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Common mathematical framework for stochastic reverberation models

Roland Badeau?
LTCI, Télécom ParisTech, Université Paris-Saclay,
Image, Data, Signal department (IDS),

46 rue Barrault, 75013 Paris, France ®

In the field of room acoustics, it is well known that reverberation can be character-
ized statistically in a particular region of the time-frequency domain (after the tran-
sition time and above Schroeder’s frequency). Since the 1950s, various formulas have
been established, focusing on particular aspects of reverberation: exponential decay
over time, correlations between frequencies, correlations between sensors at each fre-
quency, and time-frequency distribution. In this paper, we introduce a stochastic
reverberation model, that permits us to retrieve all these well-known results within
a common mathematical framework. To the best of our knowledge, this is the first
time that such a unification work is presented. The benefits are multiple: several
formulas generalizing the classical results are established, that jointly characterize

the spatial, temporal and spectral properties of late reverberation.
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I. INTRODUCTION

When a microphone records a sound produced by an audio source in a room, the received
signal is made of several contributions (Kuttruff, 2014): firstly, the direct sound, that cor-
responds to the direct propagation of the sound wave from the source to the microphone,
then a few early reflections, that are due to the sound wave reflections on the various room
surfaces (walls, floor, ceiling. .. ), and finally the late reverberation: after a time called tran-
sition time (Polack, 1992 1993), reflections are so frequent that they form a continuum and,
because the sound is partially absorbed by the room surfaces at every reflection, the sound
level decays exponentially over time. This phenomenon is called reverberation, and it can be
modeled as the convolution between the source signal and a causal room impulse response
(RIR), made of a few isolated impulses before the transition time, and of a continuous,
exponentially decaying, random process in late reverberation. The Fourier transform of the
RIR is called room frequency response (RFR), and the modal theory (Balian and Bloch,
1970; Maa, 1939; Polack, 2007) shows that its profile is qualitatively similar to that of the
RIR: below a frequency called Schroeder’s frequency, the RFR is made of a few isolated
modes, and above this frequency the modes become so dense that they can be represented

as a continuous random process (Schroeder, 1962 1987; Schroeder and Kuttruff, 1962).

To sum up, reverberation can be modeled as a stochastic process in a rectangular region
of the time-frequency domain (Jot et al., 1997), as depicted in Fig. 1. If in addition the

source and the microphones are located at least a half-wavelength away from the walls,
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then in this time-frequency region, the sound field can generally be approximated as diffuse
(Cremer et al., 1982; Joyce, 1975; Schultz, 1971). Diffusion is a consequence of the reflections
on the room surfaces not being specular (i.e. mirror-like), but rather scattered in various
directions, as represented in Fig. 2. After many reflections, the sound field can be considered

as 1sotropic: the sound waves come uniformly from all directions.
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FIG. 1. Time-frequency profile of reverberation (adapted from (Jot et al., 1997, p. 30) and (Baskind,

2003, p. 20)).

Historically, the first stochastic reverberation model is due to Schroeder (1962) and Moorer

(1979): the RIR at microphone i is

hi(t) = b;(t)e " 1= (1)

where a > 0 and b;(t) is a centered white Gaussian process. Parameter « is related to the

reverberation time 7. in seconds by the equation 7, = ?’IHTOO). The Gaussian distribution of
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b;(t) arises from the central limit theorem: in late reverberation, h;(t) is the sum of many
independent contributions.

Schroeder (1962 1987); Schroeder and Kuttruff (1962) also noticed that the independency
of the samples h;(t) implies that the RFR, defined as their Fourier transform' F,.(f), is a
stationary random process. From (1), he derived several formulas that can be summarized

by expressing the complex autocorrelation function? of Fy, (f):

1

cort [Fp, (f1), Fn,(f2)] = er—ﬁ;b

(2)

Following a similar approach in the spectral domain, under the diffuse field assumption, Cook
et al. (1955) computed the correlation at frequency f between two sensors at distance D

(with ¢ > 0 the speed of sound in the air):

cort [Fu, (f), Fn,(f)] = sinc (Z’TfD) ) (3)

Equation (3) was later generalized to combinations of pressure and velocity sensors (Jacobsen
and Roisin, 2000) and to differential microphones (Elko, 2001).

Finally, Polack (1988) generalized model (1) by assuming that b;(¢) is a centered station-

ary Gaussian process, whose power spectral density (PSD) B(f) has slow variations®. Then

he showed that the Wigner distribution® (Cohen, 1989) of the RIR is

Whiahi (t7 f) = B(f>6_2&t1t20' (4>

In order to account for the fact that the attenuation coefficient o actually depends on

the frequency f, he also proposed an empirical generalization of (4):

Whi,hi (t7 f) = B(f)e_Qa(f)tltZO' (5>

4
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In other respects, based on the billiard theory, Polack (1992° 1993) also showed that
the durations of the various trajectories in a room, from a given source position to the

microphone, are distributed according to a Poisson process (Chiu et al., 2013).

Specular reflection

Room surface

Incident waveform /
/

FIG. 2. Specular vs. diffuse reflection.

In this paper, we propose a unified stochastic model of reverberation, that will permit
us to retrieve all formulas (1) to (4) in a common mathematical framework®, to establish
a link with the Poisson distribution proposed by Polack, and to show how the probability
distribution of the RIR, which is impulsive in early reverberation, converges to the Gaussian
distribution in late reverberation. In addition, this model will also permit us to go deeper
into the description of the statistical properties of the RIR over the space, time and frequency

domains, and to prove several new results.

This paper is structured as follows: Section II presents important mathematical defini-
tions and notation that will be used throughout the paper. Then our general stochastic
reverberation model is introduced in Section III. The statistical properties of this model at
one sensor are investigated in Section [V. The statistical relationships between two sensors

are then analyzed in Section V. The new model is validated experimentally in Section VI,
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by comparing the predicted second order statistics with their estimates from a database of
synthetic RIRs. Finally, some conclusions and perspectives are presented in Section VII. In
order to make the main discussion as clear as possible, all mathematical proofs were moved

to Appendices A to G.

