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INVERSE MOVING SOURCE PROBLEMS IN ELECTRODYNAMICS

GUANGHUI HU, YAVAR KIAN, PEIJUN LI, AND YUE ZHAO

ABSTRACT. This paper is concerned with the uniqueness on two inverse moving source problems in electrody-
namics with partial boundary data. We show that (1) if the temporal source function is compactly supported, then
the spatial source profile function or the orbit function can be uniquely determined by the tangential trace of the
electric field measured on part of a sphere; (2) if the temporal function is given by a Dirac distribution, then the
impulsive time point and the source location can be uniquely determined at four receivers on a sphere.

1. INTRODUCTION
Consider the time-dependent Maxwell equation for the electric field E in a homogeneous medium
O?E(x,t) +V x (V x E(x,t)) = F(x,t), £cR3 t>0, (1.1)
which is supplemented by the homogeneous initial conditions
E(x,0) = 9,E(x,0) =0, xcR3 (1.2)

We assume that the electrodynamic field is excited by a moving point source radiating over a finite time
period. Specifically, the source function F' is assumed to be given in the following form

F(x,t) = J(x —a(l)) g(1),

where J : R® — R3 is the source profile function, g : Ry — R the temporal function, and a : R, —
R3 is the orbit function of the moving source. Hence the source term is assumed to be a product of the
spatially moving source function J (x —a(t)) and the temporal function g(t). Physically, the spatially moving
source function can be thought as an approximation of a pulsed signal which is transmitted by a moving
antenna, whereas the temporal function is usually used to model the evolution of source magnitude in time.
Throughout, we make the following assumptions:

(1) The profile function J (x) is compactly supported in B, := {x : || < R} for some R > 0;

(2) The source radiates only over a finite time period [0, 7p] for some Ty > 0, i.e., g(t) = 0 for t > Tj
and t < 0;

(3) The source moves in a bounded domain, i.e., |a(t)| < R; forall £ € R, and some R; > 0.

These assumptions imply that the source term F' is supported in Bg x (0,7p) for R > R + R;. Unless
otherwise stated, we always take T' := Ty + R + Ry + Rand set T := {x € R? : |x| = R}. Denote by v
the unit normal vector on I' and let I' C I'z be an open subset with a positive Lebesgue measure.

We study the inverse moving source problems of determining the profile function J(x) and the orbit
function a(t) from boundary measurements of the tangential trace of the electric field over a finite time
interval, E(x,t) X v|py(o 1] Specifically, we consider the following two inverse problems:

(i) IP1. Assume that a(t) is known, the inverse problem is to determine J from the measurement
E(z,t) xv,x et € (0,7T).

(ii) IP2. Assume that J is a known vector function, the inverse problem is to determine a(t),t € (0,Tp)
from the measurement E(x,t) x v,z € I';t € (0,7T).

The IP1 is a linear inverse problem, whereas the IP2 is a nonlinear inverse problem. The time-dependent
inverse source problems have attracted considerable attention [2,/10,/13}[14},/17,/18},22]]. However, the inverse
moving source problems are rarely studied for the wave propagation. We refer to [[7]] on the inverse moving
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source problems by using the time-reversal method and to [19,[20] for the inverse problems of moving ob-
stacles. numerical methods can be found in [[15,21] to identify the orbit of a moving acoustic point source.
To the best of our knowledge, the uniqueness result is not available for the inverse moving source problem,
which is the focuse of this paper.

Recently, a Fourier method was proposed for solving inverse source problems for the time-dependent
Lamé system [3]] and the Maxwell system [[8]], where the source term is assumed to be the product of a spatial
function and a temporal function. These work were motivated by the studies on the uniqueness and increasing
stability in recovering compactly supported source terms with multiple frequency data [4-6L/11}/12,23}[23]].
It is known that there is no uniqueness for the inverse source problems with a single frequency data due to
the existence of non-radiating sources [1[]. In [3,[8], the idea was to use the Fourier transform and combine
with Huygens’ principle to reduce the time-dependent inverse problem into an inverse problem in the Fourier
domain with multi-frequency data. The idea was further extended in [9] to handle the time-dependent source
problems in elastodynamics where the uniqueness and stability were studied.

In this paper, we use partial boundary measurements of dynamical Dirichlet data over a finite time interval
to recover either the source profile function or the orbit function. In Sections[3|and[4.2] we show that the ideas
of [3,/8]] and [9] can be used to recover the source profile function as well as the moving trajectory which lies
on a flat surface. For general moving orbit functions, we apply the moment theory to deduce the uniqueness
under a priori assumptions on the path of the moving source, see Section[d.1 When the compactly supported
temporal function shrinks to a Dirac distribution, we show in Section[5]that the data measured at four discrete
receivers on a sphere is sufficient to uniquely determine the impulsive time point and to the source location.
This work is a nontrivial extension of the Fourier approach from recovering the spatial sources to recovering
the orbit functions. The latter is nonlinear and more difficult to handle.

