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HYPOCOERCIVITY AND DIFFUSION LIMIT OF A FINITE VOLUME
SCHEME FOR LINEAR KINETIC EQUATIONS

MARIANNE BESSEMOULIN-CHATARD, MAXIME HERDA, AND THOMAS REY

ABSTRACT. In this article, we are interested in the asymptotic analysis of a finite volume
scheme for one dimensional linear kinetic equations, with either Fokker-Planck or linearized
BGK collision operator. Thanks to appropriate uniform estimates, we establish that the pro-
posed scheme is Asymptotic-Preserving in the diffusive limit. Moreover, we adapt to the
discrete framework the hypocoercivity method proposed by [J. Dolbeault, C. Mouhot and
C. Schmeiser, Trans. Amed. Math. Soc., 367, 6 (2015)] to prove the exponential return
to equilibrium of the approximate solution. We obtain decay estimates that are uniform in
the diffusive limit. Finally, we present an efficient implementation of the proposed numerical
schemes, and perform numerous numerical simulations assessing their accuracy and efficiency
in capturing the correct asymptotic behaviors of the models.

Keyworbps: Kinetic equations, finite volume methods, hypocoercivity, diffusion limit, asymptotic-
preserving schemes.
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1. INTRODUCTION

The linear kinetic equation. Many engineering or biological problems involve fluid-like
systems in transitional regimes: micro-electro-mechanical systems, space shuttle reentry, powder
and grains in storage silos, bacteria colonizing a medium, etc. As a consequence of nonequi-
librium behaviors, the macroscopic descriptions can break down, and a kinetic model may be
needed to depict accurately the system. In this contribution, we are interested in the numerical
approximation of a prototypical model for such systems. It describes the evolution of a particle
distribution function f¢ = f¢(¢, z,v), for time ¢ > 0, at position 2z € T the one dimensional torus,
and velocity v € R, solution to the initial value problem
afe aff 1

+v 7Q(f6>7

© ot ox €

(1.1)
fE(O,CC,U) = fO(CU,'U) >0.

The collision operator Q, describes a microscopic “collision process” acting only on the velocity
variable v and preserving the zeroth order moment of the distribution f¢, namely the mass or
total number of particles. The small scaling parameter € > 0 is the ratio between the mean free
path of particles and the length scale of observation. In the context of rarefied gas dynamics it
corresponds to the dimensionless Knudsen number. The presence of the factor ¢ in front of the
time derivative accounts for the fact that the system is observed on long time scales. The sytem
is said to be in the kinetic regime if € ~ 1 and in the diffusive regime if ¢ < 1.
Throughout this paper, the collision operator will be either of linear Fokker-Planck type:

(1.2) Qrp(f)(v) = 0y (B f +0f)
or of linearized BGK [7] / relaxation type :
(13) Qock (1)) = pM(W) = mof (). p= [ f(w)an

where M is a given nonnegative function of v, the so-called Mazwellian whose moments are
denoted by

mg = / |v[¥ M (v) dv.
R
In particular, mg is the mass of M.

Remark 1. The linear BGK model appears quite naturally as a linearization of the complete,
quadratic, Boltzmann equation [11] near its global Maxwellian equilibrium M. Indeed, one can
write

Qpar(f)(v) = / f(0.) dv, — f(v) / M(w.) do.
=/R[f*M—fM*]dv*,

where the usual shorthand notations 1 := ¥ (v) and 1. := ¥ (v.) were used.

In the case of the BGK operator, every result in this article apply to Maxwellians M that are
even functions of v and which have finite moments my < +o0o0 up to k = 4. However, in order to
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unify the analysis of both collision operators, we will focus in the rest of the presentation on the
classical Boltzmann’s Maxwellian, namely the centered reduced Gaussian function

In particular, mg = 1 and Qpak (f) = pM — f.

Remark 2. Observe that such a Mazwellian distribution verifies the elementary identity
(1.4) M'(v) = —vM (v).

Hence, one can rewrite the Fokker-Planck operator in the following gradient form

0 oertn =, (1o, (1)),

The motivations in this paper are twofold and concerns the design and analysis of a numerical
scheme which is accurate in two asymptotics of ((1.1). The first asymptotic is the diffusion limit
€ — 0 and the second is the long-time asymptotic t — oco.

Diffusion limit. A natural mathematical problem concerning kinetic equations such as
is the study of the diffusion / parabolic limit ¢ — 0. Thanks to the choice of time scale, it is
possible to capture nontrivial macroscopic dynamics at the limit. In order to identify the limit,
one can multiply the equation by (1,v) and integrating in the velocity space to get

{ Orp” + 025° = 0,

1.6
( ) 528tj8+m28mp8+8m58=—j8,

where the moments are defined by

1
p° :Z/fadv7 J° :=7/f€vdv, 5° ::/(”2—m2)f€d7’~
R g Jr R

Then, by formally taking limits ¢ — 0 in ((1.1)) and (L.6)), one obtains f¢ — f = p M as well as
S =0, and j°— —mo0,p. Hence, the limit density p is solution to the linear heat equation

)
(1.7) 5? — 9y (m2dup) = 0.

In the literature, the first results concerning the approximation of kinetic models by diffusion
equations have been proposed in [4, [40]. Justifications of asymptotic expansion of the solutions in
power of & can be found in [3] for the neutron transport, in [I7] for the Fokker-Planck equation, in
[2] for the radiative transfer equations and in [48] for linear semiconductor Boltzmann equation.
In [42], the authors studied the diffusive limit of generalized two-velocity kinetic models. A large
class of linear collision operators was considered in [I16], and approximation of kinetic equations
by diffusion is justified by homogenization in [28]. We also refer to [8, Chapter 2| for an overview
of classical hydrodynamic and parabolic limits of kinetic equations. Extensions to more general
models with fractional diffusion limits were more recently obtained in [44].

There exists a dense literature describing numerical schemes which enjoy the property of
being stable in the diffusion limit, and converge to a numerical discretization of the macroscopic
model. These schemes fall down in the so-called Asymptotic-Preserving (AP) framework and are
compatible with the kinetic and asymptotic regime of the equation. The principle of AP schemes
can be roughly summarized as the commutative diagram presented in Fig.

In the framework of kinetic equations, AP schemes first appeared 20 years ago, in two papers
due to Klar for the linear BGK equation (in the framework of semiconductor modeling) in [38]
and to Jin, Pareschi, and Toscani [35] for relaxation models (e.g. two velocities Goldstein-Taylor).
Two recent review papers [34 [I8] contain an almost up to date bibliography on numerical methods
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( 7

FIGURE 1. The AP diagram (h denotes the size of the discretization)

for collisional kinetic equations of type and AP schemes. For even more recent work on
AP schemes, one can consult these two papers [19, [14] on particles methods and the references
therein.

Nevertheless, most of these works contain only formal proofs of the AP properties, the very
important solid lines of Fig. [I] Here are some instances of AP schemes with proofs: the micro-
macro approach of Lemou and Mieussens [41], for either discrete velocity models (Goldstein-
Taylor-like) or linear scattering model (continuous in velocity), contains some partial proofs.
These proofs were later completed by Liu and Mieussens in [43] with a very detailed stability
analysis. Note that the numerical scheme for dealing with the kinetic equation is semi-implicit
in time, but the limiting ¢ — 0 scheme is explicit, yielding a very restrictive parabolic CFL
condition on the time step. For the anomalous diffusion limit, let us also mention the work of
Crouseilles, Hivert, and Lemou [I5] where an AP scheme is built, with a proof of convergence
(semi-discrete in time), without rate of convergence towards the equilibrium.

Hypocoercivity and large time behavior. A second classical problem in the asymptotic
analysis of kinetic equations is the large time behavior of solutions. On the class of models under
consideration, there are several ways to show that there are constants x > 0 and C > 1 such
that the solution satisfies

(1.8) 1£5() = ms Mz < Cllfo — mpM]xe™,

mf:/ fodxdv,
TxR

and X is some appropriate functional space. The constants C' and k can usually be chosen so that
the estimate holds uniformly for small . For instance, in the case of the kinetic Fokker-Planck
operator, the model is simple enough so that it is actually possible to compute explicitly the
fundamental solution and derive such an estimate.

However, in recent years, more systematic and robust methods have been developed in order to
show . They are called hypocoercivity methods and can usually be seen as entropy methods
[36, [50], in the sense that the goal is to design a functional H(f€), called the (modified) entropy,
which is dissipated along the solutions. From there a control of the entropy by its dissipation
provides decay of the former with explicit rates. Hypocoercivity methods deal with the fact that
for kinetic equation such as , dissipation / relaxation apparently occurs only in the velocity
variable. Nonetheless, thanks to the mixing properties of the transport operator vd, in the phase
space x — v, one can recover dissipation along x and v. The denomination hypocoercivity is to
be related with the fact that if held with C' = 1 then the operator vd, — Q(-) would be

coercive in the usual sense.

where
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A comprehensive introduction on hypocoercivity methods may be found in the lectures of
Hérau [30]. The first hypocoercivity method introduced by Hérau and Nier for kinetic Fokker-
Planck equations [31] is very similar to the method of commutators for proving hypoellipticity
going back to the seminal work of Hérmander [32]. This method has been successfully applied
to non-hypoelliptic equations (without regularization effects), such as linear Boltzmann or BGK
equations, by Heérau [29] and Mouhot and Neumann [45]. A general abstract framework for
this method of commutators has then been given by Villani in [5I]. The drawback of these
hypocoercivity methods is that they often require regularity on the initial datum and involve
estimates in equivalent weighted H! norms leading to sometimes tedious computations.

In a recent work [20], Dolbeault, Mouhot, and Schmeiser established a new hypocoercivity
method in a general abstract framework. It is based on the definition of a modified entropy
taking the form of an equivalent weighted L? norm. In this work we focus on this particular
hypocoercivity method.