II. MATHEMATICAL DEFINITIONS

N: set of whole numbers

R, C: sets of real and complex numbers, respectively

R, : set of nonnegative real numbers

1 = +/—1: imaginary unit

@ (bold font), z (regular): vector and scalar, respectively

[a,b]: closed interval, including a and b € R

Ja,b[: open interval, excluding a and b € R

e [P(V), where V is a Borel set and p € N\{0}: Lebesgue space of measurable functions

f of support V, such that || f||, = ([, |f(@)]Pdm)? < 400

L>(V'), where V is a Borel set: Lebesgue space of essentially bounded functions f of

support V' (i.e. such that || f|l. = esssupy |f| < +o0)

§: Dirac delta function

||.||l2: Euclidean/Hermitian norm of a vector or a function

6
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Z: complex conjugate of z € C

x| transpose of vector &

S?: unit sphere in R? (82 = {x € R?;||z|] = 1})

E[X]: expected value of a random variable X

dx(0) = E[e?X]: characteristic function of a real random variable X

Covariance of two complex random variables X and Y':
cov[X, V] = E[(X - E[X])(Y — E[Y])]

var[X] = cov[X, X|: variance of a random variable X

Correlation of two complex random variables X and Y':

cov| X, Y]

corr[ X, Y] =
var[X] var[Y]

P(A): Poisson distribution of parameter A > 0:

N ~PA) & P(N=n) =2 & ¢y() = N

n!

sinc(x) = Smx(x): cardinal sine function

1,4: indicator function of a set A (14(z)islifz € Aor 0if = ¢ A)

W(t) = (—t): conjugate and time-reverse of ¢ : R — C

Convolution of two functions ¢4 and i : R — C:

(11 * o) (t) = [, g 1 (u)iha(t — u)du

7
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e Fourier transform of a function ¢ : R — C:
Folf) = Jieg¥®)e®tdt  (f €R) (9)
e Two-sided Laplace transform of a function ¢ : R — C:
Ly(s) = [egb(t)e*'dt (s € C) (10)

e Wigner distribution (a.k.a. Wigner-Ville distribution) of two second-order random

processes 11 (t) and s (t):

W (t, f) = Jgcovlib(t + 5), ¥a(t — 5)le > du. (11)

III. DEFINITION OF THE STOCHASTIC MODEL

The model that we present in this section is based on the source image principle (Allen
and Berkley, 1979; Kuttruff, 2014). As illustrated in Fig. 3 in the case of specular reflections
in a rectangular room®, the trajectory inside the room from the real source to the microphone
is equivalent to a virtual straight trajectory from a so-called source image which is outside
the room. A remarkable property of this principle is that, regardless of the room dimen-
sions, the density of the source images is uniform in the whole space: the number of source
images contained in a given disk, of radius sufficiently larger than the room dimensions, is
approximately invariant under any translation of this disk.

Since we aim to define a general stochastic reverberation model that holds for any room
geometry, based on the billiard theory (Polack, 1992 1993), we will consider that the posi-
tions of the source images are random and uniformly distributed (note that this assumption

8
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FIG. 3. Positions of microphone (plus sign), source (thick point) and source images (other points).
The original room walls are drawn with thick lines. A virtual straight trajectory from one source

image to the microphone is drawn, along with the real trajectory in the original room.

is a fortior: valid in the case of a diffuse sound field, which is uniform). More precisely, given
a Borel set V' C R3 of finite volume |V|, we will assume that the number N(V') of source
images contained in V' follows a Poisson distribution of parameter A|V|: N(V) ~ P(A|V]).
Mathematically, this is formalized through the concept of Poisson random measures with
independent increments: given a non-negative, locally integrable function A(x) on RP, the
Poisson random increment dN(x) ~ P(A(x)dx) corresponds to an infinitesimal volume
|V| = dx. Then for any Borel set V' C RP of finite Lebesgue measure, the number
N(V) = [,dN(x) of points contained in V follows a Poisson distribution of parameter
[y Az)dz: N(V) ~ P([, A(x)dx). In the proposed stochastic reverberation model, we
will consider a spatially uniform distribution of the source images in the 3D-space, so that

p=3and A(x) = X\ > 0 is constant.

In other respects, we will assume that the sound waves undergo an exponential attenu-

ation along their trajectories, that is due to the multiple reflections on the room surfaces
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and to the propagation in the air. In this paper we focus on the case of omnidirectional
microphones, so we will further assume that this attenuation is isotropic (in accordance with
the diffuse field approximation) and independent of the frequency. It will thus only depend
on the length of the trajectory, as in (Polack, 1988).

Finally, we suppose that several microphones’ indexed by an integer i are placed at
arbitrary positions x; in the room.

We end up with the following model:
hi(t) = [yeps hilt, @) e <ol AN (), (12)

where h;(t) is the RIR at microphone i, a > 0 is the attenuation coefficient (in Hz), and
¢ > 0 is the speed of sound in the air (approximately 340 m/s in usual conditions). The
impulse h;(t, ), propagated from the source image at position x, is modeled as a coherent

sum of monochromatic spherical waves:

, - P e2mf<t7 Hw—fi\l2> ] 1
i(t’m)_/fe]l% (f) ||€I?—£EZH2 f> ( 3)

where A(f) is a linear-phase frequency response (in order to ensure coherence). In Ap-

pendix A, we show that (12) and (13) are equivalent to the following model:

Definition 1 (Unified stochastic reverberation model).
Let A\ >0, T >0, a >0, and ¢ > 0. Let dN(x) be a uniform Poisson random measure on

R3 with independent increments:

dN(x) ~ P(Adx). (14)

10
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Let g(t) € L>([-T,T]), such that

dF,
]:9(0) = Wg

VieR, Ly(a+2urf)>0. (16)

(0) =0, (15)

At any sensor position x; € R®, h;(t) is defined as

Vt € R, hi(t) = e T b(t), (17)

where

- [ afi-7- Iy e .