The rest of the paper is organized as follows. In Section[2] we present some preliminary results concerning
the regularity and well-posedness of the direct problem. Sections [3] and [4] are devoted to the uniqueness of
IP1 and IP2, respectively. In Section[5] we show the uniqueness to recover a Dirac distribution of the source
function by using a finite number of receivers.

2. THE DIRECT PROBLEM

In addition to those assumptions given in the previous section, we give some additional conditions on the
source functions:

Jec H3R?), divJ=0in R* gecCYR,), acC'(R,).

It follows from [1]] that any source function can be decomposed into a sum of radiating and non-radiating
parts. The non-radiating part cannot be determined and gives rise to the non-uniqueness issue. By the
divergence-free condition of J, we eliminate non-radiating sources in order to ensure the uniqueness of the
inverse problem. Since the source term J has a compact support in B x (0,7"), we may show the following
result by Huygens’ principle.

Lemma 2.1. It holds that E(x,t) = 0 forall x € Br,t > T.

The proof of Lemma is similar to that of Lemma 2.1 in [8]]. It states that the electric field E over
Bpr, must vanish after time 7'. This property of the electric field plays an important role in the mathematical
justification of the Fourier approach.

Noting V - J = 0, taking the divergence on both sides of (I.I)), and using the initial conditions (I.2)), we
have

O}V -E(x,t)) =0, xR t>0
and
V.-E(x,0) =0,V - E(x,0)) =0.
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Therefore, V - E(z,t) = 0 forall z € R3 and ¢ > 0. In view of the identify V x Vx = —A + VV, we
obtain from (I.1)—(1.2) that

O?E(x,t) — AE(z,t) = J(z — a(t))g(t), x€R3, >0, @.1)

E(x,0) = 0, E(x,0) =0, z € R3. '
We briefly introduce some notation on functional spaces with the time variable. Given the Banach space
X with norm || - || x, the space C'([0,T]; X) consists of all continuous functions f : [0,7] — X with the

norm

flleqomx) = mas 1)l lx-

The Sobolev space W™P(0,T; X), where both m and p are positive integers such that 1 < m < oo,1 <
p < oo, comprises all functions f € L2(0,T; X) such that 9 f, k = 0,1,2,--- ,m exist in the weak sense
and belong to LP(0,T"; X'). The norm of W™P(0,T; X) is given by

1/p
1 ooz = (/ > Ik s Hp) .
Denote H™ = W™?2,

Now we state the regularity of the solution for the initial value problem (2.I). The proof follows similar
arguments to the proof of Lemma 2.3 in [8]] by taking p = 2.

Lemma 2.2. The initial value problem admits a unique solution
EcC0,T; H}R*)>NH™(0,T; H* *“"Y(R?)?, a=1,2,3,
which satisfies
| Ellcio.r;m3®s))3 + 1Bl 0,05 m2-m+1®3))3 < Cllgll 20,0 1 | 52 (33

where C' is a positive constant depending on R.

Applying the Sobolev imbedding theorem, it follows from Lemma [2.2] that

E € C([0,T); H*(R*))® n C*([0, T); L*(R%))>.

Denote by I the 3-by-3 identity matrix and by H the Heaviside step function. Recall the Green tensor

G(z, t) to the Maxwell system (see e.g., [8]])

G, t) = Zl;m'a’(m - VVT<4771|m|H(|‘”’ 1),
which satisfies

PG (x,t) + V x (V x G(z,t)) = —6(t)d(x) T
with the homogeneous initial conditions:

G(x,0) = 0,G(x,0) =0, |x| #0.
Taking the Fourier transform of G(x, t) with respect to the time variable yields
Gz, k) = (g(x, k)L + %VVTg(ac, H)), (2.2)
which is known as the Green tensor to the reduced time-harmonic Maxwell system with the wavenumber «.
Here g is the fundamental solution of the three-dimensional Helmholtz equation and is given by
1 ei”|‘”|

It is clearly to verify that G(x, ) satisfies
V x (VxG)—rk’G=d(x)l, =ecR3 |z|£0.
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3. DETERMINATION OF THE SOURCE PROFILE FUNCTION

In this section we consider IP1. Below we state the uniqueness result. The idea of the proof is to adopt the
Fourier approach of [8]] to the case of a moving point source.

Theorem 3.1. Suppose that the orbit function a is given and that fOTO g(t)dt # 0. Then the source profile
function J(x) can be uniquely determined by the partial data set {E(x,t) x v:x € 't € (0,T)}.

Proof. Assume that there are two functions J; and J5 which satisfy

O?Eq(x,t) + V x (V x E1(z,t)) = J1(x — a(t)) g(t), xeR3 t>0,
E(x,0) = 0:E(x,0) =0, x € R3,

and

Ey(z,0) = 8;E5(x,0) = 0, z € R3.

It suffices to show J1(x) = Jo(x) in Br if E1(x,t) x v = Es(x,t) x viorallz € I',t € (0,T).
Let E = F{ — E5 and

{&?Eg(a:,t) 1V x (V x Ey(z,t) = Jo(x —alt) g(t), xeR3 t>0,

fx,t) = Ji(z —a(t) g(t) — J2(z — a(t) g(t).
Then we have
O?E(z,t) + V x (V x E(z,t)) = f(x, ), xcR3 t>0,
E(x,0) = 0,E(x,0) =0, x € R3,
E(x,t) xv =0, xzel, t>0.

