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Abstract

In this article, we propose and study the performance of spectral community detection for a
family of “a-normalized” adjacency matrices A, of the type D™*AD~¢ with D the degree
matrix, in heterogeneous dense graph models. We show that the previously used normaliza-
tion methods based on A or D" AD™! are in general suboptimal in terms of correct recovery
rates and, relying on advanced random matrix methods, we prove instead the existence of
an optimal value ap¢ of the parameter a in our generic model; we further provide an online
estimation of aypt only based on the node degrees in the graph. Numerical simulations show
that the proposed method outperforms state-of-the-art spectral approaches on moderately
dense to dense heterogeneous graphs.

Keywords: community detection, random networks, heterogeneous graphs, random matrix
theory, spectral clustering.

1. Introduction and Motivations

The advent of the big data era is creating an unprecedented need for automating large net-
work analysis. Community detection is among the most important tasks in automated net-
work mining (Fortunato, 2010). Given a network graph, detecting communities consists in
retrieving hidden clusters of nodes based on some similarity metric (the edges are dense in-
side communities and sparse across communities). While quite simple to define, community
detection is usually not an easy task and many methods arising from different fields have
been proposed to carry it out. The most important of them are statistical inference, modu-
larity maximization and graph partitioning methods. Statistical inference methods consist in
fitting the observed network to a structured network model and infer its parameters (among
which the assignment of the nodes to the communities) (Hastings, 2006; Newman and Le-
icht, 2007). Modularity maximization algorithms rely instead on the modularity metric which
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quantifies the subdivision of networks into communities (Fortunato, 2010).> However, retriev-
ing the modularity maximizing graph partition is generally an NP-hard problem and many
polynomial-time approximation methods have been proposed: greedy methods (Newman,
2004), simulated annealing (Guimera et al., 2004), extremal optimization (Duch and Arenas,
2005) and spectral methods (Newman, 2006b). Spectral algorithms consist in retrieving the
communities from the eigenvectors associated with the dominant eigenvalues of some matrix
representation of the graph structure (adjacency matrix, modularity matrix, Laplacian ma-
trix). By relaxing the modularity optimization problem from binary values of the community
memberships to continuous scores, it is shown that approximate modularity maximization and
even statistical inference methods can be performed via a low dimensional clustering of the
entries of the dominant eigenvectors of the representation matrix (Ng et al., 2002; Newman,
2016) in polynomial time. Precisely, the steps of spectral methods for community detection
are described in the following algorithm.

Algorithm 1: Spectral algorithm

1. Compute the, say, ¢ eigenvectors uy,...,uy € R" corresponding to the dominant (largest
or smallest) eigenvalues of one of the matrix representations of the network (adjacency,
modularity, Laplacian) of size n x n.

2: Stack the vectors u;’s columnwise in a matrix W = [u;, ..., us] € R?**,

3: Let r1,...,r, € R be the rows of W. Cluster r; € Rf, 1 <i < n in one of K groups
using any low-dimensional classification algorithm (e.g., k-means (Hartigan and Wong,
1979) or Expectation Maximization (EM) (Ng et al., 2012)). The label assigned to r;
then corresponds to the label of node 1.

Most of the works proposing statistical analysis of the performance of community detection
(for dense as well as sparse networks) consider the basic Stochastic Block Model (SBM) as a
model for networks decomposable into communities. Denoting G a K-class graph of n vertices
with communities Ci,...,Cxg with g; the group assignment of node i, the SBM assumes
an adjacency matrix A € {0,1}"*" with A;; independent Bernoulli random variables with
parameter Py, ,. where Py, represents the probability that any node of class C, is connected to
any node of class Cp. The main limitation of this model is that it is only suited to homogeneous
graphs where all nodes have the same average degree in each community (besides, class sizes
are often taken equal). As suggested in the practical case of the popular Political Blogs
graph (Adamic and Glance, 2005) (see Figure 4), a more realistic model, the Degree-Corrected
SBM (DCSBM), was proposed in (Coja-Oghlan and Lanka, 2009; Karrer and Newman, 2011)
to account for degree heterogeneity inside communities. For the same graph G defined above,
by letting ¢g;, 1 < 7 < n, be some intrinsic weights which affect the probability for node
to connect to any other network node, the adjacency matrix A € {0,1}"*™ of the graph
generated by the DCSBM is such that A;; are independent Bernoulli random variables with
parameter q;q;Cy,q,, where Cy, 4. is a class-wise correction factor.

Community detection in DCSBMs has recently been studied, providing “consistent”? algo-
rithms ranging from modularity /likelihood based approaches to spectral clustering methods.

1. Precisely, the modularity is defined as the difference between the total number of edges inside the com-
munities for a given partition and the total number of edges if the partition were created randomly in the
graph.

2. Consistency is mainly defined in two forms. Informally, a community detection algorithm is weakly
consistent whenever the fraction of misclassified nodes vanishes asymptotically with high probability and
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Sufficient conditions under which likelihood based approaches (Karrer and Newman, 2011)
and modularity optimization methods (Newman, 2006b) are weakly and strongly consistent,
have been provided in (Zhao et al., 2012). The so-called CMM (Convexified Modularity
Maximization) algorithm was proposed in (Chen et al., 2015) to cope with the computa-
tional expensiveness of modularity/likelihood methods (Karrer and Newman, 2011; Newman,
2006b) by solving a convex programming relaxation of the modularity optimization. Asymp-
totic minimax risks for misclassification loss under the DCSBM have been established in (Gao
et al., 2016). There a consistent algorithm achieving the minimax optimal rates was derived,
which is similar to spectral methods but proceeds without the explicit computation of eigen-
vectors and is hence computationally less expensive. As far as spectral clustering methods
are concerned, (Lyzinski et al., 2014) and (Lei et al., 2015) show consistency of the classical
spectral clustering procedure for community detection applied to the adjacency matrix of
moderately sparse DCSBM (for not too irregular degree distributions) where the expected
degree is as small as logn. Later, its has been shown (Coja-Oghlan and Lanka, 2009; Qin and
Rohe, 2013; Jin et al., 2015; Gulikers et al., 2015) that when the degrees are highly hetero-
geneous, the classical spectral methods fail to detect the genuine communities. To illustrate
those limitations of spectral methods under the DCSBM, the two graphs of Figure 1 provide
2D representations of dominant eigenvector 1 versus eigenvector 2 for the standard modular-
ity matrix and the Bethe Hessian matrix®, when three quarters of the nodes connect with low
weight g(1) and one quarter of the nodes with high weight ¢(3). For both methods, it is clear
that k-means or EM alike would erroneously induce the detection of extra communities and
even a confusion of genuine communities in the Bethe Hessian approach. Those extra com-
munities are produced by some biases created by the intrinsic weights ¢;’s; intuitively, nodes
sharing the same intrinsic connection weights tend to create their own sub-cluster inside each
community, thereby forming additionnal sub-communities inside the genuine communities.
To overcome this issue, a number of regularized spectral clustering techniques have been pro-
posed to normalize either the adjacency matrix or the leading eigenvectors by the degrees.
In (Coja-Oghlan and Lanka, 2009; Gulikers et al., 2015), the authors have proposed to clus-
ter the nodes based on the eigenvectors of a normalized adjacency matrix D~'AD™! with
D the diagonal matrix containing the observed degrees on the main diagonal. The SCORE
algorithm devised in (Jin et al., 2015) consists instead in using the leading eigenvectors of the
adjacency matrix (pre-normalized by the dominant eigenvector which, as shown subsequently,
is equivalent to normalizing by the inverse degree matrix D~!) and (Qin and Rohe, 2013)
proposed to use the eigenvectors of the Laplacian matrix D 3AD 2.

As previously stated, the aforementioned works have shown that under some regularity (or
regularization) conditions, an almost perfect or perfect reconstruction of the nodes labels can
be achieved asymptotically. Our motivation in this article is to go beyond mere consistency
results by understanding the performances of the different regularized spectral clustering
algorithms for large but finite network sizes n. To this end, we place ourselves in a regime
where communities are too close to induce perfect reconstructions. In order to encompass
most aforementioned methods, we study here a generalized regularization of the adjacency

a community detection algorithm is strongly consistent whenever the labels estimated by the algorithm
match exactly the true labelling asymptotically with high probability.
3. The Bethe Hessian (BH) spectral method (Saade et al., 2014) is based on the union of the eigenvectors
associated to the negative eigenvalues of H(r.) and H(—r.) respectively where H(r) = (r? —1)I, —rA+D
2
for r. = %l Z’f

— 1 with d; the degree of node i (D and d; are defined subsequently).
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matrix? given, for any o € R, by
1 dd’

L,=02m)*—=D“*A———|D™“

a=(2m) Vn [ 2m ]

where d is the vector of degrees (d; = > 7_; A;;), D is the diagonal matrix of degrees (con-

taining d on the main diagonal) and m = %dTln is the number of edges in the network. In
particular, Ly is the modularity matrix (Newman, 2006b; Jin et al., 2015), L1 is a modularity
2

equivalent to the normalized Laplacian matrix (Qin and Rohe, 2013; Chung, 1997) and L;
is the form used in (Coja-Oghlan and Lanka, 2009; Gulikers et al., 2015; Tiomoko Ali and
Couillet, 2016).