¢ |z — ill>
Equivalently, the Fourier transform of h;(t) is

2
e—w_fmfﬂw—mi\\z

Fn,(f) = Lyl + sz)emf:r/

g || — x|

dN (). (19)

This definition calls for comments. Firstly, the linear-phase frequency response A(f)

in (13) was parameterized as
A(f) = Ly(a+ 2mf)e 2T, (20)

This technical definition aims to simplify the mathematical developments in the next sec-
tions. Secondly, any function g € L*>°([—T,T1) is such that F,(f) and f — L,(a+ 2ur f) are
smooth, so F,(0), %(O) and L,(a + 2un f) are well-defined. The constraints (15) and (16)
imposed to g are required to prove Lemma 1 and Proposition 2 in Section IV ®. Moreover, the
support of ¢ is chosen so that h;(t) in (17) and b;(¢) in (18) are causal. Thirdly, the existence

of functions ¢ that satisfy these constraints is guaranteed by Lemma 3 in Appendix A.

11
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Now it is time to investigate the properties of this model. In Section IV, we will focus on
one sensor at spatial position @;. Then in Section V, we will analyze the spatial relationships

between two sensors at different positions ; and x;.

IV. STATISTICAL PROPERTIES AT ONE SENSOR

Let us first introduce an equivalent model definition:

Proposition 1 (Equivalent model definition at one sensor). With the same notation as in

Definition 1, we have:

bi(t) = /TGR g (t T f) AN (r) (21)

& r
7o<+217rf7‘
Fin(f) = Ly(a + 2m f)e 2T / " ane )
T€R+
where dN (1) are independent Poisson increments on R :
dN (r) ~ P(4m\ridr). (23)

Proposition 1 is proved in Appendix A. Let us now investigate the statistical properties

of this model:
Lemma 1. The random process b;(t) introduced in Definition 1 is such that ¥Vt > 2T,

1. bi(t) is a centered wide sense stationary (WSS) process ?, of autocovariance function
V1 € R, (1) = cov[b;(t + 7),b;(t)] = 4w e (g * g)(T), (24)

autocorrelation function

(g *9)(7)

V1 € R, (1) = corr[b;(t + 1), b;(t)] = I

, (25)

12
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and power spectral density

Vf €R, B(f) = Fr(f) = 4rxe|F,(f)*.

(26)

2. Whent — +o0 (i.e. t>T), b;(t) converges in law to a stationary Gaussian process.

Lemma 1 is proved in Appendix C.

Proposition 2 (Statistical properties at one sensor position). With the notation introduced

in Lemma 1, the reverberation model in Definition 1 has the following properties:

1. First order moments:

e in the spectral domain:

_ATAELg(o+ 2w f) e 2T

Vf S IR7 E[th(f)] (Oé + 227Tf)2

e in the time domain:

Vit > 2T, E[h;(t)] = 0.
2. Second order moments:

e in the spectral domain:

Ve R, var[Fy, (f)] = 2nhe Ly (o + 2 f)?

e~ 2w (fi—f2)T

Vfi, f2 € R, corr[Fp, (f1), Fn,(fo]) = By

e in time domain:
Vt > 2T, var[h;(t)] = 47 c||g||? e~ 2D

th, tg Z 2T7 COI‘I‘[hi(tl), hz(t2>] = ’}/(tl — t2)

13

(28)

(31)

(32)
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e in the time-frequency domain:

Vf € RVt > 2T, Wi (t, f) = B(f) e 201, (33)

3. Asymptotic normality: when t — 400, h;(t) converges in law to a Gaussian process.

Proposition 2 is proved in Appendix D. Note that (26) and (15) show that B(f) is very
flat at f =0: B(0) = Cfi—?(O) = 2B (0) = %(0) = 0. The asymptotic normality is related to
the central limit theorem: when r becomes large, the volume contained between the spheres
of radius » and r + dr increases as r2dr, and so does the number of source images included

in this volume as shown in (23), which leads to the addition of an increasing number of

independent and identically distributed (i.i.d.) random increments dN(x).

This proposition permits us to retrieve most of the classical results listed in the intro-
duction. Firstly, h;(t) is centered for ¢t > 2T (the fact that it is not centered for t € [0, 27
explains why the expected value of the frequency response E[F, (f)] in (27) is not zero).
Secondly, (17) corresponds to Schroeder and Moorer’s model defined in (1) when 7" — 0 (in
this case the process b;(t) becomes white, and it is Gaussian when ¢ > T'), and in the general
case it is equivalent to Polack’s model (Polack, 1988, chap. 1) (b;(t) is a centered stationary
Gaussian process when t > 7). When 7" — 0, (30) reduces to Schroeder’s formula (2),
which was indeed established by assuming that b;(t) is white. Finally, (33) is equivalent
to Polack’s time-frequency model defined in (4). To the best of our knowledge, the other
formulas in Proposition 2 are novel.

14
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V. STATISTICAL PROPERTIES BETWEEN TWO SENSORS

Let us now focus on the relationships between two sensors:

Lemma 2. Let us consider the model in Definition 1 at two positions x; and x; € R®. Let

us define the rectangular window

c
where D = ||x; — x;||2. Then, in addition to the properties listed in Lemma 1, the random

process b(t) = [b;(t),b;(t)]" is also such that
o Vt>2T + %, b(t) is a centered WSS process ?, of cross-autocovariance function
Vr e R, T (1) = covb;(t 4+ 7),b;(t)] = w (1), (35)
cross-autocorrelation function
V1 e R, v;,(T) = corr[bi(t + 7),b;(t)] = w* (), (36)
and cross-power spectral density

Vf eR,Bi;(f) = Fr,,(f) = B(f) sinc(*2). (37)

o Whent — +o0o (i.e. t>T), b(t) converges in law to a stationary Gaussian process.
Lemma 2 is proved in Appendix F.