Denote by E(zx, x) the Fourier transform of E(z, t) with respect to the time ¢, i.e.,
E(w,n) = /RE(cc,t)e_i’“‘tdt, x € Bp, kK € RT. 3.1
By Lemma 2.1] the improper integral on the right hand side of makes sense and it holds that
E(x, k) = /OTE(as,t)ei“tdt < oo, «€ Bp, k>0.

Hence

E(x,k) xv =0, Vxecl, xR

Taking the Fourier transform of (1.1)) with respect to the time ¢, we obtain
T
V x (Vx E) - k’E = / flx,t)e "dt, x € R3. (3.2)
0

Since supp(J) C B, and |a(t)| < Ry, itis clear to note that E is analytic with respect to @ in a neighbour-
hood of I'p DO I" and E satisfies the Silver-Miiller radiation condition:
lim (V x E) x x —ikrE) =0, r=|z|,

00

for any fixed frequency x > 0. In fact, the radiation condition of E can be straightforwardly derived from the
expression of F in terms of the Green tensor G(z, t) together with the radiation condition of G(« ; x). The
details may be found in [8]]. Hence, we have E(x, k) x v = 0 on the whole boundary I'g. It follows from

(2.2) that

~

T
B = [ G@-y.n) /0 Fly, e "dt dy.
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Let E x v and H x v be the tangential trace of the electric and the magnetic fields in the frequency domain,
respectively. In the Fourier domain, there exists a capacity operator T' : H~/?(div,T'g) — H~/?(div,T'g)
such that the following transparent boundary condition can be imposed on I'r (see e.g., [[16]]):

Hxv=T(Exv) onlg. (3.3)

This implies that H xvis uniquely determined by E xvonlp, provided H and E are radiating solutions.
The transparent boundary condition (3.3 can be equivalently written as

(Vx E)xv=ikT(E xv) onTg. (3.4)

Next we introduce the functions E and H' by

~ inc

E™() = per®d and H"™(z) = gerod, (3.5)

where d € S? is a umt Vector and P, q are two unit polarization vectors satisfyingp-d = 0,q = p x d. Itis

easy to verify that E™ and H" satlsfy the homogeneous time-harmonic Maxwell equations in R3:

VX (V x E™) — k2E™ =0 (3.6)
and , i
Vx(VxH™)—2H"™ = 0. (3.7

Let § = —rd with |[§] = r € (0,00). We have from (3.5) that E™ = pe €T and H™ = ge i€,
Multiplying both sides of (3.2) by E™ and using the integration by parts over Br, and (3.6), we have from
E(x,r) x v = 0on ' and the transparent boundary condition (3.4) that

//fa:t —int . "4t da
Br

~ inc

—/ X (Vx E)—k’E)-E " da

Br

:/ y><(VxE)-EinC—Vx(VinnC)-Eds
T'r

:/ @f@xuyﬁ“+@xu)wxEm»d
Tr
—0. (3.8)
Hence from (3.8) we obtain
T
/ / pe & . g(t)J 1 (x — a(t))e Fdtdr = / / pe € . g(t)Jo(x — a(t))e *dtde.
Br Br J0
By Fubini’s theorem, it is easy to obtain
T T
p-Ji(kd) / g(t)eTrdalt) =intqr — p . Jo(kd) / g(t)eirdalt) mint gy, (3.9
0 0
Taking the limit x — 07 yields

T . ) T
lim g@fwmmfmﬁz/‘ﬁWﬂ>O
0

Kk—0 0

Hence, there exist a small positive constant ¢ such that for all x € (0, ),

T
/ g(t)efind-a(t)efintdt #£0,
0
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which together with (3.9) implies that
p-Ji(kd) = p- Jo(kd).
Similarly, we may deduce from and the integration by parts that
q-Ji(kd) = q-Ja(kd) foralldeS? ke (0,6).
On the other hand, since J;, i = 1,2 is compactly supported in By and V4 - J; = 0 in B, we have
/}R3 de F®d . Ji(x)dx = L Ve ved. J.(x)dx

1K Bf%

= l e hadyy Ji(x)dx = 0.
1K BR

This implies that d - J i(kd) = 0. Since p, q, d are orthonormal vectors, they form an orthonormal basis in
IR3. It follows from the previous identities that

Ji(kd) =p- J1(kd)p + q - J1(kd)q + d - J1(rd)d
=p- Jg(/@d)p—l—q . jg(nd)q +d- jQ(Kd)d
= Jy(kd)

for all d € S and € (0,8). Noting that J;, i = 1,2, are analytical functions in R, we obtain J;(£) =
Jo(€) for all £ € R3, which completes the proof by taking the inverse Fourier transform. U

4. DETERMINATION OF MOVING ORBIT FUNCTION

In this section, we assume that the source profile function J is given. To prove the uniqueness for IP2, we
consider two cases:

Case (i): The orbit {a(t) : t € [0,Tp]} C Br, NR3 is a curve lying in three dimensions;

Case (ii): {a(t) : t € [0,Tp]} C Bgr, N1II, where II is a plane in three dimensions.