Modularity Bethe Hessian

¥ I "ﬁ;
f M | | |
-

B ++:#+ : 7 ﬁ

Figure 1: Two dominant eigenvectors (x-y axes) for n = 2000, K = 3 classes Cy, C2 and Cs of
sizes |C1| = |[Co| = %, |C3| = Z, 2 of the nodes having ¢; = 0.1 and % of the nodes
having ¢; = 0.5, matrix of weights C = 131g + %13. Colors and shapes correspond

to ground truth classes.

Besides, while we believe (up to more involved mathematical treatment) that our results
essentially hold true in moderately sparse graphs (of average degree of order Q(logn)), we
focus here on a dense DCSBM model where ¢; = ©(1). In this regime, when the correction
factors Cy, 4 differ by a rate greater than (’)(n_% ), weak consistency is shown for all regularized
spectral algorithms. Instead, we induce a regime where clusters remain at an asymptotically
“constant” distance. This is ensured by letting Cy,,, = (1) individually but with the Cy,,.’s

differring by (’)(n_%). Under this regime, we are able to fully study the dominant eigenvalues
and associated eigenvectors (used for classification) of Ly, for large dimensional dense graphs
following the DCSBM, thus allowing one to assess the performances for very large but finite-
size graphs.

In a nutshell, our main findings are as follows.

4. The leading term % (not providing any information about the communities) is shown in simulations to

have asymptotically no impact on the clustering performance. It is discarded here mostly for mathematical
simplicity. Note in passing that A — % corresponds to the so-called modularity matrix (Newman, 2006a),
therefore L, may be seen as a “a-normalized” modularity matrix.
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e We prove the existence of and obtain an expression for an optimal value aqp of a for
which the community detectability threshold® is maximally achievable.This value needs
not be either 0 or 1 and its proper choice is of utmost importance in highly heterogeneous
graphs.

e We provide a consistent estimator dopy of aopy based on d alone.

e We show that to achieve consistent clustering in the DCSBM model, the dominant
eigenvectors used for clustering should be pre-multiplied by D®~! prior to the low
dimensional classification (step 3 of Algorithm 1), thereby recovering the SCORE algo-
rithm (Jin et al., 2015) for a = 0 and the algorithm in (Gulikers et al., 2015) for o = 1,
as special cases.

e Our proposed method is summarized under the form of Algorithm 2. As the estimation
of agpt is essentially linear with n, Algorithm 2 does not impair the computational
cost of the underlying spectral method. A Python implementation of the algorithm is
available in (Tiomoko Ali and Couillet, 2017).

e A deeper study of the regularized eigenvectors allows us to improve the initial setting of
the EM algorithm (in the step 3 of the spectral algorithm described above) in comparison
with a random setting.

e Numerical simulations (throughout the article) show that our methods outperform state-
of-the-art spectral methods both on synthetic graphs and on real world networks.

All proofs are deferred to a separate section while sketches are provided for the main
results of the article.

Notations: Vectors (matrices) are denoted by lowercase (uppercase) boldface letters.
{Va}y=; is the column vector v with (scalar or vector) entries v, and {Vap}, ,—; is the matrix
V with (scalar or matrix) entries V. For a vector v, the operator D(v) = D ({ve},_) is
the diagonal matrix having the scalars v, down its diagonal and for a matrix V, D(V) is the
vector containing the diagonal entries of V. The vector 1,, € R™ stands for the column vector
filled with ones. The Dirac measure at x is d,.. The vector j, is the canonical vector of class C,
defined by (ja)i = Sicc, and J = [j1,...,jx] € {0,1}"*%. The set C* is {z € C, S[z] > 0}.
We denote x ~ N(u,X) to indicate that x is a Gaussian distributed random vector with
mean g and covariance 3.

2. Preliminaries

This section describes the network model under study, which is based on the DCSBM defined
in the previous section, and provides preliminary technical results.

Consider an n-node random graph with K classes Ci,...,Cx of sizes |Cx| = ni. Each
node is characterized by an intrinsic connexion weight ¢; which affects the probability that
this node gets attached to another node in the graph. A null model would consider that the
existence of an edge between i and j has probability g;g;. In order to take into account the

5. The community detectability threshold is the point beyond which there exists a clustering algorithm which
can do better than a random guess.



T10MOKO, COUILLET

membership of the nodes to some group, we define C € RE*X as a matrix of class weights Cly,
independent of the ¢;’s, affecting the connection probability between nodes in C, and nodes
in Cp. Following (Karrer and Newman, 2011), the adjacency matrix A of the graph generated
from a DCSBM model has independent entries (up to symmetry) which are Bernoulli random
variables with parameter Pj; = ¢;q;Cy,g, € (0,1) where g; is the group assignment of node
i. We set A;; = 0 for all ¢. For convenience of exposition and without loss of generality, we
assume that node indices are sorted by clusters, i.e nodes 1 to n; constitutes C1, nodes ni + 1
to n1 + ng form Cs, and so on.
The matrix under study is given by

1 —a
La = (2m)a%D

where d = A1, , D = D(d) and m = 3d'1,.
We are mainly interested in a dense network regime where clustering is not asymptotically
trivial. This regime is ensured by the following growth rate conditions.

[A - O;me] D (1)

Assumption 1 Asn — oo, K remains fized and, for all i,j € {1,...,n}
_ Myig; _ . _ K
1. Cyig; = 14—+, where My,q, = Q(1); we shall denote M = {Map} ;-

2. q; are i.i.d. random variables with measure p having compact support in (0,1).
3. 7 — ¢; > 0 and we will denote ¢ = {en}ie ).

The goal of the article is to study deeply the eigenstructure of L, in order to understand
the different mechanisms into play when performing spectral clustering on L,. As can be
observed, L, has non independent entries as D (and d) depend on A, and it thus does
not follow a standard random matrix model. Our strategy is to approximate L, by a more
tractable random matrix L, which asymptotically preserves the eigenvalue distribution and
isolated eigenvectors of L,. We obtain the corresponding approximate of L, as follows.

Theorem 2 Let Assumption 1 hold and let Lo be given by (1). Then, for Dy 2 D(q), as
n — 00, |Ly — Lyl = 0 in operator norm, almost surely, where

~ 1 _ B

L. = =D, *XD,* + UAU",

D.™*J D;°X1
u- [

vn q'l,
A — (IK—]_KCT)M(IK—C]_%) _]—K
-1% 0 ]’

with X = {Xij}?jzl symmetric with independent entries (up to the symmetry), X;; having
zero mean and variance q;q;(1 — qiqj), and J = [j1, ..., jx] € {0, 1} with (o) = 6{g,—q}-

Mgigj
NG

: . : . EET .
where Xj; is a zero mean random variable with variance ¢;q;(1 —giq;) +©(n™2), since A;; is a

Proof [Sketch] The proof relies on the fact that we may write A;; = ¢iq; + ¢iq; + Xij

My, q.
Bernoulli random variable with parameter ¢;q;(1 + 1), From there, the terms: d = A1,

Jn
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d"1,, dd" and D = D(d) composing L, can be evaluated. Notably, D and d'1, can
be decomposed as the sum of dominant terms (with higher spectral norms with respect to
n) and trailing terms (vanishing spectral norms with respect to n), so that we can write a
Taylor expansion of D™ and (d"1,)® for a € R. By computing L, using the asymptotic
approximations of D%, (d71,)%, A, dd', we obtain L,. The complete proof is provided in
Section 6.1. [ |

This result immediately implies the following Corollary.

Corollary 3 Under Assumption 1, let Ai(Lq) (resp., Ai(Lia)) be the eigenvalues of Ly (resp.,
Lo ) with associated eigenvectors u;(Ly) (resp., ui(Ly)). We have

112%}% )\'L(La) — )\Z(La) — 0
and, if lim inf, min;; |\i(La) — Aj(La)| > 0,
Hui(La) ~w(La)| 25 0.

Thus, for large enough n, the spectral analysis of L, can be performed through that of L.
The matrix Ly, is essentially a classical random matrix model and the study of its eigen-

values and dominant eigenvectors can be performed using standard random matrix theory
(RMT) approaches (Benaych-Georges and Nadakuditi, 2012; Hachem et al., 2013).

3. Main Results
3.1 Spike model and dominant eigenvector regularization

The matrix Ly, is an additive spiked random matrix (Baik et al., 2005) as it is the sum of
the standard full rank symmetric random matrix nféD(;O‘XD;O‘ having independent zero
mean entries and a low rank matrix UAUT. As shown in Figure 2, the spectrum (eigenvalue
distribution) of spiked random matrices is generally composed of (one or several) bulks of
concentrated eigenvalues and, when a phase transition is met, of additionnal eigenvalues
which isolate from the aforementioned bulks. The eigenvectors corresponding to the isolated
eigenvalues of the spiked random matrix become more correlated to the eigenvectors of the low
rank matrix when the corresponding eigenvalues are far away from the rest of the eigenvalues.