Concerning the numerical methods preserving large-time behaviors of solutions, several effi-
cient numerical schemes have been developed for homogeneous kinetic equations. A full discrete
finite difference scheme for the homogeneous Fokker-Planck equation was built in the pioneering
work of Chang and Cooper [I3]. More recently, several schemes preserving the exponential trend
to equilibrium have been proposed for nonlinear degenerate parabolic equations (see for example
[5, 10, 12, 27]). In [46], the question of describing correctly the equilibrium state of several non-
linear diffusion and kinetic equations is addressed together with that of the order of the schemes.
Let us also mention [23] where the case of non-homogeneous Dirichlet boundary conditions is
dealt with.

In the case of inhomogeneous kinetic equations, only few results are available, as the under-
standing of hypocoercive structures is quite recent. The case of the very simple Kolmogorov
equation has been investigated in [47, 25 26]. In [25], a time-splitting technique based on self-
similarity properties is used for solutions that decay polynomially in time. In [47, 26], the H*
method a la Hérau and Villani has been adapted for respectively a finite difference and a finite
element schemes. Lastly, let us finish with the recent paper of Dujardin, Hérau, and Lafitte [21]
where the same H' method is adapted to a finite difference scheme for the kinetic Fokker-Planck

equation (1.1)) and ([1.2]).

Main results. In this contribution we design implicit in time finite volume schemes for (1.1)
with collision operators ([1.2)) and (1.3). We perform their numerical asymptotic analysis and are
able to show the following properties.

e Our schemes are AP (Theorem (1)) in the diffusion limit ¢ — 0. Solutions converge to
solutions of a finite difference scheme solving the heat equation . Provided that the
scheme is implemented correctly (see Section ) one can take e = 0 in the scheme. In
particular the linear system that has to be solved at each time iteration has coefficients
and condition number that are uniformly bounded with respect to €.

e The solutions of our schemes preserve the decay of a discrete analogue of the modified
entropy of Dolbeault, Mouhot, and Schmeiser [20]. Consequently, we are able to prove
the discrete equivalent of the exponential decay estimate (Theorem [2). The decay
rates are bounded uniformly in the diffusion limit.

Some comments are in order. On the first hand, let us mention that an essential identity which
allows to prove both properties in the Fokker-Planck case is a discrete equivalent of . By
choosing the framework of finite volume schemes we can introduce a discrete Maxwellian at cell
centers and interfaces of the mesh in velocity. Enforcing the discrete equivalent of just
relates these two quantities and leaves a large choice in the actual definition of the discrete
Maxwellian.
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On the second hand, by choosing to adapt the L? hypocoercivity method rather than the H'
method, we avoid the burden of estimating derivatives of the solution and dealing with com-
mutators coming from the choice of discrete derivative operators. Thus, the numerical analysis
turns out to be almost identical to what is done in the continuous case. For this reason, we
are confident that this method could successfully be applied for the asymptotic analysis of other
numerical schemes for hypocoercive equations.

Plan of the paper. The outline of this article is as follows. In Section [2] we briefly present
the results in the continuous setting. We start by establishing some uniform estimates, which
are the key point to study both the diffusive limit and the exponential return to equilibrium.
Then we state the convergence of the kinetic equation towards the heat equation as ¢ tends to O.
To conclude this section, we prove the L2-hypocoercivity of both Fokker-Planck and linearized
BGK operators, by introducing a modified entropy functional which is a slight simplification
of the original version proposed by Dolbeault, Mouhot, and Schmeiser [20]. In Section [3| we
adapt these results to the discrete framework. The considered numerical schemes are implicit in
time, and finite volume in space and velocity. We discretize carefully the Fokker-Planck fluxes,
in order to obtain a discrete version of the L? entropy estimate, which is the starting point
to establish the needed discrete uniform estimates. Then our two main results are stated in
Theorem [1| (asymptotic-preserving property in the diffusive limit) and in Theorem [2| (numerical
hypocoercivity). Section [4]is then devoted to the practical implementation of our method. We
present a discretization equivalent to the proposed schemes, based on a perturbative micro-
macro formulation, and we write the obtained linear systems in explicit matrix forms for sake of
completeness. Finally in Section 5] we present several numerical experiments which demonstrate
the efficiency of our schemes. After investigating numerically the asymptotic-preserving property,
we finally study the trend to equilibrium for both Fokker-Planck and linearized BGK operators.

Acknowledgments. The authors would like to thank G. Dujardin, F. Hérau, and P. Lafitte
for fruitful discussions during the conception of this article.

2. THE CONTINUOUS SETTING

For convenience let us introduce the measures dM := M (v)dwv,

dy = ~v(v)dv := Nf(”v)

and L2(dM) (resp. L?(dv)) the spaces of square integrable functions against the measure dM
(resp. dv). A straightforward consequence of the Gaussian Poincaré inequality is that for any
f € L?(dy), one has

(2.1) 1 = M2y < 190 (£) ez
where p = [ fdv.

2.1. Uniform estimates. With an initial data in L?(dzd~), there is a unique solution to (1.1,
with either Fokker-Planck or BGK collision operators (see e.g. [I]). This solution conserves mass
and nonnegativity. Additionally one has the following basic “entropy” estimate.

Lemma 1. Let f¢ be the solution of (1.1) with initial data fo € L?*(dxdy). Then for every
t>0,

ld

1
22) 3 Oz + 1750 = FOMIB(asary < 0.
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In particular one has
(2.3) max (|f 1700 2 (o) = er - pEM||L2L2(dacd'y)) < |l follZ2(drany) -

Proof. Estimate (2.2)) is obtained by multiplying (L.1) with f¢/M and integrating in  and v

yielding
1d e
§@||f6||2L2(dxd7)+ //3 ( < ) )dxdv = —//Q (f9) ! dxdv

The second term of the left hand side cancels.
In the case of the BGK operator, since [ Qpai (f€)dv = 0 one has

// Qpak (f°) *dxdv // Qpak (f°) (f —p ) dzdv = —|f* = p"M|72 (404, -

In the case of the Fokker-Planck operator, an integration by parts in v and the Poincaré inequality

(2.1)) yields

s fe e e
[ et acar = 1o (4;) Baamany < =15 = 57 M (g

From the entropy estimate, one can gather many estimates on the moments.

Lemma 2 (Moments estimates). Under the hypotheses of Lemma the moments p®, j¢ and S°¢
satisfy equations (1.6) and the following estimates,

(2.4) o ®)llzz < 15 (®)llz2(asas) »
(2.5) ellif®llze < ma’® 1£2 ()]l (dsas)

(2.6) el @llze < my/?[1£2(8) — p° (1) M| L2(dzan)
(2.7) IS5 @)z < (ma—m3) 2| £2(8) = p°(t) M| 2 (daay) -

In particular, there is a constant C > 0 depending only on mo and my such that

. . 1
(2.8) max <|PE|L;>°L37 € H]EHL;’OLg, ||.7€||L§L?Ta - ||SE|L%L§> <C ||f0||L2(da:dfy) .

Proof. In order to estimate the moments, let us observe that one can rewrite the macroscopic
quantities as

pE — /M1/2(fsM_l/2)dU
Ejs — /(UMl/Z)(fsM71/2) dv = /(UM1/2)(J¢-€ _ ng)M71/2 dw
Se — /(U2 . mZ)M1/2(f5 - pEM)M71/2

by symmetry of M for j¢, and by the definition of my for S¢. Then one can use Cauchy-Schwarz
inequalities to get the desired estimates. Estimate (2.8)) is then a consequence of (2.3]). Finally,

integrate (1.1) in v against 1 and v to get (1.6). O
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2.2. Diffusive limit.

Proposition 1. Let (f%).>0 be a sequence of solutions of (with either Fokker-Planck or
BGK collision operator) with initial data fo € L?(dxzdy). Then when € — 0, one has
fe(t,z,v) = f(t,z,v) = p(t,x) M(v) weakly in L?,,.L*(dzdy)

t,loc

and p solves the heat equation
op—ma02.p = 0, p(0,z) = /fo(a:,v) dv.

Proof. Using that f& — p*M is uniformly O(g) in L?(0, 00; L?(dzdy)) and that p° is uniformly
bounded in L L2 we get the existence of the limit, up to extraction of a subsequence. Then, by
combining both equations of (1.6)) one gets

Orp° — mgﬁixpe = £20,5° + 0,5°

in the sense of distributions. Taking limits thanks to the estimates (2.8)) one recovers the heat
equation. By uniqueness of the limit the whole sequence converges. O

2.3. Hypocoercivity. Let H be the subspace of the Hilbert space L?(dxdy) composed of the
zero mean functions with canonical scalar product. The space H coincide with the orthogonal
space of the nullspace of the unbounded operator L. = %v@m — E%Q() in both the Fokker-Planck
and BGK cases. One can show thanks to the method developed in [20] that the latter operator is
hypocoercive (see [51]) in H uniformly for small e. More precisely, one has the following result.

Proposition 2. There are constants C > 1 and k > 0 such that for all e € (0,1) and all initial
data fo € L*(dxdy), the solution f¢ of (1.1) satisfies

1£5(t) = mgM||r2(dzay) < Cllfo —myM| 2(azay €

The rest of the section is devoted to the proof of Proposition 2} We need some intermediate
results stated in the following lemmas. Up to changing fy by fo —msM and correspondingly f©
and p° by respectively f& —msM and p® —my, we can assume from now on in this section that

my = / fodzdv = 0.

It follows that f€ and p® are mean-free.