The second case means that the path of the moving source lies on a bounded flat surface in three dimen-
sions. Cases (i) and (ii) will be discussed separately in the subsequent two subsections.

4.1. Uniqueness to IP2 in case (i). Before stating the uniqueness result, we need an auxillary lemma.
Lemma 4.1. Let f1, fo, g € C[0, L] be functions such that

f1>0,f5>0,g>00n[0,L]; fi1(0)= f2(0).
In addition, suppose that

L L
| s = [ s @.1)
for all integers n = 0,1,2---. Then it holds that f; = f on [0, L].

Proof. Without loss of generality we assume that f1(0) = f2(0) = 0. Otherwise, we may consider the
functions s — f;(s) — f;(0) in place of f;. To prove Lemma 4.1} we first show f1(L) = f2(L) and then
apply the moment theory to get f1 = fo.

Assume without loss of generality that f1(L) > fo(L). Write f1(L) = c and sup,¢ (g ,)9(x) = M. Since
f1(s) > 0and f1(0) = 0, we have ¢ > 0. Therefore, there exists sufficiently small positive numbers ¢ > 0
and 01, 2 > 0 such that

fi(s) > c—d1, fa(s) <c—261, g(s) > o forall se€[L—2L— ¢,
f1(s) > fa(s) forall s e [L—2e L.
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Using the above relations, we deduce from (4.1) that

0—/f1 ~ f1(s)g(s)ds

L—e¢

= fi'(s)g(s) — f%"(S)g(S)dSJr/ f1'(s)g(s) — f3'(s)g(s)ds

L—e¢ L—2e¢

L—2¢
4 / F(5)g(s) — f2(s)g(s)ds
L—e L—2¢
> /L (5)g(s) — £3()g(s)ds — /0 £2(5)g(s)ds

—2€
> ¢5 [(c )" — (e 251)@ — (L —26)M(c — 26,)"

> (o0 [~ e+ (L= 20m) (5]

which means that

(c— 6y)" [652 — (edy + (L — 26) M) (C - 2551)"} <0

c—01
for all integers n = 0,1,2 - - -. However, since % < 1, there exists a sufficiently large integer N > 0 such
that

— 26\
€83 — (edy + (L — 25)M)<CC = 511) > 0.

Then we obtain

— 25\ N
(c— o)V {652 — (edy+ (L — 26)M)<CC 551) } >0,
— 01
which is a contradiction. Therefore, we obtain fi(L) = fa(L).
Denote ¢ = f1(0) = f2(0) and d = fi(L) = fo(L). Since f; is monotonically increasing, the relation

T = fj(s) implies that s = f;~ Y(7) forall s € [0, L] and 7 € [c, d]. Using the change of variables, we get

d
/ F7(s)g(s)ds = / Pigo (£ )Y (dr, G =1,2.

Hence, it follows from (4.1)) that
d d
/ T"dp = / T"dv, 4.2)
C C

where p and v are two Lebesgue measures such that
dp=go (f71(n)(f) (1)dr,
dv=go (fy'(M)(f5') (r)dr

By the Stone—Weierstrass theorem, it is easy to note from (4.2)) that d = dv, which means
go (FLHONUTH (1) =go (fy (M) (fz ) (7) forall 7 € [e,d]. (4.3)
Introduce two functions
) £
RE= [ s BE= [T g
0 0

Hence, from (@#3) we deduce F|(7) = Fj(7) for T € [¢, d]. Moreover, since f; *(c) = f, '(c) = 0, we have
Fi(c) = Fa(c) = 0and then Fy (1) = Fa(r) for T € [c,d], i.e

1) f2'(r)
/ g(s)ds = / g(s)ds. 4.4)
0 0



8 GUANGHUI HU, YAVAR KIAN, PEIJUN LI, AND YUE ZHAO

From (#3), it is easy to know that f; (1) = f, () for all 7 € [c,d]. Otherwise, suppose f; ' (7p) #
f5 (7o) at some point 7y € [c, d]. Since g(s) > 0 for all s € (0, L), we obtain that

fi (o) £5 1 (r0)
/O g(s)ds # /0 9(s)ds,

which is a contradiction. Consequently, we obtain f; ' = f, ! and thus f1(s) = fa(s) for all s € [0, L]. The
proof is complete. U

Our uniqueness result for the determination of a is stated as follows.

Theorem 4.2. Assume that a(0) = O € R3 is located at the origin and that each component a;,j = 1,2,3
of a satisfies |a;(t)| < 1 fort € [0,Ty]. Then the function a(t),t € [0, Ty] can be uniquely determined by the
data set { E(x,t) xv:x et (0,T)}

Proof. Assume that there are two orbit functions a and b such that
O?E (x,t) + V x (V x E{(x,t)) = J(z — a(t))g(t), xcR3 t>0,
E{(x,0) = 0,E1(x,0) =0, x € R3,
and
0?Ey(x,t) + V x (V x Eg(x,t)) = J(x — b(t))g(t), xR t>0,
Es(x,0) = 0,Es(x,0) = 0, x € R3.
Here we assume that b(0) = O and |b}(¢)| < 1fort € [0,%] and j = 1,2, 3. We need to show a(t) = b(¢)
in (0,7p) if E1(x,t) x v(x) = Eq(x,t) x vforz € T',t € (0,7).