From Theorem 2, the low rank matrix UAUT contains the matrix Dé*aJ ; 80, when the
phase transition is met, the eigenvectors of L, will be correlated to some extent to D;_O‘J as
long as the corresponding informative eigenvalues are isolated from the bulk of eigenvalues.
This is well illustrated in Figure 2 where the eigenvectors associated to non-isolated eigenval-
ues are noisy, i.e., classes can be barely distinguished from those eigenvectors. On the other
hand, the eigenvectors associated to isolated eigenvalues consist of noisy plateaus character-
izing the classes and thus a consistent classification can be expected using those eigenvectors.
However, for a better clustering, one expects instead the vectors used for classification to be
correlated to the canonical vectors j,, 1 < a < K, instead of Dé*aja.
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Figure 2: Two graphs generated upon the DCSBM with K = 3, n = 2000, ¢; = 0.3,¢c2 =
0.3,c3 =04, p = %5(1(1) + %(561(2), q(1) = 0.4, g2y = 0.9 and two different affinity
matrices M. (Left) Mzz = 12, Mij = —4,’i 75 j, (nght) Mm = —3, Mij =
—10,i # j, (Top): Eigenvalue distribution of L,, @ = 0. (Bottom): First and
second leading eigenvectors of L, a = 0.

As a consequence, we claim that, letting uq,...,u; be the eigenvectors associated to the £
isolated eigenvalues of Ly, the vectors vi = D tuy for 1 < i < £ should be the ones used for
the classification instead of the u;’s.

This important observation helps correcting the biases (creation of artificial classes) intro-
duced by the degree heterogeneity observed earlier in Figure 1. As shown in Figure 3, which
assumes the same setting as Figure 1, when the aforementioned eigenvector regularization
is performed prior to EM or k-means classification, the genuine communities are correctly
recovered.

As mentionned earlier, the eigenvectors corresponding to eigenvalues in the bulk are
asymptotically of no use for clustering. It is thus important to characterize the phase transi-
tion point beyond which eigenvalues isolate from the bulk and determine which « best ensures
this transition. To this end, we will first determine the support S of the limiting spectral

6. As far as the eigenvectors are concerned, we may freely replace D, (unknown in practice) by D (which
can be computed from the observed graph) since, from Lemma 11 in the subsequent section 3.4, the vector
of degrees d is, up to a scale factor (3, a consistent estimator of the vector of intrinsic weights q and thus
|BD — Dyl|| — 0 almost surely.
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* xx A A x
i + 4t %A g Z
+

(a=1) (@ = Gopt)

Figure 3: Two dominant eigenvectors of L, pre-multiplied by D*~!(x-y axes) for n = 2000,
K=3 u= %5(1(1) + iéq@), qa) = 0.1, qi2) = 0.5, c1 =cg = i, c3 = %, M = 10013
with &opt defined in Section 3.4. Same setting as Figure 1.

distribution of L,. Then, following popular spiked model tools, we will find conditions for
the existence of isolated eigenvalues. This is the objective of the next sections.

3.2 Limiting support

In this section, we characterize the limiting eigenvalue distribution of L, where most eigen-
values concentrate. This in turn shall allow to determine the transition point beyond which
informative eigenvalues isolate from the main bulk of eigenvalues and consistent clustering
can thus be achieved by using the corresponding eigenvectors associated to those eigenvalues.
The limiting eigenvalue distribution of L, is given in the following result.

Theorem 4 (Limiting spectrum) Let 7¢ = 15", Oxi(La) be the empirical spectral dis-
tribution (e.s.d.) of Ly. Then, as n — oo, m% — T almost surely where ©* is a probability
measure with compact symmetric support 8* = [—Sq, Sa] defined, for z € Ct\ 8%, by its

Stieltjes transform
_ 1
@)= [ -0 = [

where (f*(2),9%(2)) € (CT)? (resp., (R™)?) is the unique solution for z € CT (resp., RY), of

ar q' "**u(dq)
f%(2) _/_Z_fa(z)q12a + go(2)g2 2

af — >~ **p(dg)
()= [ == 2)

Z)ql—Qa + goc(z)qQ—Qa :

Proof [Sketch] Since L, = ﬁD;O‘XD;a—i—UAUT is a spiked random matrix, the e.s.d. 7 of

L, converges weakly to the the e.s.d. 7, of ﬁD;O‘XDq_O‘ (by Weyl interlacing lemma) since

UAUT is a low rank matrix. We thus find an asymptotic limit 7% for 7% so that & — 7
almost surely. To do so, we show that the Stieltjes transform of 7% converges to m®(z) for
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z € C*, which is the Stieltjes transform of the probability measure 7 so that the convergence
also holds for the probability measures (the e.s.d.). The Stieltjes transform of the e.s.d. 7%

is n~! tr(ﬁD;“XD;O‘ —2I,)~! (where (ﬁD;O‘XD;a — 2I,,)7! is the so-called resolvent of
the random matrix ﬁDq_ *XD,“), the deterministic limit of which gives m®(z), computed

using classical random matrix theory (RMT) tools (Pastur et al., 2011). The calculus details
are provided in Section 6.2. |

Remark 5 (Stochastic Block Model) Particularizing Theorem 4 to the Stochastic Block
Model (SBM) (where q; = qo for all i), the limiting probability measure ©* is the popu-
lar semi-circle distribution with density 7(dt) = ﬂ%w\/max{(saﬁ —t2,0}dt with S* =

2q572a\/1 — g3. The associated Stieljes transform m®(z) is explicit with in particular

2
. _ 1_ 4 1_n _ _ z z 1
g 2 m*(2q5 ) = qf " f(2aF ) = a5 9% (2q57*%) = 20-@) \/(2(1 - q%)) T1-g
0

LO Ll

=

_

-1 0 1 -5 0 5 —200 0 200 400

Figure 4: Political blogs (Adamic and Glance, 2005) network. Empirical versus Theoretical
law of the eigenvalues of Lg,,,, when fitting this network with the DCSBM (dashed)
and the SBM (solid). Here Gopy = 0. The arrow shows the position of the largest
eigenvalue.

The top of Figure 2, already discussed above, shows the density of the limiting 7, for
a = 0, superimposed over the histogram of 7{y. Figure 4 similarly displays the histogram 7* of
the empirical eigenvalues of L, corresponding to the real network of Political blogs (Adamic
and Glance, 2005) versus the theoretical limiting distribution 7 obtained by fitting the
network to the DCSBM (from Theorem 4, with p the actual degree distribution of the graph)
and the theoretical limiting distribution obtained by fitting the network to the SBM instead

10
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(in solid lines).” We note importantly that the DCSBM is a good fit for the political blogs

network except possibly for Li while the SBM does not fit the network in any case. This
2

suggests that the DCSBM is a more appropriate model when studying real world networks.

3.3 Phase transition

We also observe in Figure 4 (and more obviously in the synthetic case of Figure 2) that
different choices of « lead to different behaviors in the position of the dominant eigenvalues.
We shall determine here when separation of one or several eigenvalues from the bulk occurs.
To this end, we follow popular spiked model techniques (Benaych-Georges and Nadakuditi,
2012; Hachem et al., 2013) for phase transition characterization. This entails the following
result.

Theorem 6 (Phase transition) Let Assumption 1 hold and let A\(M) be a non zero eigen-
value with multiplicity n of M = (D(c) — ccT) M. Then, for a € R, there exists corresponding
isolated eigenvalues \i(Lq), ..., Aigy—1(La) € R\S® of Ly all converging to p € R\ 8%, as
n — oo, almost surely, if and only if 8

_ an 1
AM)| > 72 zligla )

with g*(x) defined in Theorem 4. In this case, p is defined by

p=(9")" <—A(1M)) :

Proof [Sketch] From Theorem 4, the e.s.d. of L,, converges weakly to the e.s.d. of ﬁqu‘lXD;a

with support §% (defined in Theorem 4) but since ﬁDq_O‘XD(;O‘ and L, only differ by a finite

rank matrix UAUT, some eigenvalues of L, may isolate from the support S*. To find those
isolated eigenvalues, we solve for p ¢ S%, det(L, — pI,,) = 0. This leads to find the p’s for
which 0 = det(Ix41 + UTQg‘UA) where Qp = (%D(J_QXD;‘J‘ — pI,)~! is the resolvent of
ﬁDQ_O‘XDq—a. By using standard RMT calculus (Benaych-Georges and Nadakuditi, 2012),
we obtain a deterministic approximation of I, 1 + UTQ2UA which leads to the phase tran-

sition condition in Theorem 6. [ |

Remark 7 (7¢ in SBM setting) From Remark 5, in the SBM setting, 7* no longer de-
\/17q8

pends on « and is given by T = o

Remark 8 (Number of isolated eigenvalues) From Theorem 6, there is a one-to-one
mapping between the limiting isolated eigenvalues p of Lo and non zero eigenvalues of M =
(D(c) — ccT) M. As 1.M = 0, M has a mazimum of K — 1 non zero eigenvalues which
means that at most K — 1 eigenvalues of Ly can be found at macroscopic distance from S¢.
Thus, at most K — 1 eigenvectors of L, can be used in the first step of the spectral algorithm
described in the introduction.