In order to prove Proposition 2] we introduce the “modified entropy functional” ¢ la Dolbeault,
Mouhot and Schmeiser. It is a slight simplification of the original version of [20] using the fact
that we work on a bounded space domain. It reads

1 .
(2.9) H(f(t)) = §||f8(t)||%2(dzd'y) + ne’ (4%, 020%) 12
where ¢°(t,x) is the solution of the Poisson equation
—0%,0° = o7, / ¢7dz = 0
T
and 77 > 0 is a small parameter to be chosen.

Lemma 3. The function ¢° satisfies for all t >0

10:6° (D)2 < Cpllp"(B)]Ls,
10:0:0° ()22 < [l7°()]l 2,

where Cp = 1/27 is the Poincaré constant of T.
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Proof. The first estimate is obtained by testing the Poisson equation against ¢° and applying
the Poincaré inequality

10:6° 1172 = (=0720%.6%) 2 < "Nz [6°Nz2 < Cpllp®llz2 10267 L2 -
For the second estimate, first take the time derivative of the Poisson equation and use the
continuity equation 9;p° + 9,5 = 0 to get —0;02,¢° = —0,5°. Then multiply by 0;¢° and
integrate to get
18:0: 6% 72 = (=025%,0:9%) = (5%, 0:000%) 12 < 115N 12 10020 12
a

For small enough n > 0, the square root of the modified entropy actually defines an equivalent
norm on H.

Lemma 4 (Equivalent norm). There is 11 such that for alln € (0,11) there are positive constants
0 < ¢ < Cy, such that for all € € (0,1) and f¢ € H one has

c C
577 ||f€||%2(dzd'y) < H(fs) < ?7] ||f€||%2(dzd'y) .

Proof. The result follows directly from the expression of the entropy and the estimate
1/2

. : 1
1455020 ) 2 | < l7°M 2 1020722 < = Cpmy 175112 ety -

With the previous lemmas, we can prove the main result of this section.

Proof of Proposition[d Using the moment equation 29,5 + mg 0,p° + 0,5° + j¢ = 0, the time
derivative of the entropy splits into five terms

d 1> E 15 1> 13 €

T H@) = T3@) +nma T3 () + 0 T35 () + 0 Ti(E) +nT5().

Let us precise and estimate each term:

1d 1
18 = §E||fe||%2(dxd'y) S _672”.}(‘8 - pEMH%Z’(dxd'y)a
T5 = = (000", 006 )2 = (0", 00:8%) 1, = K" N2z,
Tj = — (0,5°.0,0%) = —(S%5) < (ma—md)"2 | — 5 M| s 612
Cp ml/2
TP = = (j5,0:07) < ———2=|If" = p"Ml|12(azay) 1"l 22 .

T5 = & (§%,0:0:9°) < mallf* = p"M||72(q0ar) -

where we used the estimates of Lemma [2] and Lemma [3] Combining everything, one has

d 1
&H(ff(t)) + (;2 —nma) [f° = p" M| 22(apay) + 1 mallp|72
Cp m;/2

< 0((ma—m3)'? + )= p" M| L2azary) 1o L2 -

It follows that for any 1 € (0,72) with ny = ma/(((mg—m3)/?+Cp m§/2)2+m§) and € € (0,1),
one has

d
EH(fe(t)) + K77 (”fe - pEM”%Z(dmd’y) + Hp8M||%2(dazd’y)) <0,
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¢----- >
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V_r+1/2 V-L+1 V-1 v_1/2 ’U2 Vi/2 gl V32 V2 UL Vp4y1/2
=v-L Av1/2 = VL+1

FIGURE 2. Discretization of the velocity domain.

with K, = min(1 — gms,nm2)/2. Then use the triangle inequality, (a + b)? < 2(a? + b?) and
Lemma [ to get that

d £ KT] £
precd®s (t))+07H(f (t)) <0,

for all n € (0, min(71,n2)). Choose some admissible n and set k = K,,/(2C,,) to conclude. O

3. THE FULLY DISCRETE SETTING

In this section, our aim is now to adapt the previous results to the discrete setting. To
proceed, we first introduce an implicit in time and finite volume in space discretization of
both for Fokker-Planck and BGK cases. We then prove the discrete counterparts of the results
presented in the previous section, namely we study the diffusive limit and the exponential return
to equilibrium.

3.1. Notations.

Mesh. We first restrict the velocity domain to a bounded symmetric segment [—uv,, v,], since
it is not possible in practice to implement a numerical scheme on an unbounded domain. We
consider a primal mesh of this interval composed of 2L control volumes arranged symmetrically
around v = 0. We thus get 2L + 1 distinct interface points denoted by v, 41 (for consistency
with usual finite volume notations) with j = —L,... L. In this way

V_p41/2 = —Usx, Vi/2 = 0, Vjt1/2 = —V—j+1/2 Vji=0,...L.
The cells of the primal mesh are given by
Vj = (vjfé,v]#%), jeJ = {—L+1,...,L}.

Each cell V; has length Av; = Vjp1 =01 and midpoint v;. At the level of cells, the symmetry

of the velocities reads v; = —v_;11 forall j =1,...,L. We also define the dual mesh with cells
e = (U v41), JETT = {-L,...,L},
with v_7, := v_py1/2 = —v, and vp41 := vp41/2 = vs. The length of the dual cell V;‘+1/2 is

Avji1/2 = vjy1 — v;. Notations introduced are illustrated in Fig.
In space, we consider a discretization of the torus T into N subintervals

X, = (xz;%,xpr%), 1€ :=7/NZ
of length Az; and centers x;. In what follows, we assume that NV is odd. Indeed, this assumption
is natural to obtain, among others, a discrete Poincaré inequality on the torus with our choice

of discrete gradients, as explained later.
The control volumes in phase space are defined by

Ki‘ = .)(;'XVJ', V(Z,])GIXJ

The size of the phase-space discretization is defined by § = max(Ax, Av) where Az and Av
are the maximum of (Ax;);ez and (Avj) e respectively. Finally, we set At > 0 the time step,
and we define t™ = nAt for all n > 0.
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Discrete Maxwellians. In the case of the BGK operator (|1.3), we assume that we are given
cell values M = (M,)jes € R7 satisfying the following assumptions

./\/lj>0, Mj :M—j-‘rlv Vi=1,...,L;

(3.1) > M; Ay = 1,
JjET
0<m2§m§”<m2, my < Ty

where for K € N
Av k
mit =y Josl* My A,
JjeJ
and m,, Mo, M4 are some universal constants.
In the case of the Fokker-Planck operator (|1.2), we assume that we are given interface values
(M54 2)ieq+ € R7”" such that

;+1/2 - Mij+1/27 VJEJ*,
z+1/2 = MiL+1/2 = 0;
M — M
(3.2) M, = T2 TR g e g
’UjA’Uj
ZMJ'A’U]' = ].;
JjET
0<my <mg’ <y, mp” <7y,

These assumptions on the discrete Maxwellians M are weak and it is easy to build an example.

Example 1. Define M; := ca, M(vj) in the BGK case and Mty /3 == éay M(vjq1)2) in the
Fokker-Planck case and compute ca, and €a, to normalize the mass of (M;); to 1. Then, by
consistency of the piecewise constant approzimation (say, in L*) the last condition in (resp.
(3:2)) holds in the BGK case (resp. the Fokker-Planck case).

Remark 3.

e The second assumption in is needed for technical reasons, in order to perform dis-
crete integration by parts. However, one can note that for sufficiently large domains this
hypothesis is relevant and invisible in practice because of the fast decay of the Gaussian.

o In both cases observe that symmetries of both the velocities and the Mazwellians imply

(33) Z AUj'Uij =0.
€T
o The third assumption in (3.2)) is the discrete counterpart of (1.4)), namely O, M = —v M.
o Let us underline that m5" and m5¥ are not consistent with mo and my when Av tends
to zero, since we consider the problem in a bounded domain [—v.,v.] with zero bound-

ary values for the discrete Mazwellian. We then have an error in O(M(v,)) for these
quantities.

As in the continuous case, we also introduce the inverse of the Maxwellian

1 .
S VIR vieJ.
j

Discrete gradients. Given some discrete microscopic quantity g = (¢:5)iez,jes defined on
control volumes and assuming that some boundary data (in velocity) (g; r+1)iez and (gi,—r1)iez
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are given, one may define the discrete gradients D,g € RT*7" on the dual mesh by

9i,j+1 — 9ij : .
(Dﬂg)iyj+1/2 = ua vjej*a VieT.
Avjti1/2
In the numerical analysis of our scheme it will be convenient to use discrete gradients in space
too. Given a macroscopic discrete quantity p = (p;)iez, we define discrete gradients D,p € R
on the (primal) mesh as

Pi+1/2 — Pi—1/2
AIL’Z' ’

Pi+1 + pi

5 , VieT.

(Dzp)i = where pii1/2 =

Discrete functional spaces. From there we define for microscopic quantities the discrete
weighted L? norm

(i,5)€IxT

For macroscopic quantities, we shall need the discrete L? norm

Ipll3 = lpil® Ax;

i€T
and discrete Sobolev seminorm

1Daplls = Y [(Dup)il® Ay
i€l

Finally, for a discrete Maxwellian satisfying (3.2)) one can introduce the Sobolev seminorm in
velocity

2 *
IDuglls e = Z [(Dog)iga1y2]” My o A Avjiy s
(4,5)ETXT™

Observe that since the discrete Maxwellian vanishes at endpoints of the domain, the definition
does not involve boundary data (g; r+1)iez and (g; —r1)iez. One has the following discrete coun-
terparts of the Gaussian and flat Poincaré inequalities. The proof of these results is given in
appendix.

Lemma 5 (Discrete Gaussian Poincaré inequality on bounded velocity domain). Given a discrete
Maxwellian on interfaces (M;+1/2)jej* satisfying (3.2), one has for all f = (fj)jeqs € R that

2

(3.9 I - oni, < [0, (L)

)

2, M~

where M = (M;)jez is defined in (3.2) and p =3,  ; fAv;.