Proposition 3 (Statistical properties between two sensors).
Let us consider the reverberation model in Definition 1 at two positions x; and x; € R®, and
the rectangular window w(t) defined in (34) with D = ||&; — x;||2. Then, with the notation

15
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a7 introduced i Lemma 1 and in addition to the properties listed in Proposition 2, we also

218 have:
210 e in the spectral domain:
Vhofy € R, conlFa (), o (fa)] = e_%—217r(f1—f2)(T+%)S;nC(ﬂ(fltfz)D) o)
L+ amrs—2
220 e in the time domain:
Vi, to > 2T + 2 corrlhi(th), hy(ta)] = w v (t — t2) (39)
21 e in the time-frequency domain:
VfeR,VE> 2T + 2 W, . (t, f) = B(f)e D sine(2L2). (40)
2 e Asymptotic normality: when t — +o00, h(t) converges in law to a Gaussian process.

223 Proposition 3 is proved in Appendix G. Applying equation (38) to f; = fo = f, we get
2 Cook’s formula (3) when o — 0 (no exponential decay). This formula was indeed originally

»s proved by considering plane waves under a far-field assumption (Cook et al., 1955). Besides,

N

26 equation (39) shows that h;(t) and h;(t) are correlated on a time interval that corresponds
27 to the wave propagation from one sensor to the other. To the best of our knowledge, all

»s formulas in Proposition 3 are novel.

20 VI. SIMULATION RESULTS

230 In Propositions 2 and 3, we have listed several statistical properties of the reverberation

2 model introduced in Definition 1. Some of these properties are already-known experimental

16
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facts, such as the zero mean and asymptotic Gaussianity of late reverberation. In this
section, we aim to experimentally validate the second-order statistics specific to this new
stochastic reverberation model, that were not predicted by the existing models listed in
Section I. Firstly, we note that at the second order, the spectral domain, time domain, and
time-frequency domain formulas in both Propositions 2 and 3 are mutually equivalent; we

can thus focus on the time-frequency domain only. Secondly, from (33) and (40), we get the

D

closed-form expression of the time-frequency correlation: Vf € R, Vi > 2T + 7,

thwhj (tv f)

_ M gine (28R
Whiyhi(t7f) i C( ) (41)

C

Since (33) was already known (Polack, 1988) and since (40) can actually be deduced from (33)
and (41), the novelty regarding the second order statistics of late reverberation in Propo-
sitions 2 and 3 lies in the single equation (41). Therefore we just need to experimentally
validate (41).

For this purpose, we need an experimental setup with the greatest spatial diversity possi-
ble: a high number (typically a thousand) of RIRs, with random source position &, random

T +T;
2

T —T;
D

middle position of the sensors , random orientation of the sensor axis , for a fixed
distance ||&; — x;||2 = D. Because we do not have access to a suitable database of mea-
sured RIRs, we used synthetic RIRs instead. These synthetic RIRs were generated with
the Roomsimove toolbox (Vincent and Campbell, 2008), which is a state-of-the-art RIR
generator based on the source image principle. Roomsimove is dedicated to parallelepipedic
("shoebox”) rooms and applies high-pass filtering above 20 Hz. We used it with the default
physical parameters (humidity: 40%, temperature: 20 °C, speed of sound: ¢ =343 m/s), to

simulate a shoebox room matching the two properties of the classroom described in (Kut-

17
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truff, 2014, p. 84): a volume of 200 m? (the room dimensions are 7.4 m x 9 m x 3 m), and
a reverberation time of 1 s (the absorption coefficient is set to 0.13 for all room surfaces).
For this setup, Schroeder’s frequency is about 140 Hz. In accordance with our stochastic
model, we considered omnidirectional sources and omnidirectional microphones. We thus
generated M = 1000 RIRs sampled at 16 kHz, with random source positions and random
middle positions of the sensors (both uniformly distributed inside the room volume), ran-
dom orientation of the sensor axis (uniformly distributed on the unit sphere), for a fixed

microphone distance D = 20 cm.

8000
6000 7000

4000 5000

3000
Frequency (Hz)

FIG. 4. Time-frequency correlation between sensors of the late RIR

Fig. 4 represents the estimate of the time-frequency correlation (41) that we obtained with
this experimental setup. The Wigner distributions Wi, p,(t, f) and W, s, (t, f) were esti-

mated as W, (1, ) = 57 Sty [ S5 (6 ) and Wa, (8, ) = 57 Sy SE7 (8 DS (8 ),
where S,(:Zl) (t, f) (resp. S,(:_l) (t, f)) is the short time Fourier transform (STFT) of the m'®
generated RIR hz(m) (t) (resp. hg-m) (t)), computed with a 128-sample long Hann window and

18



266

267

268

269

270

271

272

273

274

275

277

JASA /Common mathematical framework for stochastic reverberation models

(a)

T T
— — Ratio fi;(f) (42)
Cook’s formula (3)
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FIG. 5. Correlation between sensors of the late RFR over frequency (a) and over time (b)

an overlap of 64 samples in the time domain. The distributions WhiJh’ (t, f) and Whi,hj (t, f)
obtained in this way are smoothed estimates of Wy, 5, (¢, f) and W, ,(t, f) in the time-
frequency domain (Cohen, 1989). We observe in Fig. 4 that the estimated time-frequency
correlation is noisy but, as expected, it seems approximately constant as a function of time,
and looks like a cardinal sine function as a function of frequency.

In order to accurately compare the frequency variation with Cook’s formula (3), we
computed the ratio p; ;(f) of the projections of the estimated distributions onto the frequency

axis, i.e.

fRWhh (t, f)d
fRWhh (t, f)d

pig(f) = (42)

(represented by the dashed curve in Fig. 5-(a)), which is an estimate of (3) (the cardinal

sine function is represented by the solid curve in Fig. 5-(a)). We can observe a good match

10

between the two curves Finally, the dash-dotted curve in Fig. 5-(b) represents, as a

function of time, the same noisy estimate of the time-frequency correlation as in Fig. 4, at
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a fixed frequency f = 3860 Hz (which corresponds to a local maximum of the cardinal sine
function in Fig. 5-(a)), and the solid curve represents a smoothed (i.e. low-pass filtered)
version of this noisy signal. We can observe that the average time-frequency correlation is

indeed approximately independent of time.