For each unit vector d, we can choose two unit polarization vectors p, g such thatp -d = 0,q = p x d.
Letting E = E — E5 and following similar arguments as those of Theorem [3.1] we obtain

T T

p- J(kd) / g(t)e_i“d'a(t)e_i”tdt =p-J(kd) / g(t)e_i”d'b(t)e_i“tdt, 4.5)

0 0
~ T . . A~ T . .

q - J(kd) / g(t)e_l”“d'a(t)e_mtdt =q - J(kd) / g(t)e_”’”d'b(t)e_““dt, (4.6)

0 0
and
d-J(kd) =0

which means

J(kd) = p- J(kd)p + q - J(rd)q.
Therefore, since J # 0, for each unit vector d there exists a sequence {H]}Jr 1 such that lim;_,o x; = 0 and
for each k;, either p - J(HJ d)#0orgq- J(/@J ) # 0. Hence from (4.5)—(4.6) we have

T T
/ e~ midalt) =ikt g (1) dp = / e bWty j=1,2, - . 4.7
0 0

Expanding e~ #i4a(t) g=irit apnd e—imsd-at) o —init jnto power series with respect to Kj, We write as

> g3 @)

n=0
where
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In view of the fact that supp(g) C [0, Tp], we get

To To
O = / (d : a(t) + t)ng(t)dt, Bn = / (d . b(t) + t)ng(t)dt’ n=12--.
0 0

Since (4.8) holds for all x; and lim;_, £; = 0, it is easy to conclude that o, = 3, forn = 0,1,2--- .
Choosing d = (1,0, 0), we have
(a(t)+t) =1+a1(t) >0, (bi(t)+t) =1+b(t) >0, ai(0)=01(0).

It follows from a;,, = 3, and Lemma [4.1| that a; (¢) = b1(t) for ¢ € [0, Tp]. Similarly letting d = (0, 1,0)
and d = (0,0,1) we have az(t) = ba(t) and a3(t) = b3(t) for t € [0, Tp], respectively, which proves that
a(t) = b(t) for t € [0, Tp]. O

Remark 4.3. In Theorem it states that we can only recover the function a(t) over the finite time period

[0, To] because the moving source radiates in this time period, i.e., supp(g) = [0,To]. The information of

a(t) for t > Ty cannot be retrieved. The monotonicity assumption a;- > 0forj =1,2,3 can be replaced by

the following condition: there exist three linearly independent unit directions dj, j = 1,2, 3 such that
ld;-ad'(t)| <1, tel0,Ty], j=1,2,3.

Note that this condition can always be fulfilled if the source moves along a straight line with the speed less
than one.

4.2. Uniqueness to IP2 in case (ii). For simplicity of notation, let £ = (x1, x2,0) for & = (x1, 2, x3) and
R? = {x € R?: 23 = 0}. Leta(t) € R? forall t € [0, Tp]. In this subsection, we assume that

Flz.1) = J(& — a(t) h(zs) g(t), @ € RSt Ry,
where J (z) = (J1(z), J2(Z),0) € H2(R?)? depends only on & and h € H2(R), supp(h) C (—R, R)v/2/2.
Moreover, we assume that i does not vanish identically and

supp(J) C {# € R?: |&| < RV2/2}, VzJ(z)=0.

The temporal function g is defined the same as in the previous sections. The above assumptions imply that we
still have supp(F') C B, x [0,7p] and div F' = 0 in R3. We consider the inhomogeneous Maxwell system

{8§E(m,t) +V x (Vx E(z,t) =J(&—a(t) h(xs) g(t), xR t>0, 49)

E(z,0) = 0,E(xz,0) =0, x € R3.
Since the equation [.9) is a special case of (L.I)), the results of Lemmas [2.1]and [2.2] also apply to this case.
For our inverse problem, it is assumed that J € A is a given source function, where the admissible set
A={J = (J1,J2,0) : J;(0) > J;i(x) for i =1ori=2andall  # 0}.

The x3-dependent function h is also assumed to be given. We point out that these a priori information of J
and h are physically reasonable, while J and h can be regarded as approximation of the Dirac functions (for
example, Gaussian functions) with respect to & and x3, respectively. Our aim is to recover the unknown orbit
function a(t) € C*(]0,Tp))? which has a upper bound |a(t)| < R; for some Ry > 0 and for all ¢ € [0, Tp).
LetR>R+R1andT T0+R—|-R+R1

Below we prove that the tangential trace of the dynamical magnetic field on I'g x (0,7) can be uniquely
determined by that of the electric field. It will be used in the subsequent uniqueness proof with the data
measured on the whole surface I'g.