Lemma 6 (Discrete Poincaré inequality on the torus). Assume that the number of points N in
the space discretization of the torus is odd. Then, there is a constant Cp that does not depend
on Az such that one has for all ¢ = (¢;)icz € RT satisfying 3 ,c7 Aw;; = 0 that

(3.5) [¢llz < Cp D22
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3.2. Presentation of the schemes. In this section we present numerical schemes for Equa-
tion in both the Fokker-Planck and the BGK cases. The schemes are of finite volume type
[22], meaning that they are based on an approximation of the fluxes appearing in the integrated
version of on each cell K;;. In the time variable we choose a backward Euler discretization.
First of all, we discretize the initial datum fy by

1
o o
9= Aw Aoy / ; f(0,z,v)dzdv, V(i,j) eI xJ.

Now let us define the schemes corresponding to each collision operator. To lighten the notations,
we omit the superscript € for the discretization of f¢ and its moments in all this section, even if
these quantities obviously depend on ¢ as in the continuous setting.

Fully discrete Fokker-Planck equation. In the case of the Fokker-Planck operator ([1.5)),
the scheme is given as follows. Foralli € Z, j € J,n > 0,

At
n+l n n—+1 n—+1 n+1 n+1
(3.6) SAa vy (F = f5) + At (F) =) = = (anfl, - gt ).
where the numerical fluxes are respectively defined for all n > 0 by

n+1 n+1
(3.7) Fri AR

ity = Vi B Av;,  VjeJ, Viel,

+1 fng—:ll fZH 1
(3.8) g, i) /\/l]Jr2 My~ M, ) Do, %Asci, Vie J*\{-L,L}, Viel,

(3.9) G =G =0, Vel

Remark 4. The first equation (3.7) is a centered discretization of the free transport. The choice
of the velocity fluzes gm—% in (3.8)), which is based on the gradient form (L.5)) of the Fokker-
Planck operator

is fairly close to the Chang-Cooper [13, @] or Scharfetter-Gummel [33, 9] approzimation. In-
deed, if we consider a uniform velocity discretization with Av; = Av constant, and the discrete
Mazwellian defined as in Example[], the velocity fluz is then given by
Al‘i
Gijri = Ay (B(=04180) fije1 = B (v;A0) fij),

where B is the Bernoulli function defined by B(x) = x/(e* — 1) if x # 0, B(0) = 1. The Chang-
Cooper and Scharfetter-Gummel schemes are obtained by replacing v; and vji1 by vji1/2-
Finally, the last equation (3.9) corresponds to zero flux boundary conditions in velocity.

Fully discrete BGK equation. In the case of the BGK operator (|1.3)), the scheme is given
as follows. ForallieZ, j € J,n >0,

At
(810)  eAmdo;(f5T - 1)+ At (FI - f”jj):fm Avy (i My — f1F)

where the numerical flux szfj is still defined by (3.7) and for all i € Z and n > 0, the discrete
3

macroscopic density is given by

(3.11) o= Aufp

Jjeg
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For future use and independently of the choice of collision operator, we also define the other used
velocity moments of the discrete distribution, namely

n 1 n
(3.12) Jit = - ZAUjvjfijv ZAUJ Uz_mz ) fij

JjeT JjeT

for all + € Z and n > 0. Both schemes (3.6) and (3.10|) clearly satisfy the discrete mass conser-

vation:

Z Az Av; fi'; = Z AmiAvjfgj =mys Vn>0.
(i,9)€IxT (i,J)€TxT

This property is obtained by using the zero flux boundary conditions in velocity in the
Fokker-Planck case, and assumption on the discrete Maxwellian in the BGK case

Existence and uniqueness of a solution to the fully implicit schemes and (| will
be established in the next section as a by-product of the discrete * entropy estlmate given in
Lemma [

3.3. Uniform estimates. In this section we derive the discrete counterparts of the results of

Section 2,11

Lemma 7 (Discrete “entropy” estimate). Let us consider a discrete Mazwellian satisfying (3.2))
(resp. (3.1)) and let (f]})iez jeg,nen solve the scheme (3.6) (resp. (3.10)). Then for everyn >0,

1

LF 3, — 117113
s 2l 4 72an+1 7L+1M||2
S

2At

(3.13)

a'Y—

In particular one has

27

n 2 - n n
(3.14) max (Sg%llf 5 = > At —p MII%) < 17013
nz n=1

Since schemes (3.6) and (3.10) are finite dimensional linear systems, we deduce from (3.14)

the uniqueness of a solution, and then the existence.

Corollary 1. The scheme (3.6) (resp. (3.10)) admits a unique solution (f{})iez jes nen-

Proof of Lemma[] We first consider the Fokker-Planck case. Multiplying (3.6) by f;*l'yj and
summing over ¢ and j, we get

(315) & > AzmAu(fEtt— Ty AL Y (Frh - f;l_“ )iy =
(1,)€EIXT (i,§)€EIxT 2

g Z (gn-‘rl gn+1 )fn+1

€ ii+3 ii—3
(1,4)EIxT

Using that a(a — b) > (a® — b?)/2 for all a, b € R, the first term of (3.15) can be bounded from
below by

6 n n 6 n n
3 > Amilu ((f5) = (1)) v = SUlf 3, = 15,
i,5)EIXT
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Then, using the definition (3.7]) of the numerical fluxes, the second term of (3.15]) gives

f7n+1 +fn+1 fn+1+fn+1
NCTR LT e ) gy

(1,9)€EIxT (i,)EIXT 2 2

n+1 fn+1 fn+1fn+1

= Avjvy f+1’j =i .
Z JJJZ D)

JjeET €L

Finally, we perform a discrete integration by parts in velocity on the third term of (3.15) using
the zero flux boundary conditions, to obtain

Y@L ety == Y G U e = F )
(i,§)EIXT (i,§)ETXT*
Axi * n+1 n+1 2
- Z Av. le+§(fi,j+1'7j+1*fij %)
(hi)eTxg=  Ita

_HDU(JC/M)”;M*

< [l = et TIM

e
thanks to the discrete Gaussian Poincaré inequality. This concludes the proof in the Fokker-
Planck case.

For the BGK operator the left hand side is exactly the same as in . Using the definition
of p""'1 and the unit mass assumption on the discrete Mawxellian in (3.1)), we obtain for
the rlght hand side

ST AwAu (P My Sy = = Y A (T - M)y
(iuj)EIXj ( J)EIXJ
=L/ = pr M,
which concludes the proof. O

Lemma 8 (Discrete moments estimates). Under the hypotheses of Lemma m the moments
(p7)iez, (J)iez and (S1)iez satisfy the following estimates, for all n € N:

3

(3.16) o™z < 1" ll2y 5
(3.17) eIz < M) 21 2
(3.18) eIl < (m*) 2" = " M2y
(3.19) 1S™[l2 < (mg" = (mg)) 2| f" = p" Mz,
In particular, there is a constant C' > 0 depending only on the uniform bounds on m4¥ and m4’
from hypotheses (3.1) and (3.2)) such that
1/2 v 1/2

(3.20)  max sup 1p" |2, ESHPIIJ"Hz, (Z AL‘||J”|2> 2 (Z At||5"||§>

n=0 n=0

< Cl 02y -

Proof. The proof is almost identical to that of Lemma[2] Indeed, just observe that the moments
rewrite as follows. First one has
1/24 4 41/2
Z Ay ( 1171/ Mj/ :

j€T
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Then, thanks to the symmetry of the discrete Maxwellian and anti-symmetry of discrete velocities

yielding (3 , one has
1 n n
D3 Ay (F ) (0 MY2) = 23 A (5 = My (g M),

JEJ JjET
Finally, observe that by definition of m5*” one has
1/2 Av 1/2
= D7 vy (fF = oF My (0F —me) MG
JjET
Then one can take the norm of each expression and use Cauchy-Schwarz inequalities to get the
desired estimates. Estimate (3.20)) is then a direct consequence of (3.14). O

3.4. Asymptotic-preserving property. For macroscopic quantities we recall that approxi-
mate values at the interfaces x;, 1 1 € T are defined by the average

Q2+2 QZ +2Q2+17 X = Py Jv S.

Lemma 9 (Moments equations). Let us consider a discrete Mazwellian satisfying (3.2)) (resp.
(3.1) ) and a solution to the scheme (3.6)) (resp. (3.10) ). Then the discrete moments satisfy the
following equations. For alli € Z, n >0,

(3.21) Az (pPH —p) + At(JZfll JZ‘_‘E) = 0,
(3.22)
e Ay (T = JP) + AL(SI - SPT) + AtmBt (o7 - T = - AtAw T

Proof. Equation can be easily obtained by taking (3.6]) (resp. (3.10))) and summing over j €
J. Thanks to the zero flux boundary conditions in the Fokker-Planck case, and the normalization
assumption of the Maxwellian in the BGK case, one easily sees that the contribution of the
collision operators vanishes.

To obtain the second equation, we multiply (resp. ) by v; and sum over j. In the
Fokker-Planck case, it yields

2 Az (JMH — T + At(S™T) — S““) + Atm5 (p“j} Pt =

+ 1 1—3
At n+1 n+1
= 2 (ot -9
j€eT
Performing a discrete integration by parts and using zero flux boundary conditions, we have
At n+1 n+1 At n+1
& (glﬁl Gii- *) =7 2 )G
JjeT JET*
At fRJ++I1 f;+1
= - As, Y M (M )
jeT\{~L,L} ! !