VII. CONCLUSION AND PERSPECTIVES

In this paper, we proposed a new stochastic model of reverberation, that permitted us
to retrieve various well-known results within a common framework. This unification work
resulted in several new results, that jointly characterize the properties of late reverberation in
the space, time, and frequency domains. The most noticeable result in our opinion is (40),
which very simply makes the connection between Polack’s time-frequency model (4) and
Cook’s formula (3).

Although this model was motivated by physical assumptions that only hold in a partic-
ular region of the time-frequency domain (after the transition time and above Schroeder’s
frequency), from a signal processing perspective however, one of its most interesting features
is that it is also applicable before the transition time and below Schroeder’s frequency. In-
deed, since the parameter of the Poisson distribution d/N(r) in (23) increases quadratically
with the distance r, the model permits us to describe both the impulsiveness of the RIR
before the transition time, and its asymptotic normality in late reverberation. However, be-
cause it does not take the exact geometry of the acoustic scene into account (i.e. the room
geometry and the source and sensors positions), it is able to capture neither the accurate
temporal localization in the RIR of the isolated peaks related to early reflections before the
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transition time, nor the spectral localization of the isolated room modes below Schroeder’s
frequency. In practice, this blindness to such fine details does not prevent us to estimate
the model parameters from the full RIRs, in the whole time-frequency domain. The missing
geometrical information can still be recovered afterwards in an ad-hoc manner, for instance
by estimating the Poisson random measure dN(x) given the observed RIRs. Indeed, the
knowledge of dN(x) permits us to identify the spatial positions of the source images, which
carry the geometrical information related to both the early reflections and the room modes.
Finally, we end up with a stochastic model involving very few parameters (a, A, filter g,
and the distances between microphones), that is able to describe reverberation in the whole
time-frequency domain. We thus believe that this model has an interesting potential in a

variety of signal processing applications.

However this reverberation model, as it is presented in this paper, is not yet suitable for
modeling real RIRs. Indeed, one assumption has to be relaxed: the attenuation coefficient
« is not constant but rather depends on frequency in practice, as in Polack’s generalized
time-frequency model (5). In a future paper, we will thus present a generalization of the
proposed model where we will introduce a frequency-varying attenuation coefficient. A
second generalization of this model would be to represent acoustic fields that are not perfectly
diffuse.  Finally, the generalization to directional microphones is straightforward, by using

the same approach as presented in (Elko, 2001).

Our future contributions will also focus on the signal processing aspects of this work: we

will propose a fast algorithm for estimating the parameters of the model in discrete time.
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Finally, our ultimate goal is to investigate the potential of this model in applications such

as source separation, dereverberation, and synthetic reverberation.
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APPENDIX A: PROOFS FOR THE DEFINITION OF THE STOCHASTIC MODEL

The following lemma aims to prove the existence of functions g that satisfy conditions (15)

and (16) in Definition 1.

Lemma 3. Let ¢(t) € L*([0,T]) with T > 0, such that fio p(t)e*dt = ftzo Y(t)e dt =0,
where o € R M. Let g(t) = (¢ * ) (t) e*®T). Then function g satisfies conditions (15)

and (16) in Definition 1.

Proof of Lemma 5. Since 9(t) € L*([0,T]), function g is continuous and bounded. Firstly,
F,(f) = e *TLy(a+ 2um f)Loy(—a + 2 f). Moreover, since 9(t) has finite support, both
functions f +— Ly(—a+2wrf) and f — Ly (a+2n f) are infinitely differentiable. In addition,
Ly(—a) = Ly(a) = 0, which finally proves (15). Secondly, L (a + 2urf) = e 7| F,(f)|?,
which proves (16). O
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We can now derive equations (17), (18) and (19) in Definition 1. By substituting (13)
and (20) into (12), we get

2
B*Lcmf”mfwi”z

AN (z) df

hi(t) = /fER Ly(o+ 2 f )2 (=T) /mR3 T
which shows that h;(t) as defined in (12) is the inverse Fourier transform of (19) and therefore
proves (19). Besides, applying the Fourier transform (9) to (17) also leads to (19), which
proves the equivalence between (17)-(18), and (12)-(13)-(20).

Finally, let us prove Proposition 1.

Proof of Proposition 1. Let dN(r) = [ _c dN(ru). Then (14) implies (23). The change of

€82

variables € = x; + ru with r € Ry and u € 8% in (18) and (19) leads to (21) and (22). [

APPENDIX B: PROPERTIES OF THE POISSON RANDOM MEASURE

The following Proposition 4 characterizes the distribution of the Poisson random mea-
sure introduced in Section III, by providing the closed-form expression of the characteristic

functional of this random measure:

Proposition 4. Let dN(x) be a Poisson random measure on RP with independent incre-
ments: dN(x) ~ P(A(x)dx), where A is a non-negative, locally integrable function. We
consider the stochastic integral I = [)(x)dN(x), where 1 is an essentially bounded real-
valued function with compact support, and its characteristic function ¢;(0) = Ele*®!]. Then

we have
VO € R, ¢;(0) =exp ( / (e?¥(®@) _ 1)A(m)da:) : (B1)
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which yields

+oon

V0 € R, Ino(0 Z — 0"k, (B2)

where Yn € N\{0},

= /w(:c)"A(a:)da: (B3)

is the n-th order cumulant of I. In particular, we get

_ / ¥(@)A(z)d. (B4)

Proof. In the particular case where 1 is the indicator function of a Borel set V' of finite
Lebesgue measure, we have [ = P, A . Therefore (8) yields (B1), because
both members of (B1) are equal to exp(( 1) [, A( ). Consequently, since (B1) holds
for any indicator function and since the increments d/N(x) are assumed independent, it is
easy to show that (B1) also holds for simple functions'?. Following the construction of the
Lebesgue integral, we conclude that (B1) also holds for any essentially bounded function v
with compact support.

