <7 < ~" < 1 are fixed. Since we deal
with two transformations 7" and S, we will denote the horizontal distance (see (7)) for T'
and S respectively by dy and ds.
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Recall from (24) the sets F'T and F¥. Let ng > 4, and set P := P,,. For (z,y), (v/,9) €
TL x T2, and N € N, consider a matching 6 = (is, js)'_; of P (x,y) and P (z',y') (see
Section 2.2). Then for each k£ € N we define

A y)(y)) = {s € (101} s
(T x S%)(a,y), (T x §%)(',y) € (FT NT,0) x (FPNT%) and
2771 < max (dl(TiSa:,Tjsac'),dQ(Sisy,,Sjsy')) < 2"“}. (31)
(The dependence on ny is only implicit to avoid cumbersome notation.) Notice that by

definition of the partition P, (every product of a level in 7',% with a level in 7;;% is a different
atom), the definition of the horizontal distance and (4), we have for each s € {1,...,r}

. ) . , 1 1 1
S S / S S /
max (dl(Tz x, T72"),da2(S*y, , S7*y )) < max (hgo, h£0> < ST

As ng > 4, for k < 7 we have 27k=1 5 9=no+1l and hence
AG (), y) = 0. (32)
The following proposition implies Theorem 2:

Proposition 4.1. There exist ng > 100, Ng € N and a set B x C C TL x TS, (ur x
ws)(BxC) = 99/100, for which the following holds: for every (x,y) € B x C there exists a
set Dy x Dy € TE < T2, (ur % ps)(Dy x Dy) = 99/100 such that for every (z,y) € B x C,
(@',y') € Dy x Dy and every N > Ny

(P1) for each (z,w) € {(x,y), (z",y)},

[{i € [0,N] : (T2, 8w) € (LN FT) x (T2 nF9)}| > oV

(P2) for every N > Ny, every k € N and every matching 0 = (is, js)'—y of (Png)d (2,9)
and (P ) (2',y'), we have

Ab((z,9) (2, y))| < kﬁ

The proof of Proposition 4.1 is the most technical part of the paper. We will devote a
separate section to its proof. Let us first show how Proposition 4.1 implies Theorem 2.

Proof of Theorem 2. We will prove the following:
Claim: For every (z,y) € B x C, (2/,y') € Dy x D, and every N > Ny, we have

F (o' (2,y), Py’ (2',4/)) = 1/100. (33)

(Here P is the partition Py, where ng is given by Proposition 4.1.) Before we show the
Claim, let us show how it implies the result. Assume by contradiction that the process
(T x S,P) is LB. Let € := 555 and let Ne € N, Ac C TL x T2, (ur % ps)(Ae) > 1 — € be
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from Definition 2.1. Take N > max(Ny, N,). Notice that for every (z,y) € (B x C) N A,
we have

(Dg x Dy) N Ac = 0. (34)
Indeed, if the set above is non-empty, then there exists (z,y) € (B x C)N A, and (2/,y) €
(Dg x Dy) N Ac, but then by (33) and (9)

and this is a contradiction. So (34) holds. This in turn contradicts pup X pug(B x C), up X
ps(Dy x Dy) > 99/100 and pr x pg(Az) = 1 — €. So the proof is finished up to proving
the Claim.

To prove the Claim, we will show that for every matching 6 = (is, j5)"—; of P (z,%)
and P (2/,y'), we have r < 95 Fix any such matching 6 = (i, j;)"_; and let

Hy := {S e{l,....r} : (Thx, S%y), (T72', 8%y € (7:3; NFT) x (’7;50) OFS)},

By (P1) we have [{1,...,7} \ Hy| < 75N, hence the Claim follows by showing that
7

H —N.
[HNl < 15 (3)

Notice that by definition of A}((z,y)(2',y’)), we have

+o0
Hy = U Alg((x,y)(x',y’)).
k=0

Therefore, using (32) and remembering that ng > 100, we get
Hy <Y b)) < D A5 (@ @)
k>no /2 k>50
By (P2), this implies that
1 7
Hy| <N — < —N.
|HN]| > .

This shows (35), which concludes the proof of the Claim and the proof of Theorem 2. [

5 Proof of Proposition 4.1

This section will be devoted to the proof of Proposition 4.1. We will divide the proof into
several steps.

Choice of ng

Recall that (T,5) € £77%. Set £ := min(y,1 — 4/,8)/100. Recall the definitions of
my from Lemma 3.2, my from Lemma 3.3, ny from (24) and n3 from (29)?. We choose
nop > max(mi, mg,ni,n2) large enough so that

MG(IEGO) >1-271 for G e{T,S}.

2All the constants come in two copies: for T and S, for instance we have m? and m? and we define
mi := max(m?, m?). We define all other constants analogously.
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We also assume ng large enough so that some inequalities depending only on £ and § hold
for each k > ng/2 (see (42), (44), (45), (46) and (47)).

Construction of B and C

Since the construction follows similar lines for T and S we will do it simultaneously for
G € {T,S}. Recall the definition of F& from (24). By the ergodic theorem, there exists

a set FeGg, w(FS ) > 1—107% and a number m§ € N such that for every x € FS  and

T erg erg
every N > mg,

){je[o,N—u  Glr e FONTEY > 1 —107YN. (36)

We then define B := FT N FT and C := FS N FS_. We will write this in the product

erg erg*
form:
BxC=(F'nFL) x (F°NFS,). (37)
Notice in particular that (ur x psg)(B x C) = 99/100 as required in Proposition 4.1.
Construction of D, and D,.
We define
D, x Dy := (D} N B) x (Dj NC), (38)

where DI and Dg come from (29) for G = T and G = S respectively (see also (28)).
Notice that (ur x pg)(Dz x Dy) > 99/100 as in the statement of Proposition 4.1.