Now, performing again a discrete integration by parts and using that the discrete Maxwellian
vanishes at endpoints of the velocity domain (see assumption ([3.2))), we obtain
fn+1

M;

At n+1 nt1 ) _ At * *
I (g”_i_ g,]_7> ?AmZZ(Mj+%_M]7%)
JjET JjeT

At
= —— A;El Z A’UjUjfZ}+1,
jeT
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which finally yields the result using definition (3.12)) of J"™*.
In the BGK case, we also multiply (3.10) by v; and sum over j to obtain

2 Ax; (JP — I + At(ST”ﬁl — SN + Atmy (p"jl Pt =

)

—Axl Z Av;(pl T M, f”“)
JjET

Using (3.3]), the right hand side can be written as fAtAxiJi”H, which concludes the proof. [

Theorem 1. (Asymptotic-preserving property) Let us consider a discrete Mazwellian satisfying

[B2) (resp. (3.1)) and let [ = (f;})zez,]ej for n € N be a solution of (3.6) (resp. (3.10)) with

initial data (f{)iez jeg. Then there is p™ = (p} )iez for alln >0 such that when € — 0 one has
fr—p"M in R¥*T . forall n>1

and the limit satisfies the following finite difference scheme for the heat equation

p:H_l p? mQAv n—+1 n+1 .
(3.23) Az, A = = (D2p™ i1 — (Dap™)iza) , Viel

with initial data p(i) = Zjej Av, Z‘;

Proof. Thanks to the estimate on the discrete macroscopic density, there is a subsequence
(éx)x such that pl' — p" for all n > 0. Thanks to estimate (3.14) the sequence (f);, € (RT*7)N
converges to (pI M;)iez jes for each n > 1. To identify the limit scheme, we combine
and to get that for € > 0 one has for all i € Z and n € N that

1
Az (01 = pit) = m3" At o ((Dep" Hisa = (Dap™)i1)

1 n n
+ At S ((DaS™ )iga = (DpS" i) +€* (T = JT) = (Jhy = JLy)-

Then thanks to the estimate it is straightforward to show that the terms of the second line
converge to 0. Finally observe that the limit scheme has a unique solution. Indeed, it consists
in inverting a matrix that is strictly diagonally dominant and thus it is non singular. Therefore
the whole sequence converge. g

Remark 5. Observe that the scheme for the heat equation keeps a trace of the velocity discretiza-
tion in the diffusion coefficient m5*.

3.5. Numerical hypocoercivity. We shall now adapt to the discrete framework the hypocoer-
civity method proposed by Dolbeault, Mouhot and Schmeiser in [20] and summarized in Section
[2:3] The main result of the section is the following.

Theorem 2. Let us consider a discrete Mazwellian satisfying (3.2)) (resp. (3.1) ) and assume that
the number of points N in the space discretization is odd. Then there are constants C > 1 and
B > 0 such that for all € € (0, 1) all At < Atpax and all initial data (flj)zel'dej, the solution

(f1)iez,jegmen of B.6) (resp. (3.10)) satisfies
_Bn
(3.24) If*=mgMllzy < CIf*—myMla e 2" .

Moreover, the constants C' and B do not depend on the size of the discretization &, and Atpax > 0
can be chosen arbitrarily.



18 MARIANNE BESSEMOULIN-CHATARD, MAXIME HERDA, AND THOMAS REY

Once again we prove the theorem assuming that the initial data has zero mean
> AmiAvfy = 0.
(1,5)€IxT
In the general case one can just replace fj by in —mysM;, where my = Z(Z NETxT Az;Av; 2 i
and correspondingly and p7 by respectively f7: —msM; and p;' — my in the following

arguments.
For all n > 1, let us define the discrete modified entropy functional which reads

n
j

n __ n—1
(3.25) H(f") : 7||fn||gv+ngzzm1jn Do) L ZA (D29)} — (Da)i ") ’

At
i€l €T

where > 0 will be determined later and (¢!");cz is the solution of the following discrete Poisson
equation

~ (De9)iy — (D29)i"
2
(3.27) > Az} =

i€l

(3.26) = Aux;pl, Vi€,

Remark 6. Observe that the discrete version of the modified entropy has an additional third
term compared to . 1t is of order O(At) and thus consistent with 0, so that taking limits in
the discretization parameters, we recover (at least formally at this stage) the continuous modified
entropy , It does not perturb the adaptation of the strateqy of Section .

Let us first justify existence and unicity of (¢;);ez satisfying (3.26])-(3.27). System (3.26]) can
be written under the matrix form A¢™ = p™, where the rank of the N x N matrix A is either N —1

if N isodd, or N —2if N is even. Observe that A is symmetric with respect to the inner product

(@,9) = > cr ®i¥i Ax;. In the odd case, the condition corresponds exactly to (¢;)iez
being orthogonal (for the latter inner product) to the kernel of A spanned by (1,...,1) € RZ.
Hence provided that IV is odd, which is assumed in Theorem [2| the system supplemented
with zero mean value condition admits a unique solution.

Let us now derive the discrete estimates on (¢;);ez.

Lemma 10. Under the assumptions of Theorem[3 one has for allm € N
(3.28) [1D20"2 < Cr o2,

n+l n

At ,

where Cp is the discrete Poincaré constant of Lemma @

Proof. Multiplying the discrete Poisson equation (3.26]) by ¢, summing on ¢ € Z and performing
a discrete integration by parts, we obtain

_Zsz m¢ ZAmzp? :la

€T =s
which yields thanks to Cauchy-Schwarz inequality

> Az (Do)} <Z Azi(pl) )

i€l €T

=

(ZA% o) )

1€L

Using the Poincaré inequality (3.5)) we get the first estimate.
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Now, considering scheme ([3.26) at time n and n 4 1, we can write
1

=5 [((Dz0)i = (De)iy) = (D2 = (Dat)in)] = Awi(p} ™ = o).
Multiplying this equality by (b’-”rl — o7 summing on ¢ € Z and integrating by parts, we get
Z sz m¢ n+1 Z sz n+1 p?)((b?—i_l - ‘b?)
1€L 1€l

Using the scheme ([3.21)), performing a discrete integration by parts and applying Cauchy-Schwarz
inequality, we obtain:

Jn+1 Jn-l-l

S A [(De)i ! — (D, =AYy L (gt - o)
icT i€l

= AtZAM“ (D) *! = (D)7

ieT
7
(i) (gaetoors o).
i€T i€l

from which we deduce (3.29)). O

Now we show that for 7 small enough the modified entropy functional (3.25)) is an equivalent
Il - l2,4 norm uniformly for small ¢ and mesh size.

Lemma 11. Under the assumptions of Theorem@ and assuming that € < 1 and At < Atmag,
one has for allm > 1
(3.30)

(5-ntms™y2) s

Proof. On the one hand, using the Cauchy-Schwarz inequality, we have

2 ZAxiJ D)7 < ne? (ZA% (J) ) (ZA% Do)} ) ,

i€l i€ i€l
so that with (3.17)), (3.28) and (3.16)) one has

Z sz £¢

1€L

On the other hand the last term of H(f™) may be estimated using (3.29) and (3.17))

n 1 ”7 v n
|§,,Y < H(f) < (2+77(m2 )1/20 +2m2A Atmax) ”f ”2

[N

ne

ne’ 0 (mg*) 2 Cpe | 113,

n—1
775 ZA z¢ ( w¢)z ) < n m Av At ||fn+1||2 -

At 2
1€L
We finally establish (3.30]) using that ¢ < 1 and At < At,pae- a

Proposition 3. Under the assumptions of Theorem[3, there is ny > 0 such that for all e < 1,
At < Atz and n < 1o,

H fn+1 —H fn " " "
VBT Ko (17— o M, + 1 8) < 0, vn2 1,

with K(n) = 3 min (1 — gima, nm,).
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Proof. Let us estimate the discrete time derivative of H. For all n > 1, we have

(3.31) H(f"™) —H(f") = %(Hf"“”gﬁ—||an§,7)+7762T{L+7752T2",
with
T =" Az (JIT (Dag) ! = T (DL0)?)
ieI
A % n n n n-
Ty =5 Z o (((Da0) ! = (D20)7)” = (D200 = (D29)i™))
zE

Concerning the first term, we proved in Lemma [7] that

At
%,'y - ”fn”%,’y) < _?anJrl -

1

(332) S
Then, we can write:
(833) TP =) Am(JT = IN(De) 4+ Y Ani T ((Dag)i T = (Dag))) + R

ieT i€l
where

= Az (T (Deg)i ™ = T (D) + TN (DLd)) — JH(Da0)y) -

i€T
We remark that the two first sums in the right hand side of (3.33)) correspond to a discrete
versions of ({0;7¢,0,0°) + (j°,0,0,9°)) At .