Then the Taylor series expansion of the second exponential function in (B1) yields V0 € R,

+0

In ¢; (6 Zn‘en / O(x) Az (B5)
which proves (B2). Note that the permutation of the integral and the sum in (B5) is allowed
thanks to Fubini’s theorem, because Y7 L|0" [ o (x)|"A(z)dw < elllVl= [ A(x)dr <
+00, since v is essentially bounded, V' = support () is compact, and A is locally integrable.
In particular, for n = 1, we get E[I] = k; thus (B3) yields (B4). O
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369 The following Proposition 5 provides the closed-form expression of the joint cumulants

s of two stochastic integrals involving the Poisson random measure:

s Proposition 5. Let dN(x) be a Poisson random measure on RP with independent incre-
w2 ments: dN(x) ~ P(A(x)dx), where A is a non-negative, locally integrable function. We
s consider two stochastic integrals I = [1(x)dN(x) and I, = [s(x)dN(x), where 1y
siaand Yy are essentially bounded real-valued functions with compact support, and their joint

s characteristic function ¢y, 1,(01,0) = E[eX0111+9212] - Then we have

+00 g
V61,60, € R, In(dr,1,(61,02) = Y — = Z ( )Qfﬁg_kmkm_k, (B6)
n=1

s where Yny,ny € N such that nq +nqe > 1,

oning = / ()" ()™ A () da (B7)

w718 the (ny,ny)-th order joint cumulant of (I1,I). In particular, we get

cov|ly, Is] = /wl(:c)wg(a:)A(a:)da:. (B8)
s Proof. By applying (B1) to 6 = 1 and to ¥(x) = 0111 () + Oa1by (), we get VO, 60, € R,
In ¢h,[2(91’ 92) - f(62(91w1(m)+02w2(m)) _ 1)A(m)dw
= 05 L [ (O (@) + botha())" ) dac (B9)

w1 o ()10 [ (@) 4 ()" F A () de,
which proves (B6). Note that the permutation of the integral and the two sums in (B9) is

allowed thanks to Fubini’s theorem, because

Z Z ( )"hl’fwzl""“ / [ (@) [F|s ()" A () da < el el / Al)dz < +oo
n= 1 Vv
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since 11 and 1), are essentially bounded, V' = support(t;) U support(t,) is compact, and A
is locally integrable. In particular, for ny = 1 and ny = 1, we get cov[[y, Is] = k11, thus (B7)

yields (B8). O

APPENDIX C: PROOF OF LEMMA 1
1. Wide sense stationarity
a. First order moments

Considering the Poisson random measure dN(r) defined in (23), equation (B4) in Propo-
sition 4, applied to p = 1 and to function A(r) = 47Ar? defined on R, shows that for
any essentially bounded (possibly complex) function r + ¥ (r) with compact support in
Ry, E[f.cq, ¥(r)dN(r)] = 47X [ g (r)r®dr, which we will rewrite in the symbolic, more

compact form:

E[dN (r)] = 4w Aridr. (C1)

From (C1), since fmm ~IT) lg(w)|(t = T — u)du < +oo (with the change of variable
r+— u =t —T —7), Fubini’s theorem shows that we can permute the mathematical
expectation with the integral over r in (21), leading to:

min(t—T,T)
E[b;(t)] = 47 \c? (/ (t—T - u)g(u)du) : (C2)

=T

Finally, substituting (15) into (C2) shows that V¢ > 2T, E[b;(t)] = 0.
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304 b. Second order moments

205 Considering the Poisson random measure dN(r) defined in (23), equation (B8) in Propo-
6 sition 5, applied to p = 1 and to function A(r) = 47 \r? defined on R, shows that for any

3

©

7 essentially bounded (possibly complex) functions r +— v (r) and r +— 1y(r) with compact

s supports in R, cov |:f7'1€R+ Yy (r1)dN(ry), fT2€R+ wg(rg)dN(rg)] = 4m\ freR+ V1 (r)ahy(r)ridr,

3

©

30 which we will rewrite in the symbolic, more compact form:
cov[dN(r1),dN(re)] = 4w §(ry — 11)riradridrs. (C3)

400 From (C3), since [, g lg(u + 7) g(u)|du < +oo (with the change of variable 7 — u =

w1 t—T—1), Fubini’s theorem shows that we can permute the mathematical expectation with

w2 the integral over r in (21), leading to (24), which jointly proves both (25) and (26).

403 2. Asymptotic normality

404 From (21), b;(t) can be written as the stochastic integral I in Proposition 4, applied to

ws p =1, to function A(r) = 47 Ar? defined on R, and to ¢(r) = 90T Then (B2) yields

r

V0 € R, In(d,(0) = (Zz!)nw) (C4)

ws where £, () is the n-th order cumulant of b;(t), whose expression is given by (B3):

Kn(t) = 47r)\/ g (t -T— i>n 2 "dr. (Ch)
reRy c

The change of variables r = ¢(t — T — ) in (C5) implies
T
9227, k() = 4" [ gl (=T -0
u=—T
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Therefore, Vn > 2, Vt > 2T,

4\ fuT:_T lg(w)|™du
(t — 272 '

()] < (C6)

Let £ > 0. Substituting (C6) into (C4), we get: Vt > (2 + )T,

i W (6)
T 0g(u) 2 |0g(w) ™
where 9(6) = 4w \(ecT)? fusz (e| | > et ) du.
n=0

Therefore the characteristic function of b;(¢) converges pointwise to that of the normal
distribution when ¢ — 400, which proves that b;(t) is asymptotically normally distributed.
In the same way, it can be proved'® that the random variables b;(t +t;) ... b;(t + tx) for all
K € Nand t, t;...tx € R are jointly normally distributed when t — 400 and t;...tx are

fixed, which shows that b;(¢) converges in law to a stationary Gaussian process.

APPENDIX D: PROOF OF PROPOSITION 2

1. First order moments

From (C1), since [ e~ e"rdr < +o0o, Fubini’s theorem shows that we can permute the
reRy
mathematical expectation with the integral over r in (22), leading to (27). Besides, since

E[b;(t)] = 0 as shown in Lemma 1, equation (17) implies (28).

28
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419 2. Second order moments

420 a. In the spectral domain

a2 From (C3), since [ e~ "dr < 400, Fubini’s theorem shows that we can permute the
reRy

«2 mathematical expectation with the integral over r in (22), leading to:

cov[Fn, (f1), Fn,(f2)] = 2mAe Ly(a + 2um f1) Ly + QZﬂfg)%. (D1)

w23 Equation (D1) implies both (29) and (30).