Lemma 4.4. Assume that the electric field E € C([0,T); H*(R3))3 N C?([0, T]; L*(R?))3 satisfies

ORE(x,t)+V x (V x E(x,t)) =0, |z|>R, te(0,T),
E(x,0) = 0, E(x,0) = 0, x € R3.

IfExv=00nTg x(0,T), then (Vx E)xv=00nTg x (0,T).
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Proof. Letus assume that E x v = 0on I'g x (0,7") and consider V' defined by
t
V(x,t) = / E(x,s)ds, (x,t) € R3x (0,T).
0

In view of {@.4) and the fact that E(x,t) x v =0onT'r x (0,7), we find

PV (2,4) +V x (Vx V(@) =0, || >R, te(0,T),
V(ma 0) = 8tV(a:,0) =0, LS Rsa (4.10)
OV (m,4) x v(z) = 0, (1) € Tr x (0,T).

We define the energy & associatedto V on Q := {x € R?: |z| > R}
E(t) = /(|8tV(:1:,t)|2 F IV, x Vi, )P)dz, te [0,T].
Q
Since E € C([0,T]; H*(R3))3 N C%([0, T); L*(R?))3, we have
Ve C(0,T); H*(R*)* n ([0, T); H'(R*)* 1 C*([0, T); L*(R?))°.
It follows that £ € C1([0, T]). Moreover, we get
Et) = 2/ 02V (z,t) - 0,V (z,t) + (Vu x V(z, 1)) - (Vg x 0;V (2, 1))] de.
Q
Integrating by parts in « € 2 and applying (4.10), we obtain

£(t) = 2/9[331/ + Vg x (Vg x V)] -9,V (2, t) da

+ 2/ (Ve x V) (vx9V(x,t))ds
=0. o
This proves that £ is a constant function. Since
£0) = [ (Y (@0 + |9, x Via.0)P)dz =0,
we deduce £(t) = 0 forall ¢ € [0, 7). In particular, we have
/Q B, )2 dz = /Q OV (@, 1) 2dz < E(t) =0, € [0,T].

This proves that
E(x,t)=0, |x|>R,te(0,T),
which implies that (V x E) x v =0onI'p x (0,7) and completes the proof. O

In the following lemma, we present a uniqueness result for recovering a from the tangential trace of the
electric field measured on I'z. Our arguments are inspired by a recent uniqueness result [9] to inverse source
problems in elastodynamics. Compared to the uniqueness result of Theorem[.2] the slow moving assumption
of the source is not required in the following Theorem {.5]

Theorem 4.5. Assume that J € A and the non-vanishing function h are both known. Then the function
a(t),t € [0, Ty] can be uniquely determined by the data set { E(x,t) x v :x € I'g,t € (0,T)}.

Proof. Assume that there are two functions @ and b such that

O2E (x,t) + V x (V x Ey(z,t) = J(@ — a(t))h(z3)g(t), xecR3 ¢t>0, @i
E (x,0) = 0,E(x,0) =0, x € R3, '
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and

{%xw,w £V X (V x Bao(a, 1)) = J(2 — b(t)h(rs)g(t), @R, ¢ >0, “.12)

Es(x,0) = 0,Es(x,0) =0, x € R3.

It suffices to show that @(t) = b(t) in (0, Tp) if E1(x,t) x v = Es(x,t) x v forz € T, t € (0,T). Denote
FE = E1 — E2 and
F(@,t) = J(@ - a(t))g(t) — J (& — b(t)g(t).

Subtracting (4.11]) from (4.12)) yields

RE(x,t)+V x (V x B(a,t) = f(@ Dh(zs)g(t), @R >0, i)
E(x,0) = 0,E(x,0) =0, x € R3. '
Since h does not vanish identically, we can always find an interval A = (a—, a4) C Ry such that
RV2/2
/ A h(z3)drs #0, VA€ A. (4.14)
—RvV?2/2

Set H := {(z1,22) : a® < 23 — 2} < a®,z1 > 0,22 > 0}, which is an open set in R?. We choose a test
function F'(«, t) of the form

F(m, t) — ﬁe—inlte—ifigaﬁ‘:e\/I{%—I{%I;g?

where d = (dy, dg,0) is a unit vector, p = (p1, p2, 0) is a unit vector orthogonal to d, and £, g are positive
constants such that (k1, ko) € H. It is easy to verify that

OFF(x,t) +V x (V x F(zx,t)) = 0. (4.15)

Since E(x,t) x v = 0 on I'g, from Lemma[4.4] we also have (V x E(z,t)) X v = 0 on I's. Consequently,
multiplying both sides of the Maxwell system by F' and using integration by parts over [0, 7] x Bg, we can
obtain from (4.13) that

/ f(@,t)h(xs) - F(x,t)daxdt
Br
= / / 8,52E(ar;,t) +V x (V x E(m,t))) - F(x,t)dzdt
0o JBg
= /T/ vx (VxE(zt) F(x,t) —v x (V x F(x,t)) - E(x,t)dsdt
0o Jrg