Let us now study the remainder term R™. We have
= Az (P = T (D20)7 T = (Da9)7)
s
which after a discrete integration by parts leads to
= Az (Da)i = (D2 d)7) (97 = of).
s

Using scheme (3.21)), we get

1 n n 77— n n
R" = ——ZAm (P =207 + pi (07 = 07,

At 4
i€l
and then using scheme -3.26 followed by a discrete integration by parts, we obtain:
1 . .
R" = 5 2 (D) = (Do) = 2 (D6 = (Dad)i)

+ ((D29)7 = (D29)7 7)) (67 = o)
= =57 2 A% (D2g)i ™! = 2Dad)} + (Da)} ™) (Drg)i ™ = (Dad)}) -

Using that —a(a — b) + (a® — b?)/2 = —(a — b)? < 0 with a = (D,¢)!"™" — (D,¢)? and b =
(D) — (Dy)i ™", we finally get

(3.34) R"+ 13 <0.
Then gathering (3.32) and (3.34) in (3.31]) results in
At

(3.35) H(f™+) - H(f") < —(?QIIf"Jrl —p"IMI, + T
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with
Ty = ey Ay (7T = T (Ded)i ™t +0e? Yy Az P (Dog)i ! = (Dag)y) -
= i€Z
It remains now to estimate this term 73'. We proceed as in the continuous framework. Using
scheme (3.22) in the first sum of the right hand side, we write:

T3 =T3 + T35 +Tas + T3y,
where
T??l = —nAtZ AIZ(D$S)?+1(D$¢)?+13
ieT
T3y := —nAt Y Az;ms”(Dep)i T (Dag) !t
ieT
T3y o= —nAt Y Az J M (D)t
ieT
T?ﬁl = 7752 Z Axi‘]in+1 ((Dx(b)?Jrl - (D:L’(b)?) .
i€T
Applying a discrete integration by parts and using scheme (3.26)), we have

D,o)" ! — (Do)t
T;ﬁ _ UAtZS?H< ¢)1+1 . ( ¢)7.71

ieT ieT
Then the Cauchy-Schwarz inequality and (3.19)) yields

" N " — fn+1 _ pn+1M
(336) T < nAH| S o o < ey g — 3 L

Performing a discrete integration by parts and using again scheme (3.26]), we get
(3:37) T3 = —nAtms" Y Awi(pr ) = —nAtmp? .
i€
Then, applying Cauchy-Schwarz inequality followed by (3.18) and (3.28]) we get

= M2y g
4 PR
The last remainder term is estimated again using Cauchy-Schwarz inequality followed by (3.18))

and ([3.29)), yielding
(3.39) T34 < ne? [|[J" |2 [ Deg™ = Dag™|la < nAtms| f* — p" M]3,

Gathering (3.36)), (3.37), (3.38) and (3.39)) in (3.35) then gives:
1
H(f™) — H(f") + At( - ) | fF = p"TEMS, + Atmy " 13
9 Cp /Ty

< Atn(y/mq — mj + ————
13

It follows that for any n € (0,72) with

= nALY AwiSiTp

(2

|2,
o™z

(338)  |T3] < AL o D™ s < 5 ALCp Vi |

I = " M2 172

ma
N2 = )
(v/m4 —m3 + Cp /T2)? + mymo
and € € (0, 1), one has
HF™) — (™) + At () (|7 = o M + 10 3) <0,
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with
1 . .
K(n) = 5 min (1 — nimg, nmy) -
O

Proof of Theorem[3 To conclude the proof we use the triangle inequality, 2(a + b)? < a® + b?
followed by (3.30]), to obtain

H(f") = H(f™) + Ats(n) H(f") <0 ¥n > 1,
and k(n) = K(n)/Ka2(n) where Ko(n) =1+ 2nv/m2Cp + nmaAtpax. It implies
H(f") < B L+ Ats) ™" =H() exp(—7H (A1) log (1+ At (1))
Since s — log (1 + sk(n)) /s is a non increasing function on ]0, +oco[ and At < Atyyq., one has
H(f"+) < efAtmasH(f1)e P ¥n > 1,

with maximal uniform rate

1
8= Al log (1 4+ Atmazr(n))
Finally
K K
() < 220z, < Kooy

Provided that 0 < 1 < min(ny,72), with 9, = 1/(2m;/2) to ensure that the constant at the left
hand side of (3.30)) is positive, one finally obtains (3.24]), which concludes the proof of Theorem
O

4. IMPLEMENTATION

In practice, the implementation of the schemes written as in and leads to two
numerical issues. First, the matrix that should be inverted is ill-conditioned for small €. This
leads to large numerical errors near the diffusive regime and deteriorates the AP property of
the schemes. Second, the evaluation of integrated differences that are of the same order, such
as || f™ — myM]||2,pm when n is large leads to the accumulations of machine epsilons and poor
approximations of these quantities.

In this section, we present an equivalent formulation of the schemes and which
solves both these issues. It is based on a perturbative micro-macro formulation introduced in
Section[4.1] In the next subsection, we justify the uniform conditioning of the reformulated linear
systems on the whole range of e (including e = 0). In Section we write the linear systems
in explicit matrix form so that the reader may implement the scheme easily and replicate the
numerical results of Section[Bl The test cases illustrate the theoretical results of Theorem [I] and
Theorem [2] namely the asymptotic accuracy of our schemes in both the diffusion limit and in
the large time asymptotics.

2
the micro and macro unknowns, (h%)iez,je 7.nenN and (A?);ez nen respectively, which satisfy for

allieZ, je JandneN l
(4.1) f:; me./\/lj—F/\;LMj —|—8h%/\/lj,

(4.2) A= —my =) fl Avy —my
JjeET

4.1. Micro-macro formulations of the schemes. Given (f]})icz jc7 nen, let us introduce
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An immediate consequence of these expressions is that
(4.3) S hEMiAv; =0 VieI,¥neN.
JjET
If one writes the counterpart of the continuity equation (3.21]) with the new unknowns, one gets
the following macroscopic evolution equation
hn+1 o h’l_’l+1 )
(4.4) Azy(APTE = A1) + ALY Avju; M, % =0, VieT.
JjET
e In the Fokker-Planck case, if one plugs (4.1) into the scheme (3.6) and then subtract
(4.4) multiplied by —Awv; ¢, one obtains the following microscopic evolution equation

n+1 n+1
(4.5) &2 Ax; Avy (R —RI) + AtAv-v-M
. 7 J 7 17 J Y 9
Rl — pntl Rl — prtl
+ e At Av, (ij_z AkakMkw
keJg

M* M*
— AtAz; _ A2 el pnly L TTITY2 el et ) )
(A’Uj.;,_l/g Mj ( hit+l K ) A’Uj_l/z Mj ( K b 1)

e In the BGK case, if one plugs (4.1) into the scheme (3.10) one obtains the following

microscopic evolution equation

2 n+1 n )\:‘Lj_ll - /\,?j_ll
(46) 1) Al‘z Avj (h” — h”) + At Avj yjf
prtl o prtl prtl o pntl
+eAtAv; (vj SR = Y v My R
keJg

= —AtAz; Avghtt

Based on the previous computations, one can define three schemes. In all three cases we
start from the given initial data (f5);; € R¥*7 and define (h;); ; € R**7 and (A9);,, € RT*N
according to (4.1) and (4.2). If ¢ = 0, we define h?j = 0 for all 4,j. Then the schemes are as
follows.

(Sjc) The unknown (f%); j» € RT*7>*N solves in the Fokker-Planck case and in
the BGK case. The micro and macro unknowns (h7}); j.n € R¥*7*N and (A});, € RPN
are defined thanks by and .
(S5.,) The micro and macro unknowns (hf});;n and (A});, solve (4.4), in the Fokker-
Planck case and (4.4), in the BGK case. The unknown (f%%); ;. is defined by
@
(S5.n) The micro and macro unknowns (h};)i jn and (A);n solve the overdetermined linear

7 system (4.3]), (4.4), (4.5) in the Fokker-Planck case and (4.3)), (4.4), (4.6) in the BGK
case. The unknown (f}3); j» is defined by (4.1).

1
These schemes happen to be well-posed and equivalent in the kinetic regime £ > 0 but not in
the diffusive regime € = 0.

Proposition 4. The three versions of the schemes satisfy the following properties.
(i) Ife >0, (S?), (Sf\ﬁ) and (Sih) define the same unique (f5)i jn, ()i jn and (A})in.
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If e = 0, the equivalence between the schemes does not hold. More precisely, (S?c) is
ill-posed, (Sg7h) is well-posed in the BGK case and ill-posed in the Fokker-Planck case
and (Sgh) is well-posed.

The computations of the beginning of this section already showed that (S%) = (S5 ;)
Let us now prove that (S5 ;) = (Sih) At n =0 one has > ., Av; hY; M; = 0 for all
i € Z. In the Fokker-Planck case, one can multiply (4.5) by M; and sums over j € J to
obtain
> Av (@ hET = h)M; =0, VieI, VneN.
JjET
In the BGK case, it yields
> Avi (2 + ARG —2h)M; =0,  VieI, VneN,
JjET
Therefore (4.3) holds. Finally let us show that (Sih) = (S%). Since (4.3) holds, by

multiplying (4.1) by Av; and summing over j € J one obtains (4.2). Then, just add
(4.4) multiplied by eAv; to (4.5) (resp. (4.6])) to obtain (3.6) (resp. (3.10)).

Let e = 0. In the case of the Fokker-Planck operator, let us define the discrete collision
matrix Q% p satisfying for all g = (g;);jes

1 M*’H/Q ;71/2
Qhpg = ((J gi+1 — i) — (95 — gj—1 :
FP A'Uj A’Uj+1/2 M] ( J+ ]) A'Uj—l/Q Mj ( J J ) ies
Since one has (Q%p g, 9)o = IDugll3 g, it is clear that Ker( %p) = Span{(1,1,...,1)}
and therefore the linear system (4.5) (with e = 0) has infinitely many solutions since
(v;)jeq € Ker(Q%p)*t = {g, s. t. > jer 9iM;Av; = 0}. If one multiplies (4.5) by
v;M; and sums over j one gets for any solution
AEL L
41 _ Av i+l —1
ZAUJ'U]MJ}LZ = _m21ﬁ
JjET
Then by plugging this into (4.4), we infer that (/\;L"’l)iez is determined uniquely since it
satisfies our limit heat equation (3.23)). Hence, the linear system of (S(/)\,h) has infinitely

many solutions. If we now consider the scheme (Sg ») one has the additional equations
> jes hijM;jAv; = 0 for all i € Z which correspond to (hi;); € Ker(Q%p)* for all

1 € Z. The solution is now unique which proves well-posedness of (S(;“ n)-

In the case of the BGK operator, the situation is simpler since the discrete collision
operator Q% is a diagonal positive definite matrix. Hence both (Sgﬁ) and (ggh) are
well-posed. With similar arguments than those developed in the foregoing proof, it is
easy to show that (S‘}) is ill-posed in both the Fokker-Planck and BGK cases.