424 b. In the time domain

425 Equations (24) and (17) imply both (31) and (32).

426 c. In the time-frequency domain

Finally, from (C3) and (17), since

/UER /TERJr

«7  Fubini’s theorem shows that we can permute the mathematical expectation with the integrals

drdu < 400,

g<t—|—§—T——>g<t—§—T——)

C C

28 over 1 in (21) and over w in (11) (with ¢4 = ¢y = h;), leading to:

Wi (£, f) = dmre-200-T) / t—T-" fyar (D2)
reRy c
a0 where
_ g . E —2urr fu —
1) = [ a(t+5)a(t=3) e an =Wy, (D3)
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In order to conclude, we will use two properties of the Wigner distribution. Firstly, the
time support of W, , is the same as that of g. Secondly, the projection property shows
that [, Wyg(t, f)dt = |Fy(f)>. Therefore substituting (D3) and (26) into (D2) finally

implies (33).

3. Asymptotic normality

Since b;(t) converges in law to a stationary Gaussian process as shown in Lemma 1,

equation (17) shows that h;(t) converges in law to a Gaussian process.

APPENDIX E: GEOMETRY WITH TWO MICROPHONES

Let ;, ¢; € R3. Let £,& : Ry — C. In the next sections, we will have to compute

several integrals of the form:

Jee, — /e]R3 ulllz — zil2) (2 — zjll2) , (1)

|l — 2|2 ||33—93j||2

FIG. 6. Geometry with two microphones at «;, ; and a source image at x.

To compute such an integral, we will use the spherical coordinates (r, 0, ¢), as illustrated
in Fig. 6, where ¢ = 0 corresponds to the direction of vector «; — x;, and the origin of the
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coordinates is the middle of the line segment [x;, x;] (so that % = 0 as represented in
Fig. 6). We thus get & = [rsin(0) cos(), r sin() sin(y), 7 cos(#)] " and dz = r’dr sin(0)d0de,

with r € Ry, 0 € [0, 7] and ¢ € [0, 27]. Moreover, as can be seen in Fig. 6, we have

o |l —axil2 = \/r2 + DTZ + 7D cos(0),

o |lx—xjlls = \/r2 + %2 — 1D cos(0).

By substitution into (E1), we get

| 5 D?
r24+ +rDcos(0)> < r2+ 1 —TDCOS(9)>
Jfl £ — 27T/ /0 .

2
r2+—+rD cos(6) \/r2+DT7rD cos(6)

rdrsin(6)d6. (E2)

Finally, we make a last change of variables, that is also illustrated in Fig. 6:

2 2
p = lz—zill2+|lo—wjll2 _ \/7‘2+DT+7‘DCOS(9)+\/7’2+DT—T’DCOS(9)
= 5 = 5 ’

v = & @ills — [l — @]l = \/r2 + B2 + rDcos(6) — \/r2 + B2 — rDcos(6),
which is such that p € [2,+00[, v € [-D, D], and

r2dr sin(6)do _ dpdv
\/7”2 +22 4D cos(9>\/7"2 + 4 —rD cos(0) - b
4 4

Equation (E2) thus becomes
re=g [ [ ol 5) el g &
5
APPENDIX F: PROOF OF LEMMA 2
1. Wide sense stationarity

Considering the Poisson random measure d/N(x) defined in (14), equation (B8) in Propo-
sition 5, applied to p = 3 and to the constant function A(x) = A, shows that for any
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w3 essentially bounded (possibly complex) functions @ — ¢4 (x) and @ — 19(x) with compact

s supports in R, cov [fw1€R3 Ui(x1)dN (1), [, cpo wg(mg)dN<$2>:| = A [ocps Y1() () de,

»ss which we will rewrite in the symbolic, more compact form:
COV[dN(ZL’l), dN(iBQ)] = )\5(332 — ml)dmldmg. (F].)

From (F'1), since

‘g (t1 7 ||m—mi||z> p <t2 _T_ Hw—fchz)‘
/:ce]R3

dx < 400,
| — 24| 2||2 — zj|l

ss6  Fubini’s theorem shows that we can permute the mathematical expectation with the integral
s7 over x in (18), leading to:

cov[bi(t1), by(t2)] = Me, (F2)

s where &(r) =g (61 =T —1), &(r) =g (to — T — L), and Jg, ¢, was defined in (E1). Then

0 substituting (E3) into (F'2) shows that

+oo
covlbs(t1), by (t2)] = 4\ / It —T 2.t~ T — 2)dp (F3)
=3
460 Where
1 D
I(tl,tQ)zﬁ/_ g(ti— %) g (t2+ %) dv. (F4)
v=—D

w1 With v = cu, substituting (34) into (F4) proves that

I(ti,1s) = / L <t1 - g) g <t2 + g) w(u)du. (F5)

w2 Substituting (F5) into (F3) proves (35), which with (25) implies (36). Moreover, applying
3 the Fourier transform (9) to (35) and substituting (26) leads to (37).
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2. Asymptotic normality

Let b(t) = [bi(t),b;(t)]". From (18), b;(t) (resp. b;(t)) can be written as the stochastic

integral I; (resp. I) in Proposition 5, applied to p = 3, to the constant function A(x) = A,

g(t—T— M) g(t—T— M)

and to ’Lpl (a:) W and wg( ) W Then (B()) y1€ldS
+oo g n n
vel) 02 € Rv 1n<¢b(t) (017 62)) = Zl E p— (kf) Qfeg_kﬁk,n—k(t) (F6>

where Ky, n,(t) is the (ny, ng)-th order cumulant of b(t), whose expression is given by (B7):

Knyng <t> = )‘J§17§27 (F7)
—_r_r)\" _p_r\\"2
where & (r) = (g(tw#, &(r) = <g(trn+§)), and Jg, ¢, was defined in (E1).