= /T/ v (VxE(zt)) F(x,t)— (E(x,t) xv) - (V x F(x,t))dsdt
0 Jrg

Note that in the last step we have used Lemma4.4] Recalling the definition of F" and f, we obtain from the
previous identity that
RV2/2
( V=R py (4) datg / / F(&, t)e mtemind 2z s = 0,
—Rv2/2

In view of (4.14) and the choice of «1, k2, we get

T 3 ~
D / / f(&,t)e Ftemm2d@qzds = 0.
0 JBy
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For a vector v(&,t) € R3, denote by #(£),& € R? the Fourier transform of v with respect to the variable
(z,t),ie.,

o(¢) = / v(@, t)e € @Ndzdt.
R3

Consequently, it holds that

p- f(kad, k1) =0

for all kKo > k1 > 0 and ]El| =1.
On the other hand, since V3 - J = 0, we have V3 - f = 0. Hence,

~ T . . 7 ~
d- / / f(@, t)e e 24 qgdt
0 JB

1 (T s
:_'/ / F(Z,1) - Vae "4®dadt
K2 Jo JBy

1 [T o
= — / / Vi - f(&,t)e "242dzdt
0 JBp

i/ig
= 0,

which means d - f(kod, k1) = 0 for all (k1, k) € H and |d| = 1. Since both d and p are orthonormal
vectors in R?, they form an orthonormal basis in R?. Therefore we have

Frod, k1) = d- frod, k1)d+ P+ frad, 51)p =0

for all (k1,k2) € H and |d| = 1. Since f is analytic in R® and {(k1, kod) : (k1,k2) € H, |d| = 1} is an
open set in R3, we have f(£) = 0 for all £ € R3, which means f(&,t) = 0 and then

J(@ —a(t)g(t) = J(@ - b(t))g()
for all Z € R? and ¢ > 0. This particulary gives

J(@—a(t)) = J(@—b(t)) forall te(0,Tp), &= (21,2,0). (4.16)

Assume that there exists one time point to € (0,7p) such that a(tg) # B(to). By choosing & = a(ty) we
deduce from (4.16)) that

J(0) = J(a(to) — b(to)),

which is a contradiction to our assumption that J € A. This finishes the proof of a(t) = b(t) for t €
[0, Tp]. O

Remark 4.6. The proof of Theorem does not depend on the Fourier transform of the electromagnetic
field in time, but it requires the data measured on the whole surface I'r. However, the Fourier approach
presented in the proof of Theorems [3.1) and straightforwardly carries over to the proof of Theorem
without any additional difficulties. Particulary, the result of Theorem remain valid with the partial data
{E(xz,t) xv:x el CTg,te(0,7)}

Remark 4.7. In the case of the scalar wave equation,

Pu(zx,t) +V x (V x u(zx,t)) = J(@ — a(t) h(zs3) g(t), xcR3 t>0,
u(x,0) = Opu(zx,0) = 0, x € R3,
where J : R? — R is a scalar function compactly supported on {(x1,z2) € R? : 23 + 23 < R2} Then,

following the same arguments as in the proof of Theorem one can prove that a(t),t € [0,Ty] can be
uniquely determined by the data set { E(x,t) x v:ax € ' CT'gr,t € (0,7)}.
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x1

I'p

Ty

FIGURE 1. Geometry of the four measurement points.

5. INVERSE MOVING SOURCE PROBLEM FOR A DELTA DISTRIBUTION

As seen in the previous sections, when the temporal function g is supported on [0, Tp], it is possible to
recover the moving orbit function a(t) for ¢ € [0, Tp]. In this section we consider the case where the temporal
function shrinks to the Dirac distribution g(t) = 0(¢ — to) with some unknown time point ¢y > 0. Our aim is
to determine ¢y and a(to) from the electric data at a finite number of measurement points.

Consider the following initial value problem of the time-dependent Maxwell equation

{afE(m,t) FV X (Vx E(z,t) = —J(z —a(t))d(t —ty), xcR3 t>0,

E(z,0) = 0,E(z,0) = 0, R (5.1)
Since V - J = 0, the electric field E(x) in this case can be expressed as
E(z,1) / G(x —y,t —s)J(y —a(s))d(s — to)dyds
R3
/ /R 47T|m y| (|l —y| = (t = 5))J (y — a(s))d(s — to)dyds
/ Y 47(]3: e =yl 4= t>)J(y —a(s))d(s — to)dyds
:/ / ) mmw —yl = (t = ) (y — a(s))5(s — to)dyds
/ I VoV 471']:(: S =yl + 5= 0) (g — a()d(s — to)dyds
—/RS m (e — y| = (t — to))J (y — a(to))dy. (5.2)

Before stating the main theorem of this section, we describe the strategy for the choice of four measurement
points (or receivers) on the sphere I'r. The geometry is shown in Figure|l} First, we choose arbitrarily three
different points 1, x2, 3 € I'r. Denote by P the uniquely determined plane passing through x;, 2 and
a3, and by L the line passing through the origin and perpendicular to P. Obviously the straight line L has
two intersection points with I'p. Choose one of the intersection points with the longer distance to plane P as
the fourth point x4. If the two intersection points have the same distance to P, we can choose either one of
them as x4. By our choice of x;, j = 1,2, 3, 4, they cannot lie on one side of any plane passing through the
origin, if the plane P determined by x;, 7 = 1, 2, 3 does not pass through the origin.