O

An immediate consequence of the previous proposition is the following

Corollary 2. The condition number of the linear system in (Si,h) is uniformly bounded with
respect to € € [0,1].

Proof. By invertibility of the matrices, the condition number is well defined on the whole range
¢ € [0,1]. Moreover it is clearly continuous in €. Hence the boundedness follows from uniform
continuity. O
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Remark 7. By taking our schemes for the kinetic equations at € = 0 in their formulations
(S$.4), one is exactly solving the discrete heat equation (8.23) for (\i)iez, as expected in the
diffusion limit.

4.2. Explicit matrix formulation. Following the results of the previous section, our schemes
should be implemented in their robust form (S5 ;). In this section, we write the explicit matrix
formulation of this scheme. At time ¢", both schemes rewrite in linear system form

M, U™t = DU
with col = FP or BGK. The vector U™ has two sets of components corresponding to the macro
and micro variable. They are indexed by control volumes. The first set is U%, = A} for 1 € Z
and the second is Ul = hj; with (i,j) € Z x J. From the knowledge of U", one can compute
the usual distribution function (f]});; thanks to (4.1). Since the linear system is rectangular
(but has a unique solution as shown previously), it can be solved thanks to the pseudo-inverse

T -1 T

(4.8) Ut = (M) " Mg, ] (Mg,)' D°U™.
This linear system is a rewriting of the relations (4.3)), (4.4), (4.5) in the Fokker-Planck case (or
(4.6) in the BGK case). The corresponding matrices M<; are defined by

Iy MM In 0
iol = Mh‘)‘ M(}:Lo’{l s DE = 0 EQHQL
0 Nh-h 0 0

Here, we denoted by Ix the K x K identity matrix and the other matrices are defined as
follows. The matrix M*M" has non-zero coefficients

\h Y] Mj A’Uj At Ak _ vj Mj A’Uj At o
XiKiv1,; QAZE, 5 MXiyKi—l,j = —72 A.Z‘i s V(’L,]) cIxJ.
The matrix M™* has non-zero coefficients
A - ’Uj At h,A o ’Uj At ..
MXi,Ki+1,j - QAZ‘Z ’ MXq‘,,Ki_l,j - 72Al‘l ’ V(Z,j) EIxJ.

. h,h .
The matrix M/, has non-zero coefficients

Vi, j)eIxJ VkeJ, k#7, M%KU ~ 24t

h,h o vy At(lfA’Uj Mj) Mh’h _ Vj At(lfA’Uj ./\/l])

Kij,Kit1,; — € 2sz ’ Kij,Ki—1; — -€ QALL',L ’
hh _ v; At Avy, My, M vy At Avg My,
Kij,Kivi,e € QAI'Z ’ Kij,Ki—1,6 € 2Am2 .

The matrix M’}’Z has the same coefficients as M%g x except for the following

At M) MGy )0
V(i,j) eI xJ, M" =&+ — s + 2
) 7 figr B Avy \M;Avjirp - MjAvj oy
h,h _ At/\/l;Jrlﬂ h,h _ AtM;—lﬂ
Kij,K; jr1 AUJ‘ Mj AUj+1/2 ’ Kij, K ;-1 A’Uj Mj AUj,I/Q .

Finally the matrix N®” which comes from (4.3]) has non-zero coefficients
N];fszi,j = Mj Avj? V(ZJ) el xJ.
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5. NUMERICAL SIMULATIONS

In this final section, we shall present simulations for the overdetermined micro-macro versions
(~§7h) of our numerical schemes. We will address numerically all the features of our numerical
methods, namely their AP properties in a first subsection, and the discrete hypocoercivity in the
next ones, along with some fine properties of the numerical solutions.

The numerical method has been written in Python 3.6, using Jupyter Lab, and is available,
together with all the test cases presented in this section in [6].

Unless stated otherwise, in all the simulations we will take L = 20, namely 41 points in a
velocity box [—v,, vi], with v, = 8, and N = 51 points in the torus [0, 1]. Given that our schemes
are unconditionally stable, we shall choose At = 0.1.

5.1. Numerical investigation of the AP Property.

Test 1. Convergence toward the heat equation. Let us start by investigating numeri-
cally the AP property of our schemes. We choose as an initial condition the following smooth,
far-from-equilibrium distribution

1y 291+ cos(4na)
folz,v) := mv e 5 ,

We solve first the kinetic Fokker-Planck equation with scheme , for e =107%, 1073, and
1071, and compare the discrete density p° at different times with the solution to the discrete
heat equation given by . The results can be found in Figure (3] where we observe a good
agreement between the convergence result of Theorem [I] and our simulations.

We then perform the same numerical investigations for the linear BGK equation with scheme
. Again, we observe in Figure |4 the convergence with respect to € of the density p° towards
the solution to the discrete heat equation p, as predicted by Theorem

We will now investigate the hypocoercivity properties of our schemes, with various numerical
experiments in the Fokker-Planck and BGK cases.

5.2. The Fokker-Planck case.

Vo € T,v € [—vs, vs].

Test 2. Trend to equilibrium. We shall fix ¢ = 1 for this numerical test case.

Let us first start to verify the results of Theorem [2] namely that the discrete solution f¢ to the
kinetic Fokker-Planck equation converges towards myM in the discrete, weighted, L? topology,
at an exponential rate.

We first perform this experiment with an initial data chosen to be random, uniformly dis-
tributed on the (z,v)—plane, but supported in v € [—3,3] (also shown in the left side of Fig-
ure . We observe in the rightmost part of Figure |5 that the numerical rate of convergence
of the discrete norm ||f — mysM)||2, obtained with the scheme is indeed exponential. It
also matches the rate of convergence in the spatial L? norm of the density p° towards the global
mass my¢. The observed rate for this test case is 1.06, which is close to the rate observed in the
paper [21].

These observations are confirmed by choosing another initial condition, such as the indicator
of a ball in the (z,v)—phase plane, as seen on the left of Figure @ We observe in the right part
of that figure the same behavior than in the previous case. The numerical rate of decay is once
more 1.06 this time, close to the expected value of 1. Note that the exact rate in the space
homogeneous case is exactly 1 (see again [2I] for a short proof). The optimal rate in the full
space inhomogeneous case is not known.

Finally, we also present in Figure [7] a snapshot of the particle distribution function in the
(z,v)—phase-plane at different times, illustrating its convergence towards the global Maxwellian
distribution.
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0 0.2 04 06 0.8 1 0 02 04 06 08 1
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3 |
....... = 1071
x £=10"3
+ e=10"10
Pheat
2.99 |
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FiGURE 3. Test 1. Comparison of the solution to the heat equation obtained
from the scheme ([3.23)) (solid line) with the solution obtained with the Fokker-
Planck scheme (4.5)) with different €, at times ¢t = 0.1, 0.2, 0.3 and 10.

Test 3. Dependency of the exponential rate on ¢ For this final Fokker-Planck test, we
study the influence of € on the rate of exponential decay of the quantity ||f¢ — myM]|l2,. We
choose initially a uniformly distributed distribution fp in the (z,v)—plane, with values between
0 and 1, and we let € vary from the purely kinetic regime € = 1 to the purely diffusive regime
€ = 0, without ever changing the other grid parameters.

We represent the results of this numerical investigation in Figure [8] by plotting in solid line
the different numerical values of ||f*(t) — myM]||2,. We observe that the rate of exponential
decay seems to have a lower bound which is uniform on ¢, illustrating the fact that the result of
Theorem [2] is suboptimal concerning the rate 8 obtained. This could of course be improved by
tracking exactly the dependence in € in the estimates used in the proof of Theorem

To make this latter statement more explicit, we show in Table|[l|the value of the rate of decay,
as a function of e. This rate decreases with € towards a limit value.

5.3. The BGK case.

Test 4. Oscillations during the macroscopic relaxation to equilibrium

We finally consider as a last test the question of the macroscopic relaxation towards equilib-
rium. So far, we investigated the behavior of the rate of relaxation in L?(dzdy) of f¢ towards
its global equilibrium m M, namely kinetic relaxation. We will now turn to a numerical study
of the rate of relaxation in L?(dxz) of the velocity averages of f¢, namely pf, towards their
constant-in-space global equilibrium m ;. We shall call this later case macroscopic relaxation.



28

MARIANNE BESSEMOULIN-CHATARD, MAXIME HERDA, AND THOMAS REY

3.2 -
3.1
3 -
2.9 |
T T T T T 2.8 1 T T T T T T
02 04 06 038 1 0 02 04 06 038 1
3.01
3.04 |
3
3.02+ T ST T e=10"1
3 | X = 10_3
+ e=10"1°
. — —— Pheat
2.98 2.99 |
2.96 |
T T T T —2.99 T T T T T
0 02 04 06 038 1 0 02 04 06 038 1
x x
FIGURE 4. Test 1. Comparison of the solution to the heat equation obtained
from the scheme (3.23) (solid line) with the solution obtained with the BGK
scheme (4.6) with different e, at times ¢t = 0.1, 0.2, 0.3 and 10.
—[[fF = my M2
----- aexp(—1.06t) 1072
—lp® —my |z
0.8
[ 10—6
0.6
>
0.4 [ 10—10
0.2
0.0 | 10-14
0.25 0.50 0.75 w w ‘ ‘ 10
" 0 10 20 30

FIGURE 5. Test 2. Left: Initial data in the (z,v)—phase-plane. Right: Time
evolution of the weighted L? norm of the difference between f¢ and the global
equilibrium, € = 1 in the Fokker-Planck case, and observed exponential rate.
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== |lfe =mgMllzy | 10°
aexp(—1.06t)
—lp" —my e

[ 1074

[ 10—8

0.25 0.50 0.75 w ‘ ‘ ‘ 10-12
i

FIGURE 6. Test 2. Left: Initial data in the (x,v)—phase-plane. Right: Time
evolution of the weighted L? norm of the difference between f¢ and the global
equilibrium, ¢ = 1, Fokker-Planck case.