7. The SBM assumes here g; = go for all 4.
8. The limit limg so g%(x) is well defined in (—oo, 0] as x — g“(x) can be shown to be a continuous growing
negative function on the right side of S<.

11
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Remark 9 (The complete spectrum of L,) Strictly speaking, the aforementioned state-
ments are somewhat inaccurate. An exhaustive analysis of L, indeed reveals that, under some
conditions on 1, and irrespective of the clustering matrix M, extra isolated eigenvalues can be
found in the spectrum of L, the eigenvectors of which do not contain any structural informa-
tion about the classes. This rather unfamiliar scenario has also been evidenced in the context
of spectral kernel clustering in (Couillet et al., 2016). Since this hypothetical eigenvalue and
etgenvector pair is of no value for the interest of clustering, it shall no longer be discussed in
the following. Besides, most settings of practical interest do not present this singular behavior.
A thorough discussion of this peculiarity is provided in Section 6.5.

The value 7 defined in Theorem 6 is a community detectability threshold which in the dense
regime for the SBM case was shown to split the community detectability into two regions: a
region where no algorithm can succed better than a random guess in classifying the nodes
and a region where a non trivial detection is possible (Decelle et al., 2011; Nadakuditi and
Newman, 2012). When the separability condition of Theorem 6 is ensured, the alignment
between the properly normalized eigenvectors of L, and linear combinations of the class
vectors j,’s (defined in Theorem 2) is away from zero, thus ensuring a non trivial classification
performance. The larger A\(M), the closer are the vectors used for classification to the class
vectors j,’s.

Theorem 10 Under Assumption 1, let A(M) and A(Ly) be an eigenvalue pair as defined
in Theorem 6. We further assume A(M) of unit multiplicity and denote u the eigenvector

o . T
associated to the eigenvalue A(Ly). Then, letting v = M and TI = Zle J;Ja“, for all

€ > 0, there exists y—,~v+ > 0 such that, for all n large, almost surely,
0<|AM)| =7 <y_=vIIv<e
AM)| = 7% >y = VIV > 1 —e

This result is a direct corrolary of Theorem 15 which is introduced later in Section 3.5.

Figure 5 illustrates Theorem 10, which confirms that, below the phase transition threshold
7%, there is asymptotically no correlation between the vectors v and the class canonical vectors
Jja’s and thus no consistent clustering can be achieved in this regime. The theoretical curve is
obtained by using the deterministic asymptotic approximation of v'IIv which is explicitely
given in Section 6.4.

3.4 Optimal «

In this section, we determine the values of « for which the community detectability threshold
is maximally achieved. This, in turn, is expected to allow for the optimal extraction of
information about the classes from the extreme eigenvectors although this is not easily proved
(and in our opinion, most likely not always true).

From Theorem 6, since M does not depend on «, the smaller 7¢ the more likely the
detectability condition ’)\(1\_/[)} > 7% is met. We then seek o for which 7% is minimal. For
any compact set A C R, we may thus define

Qlopt £ argmin,c 4 {7%}

which we shall assume is unique (if ¢; = qo is constant, 7® is constant across «; this case
is thus excluded). The estimation of a,pt however requires the knowledge of g“(x) for each

12
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Figure 5: Simulated versus empirical vTIIV for K = 3, pu = %(5(1(1) + %(5(1(2), q1) = 0.1, qo) =
0.2,¢c1 =cy = i, c3 = %, M = AI3 with A ranging from 0 to 100.

a € A. The estimation of ¢g%(x) can be done numerically by solving the fixed point equation
defined in Theorem 4 provided p is known. As a direct consequence of Assumption 1-(1), u
can in fact be estimated from the empirical graph degrees irrespective of the class matrix C,
according to the following result.

d;

VdT1,

Lemma 11 Let ¢; =

Then, under Assumption 1,

. — A N 0 3
lrgiagﬁlqz gl (3)

almost surely.

We thus have all the ingredients to estimate aopt.g

Proposition 12 Define i £ 13" | 5, with §; = \/:;'71 and 8%, f*(z), §°(2), as in Theo-

rem 4 but for u replaced by ji. Then, as n — oo,
dopt — Qlopt

almost surely, where dopy = argming e 4{7*} with
1
hmméa Qa (ZL‘) .

Ta =

Remark 13 (Numerical evaluation of S) Estimating 7. requires to determine S*. To
this end, we use the fact that g*(x) is only defined for x ¢ S*. We thus evaluate S* by an
iterative dichotomic search in intervals of the type [l,r] for which §*(1) is undefined (and thus
the algorithm in Equation 2 does not converge) and §g(r) is defined (the algorithm converges),
starting from e.g., Il =0 and r quite large.

9. Note here that imposing A to be a compact set ensures the uniform validity of Theorem 4.

13
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Remark 14 (Relevance of the choice of «) Following Remarks 5 and 7, note that the
choice of « is only relevant to heterogeneous graphs, as in the SBM case, the phase transition
threshold T is constant irrespective of a. This suggests that the more heterogeneous the graph
the more important an appropriate setting of «.

The aforementionned importance of choosing o = Gpt along with the need to pre-multiply
the dominant eigenvectors of L, by D! before classification, as discussed after exposing
Theorem 2, naturally bring us to an improved version of Algorithm 1 provided below. The

Algorithm 2: Improved spectral algorithm

1: Evaluate o = Giopt = argming e 4 lim g, §*(2) as per Proposition 12.
2: Retrieve the ¢ eigenvectors corresponding to the ¢ largest eigenvalues of

T :
L, = (2m)o‘ﬁD_o‘ {A — %] D™, Denote uf, ..., uy those eigenvectors.
3: Letting v§' = Do‘_lu;?‘ and v§* = H:’a” , stack the vectors v{*’s columnwise in a matrix
W = [v§,..., V%] € R4,

4: Let rq,...,r, € R be the rows of W. Cluster r; € Rf, 1 <i < n in one of the K groups
using any low-dimensional classification algorithm (e.g., k-means or EM). The label
assigned to r; then corresponds to the label of node +.

performances of Algorithm 2 mainly depend on the content of the eigenvectors v{’s. These
regularized eigenvectors happen to be shapped like noisy “plateaus” (step functions), each
plateau characterizing a class. The objective of the next section is to provide deterministic
limits of the parameters of those noisy plateaus from which the asymptotic performances of
Algorithm 2 unfold.

3.5 Eigenvectors and improvement of Expectation Maximization (EM)
algorithm

In this section, we provide a precise characterization of the asymptotic class means and class
covariances of the dominant eigenvectors entries (used for clustering) which in turn allows to
improve the classical EM algorithm used in the last step of spectral clustering procedures.
The eigenvectors of L, have the property of remaining “stable” in the large dimensional limit,
thereby allowing for a precise characterization of their content. This behavior (classical in
the spike model analysis of random matrices) however only holds for eigenvectors associated
to strictly isolated eigenvalues (in the sense that the latter remain at macroscopic distance of
all other eigenvalues). In the remainder, we thus assume that the normalized eigenvector v
under study is associated with such a strictly isolated eigenvalue.

As one can see in Figure 3, the different clusters of points (rows of W in Algorithm 2)
have different dispersions (variances) in the DCSBM model under consideration. The most
appropriate algorithm to use in step 4 of Algorithm 2 is the expectation maximization (EM)
method. EM considers each point r; € R? arising from [V, ..., v¢] as a mixture of K Gaussian
random vectors with means v%,, and covariances X%,,, € R a € {1,...,K}. Starting from
initial means and covariances, they are sequentially updated until convergence. To identify
ve, . X%, and thus understand the performance of Algorithm 2, we may write v¢ 10 as the

10. Recall that the graph nodes were assumed labeled by class, and thus the entries of v§* are similarly sorted
by class.

14
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“noisy plateaus” vector

<
I

K .
- J
f= Do e @

a=1

where w{ € R" is a random vector orthogonal to j,, of norm ,/n, and supported on the
indices of C, and

1 (u)TD*
Vv "a \/(uia)TDQ(afl)u;'x
(u?)TDa_lDaDo‘_lu?‘

_ v 6
Tt oo "
) g 7 J

Vit = ()" Ja

()

O',Lj

with D, = D(ja). The vector v® = (v#)’_, € R’ and the matrix X% = (U%)f’jzl e R
represent respectively the empirical means and empirical covariances of the points r; (defined
in Algorithm 2) belonging to class C,. Thus, provided that EM converges to the correct
solution, (v%,,): and (X%,,)i; shall converge asymptotically to the limiting values of v € R
and o respectively. Clearly, for small values of 3% compared to v%, clustering the vectors
v{* shall lead to good performances.

We find the asymptotic limits of the class means v{ and the class covariances o;- The
explicit expressions of those limits are provided in the proof section (Theorems 22 and 23)
for readability reasons.