Theorem 5.1. Let the measurement positions x; € I'r, j = 1,--- , 4 be given as above and let J be specified
as in the introduction part. We assume additionally that supp(J) = Bp, and there exists a small constant
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§ > 0 such that | J;(z)| > 0 forall R—§ < |&| < Randi = 1,2,3. Then both to and a(ty) can be uniquely
determined by the data set { E(xzj,t) : j=1,--- ,4,t € (0,T)}, where T =ty + R+ Ri + R.
Proof. Analogously to Lemma one can prove that E(x,t) = 0 for all @ € Br and t > T. Taking the

Fourier transform of E(x,t) in (3.1)) with respect to ¢ and making use of the representation of F in (5.2), we
obtain

. trtia—v) _ |
= _— — t
@r) = [ ST att)dy

_ einto/ einpl/ J(y _ a(to))dydp, (5.3)
0 P Tp(x)

where I'p(z) := {y € R3 : |y — x| = p}. Assume that there are two orbit functions a and b and two time
points t¢ and to such that

OFE\(xz,t) +V x (Vx Ei(z,t) = —J(z —a(t)d(t —to), xR’ >0,
E{(z,0) = 0, E1(x,0) =0, x € R3,

and
O?Es(x,t) + V x (V x Eg(z,t)) = —J(x — b(t))d(t — o), xzeR3 t>0,
Es(x,0) = 0,Es(x,0) =0, x € R3.

We need to prove ¢y = to and a(ty) = b(to) under the condition E;(z;,t) = Es(zx;,t) for t € [0,7] and

Jj =1,2,3,4. Below we denote by € I'g one of the measurement points x; (j = 1,--- ,4). Introduce the
functions F', F, F',: Ry — R as follows:

1
F(p) = p/r,,@) J(y)dy,
1
Folp) = /F o)y
1 "
Filp) = / vty

Since supp(J) = Bp and by our assumption, each component J;(x) (j = 1,2,3) is either positive or
negative in a small neighborhood of I' 5, we can obtain that

inf{p € supp(F)} = || - R, sup{p € supp(F)} = [z| + R,
inf{p € supp(Fa)} = |& — a(to)| = R, sup{p € supp(Fa)} = |z — a(to)| + R,
inf{p € supp(Fy)} = |& — b(ip)| — R, sup{p € supp(Fy)} = |& — b(ip)| + R. (5.4)

Since E1(x,t) = Ea(x,t), t € [0,T] for some point ¢ € dBpg, from (5.3) we have
ei“tolf‘a(ﬁ) = ei’{folf’b(m)

for all k > 0, which means

~

Fo(k) = e nto=l0) By (1), (5.5)

Recalling the property of the Fourier transform,

—

Fy(p— (to — f0)) () = e "0~ By (1),
we deduce from (3.5)) that
Fy(p— (to —10)) = Fa(p), p€RT.
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Particularly,
inf {supp(F(- — (to — f0)))} = inf{supp(F4(-))},

sup{supp(Fy(- — (to — 0)))} = sup{supp(Fa("))}.
Therefore, we derive from (3.4)) that

|z — b(i)| — R+ (to — o) = |& — a(to)| — R,
lz — b(ly)| + R+ (to — &) = |& — a(to)| + R,
which means
|z —b(to)| — |z — alto)| = to — to. (5.6)

Physically, the right and left hand sides of the above identity represent the difference of the flight time between
x and a(tg), b(fy). Note that the wave speed has been normalized to one for simplicity.

Finally, we prove that the identity (5.6) cannot hold simultaneously for our choice of measurement points
xj € TR (j =1, -+ ,4). Obviously, the set {x € R®: |z — b(ty)| — | — a(to)| = to — to} represents one
sheet of a hyperboloid. This implies that x; (j = 1,2, 3,4) should be located on one half sphere of radius 2
excluding the corresponding equator, which is a contradiction to our choice of x;. Then we have tg = to and
(5.6) then becomes

@ — b(ty)| — |z — alto)| = 0.

This implies that @1, @2, &3, 4 should be on the same plane. This is also a contradiction to our choice of
xi, i =1,---,4. Then we have a(ty) = b(to). O

Remark 5.2. If the source term on the right hand side of takes the form
m
F(z,t) = —J(z —a(t)) Y _o(t—t)),
j=1

with the impulsive time points
1 <tg <+ <tm, |tj+1—tj|>R.

One can prove that the set {(tj,a(t;)) : j = 1,2,--- ,m} can be uniquely determined by { E(x;,t) : j =
1,---,4,t € (0,T)}, where T = t,, + R+ Ry + R. In fact, for 2 < j < m, one can prove that (t;, a(t;))
can be uniquely determined by {E(xj,t) : j = 1,--- ,4,t € (Tj_1,Tj)}, where T; = Tj_1 + t; and
T :=t+ R+ R+ R.
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