Definition of Ny and proof of (P1) in Proposition 4.1

Let Np := max(m3,mi), where m§ comes from (36). Notice now that for (z,y) € B x C

and (2/,y') € Dy x Dy C B x C (see (38)) and for N > Ny, (P1) holds since by (36), for
any (z,w) € B x C,

{i€0.N] : (T2, 8'w) € (FT N T0) x (FEN TR0} > <1‘1§4> N.

5.1 Proof of (P2) in Proposition 4.1

Proof. We will use Lemma 3.2, Lemma 3.3 for G = T and G = S and then Lemma
3.1. Fix N > Ny, (z,y) € Bx C and 2/,y € D, x D,. Consider any matching 0 =
(is, js)o—q between (Ppy)d (x,y) and (Pp,)d (¢/,y'), and let k € N. If k& < ng/2, then
Ak((z,y), (2',9)) = 0 (see (32)) and (P2) follows trivially. We therefore assume that
k > n0/2.

Take any s € {1,...,r}NA%((x,y), (z/,y)). To simplify notation, denote x5 = Tz, !, =
TIsz’ and ys = S'y,y, = S’*y/. By definition of A%((x,y), (z/,y')), we have

277 Cmax (dy (2, %), d2(ys, ) <27 (39)
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Let n,m € N be unique such that (h1) ™! = dy(zs, 2) and (h3) ™" = da(ys,v,). We assume
without loss of generality that AL < h2 (notice that, by the d-alternation, we cannot have
hI = k%, and the case hl > hJ is analogous). Then by (39), we have

ok < pl' < oML, (40)
Then, again by the J-alternation and (40) we know that
hS > ok(+9) (41)

We will first show that 28(1+29+3 <« N Indeed, otherwise we would have N < 2k(1+3/50)+3
(recall that & < 6/100). Then by (41) there would exist some n = n(d§) > 0 such that
h¥ > N1 We assume here that ng is sufficiently large so that, for k > ng/2 and any
h > 2k(+9) e have
h 1
—— > hifn. 42
(14 1logy h)? — ] (42)

Since m < 1 + logy hy, by (4), we would have fn—s*g > N. By an application of Lemma 3.3

. S
with y € F®, ¢/ € Df and S’y € ¥ C 7,2, and since 0 < i,, js < N < :T’g, we would get

1 . .
o5 = hays 1) = da(S"y, S7) > 55—,
m m—1
a contradiction. Hence
2k(1+2£)+3 < N. (43)

Let v = v(n) be unique such that
h < hl < hd .

By the d-alternation, since n is large enough and & < /100, we know that

hS
(h)"% < gy and ()T < (44)

Notice that by definition of v and since hl < A5, we have m > v + 1 and therefore
da(ys, vl) = (h5,)~1 < (h5,,)~!. Moreover, ys,y, € F¥ (see (31)). Then, by (26) (for

S
h'u+1

n=uv+1,ys v, and G = S), for every 0 < i,j < (D)% < e #+ 7, we get

) . (44) (40)
do(Si(ye), S (4))) = (hS)™L > (hD) T > 2 htL (45)

(For the last inequality, we also used the fact that k& > ng/2 is large enough.) Hence, if
for some w > s, we have

(s Juw) € [is,is + (hE) 2] X [fs, s + (RE) 2] 0 Af((2,), (2,1))),
then i, —is = juw — js. Indeed, if not then by (45) for i = iy, —is and j = ju — Js

da (Y, Yoy) = da(S™ 7% (ys), S7 77 (y))) > 27FFL,
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This would contradict the definition of A5((z,y), (z/,v")). S0 iy — is = juw — js- Let w > s
be such that iy, — is = ju — js € [AL, (RL)1F%]. By (25) (for G = T and z,, 2, € FT) and
since y, 2!, € FT (see (31)) we get for 7y := iy — is = juw — Js,

(40)
di (T, @) = di (T (25), T () = (b))t > 27F+L (46)

1 1
The last inequality holds because T € C, ./, hence (hI_;)™! > (hI)" ™5 > (hI)”T#2% and
we remember the last inequality in (45). Therefore, if w > s is such that

(iws Juw) € [is + L is + (RD)H%] x [js + BT js + (RT)12]

then by (46), w ¢ Af((z,y)(2",y")).
By (40) it follows that if

(iws ju) € [isyis + 2702 x [fg, s +270F29) € [i, s + ()] x [, s + (hey) ']
is such that w € A%((z,y), (z/,y')), then
by — s = Ju — js < hl < 2F+1,
Let {ws}g;l = Ak ((x,y), (2',y))N{1,...,r} and consider the matching subsequence given
by {iw,s Juws Fom1-
For 0 < M < N and w € {1,...,7"}, consider the sets I(M,w) C {1,...r'} and

J(M,w) C {1,...7"} defined as in Section 3.1. Then by the above reasoning, it follows
that for K = 2*, we have

min (]I(K1+5, s)|, | J(EF, s)y) < 2K.

Since (43) holds, the assumptions of Lemma 3.1 are satisfied, and we get

4N N
A5 (@)@ )] < e < 1 (47)
(The last inequality since k > ng/2 is sufficiently large.) This finishes the proof of (P2)
and therefore also the proof of Proposition 4.1. O
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