Theorem 15 For v}, of; defined in (26), (27)respectively, there exist deterministic limits
a7

7 > and G%’oo (explicitely defined in Theorems 22 and 23 in Section 6.4) such that, as

n — o0, almost surely

‘(1/@)2 - (ufl’oo)Q‘ =0

K3 3

a a,o0
Tij = 04 ‘ — 0.

Proof [Sketch| Technically, the standard tools used in spiked random matrix analysis do not
allow for an immediate assessment of the quantities v and o7;. As a workaround, we follow
the approach used in (Couillet et al., 2016) which relies on the possibility to estimate bilinear
forms of the type a’u$(u®)b for given vectors a,b € R™ and unit multiplicity eigenvectors
u? of L, since we have from Cauchy formula, as n — oo almost surely, (since \;j(Lq) — p)

1
aluf(uf)™b=—-——¢ a' (L, —2I,) "bdz
211 r,
and for a given matrix D
1
(uM)TDu? = trud(uf) ™D = ——— ¢ tr(Ly — 21,) ' Ddz
21 r,

where I',, is a positively oriented contour circling around the limiting eigenvalue p of X\;(Lq)
associated to the eigenvector uf* of L,. The calculus details are provided in Section 6.4. W
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Eigenvector 2

Eigenvector 1

Figure 6: n = 800, K = 3 classes C1, Co and C3 of sizes [Ci| = [Co| = 2, [C5] = 2, 2
of the nodes having ¢; = 0.3 and the others having ¢; = 0.8, matrix of weights
C= 131g + %13. Two dimensional representation of the dominant eigenvectors 1

and 2 of L,. In blue, theoretical means and one- and two- standard deviations.

Using the asymptotic results in Theorem 15, we display in Figures 6 and 7 the theoretical
means and standard deviations versus ground truths for each class-wise block of the eigen-
vectors entries. The good fit between the ground truths and the theoretical findings of the
class means and class covariances, calls for the improvement of the random initialization of
the EM procedure in the last step of spectral clustering.

The performances of EM highly depend on the chosen starting parameters; a first natural
choice is to set them randomly, which as we shall see leads to poor performances especially
in cases where the clusters are not easily separable. Since the theoretical limiting means
v%°° and covariances 3%°° are respectively the limiting values of v%,, and covariances X%,
provided EM converges to the correct solution, we may set as initial parameters of EM our
findings v**>° (Theorem 22) and X%*° (Theorem 23) for a € {1, ..., K} provided those can be
estimated. In most scenarios, the many unknowns prevent such an estimation. Nonetheless,
from Corollary 25 (Section 6.4), provided the class proportions (or the sizes of each class)
are (more or less) known, we can consistently estimate v*° and ¥ in a 2-class scenario. As
we shall see, this new setting of initial parameters is much better than other initializations
approaches.

To show the effect of our setting of initial parameters of EM based on the findings v*° and
3% Figure 8 compares the empirical performances of our new spectral algorithm based on the
regularized eigenvector of Lg 5 for different initial settings of the EM parameters i) random
setting (Random EM) 4i) our theoretical setting (by assuming that the class proportions
are known) and i) the ground truth setting (oracle EM where we set the initial points to
the empirically evaluated means and covariances of each cluster based on ground truth).
Below the transition point, no consistent clustering can be achieved for large n using the
eigenvectors associated to highest eigenvalues since the clusters are not separable and our
theoretical limiting means and covariances are not defined since there is no isolated eigenvalues

16



IMPROVED SPECTRAL COMMUNITY DETECTION

Eigenvector 2
n

Eigenvector 1

Figure 7: n = 800, K = 3 classes C1, Co and C3 of sizes |C1| = [C2| = T, |C3| = 5, @i's
uniformly distributed over [0.1,0.9], matrix of weights C = 1311 + %13. Two
dimensional representation of the dominant eigenvectors 1 and 2 of L,. In blue,
theoretical means and one- and two- standard deviations

in that case. We have thus initialized EM at random in this non interesting regime (as
for Random EM). The EM algorithm may in that regime set all the nodes to the same
cluster, which will then result to a classification rate close to the proportion of the nodes
in the cluster of largest size. In the interesting regime (after the transition point), we see
that the performances (in terms of correct classification rate) of the algorithm using our
theoretical setting of EM closely match the performances of an ideal setting with ground truth
(oracle EM). The performances of the algorithm using a random initialization (Random EM)
are completely degraded especially around critical cases (small values of A). Random EM
becomes reliable only for very large values of A where clustering is somewhat trivial.

4. Numerical simulations

We restrict ourselves to @ € A = [0,1] for the numerical simulations. To illustrate the
importance of the choice of apt, Figure 9 presents the theoretical (asymptotic) ratio between
the limiting largest eigenvalue p of L, and the right edge S% of the limiting support $¢ with
respect to the amplitude of the eigenvalues of M. Although Qopt only ensures in theory to
have the best isolation of the eigenvalues only in “worst cases scenarios” (i.e., when A\(M) is
slighty larger than 7@rt), Figure 9 shows that taking o = apt provides the largest gap S—pa for

all values of A(M). This suggests (again, without any theoretical support) best performances
with @ = aopt in all cases (for any value of M).

In the sequel, to compare the different algorithms, we will use the performance evaluation
measure known as overlap to ground truth communities, defined in (Krzakala et al., 2013) as

isn 5 L
OverlapE n =1 ~9i9i K

)

1
l-%
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Correct classificate rate
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B | [P Our initialization
......... Random EM
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Figure 8: Probability of correct recovery for a = 0.5, n = 4000, K = 2, ¢; = 0.8, co = 0.2,
=364, + 104, With g1y = 0.2 and g9y = 0.8, M = Al, for A € [0, 20].

1.1

1.08
1.06 |~
Qlopt

1.04 | 4

1.02

Normalized spike <%

0.98 | | | | | |

Eigenvalue (A(M) = —1/g“(p) beyond phase transition)

Figure 9: Ratio between the limiting largest eigenvalue p of L, and the right edge of the
support %, as a function of the largest eigenvalue A(M) of M, M = Al3, ¢; = %,
for A € [10,150], p = 304, + §0q,, with gy = 0.1 and gy = 0.5, for o €
{0, i, %, %, 1, aopt } (indicated on the curves of the graph). Here, aopt = 0.07. Circles
indicate phase transition.

where g; and g; are the true and estimated labels of node ¢, respectively. Figure 10 subse-
quently shows the overlap performance under the setting of Figure 9 for a simulated graph
of n = 3000 nodes. Note that the empirically observed phase transitions closely match the
theoretical ones (drawn in circles and the same as in Figure 9). We then consider in Fig-

18



IMPROVED SPECTRAL COMMUNITY DETECTION

Overlap

—— o= Qopt
————— Bethe Hessian
O Phase transition

Figure 10: Overlap performance for n = 3000, K = 3, ¢; = %, U= %5q(1) + i(5q(2) with
gy = 0.1 and g9y = 0.5, M = Alg, for A € [5,50]. Here agp; = 0.07.

ure 11 a DCSBM graph where M is fixed and three quarters of the nodes connect with a
fixed intrinsic low weight g(;) = 0.1 and we vary the intrinsic weights q() of the remaining
quarter of the nodes from low to high weights. We observe a sudden drop of the BH overlap
for large g(2) —q(1)- This phenomenon is consistent with the fact, observed earlier in Figure 1,
that BH creates artificial communities out of nodes with the same ¢; parameter. This is a
practical demonstration of the need for a proper eigenvector normalization to avoid degree
biases. This observation has recently led (Newman, 2013) to consider a regularization for the
non-backtracking operator on which the BH method is based, which still awaits for proper
analysis.

In Figure 12, we consider a more realistic synthetic graph where the ¢;’s assume a power
law of support [0.05, 0.3] which simulates a sparse graph characteristic of real world networks.
Although this is not the regime we study in this article, our method for av = Gpy still competes
with the BH method which was developped for sparse homogeneous graphs. However, it is
seen that the theoretical phase transitions do not closely match the empirical ones especially
for the case a = 1. This mismatch is likely due to the fact that our theoretical results in this
article require P;; = €2(1) which is not always the case in this scenario.

We finally confront the performances (in terms of overlap and modularity 1) of the dif-
ferent spectral algorithms on the Political blogs graph (Adamic and Glance, 2005) in Table 1.
We should note that while agp = 0 in this case, it achieves the best performance both in
terms of the overlap to the ground truth and of the modularity. '? Likely, the reason why

11. The modularity @ for a given graph partition with class labels g;’s is defined as : Q =
ﬁ sz:l (Aij — %) 0g,=g; where d = A1, is the degree vector and m = %dTln is the total num-
ber of edges.