Then substituting (E3) into (F7) shows that

_2m +OO/D <g<t_T_p+c;>)m<9<t_T_p_cg>>mdpdu. (FS)
v=—D

Knyno(t) =
0= ) PRI (=3

p=

The change of variables p = ¢(t — T — u) and v = cw in (F8) implies that V¢ > 2T + 2,

D

T2 T+2% < u—v n1
Fonymg (1) = 2)‘—/ /: ( (9 (u—3%)) (9 (u+ )i dudw.

D w=—T-2 p(t—=T—-u+g)mt{t—-T—u— g1

Therefore Vny + ny > 2, Vt > 2T + %,

g g )" o ()| dud
< 2\t w=—T-L2 Jy=—2D g 5 glu+3 udw
|I{n1,n2(t)| B D (t — 2T)n1+n2—2

(F9)

Substituting (F9) into (F6), we get Vt > 27T + 2,

1
—amy VOt 2.0

2 n
"
In () (0) ZE ( )len o (t)] <

n=1 k=0
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) dudw.

Therefore the characteristic function of b(t) converges pointwise to that of the normal

where

E24 0 u— 0 u ulw
w(91,92) — 27T)\CD2f +26 - 5 €| 19( )|+| 29 +7 —Zn o (’919( )‘;l@zq( +2)

D —_——
—T— w=—=

distribution when t — 400, which proves that b(t) is asymptotically normally distributed.
In the same way, it can be proved'® that the random variables b(t + t;)...b(t + t) for all
K e Nand t,t;...tx € R are jointly normally distributed when t — 400 and ¢ ...tx are

fixed, which proves that b(t) converges in law to a stationary Gaussian process.

APPENDIX G: PROOF OF PROPOSITION 3
1. In the spectral domain

From (F'1), since

e~ cllz—=mil2 o= llo—z;ll2
/ dx < 400,
g || — 2 ||z — 252

Fubini’s theorem shows that we can permute the mathematical expectation with the integral

over x in (19), leading to:

cov[Fn, (f1), Fh, (fo)] = Ay + 2um f1) Lyl + 227Tf2)e_2”(f1_fZ)TJ&@, (G1)
a+2z7'rf1 a+217 fo .
where (1) = e7 < 7, &(r) = e ¢ 7, and Jg, ¢, was defined in (E1). Then equa-

tion (E3) shows that

“+o0 (i fo) D e 7a+27f(f1—f2)D
a+m(f1—f2 1+ e c
Je e, = 2 e 2 c °d / eI ”dv = 27c sine (222 D) |
1,82 D / P a+27r(f1 _ f2) ( 2¢ )
D v=—D
=7

(G2)
By substituting (G2) and (29) into (G1), we finally get (38).
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488 2. In the time domain

489 Equations (17) and (35) prove that

covlhi(tr), hj(t2)] = A e 2052 =Ty gxg(t—ta). (G3)

w0 Finally, substituting (31) and (25) into (G3) implies (39).

401 3. In the time-frequency domain
Finally, from (F'1) and (17), since

dxdu < 400,

_ == u lz—=;|
[ ey
u€R JzeR3

& — @3|af|2 — ;]2

22 Fubini’s theorem shows that we can permute the mathematical expectation with the integrals

w3 over x in (18) and over w in (11) (with ¢y = h; and 9 = h;), leading to:
Wi (t£) = 20 [ g el (G4)
R

w where &i(r)=g(t+%—-T—-1), &(r)=g(t—%—T—1), and Jg, ¢, was defined in (E1).

495 Then substituting (E3) into (G4) shows that

+o0o D
Wi (t.£) = 2550 [ [ 1=~ 2. g o)dpac (G5)
p=% v=—D
496 With
I(t, f,v) = / Rg (t + 35— 2%) g (t -5+ i) e~ 2y, = efszEWg,g (t, f), (G6)
ue

w7 where W, 4(t, f) was expressed in (D3), and we have used the change of variable u' = u — 2.
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In order to conclude, we will use the two properties of the Wigner distribution that
we already used in Appendix D 2c. Firstly, the time support of W, , is the same as that
of g. Secondly, [, Wy4(t, f)dt = |F4(f)|*. Substituting (G6) and (26) into (G5) finally

implies (40).

4. Asymptotic normality

Since b(t) converges in law to a stationary Gaussian process as shown in Lemma 2

equation (17) shows that h(t) converges in law to a Gaussian process.

IThe Fourier transform is defined in equation (9).

2The correlation of two complex random variables is defined in equation (7).
3Note that in this case, F3,(f) is no longer a stationary process.

4The Wigner distribution is defined in equation (11).

A straightforward generalization of this model will also permit us to prove (5), that will be presented in a

future paper .

6Fig. 3 illustrates the source image principle in 2D-space for convenience, but of course our model will be

defined in the 3D-space.

"For the sake of simplicity, we will focus on the case of two microphones; the generalization to an arbitrary

number of microphones is straightforward.

8More precisely, (15) is required to prove that the random processes b;(t) and h;(t) are centered after a

given time (cf. Appendix C1a), and (16) enforces the nonnegativity of Lg(cv+ 2urrf) in (20), which makes
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the filter A(f) linear-phase, and which is required to get an expression (30) of corr[Fy,(f1), Fn,(f2]) in
Proposition 2 that simplifies to Schroeder’s equation (2) when T' — 0.

9A WSS process is a random process with finite second order moments, whose mean and covariances are

invariant with respect to any translation of time.

10 Actually, the reader may notice that the magnitudes of the extrema of the dashed curve provided by (42)
are slightly lower than those of the solid curve given by Cook’s formula (3). This difference is due to the way
Wigner distributions are estimated: the STFT produces estimated time-frequency distributions Whi,hi t, f)
and W\hhh ;(t, f) that are smoothed both in time and frequency. Therefore the estimate (42) is the ratio
between two spectra that are both smoothed in frequency, which explains the deviations between the two

curves in Fig. 5-(a).

1 An example of function 1 (t) satisfying the conditions in Lemma 3 is

() = ((a2 + 4;;) Cos (2T77t> — a2> Lio,7) (1)

12A simple function is defined as a linear combination of indicator functions of measurable sets.

13The proof is the same and it is omitted here for the sake of conciseness.
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