5 5
-5 -5

0.25 0.50 0.75 0.25 0.50 0.75 0.25 0.50 0.75 0.25 0.50 0.75
x xT xT T

FIGURE 7. Test 2. Snapshot of the particle distribution function f(¢,z,v) in
the (x,v)—phase-plane, at times ¢t = 0, 0.3, 0.6, and 30.

€ Rate

1 -1.03

0.5 |-4.39

0.1 |-6.91

10~2 |-6.93
102 |-6.93
10-191-6.93
0 -6.93

TABLE 1. Test 3. Rate of exponential decay of || f¢(¢) —m s M||2 , with respect

to €.

The behavior of this macroscopic quantity has already been presented in Figures[5]and[6] where
one can notice that the macroscopic relaxation seems bounded by the kinetic one. Nevertheless,
this macroscopic behavior is actually richer, and can even be not monotonous. To study it more
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FIGURE 8. Test 3. Comparison of the rate of convergence of || f¢ —msM]||2
for different values of ¢, in the Fokker-Planck case.

precisely, we shall consider the following close-to-equilibrium initial condition

(5.1) Fola,v) = (1 + cos (T)) M), Vzel0,R], ve|—v.,v.]

Our goal is to change the size R of the torus, to see how it affects the behavior of the macroscopic
relaxation. Note that in the previous test cases, R was equal to 1.

Figure [J] presents, for the BGK case, the time evolution of the local relaxation | f(t) —
myMl|l2, and of the macroscopic relaxation |p(t) — my||r2(ds), for 4 box sizes R. The
L?*(Mdzdv) norm of the scaled, microscopic unknown h® := (f¢ — msM)/M is also shown
on these figures. The scaling constant ¢ is chosen equal to 1 in all these simulations.

We observe that, as expected through Theorem |2} the local relaxation rate is monotone and
exponential. This rate is inversely proportional to the box size R. Nevertheless, the macroscopic
rate of relaxation is not monotone, exhibiting exponentially damped oscillations. We also observe
that the upper envelope of these oscillations seems to be given by ||h®()|| 12(Mmdzde), and that
this quantity seems to decay in a monotone but slightly oscillating way.

Inspired by the analysis conducted in [24], we will give a simple interpretation for this oscil-
latory behaviors. Since the BGK equation we consider is linear, the initial value we chose
corresponds to observing the time evolution of the Fourier mode in x of frequency k& = 27/R.
Going to Fourier in x in the BGK equation amounts to solve the following integral equation

(5.2) Org = </R g(v) dv) M) — (1 +ikv) g.

The right hand side of is the sum of an operator of multiplication by p(v) := — (1 + ikv)
and of a rank-1 projector (towards the global Maxwellian), that we shall denote by K. This
operator then generates a strongly continuous semigroup T} (t). Moreover, according to Weyl’s
Theorem [37], its spectrum in L? contains the spectrum of the multiplication operator, namely
the numerical range of u:

{-1+iy:y e R},
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FI1GURE 9. Test 4. Influence of the torus size R on the macroscopic relaxation,
for R=m/4, m/2, m, and 37/2, in the BGK case.

together with some discrete eigenvalues located in the complex plane on the right of this set.
Since we proved in Theorem [2] that the linear BGK equation is hypocoercive with a rate at least
B/2, necessarily, such a discrete nonzero eigenvalue A € C* verify

-1 <Re(N) < -p5/2.
Let gy € L?(dzdy) \ {0} be the associated eigenvector. One then has
(5.3) Kgr = (14 X +ikv) ga.
Taking the L?(dxdy)—inner product of this relation with g, yields

Kon, . 24
N 14 (ICgx; 9) L2 (dwdr) ik Jrvlgal?dy

19 ||2L2(dzd7) llgx H%%dzdv) 7

(5.4) _ [1 ~ (Jer(@) dU)Q] o dr V1A dy

19 ||2L2 (dzdy)

||9>\||%2(dmd7) .

Note that the case of the space-homogeneous solution to corresponds to k = 0, so that
taking the integral of yields that g, is of zero mass. Hence, in that particular case,
implies that A = —1 is the only nonzero eigenvalue, a result which was already proved in [21].

Finaly, we have given a formal proof that all the nonzero eigenvalues of can be written as

A= —k +iku, with 0 < kK < 1 and u € R. The L?(dzdy) norm of the solutions to this equation
will then behave as

Reexp((—k + iku)t) = exp(—~t) cos(kut),



32 MARIANNE BESSEMOULIN-CHATARD, MAXIME HERDA, AND THOMAS REY

Torus length R | Oscillation period v~ ! || Speed Rv
w/4 2.31 0.340
/2 4.33 0.363
m 8.67 0.362
3m/2 13.5 0.350

TABLE 2. Test 4. Influence of the torus length on the oscillation period of
llo* — myg|| L2, in the BGK case.

namely decay exponentially in time, while oscillating at a period proportional to k = 27/R. This
is also in good agreement with the results from [39], where the spectrum of a fully discretized
linear BGK equation is computed and shown to behave similarly.

To verify this interpretation experimentally, we compute in Table [2| the oscillation frequency v
with respect to the box size R. We observe that the product Rv appears indeed almost constant,
yielding v ~ 0.35 in the ongoing interpretation and giving more evidences that our numerical
scheme preserves expected theoretical behaviors of the continuous equation.

6. APPENDIX. ON DISCRETE POINCARE INEQUALITIES

For the sake of completeness, we give in this Appendix the proofs of Poincaré inequalities we
used in this article. We first start with the discrete Gaussian Poincaré inequality on bounded
domain.

Proof of Lemma[j We follow the same guidelines as in [2I, Proposition 4.7|. Replacing if nec-
essary f by f — p, where p = Zje] f3Awv;, we can assume without loss of generality that p = 0.
First we can remark that

1
I f] %,’y = Z(fj’Yj)zMjAvj = 9 Z (feve — fj'Yj)QMijAUjA’Uk
JjeT (j,k)eT?
= Z(fk')/k - fj’Yj)QMijAUjAUk.
i<k
For j < k, we have
k—1

Teve — fivg = Z(fl+1%+1 — fim)-

l=y
Then, we obtain using Cauchy-Schwarz inequality

2
k—1
Hf”g,'y = Z Z w\/@ MijA’UjA’Uk
i<k \1=j \/m

k—1

<> 1> (Dv(f7)1+%>2 Avpys | (vg = v;) MM Av; Avy.

i<k \Il=j
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Let us introduce F' = (F}) ey defined by

Fjl

=

Fj:

so that for j < k, we have

*Z( w(f) I+3 ) A”H-% ifj < -1,

j—1
Z (Dv(fV)lJr%)z Avpyy i) 20,
1=0

A Z( f'yH )2Avl+%.

It yields
15,5 <D (Fx — — v;) M My Av; Ay,
i<k
1
< ) Z (Fk - Fj)(vk - ’Uj)MijA’UjAvk

(4,k)eT?
since (Fy, — Fj)(vi —v;) = (F; — Fy)(vj — k).
Developing the right-hand side and using (3.2)), we get
1115, < Fjo;M;Av;.
jeJ
Now, using the definition of M; given in (3.2), we obtain

2 * *
15 < D0 F(MG_y = M,

JjET

Applying a discrete integration by parts, it gives

||fH§,'y < Z (Fj+1 - Fj)M;+%7

JET*

which finally yields the result since by definition,

2
Fj+1 _F] = (Dv(f’y)]+%> A’Uj+% = (D'u <M

We then provide a proof for the discrete Poincaré inequality on the (spatial) torus.

Proof of Lemma[6 Let us assume that the grid is uniform in x, namely that Az; = Az > 0, for
any i € Z =40,...,N —1}. We will also assume that the indices are N—periodic. This will
allow to write a much simpler proof, using discrete Fourier transform (DFT). The results yet

holds true in the general case, as long as N is odd.

Let us define the DFT of an N —periodic vector g € CV, denoted by Fng € CV, by:

N—-1

(Fng), = Az Y ge 2mMAC  yEcl0,... N
k

=0

—1).
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Such a discrete transform verify the following discrete Parseval identity

N-1 N-1
(6.1) Yo lglPAz =" [(Fng)l
=0 k=0

Since ¢ is of zero mass, one has that (Fx¢), = 0. Then using identity (6.1)), we have

N-1
ID:6l3 = 3 [(Doo)l? Ax

=0

N-1
(6.2) = > |(FnDs o)l

k=0
Since (Dy¢); = (d1+1 — ¢1—1)/(2Ax), one has using the definition of the DFT that for any
ke{l,...,.N—-1}

eZzTrkAm _ e—ZZﬂkA:c

(FNDz @), = — AT (FN &)k
sin(2rkAx)

(6.3) N (FNP)y -

If N is even, then for k = N/2 the right hand side of (6.3) will be equal to 0. Since N is odd,
and (Fn¢), = 0, one has

N-1
(6.4) I1D2012 > 82 Y [(Fno),l*
k=1
where
. min { sin(2rkAx) }
ke{l,...,.N—1} Ax
sin(2rAz)| |sin(7(N — 1)Ax)

)

= min { Az }
(6.5) - N ’sin (%)‘ .

because Az = 1/N. Finally, using the Parseval identity (6.1) in (6.4) proves Lemma [6 with
Cp=1/S,.

Az

O

Remark 8. In the continuous setting, the optimal constant for this Poincaré inequality is Cp =
1/(2w). In our case, when N — oo, S, — m, which is suboptimal. This is due to the fact that
D, is a centered discretization of 0,. Taking a decentered discretization would yield S, — 2.
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