12. We should note here that the scores for the BH are different from the ones found in the article (Saade
et al., 2014) since here we are running k-means algorithm in the last step of the spectral algorithm while
the authors of (Saade et al., 2014) have instead used a sign classification of the eigenvector components for

networks with two communities.
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Figure 11: Overlap for n = 3000, K = 3, ju = %6, + 404, with ¢(1) = 0.1 and (o) € [0.1,0.9],
M defined by M;;, = 10, Mij = —10,1 7&]7 = %
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Figure 12: Overlap for n = 3000, K =3, ¢; = %, W a power law with exponent 3 and support
[0.05,0.3], M = Alg, for A € [10, 150]. Here éopt = 0.28.

a = 0 is optimal on the Political blogs dataset can be seen in Figure 4, where Lg is the
similarity matrix for which the isolated eigenvalue is the farthest from the bulk of the other
eigenvalues and thus the associated eigenvector is more aligned to the classes compared to

the eigenvectors of L1 and Lj.
2
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Algo ‘ Overlap Modularity
Gopt (~0) | 0.897 0.4246
a=20.5 0.035 ~0
a=1 0.040 ~0
BH 0.304 0.2723

Table 1: Overlap performance and Modularity after applying the different spectral algorithms
on the Political blogs graph (Adamic and Glance, 2005).

5. Concluding Remarks

The thorough study of L, performed in this article allows us to go further than the observa-
tion of (Gulikers et al., 2015) and (Jin et al., 2015) which state that it is important to use
the eigenvectors of L; or a normalization of the eigenvectors of Ly rather than the eigen-
vectors of Lg themselves for community detection when the network has an heterogeneous
degree distribution (to avoid misclassifications induced by degree biases). Our main finding
in particular is to show that there exists an optimal «, denoted here apt, for which taking
the eigenvectors of Lg,,, pre-multiplied by D@ort—! ensures best performances (or to be more
precise best asymptotic cluster detectability).

The results and methods in this article are all based on the strong assumption that the

average node degree is of order O(n) and that the class-wise correction factors Cy,,. differ
by (’)(n_%) since Vi,j € {1,...,n}, Cgg; = 1+ % Previous works (Lyzinski et al., 2014;
Lei et al., 2015; Gulikers et al., 2015) suggest that the present analysis, which only considers
“first order spectral statistics”, should naturally extend to moderately sparse graphs (of as
little as Q(logn) average degree). Under the sparse DCSBM graph assumption, strikingly
different tools are required, opening up a challenging area of improved algorithm research.
Similarly, if the Cy, ,’s differ at a rate n™2 < 1, < 1, mere refinements of our analysis ensure
asymptotic weak consistency for all values of o based on the present tools. In passing, this
shows that identifiability considerations are equivalent to those delineated for any «, as in
(Gulikers et al., 2015) for a = 1. Formally, the case where r, = (1) breaks Lemma 11 and
therefore the validity of our present analysis but this scenario is also by and far covered by

previous works.

6. Proofs

Preliminaries

The random matrix under study L, is not a classically studied matrix in random matrix
theory. We will thus first find in Section 6.1 an approximate tractable random matrix Ly
which asymptotically preserves the eigenvalue distribution and the extreme eigenvectors of L.
In Section 6.2, we study the empirical distribution of the eigenvalues of L, and in Section 6.3,
we characterize the exact localizations of those eigenvalues. Finally, a thorough study of
the eigenvectors associated to the aforementioned eigenvalues is investigated in Sections 6.4
and 6.5.

We follow here the proof technique of (Couillet et al., 2016). In the sequel, we will make
some approximations of random variables in the asymptotic regime where n — oco. For
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the sake of random variables comparisons, we give the following stochastic definitions. For
x = x,, a random variable and w, > 0, we write x = O(u,,) if for any n > 0 and D > 0,
nPP(x > n"u,) — 0 as n — oo. For v a vector or a diagonal matrix with random entries,
v = O(uy) means that the maximal entry of v in absolute value is O(uy,) in the sense defined
previously. When M is a square matrix, M = O(u,,) means that the operator norm of M is
O(uy,). For x a vector or a matrix with random entries, x = o(u,) means that there is x > 0
such that x = O(n™"uy,).

Most of the proofs here are classical in random matrix theory (see e.g., (Baik and Sil-
verstein, 2006)) but require certain controls inherent to our model. The goal of the article
not being an exhaustive development of the proofs techniques, we will admit a number of
technical results already studied in the literature. However, we will exhaustively develop the
calculus to obtain our final results which are not trivial.

6.1 Random equivalent for L,

The matrix L, = (dTln)o‘ﬁD_a [A — %} D™ has non independent entries and is not
a classical random matrix model. The idea is thus to approximate L, by a more tractable
random matrix model L, in such a way that they share asymptotically the same set of
outlying eigenvalues/eigenvectors which are of interest in our clustering scenario. We recall
that the entries A;; of the adjacency matrix is defined from the DCSBM model as independent

My g
Bernoulli random variables with parameter ¢;q; (1 + ;lnf] ); one may thus write

A = g:0: . ,Mgigj ..
ij = 9iq5 + 4:iq; \/ﬁ +Xz]

where X;;, 1 <4,j < n, are independent (up to the symmetry) zero mean random variables

9795

e
1

¢iqj) + O(n~2). We can then write the normalized adjacency matrix as follows

of variance ¢;q;(1 — ¢iq;) + (’)(n_%), since A;; has mean ¢;q; + ¢;q; and variance ¢;q;(1 —

1 1 1 K 1
—A=—"—qq'+ - 1M, —X
NG N {q(a)q(b) b}a,bzl VG (7)
N
qq 1 T X
= — +-D,JMI'D,+ —
NI, AR ®)

—_ T -~
Ad,\/ﬁ Advl Ar,l

where!3 qu) = [QH1+...+7’L~L—1+1"- . aQn1+...+ni]T € R™ (nO = 0) , X = {Xij}Zj:I and Dq =
D(q). The idea of the proof is to write all the terms of L, based on Equation (8), since all
those terms depend on A. To this end, we will evaluate successively d = A1,, D = D(d),
dd" and 2m = d'1,,. It will appear that D and d'1, are composed of dominant terms
(with higher operator norm) and vanishing terms (with smaller operator norm); we may then
proceed to writing a Taylor expansion of D™ and (2m)® = (d"1,)® for any a around their
dominant terms to finally retrieve a Taylor expansion of L.

13. We recall that subscript ‘d, n®’ stands for deterministic term whose operator norm is of order n* and ‘r, n®’

for random term with operator norm of order n”.
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Let us start by developing the degree vector d = A1,,. We have

1 1 D,JJMI'D,1, X1
d = qq"1,+—~D,JMI D1, +X1, = q"1,( —_ g-n ).
qq n+\/ﬁ q q n+ n q in q +\/ﬁ qun + qun ( )
1
Ok
" owh) owh)
Let us then write the expansions of d'1,, (d"1,)%, dd" and % respectively. From (9),
we obtain N - N
11, D, JMJ'D,1 1, X1
dT]_ — T]_ 2|:1 - n—9q qg-n n n :| 10
e S U 1o
~————
O~ 3) O(n~2)
Thus for any «, proceeding to a 1%¢ order Taylor expansion, we may write
1/D,JMJ'D,1 17X1 .
dT]. a T]. 2a [1 i n—4q qg-n n n —-= i| 11
(@717 = (a1 14 G2 PR S o)) (1)
———
(’)(nf%) (’)(’nf%)

Besides, from (9) we have

1 qu'D,JMJ'D 1 D, JMJI™D,1,,q7 1'™X X1,q"7
ddT:(qun)Q[@_Fiqn q qg , + YYyq gind +qn nd

\/ﬁ qun \/ﬁ qun qun qT]-n
O(v/n) O(v/n) oWm)  O(/n)
L1 D,JMJI"D,1,1)D,IMID, L D,JMJI"D,1,17X L X1,1'D,JMJI'D,
n (q"1y)? Vn (q"1,)? Vn (q'1y)?
o(1) o(1) o(1)
X1,1}X
+ W +O(1)] . (12)
N—_———

o)

Keeping in mind that we shall only need terms with non vanishing operator norms asymp-

totically, we will require ﬁ [ A — %

O(1). We get from multiplying (12) and (11) (with a« = —1)
1 dd" qq'  1q1]D,JMJ'D, N 1D,JMI'D,1,q" | 1 q]X 1 X1,q"

] to have terms with spectral norms of order at least

vndTl, /n n q'1, n q'1, vn q'l, * vn q'l,
11D, JIJMI'™ D1, + 1 1)X1, o 1
- = ——=——"qq' +0(n"2). 13
- @z 49T g (n™2) (13)
By subtracting (13) from (8), we obtain
1y ddTy 1 D.IMITD. - ql;D,JMI'D, 1D, JMI'D,1,q"
Vn d’1, ¢ a

a'1, n a'l,
11D, JMI'™D,1, + X 1 ql)X 1 X1,q"
o @Le2 TR T VidL, Vi dl,
1 1'X1,

el ppad’ 00, (14)
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It then remains to evaluate D~%. From (9), we may write D = D(d) as

1 D,JJMJI'D,1, X1,
D:qun(Dq+D<qq>+D< >)
N e’

N Vn q'1, q'l,

o) -
O(n~3) O(n”2)

The right hand side of D (in brackets) having a leading term in O(1) and residual terms in
(’)(n_%), the Taylor expansion of the (—«)-power of D is then retrieved

—a 1 D, JMJI'D,1 X1
a I a (a+1) q g n | (a+1) D AAn - 1
D (q 1n> (\Dq ., aDq P (\/ﬁ ql 1, ) aDq <q ].n) O( )> '

o(1) . ~
O(n~2) O(n™2)

(15)
By combining the expressions (11), (14) and (15), we obtain a Taylor approximation of
L, as follows

X 1
Lo =D, =D, +

vn

1D *IMI'D,1,1;D; 1 1D, IJMJI'D,1,

1D!~21,1TD JMITD!-@
1— THi1- q n—4q q
D, *JMJ'D; > — — L

n
. _ 1 Dl=*1,1] XD
qualnlanfa o q q

Vn q'1,

n qun n (qun)2
—_ T1—

1 Dy°X1,1,;D;™° +L 17X1, DI-e1,1TDI-* 4 O _%)

Vi a1, At T "

The three following arguments allow to complete the proof

e 1, =J1kg and D41, =q.

e We may write (1JTq); = 2 (n% > ace, qa>. For classes of large sizes n;, from the law

of large numbers, (n% ZaGCi qtl) =2 m,, and so, %JTq 25 m,c where we recall that
my, = [ tu(dt).

e As X is a symmetric random matrix having independent entries of zero mean and finite

. 1T'X1, a.s.
variance, from the law of large numbers, we have %"Tn" 0.

Using those three arguments, L, may be further rewritten
L, = D;O‘;%Dq_o‘ + %D;_O‘JMJTD;_O‘ — %D},—a;u xkc'MJITD]
- %D};O‘JMCJ(JTD;—W + %D;_O‘Jl ke McljJTD)
- \/ﬁc}ln mD;amnl}JTD;—a +Omn"z).  (16)

By rearranging the terms of (16), we obtain the expected result

D} *J1x1]XD,* —

—a X -«
La - Dq %Dq

JTD,~”
T T
+ [Dé*a,] D;axln:| (IK—lKC )M(IK—C]_K) —1x \/% —I—O(nfé)
vn a'l, -1% 0 11XD;
qa'l,
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This proves Theorem 2.

6.2 Limiting spectral distribution of L,

It follows from Theorem 2 that L, = Dq*a%Dq*a +UAUT is equivalent to an additive spiked

random matrix (Chapon et al., 2012) where

U= [D;*O‘J D;“Xln}

Vn q'1,
A = (IK—].KCT)M(IK—CIIIQ) —1x
-1% 0 ]’

with the difference that the deterministic part UAUT is not independent of the random part

D;O‘%DQ_O‘ (an issue that we solve here) and U is not composed of orthonormal vectors.

Let us then study X = D;Q%Dga (having entries X;; with zero mean and variance a?j /n
with afj =qiqi(1 — qiq5) + (’)(n_%)) and show that its empirical spectral distribution (e.s.d.)
7 converges weakly to 7® with Stieljes transform ef,(z) = [ (t — 2)"tdre(t) for z € CT.
This will imply (By Weyl interlacing formula) that the empirical spectral measure 7@ =
LS8 () (with \;(Lg) eigenvalues of Ly) will also converge to 7.

The matrix X is a classical random matrix model in RMT already studied in similar
cases (Pastur et al., 2011). It is well known for those random matrix models (having entries
with given means, variances and bounded first order moments) that the law of the Xij’s
does not change the results on the limiting law of the e.s.d. #*: this property is kwown as
universality (e.g., (Silverstein and Bai, 1995)). For technical reasons, we can thus assume that
the X'Z'j’s are Gaussian random variables with the same means and variances in order to use
standard Gaussian calculus, introduced in (Pastur et al., 2011). The objective of the proof
is to find the deterministic limit e§)(z) for the random quantity = tr (X — zIn)f1 which is
the Stieljes transform of the e.s.d. #®. Deterministic equivalents for the Stieljes transform of
empirical spectral measures associated with centered and symmetric random matrix models
with a variance profile have already been studied in for example (Ajanki et al., 2015; Hachem
et al., 2007). We give in Appendix C an exhaustive development of the Gaussian calculus to
obtain ef;(z). The final result is as follows.

Lemma 16 (A first deterministic equivalent) Let Q = (X — 2I,,)"!. Then, for all z €
Ct,

Q¢ Q= (2L, ~ D(ei(2)iy) " (17)

-1
where e;(z) the unique solution of e;(z) = L trD <O‘%>n ) (—zIn - D(ej(z))gzl) and the
]:

notation A < B stands for %tr CA - %tr CB — 0 and d-lr(A —B)dy — 0 almost surely, for
all deterministic Hermitian matriz C and deterministic vectors d; of bounded norms (spectral
norm for matrices and Euclidian norm for vectors).

From Lemma 16, we get directly < tr Q — ey (2) 2% 0 with ey (2) = = S0 ;() Observe

n £4i=1 —z—e;(z

now that
1 n qlleaq]lea . qi272aq3272a
67;(2’) == Z (Z)

n —Z — €5
j=1 J

= q; 72y (2) — ¢ 25y (2) (18)
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where

n 1-2a

1 4a;
fz) ==

nig -z —g ety (2) +¢;

— % (2)
n 22«

1 4;
eg(2) = — - - (19)
W T T

from which we get

1
a = dq).
ego(2) /_z_e%(z)q12a+e%1(z)q22a“( q)

where for z € C* and a,b € Z we define

2, (2) = / "~ p(dq)
@ —z —efy(2)g' 72 + €5y (2)g? 2

(20)

with p(dg) = limy 00 £ 371 5, From this, we have that efy(2) does not depend on n, so
that %trQ 25 E§(z), 7 — 7, and thus 7% — 7 since L, and X only differ by a finite
rank matrix. This proves Theorem 4.

In the main core of the article, we have defined eg,(z) £ m*(z), e§4(z) £ f%(z) and

e$,(z) £ g%(z) for readability reasons. For future use, we define for 2,7 € C\ S*

g~ p(dg)

eg‘bﬂ(z,é) = / (—z — BE2(2)q1=20 + B (2)¢?~2) (=% — E¢(2)q' 20 + E$(2)¢> %) (21)
and

o (o= _ """ u(dg)

6ab;3(z’ zZ) = / (—z — BE(2)q1=20 + B¢ (2)2~20)2(—2 — E*(2)q' 22 + E$(3)g2—20)’ (22)

Convergence of the ¢;’s

Similar results to Lemma 16 have been derived for example in (Hachem et al., 2007) and the
fixed point algorithm (17) which consists of iterating the e;’s is shown to converge. Since the
calcultation of the eq’s is an intermediary step of (17) from (18), the fixed point algorithm (19)
also converges. From the analyticity of the Stieljes transform outside its support, Lemma 16
extends naturally to C\ §%*. This proves Theorem 4.

Remark 17 Similarly to (Hachem et al., 2007), when none of the (D;%);;’s is isolated, the
random matriz X does not produce isolated eigenvalues outside the support S* of . Here, for
large n, this property is verified since from Assumption 1, the ¢;’s are i.i.d. arising from a law
with compact support (the probability that a (D;a)ii gets isolated tends to 0 asymptotically).
This gives Proposition 18 which we will not prove here; similar proofs are provided for example
in (Bai and Silverstein, 1998).
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IMPROVED SPECTRAL COMMUNITY DETECTION

Proposition 18 (No eigenvalues outside the support) Following the statement of The-
orem 4, let S and S¢ be respectively the left and right edges of S“. Then, for any e > 0, by
letting S& = [S® — €8¢ + €] , for all large n almost surely,

0.

-« X -« ; «
{)\i(Dq N ),1 <i< n} (R\ S%)
Remark 19 The support 8% is symmetric i.e., 7%([a,b]) = 7*([-b, —a]). We have in par-
ticular S = —S¢ = —S5% where we denote S¢ £ supS® and S £ inf S°.

6.3 Isolated eigenvalues of L, and phase transition.

In the previous section, we have shown that the e.s.d. of L, converges weakly to the limiting
law of the eigenvalues of X since they only differ by a finite rank matrix. We shall have in
addition isolated eigenvalues of L, induced by the aforementionned low rank matrix. We are
interested here in the localization of eigenvalues of L, isolated from the support 8% of the
limiting law of its e.s.d. According to Proposition 18, there is almost surely no eigenvalue
of X at non-vanishing distance from S asymptotically as n — oo and hence the plausible
isolated eigenvalues of L, are only due to the matrix UAUT. We follow classical random
matrix approaches used for the study of the spectrum of spiked random matrices (Benaych-
Georges and Nadakuditi, 2012; Chapon et al., 2012). From Theorem 2, the eigenvalues
p of L, falling at non-vanishing distance from the limiting support &% solve for large n,
0 = det(Ly — pI,,) almost surely for p ¢ S. Since ||Ly — ~a|] 2500, pi(La) — pz(f,a) 250 for

all eigenvalues p;(Ly). We may then just solve 0 = det(D, O‘\)}D @+ UAUT — pI,). Now,

as from Proposition 18, the random matrix X does not have eigenvalues at non-vanishing
distance from S asymptotically, for p ¢ S, we can thus factor and cancel out det(X — pI,,)
from the previous determinant equation, so that we are left to solve

0 = det(I, + QQUAUT) = det(Ix41 + UTQSUA)

where QF = (X — pI,)~t. As we will show next, the matrix Ix 1 + UTQ;’,‘UA converges to
a deterministic matrix, almost surely for large n. By the argument principle (similar to e.g.,
(Chapon et al., 2012)), the roots of Ix1+ UTQSUA are asymptotically those of the limiting
matrix, with same multiplicity and it suffices to study the latter.

We then proceed to retrieving a limit for I 1 + UTQ;‘;UA. From Theorem 2, we have

11Ty l-anaml—a 1 TPl-apap—«a
. — 15J Dg Q;D; Jl_ ﬁg D} "Q;D, X1,
2 = 11XD,*QeDL Y L5 17XD,* Q3D X1,

The entries (1,2), (2,1) and (2,2) of UTQgU are random as they contain the random
matrix X but tend to be deterministic in the limit. In fact, using the resolvent iden-

tity, we have that Q;’;Dga%D;a = I, + pQg, the entry (1,2) becomes e T1 )JTD 1, +

pmJTDé—anDgln and the entry (2,2) is equal to ﬁ(l;Xln + plngaln +

pQIIDg‘Qng‘ln). Now, we can freely use Lemma 16 to evaluate the limits of the en-
tries of UTQ;';U since all the terms are of the form aTijb with a and b deterministic
vectors. From Lemma 16, the entries (1,1), (1, 2) and (2,2) converge almost surely respec-

tively to 2JTD}~*Q3D} T, A3 D 1y +p o5 I DL Qg Dy 1, and (1;X1n+

plIDgaln + p%lD?Q?DE‘ln) for large n.

(@'1n) (Tl )?
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Now, using the fact that for any bounded continuous function f, from the law of large
numbers,

P H) =S ) *S e [ Tt (23)

JEC; ' jec;
After some algebra, we obtain %JTDSI*&Q;’;D;*QJ =% €5, (p)D(c) where the e;;’s are given

in Theorem 4. Similarly for the terms (1,2) and (2,2), we obtain respectively

1 T
(@1, Pelntr

1

—a /A .S. P

—e
my
and

n

_ s 1
(CITT)Q (1;';X1n + Plngaln + p21ZD3QﬁD31n) =2 m (,OU# + pge&_l(p))

m2
m
with v, = [ ¢**u(dg) and where we have also used the fact that %12%171 2% 0 again from

the law of large numbers.
The limit of Ix 41 + UTQf,‘UA is then obtained as

Ik + UTQ,‘}UA S
L + e1(p)(D(e) — ce")M(Lic —e1]) = (1+ £ef(p)) e —ef(p)e
miﬁ (v + peg—1(p)) 1 —0761,%5:0)

Using the Schur complement formula for the determinant of block matrices, we have that
the determinant of the RHS matrix is zero whenever

o) et 14+ 4,(p) (Dle) - e )Mk — e1])

my
v, + peg_1(p)) €5 (p
- (1 pe%(p)) f+ BN GD) )
my myuefy(p)

or equivalently det(Gj) = 0 where

G =T + 631 (p) (D(c) — e M(Ix — c1]) +0%(p)el)

o P a (”u P@S{fl(l))) 651(/0)
0 =—14+— + ’ .
('O) my 610(p) m”ef‘o(p)

The isolated eigenvalues p of Ly, which are the p for which det(Ix41 + UTQﬁUA) =0, are
then asymptotically the p such that det(Gj) = 0.

Remark 20 (Two types of isolated eigenvalues) From the previous paragraph, 1+60%(p)
is an eigenvalue of G with associated left eigenvector 1x and right eigenvector c since
1§gg = (1+6%(p)) 1L and Goc=(1+0%p))c.

Letting p be such that det(Gj) = 0, we can discriminate two cases

e 1+0%p) = 0: isolated eigenvalues are found for those p € R\S® such that 1+60%(p) = 0.
We shall denote by p such eigenvalues when they exist.
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o 1+ 6%p) # 0: the left and right eigenvectors associated to the zero eigenvalues of GY
are respectively orthogonal to the right and left eigenvectors associated to the non-zero
etgenvalues. So, by letting Vi, V,. be matrices containing in columns the respectively
left and right eigenvectors of G associated with the zero eigenvalues, we have V?—c =0
and 1.V, = 0 since 1+ 0%(p) # 0. It is thus immediate that (V, V) is also a pair of
eigenvectors (with multiplicity) of Ix + €$1(p) (P (c) — cc™) M (Ix — c1k) associated
to the zero eigenvalues.

As we show in Section 6.5, for 14 6%(p) = 0, the eigenvectors associated to the aforemen-
tioned isolated eigenvalues p will not contain information about the classes. This case is thus
of no interest for clustering. It is nevertheless important from a practical viewpoint to note
that, even in the absence of communities, spurious isolated eigenvalues may be found that
may deceive the experimenter in suggesting the presence of node clusters. From now on, we
will only consider the isolated eigenvalues p for which 1+ 6%(p) # 0.

We now have all the ingredients to determine the conditions under which we may have
eigenvalues of L, which isolate from §%. Let I be a non zero eigenvalue of G = (D (c) —
ccM(Ix —c1k). Since det((D(c) —ccT)M(Ix —cl))) = det((Ix —c15)(D(c) —cc")M) =
det((D(c) — cc")M), 1 is also a non zero eigenvalue of M = (D(c) — cc")M. For each
isolated eigenvalue p of L, we have a one-to-one mapping with a non zero eigenvalue [ of

1

M such that [ = ~EG) Hence, to show the existence of isolated eigenvalues of L, we
2
1

need to solve for p € R\ 8%, [ = 0] for each non zero eigenvalue [ of M. Precisely,
2

let us write S* = U%ZI[S;‘,‘L,,S%’JF] with S7'_ < 57, < S§_ < ... < S§ . and define

So+ = —oo and Spy4+1,— = +oo. Then, recalling that the Stieltjes transform of a real

supported measure is necessarily increasing on R, there exist isolated eigenvalues of L¢ in

(Sp+sSps1,—), m € {0,..., M}, for all large n almost surely, if and only if there exists

eigenvalues ¢ of M such that

lim ES(x) < —0'<  lim E$(x). 24
e 5 () ot 5 () (24)

In particular, when S = [S¢,S¢] is composed of a single connected component (as when

8% is the support of the semi-circle law as well as most cases met in practice), then isolated

eigenvalues of L® may only be found beyond 5% if £ > lim,|se —E%(z) (I > 0) or below S
2

if £ < limgyge —% (I < 0), for some non-zero eigenvalue ¢ of M. From the asymptotic

spectrum of L, S* = —S¢ as one can show that for any z € R\ 8¢, ES(—2) = —E$(z) so

that both previous conditions reduce to | £ [> limgsq —E%(x) . This proves Theorem 6.
2
The next section is advocated to the study of the eigenvectors associated to isolated

eigenvalues of L.

6.4 Informative eigenvectors

In this section, in order to fully characterize the performances of Algorithm 2, we study in
depth the normalized eigenvectors v used for the classification in the algorithm (step 3 of
Algorithm?2). We consider here the eigenvectors corresponding to the eigenvalues for which
1+ 6%p) # 0 (when 1+ 6%(p) = 0, the corresponding eigenvectors do not contain any
structural information about the classes; this case is treated in Section 6.5). For technical
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reasons, we restrict ourselves here to those eigenpairs (\;, v¥)’s for which there exists no
)‘j 75 A; such that, if \; — p, )‘j — p-

We recall that we may write v&* * as the “noisy plateaus” vector

K .

_ Ja a

vy = Z v + /ol wi (25)
a=1 V'a

where w{ € R" is a random vector orthogonal to j,, of norm ,/n, and supported on the
indices of C, and

a o

7 Ja =
V1 \/ o) TD2(a-1) o

(uq)TDa 1D Do 1 ?z
ol = — vy (27)

" \/( o) TD2(a-1)y, \/ o)TD2e-1ys J

1 )T . 1 ( )TDa_l.a

with Dy = D(ja)-
e We estimate the v{’s by obtaining an estimator of the K x K matrix

1JTDo e (u®) D13
no (uf)TD2eDup

the diagonal entries of which allow to estimate |v{'| while the off-diagonal entries are
used to decide on the signs of the {*’s (up to a convention in the sign of uf).

e Similarly, we first estimate the more involved object
1 JTDaflulq(u?)TDaflpaDaflu?(u?z)TDaflJ
n ((u®)TD2-Dy?) ((u?z)TDQ(a—l)u?)

(u®)TD* 1D, D> uf

\/(uQ)TDZ(afl)ucx\/(uq)TDZ(afl)uc_x is retrieved by dividing any entry e, f of

from which

the former quantity by non-vanishing quantities v/ f . For the eigenvectors uf* used for

clustering, there is always at least one index f such that V,L-f

eigenvector is of no use for clustering).

is non zero (otherwise, this

6.4.1 EVALUATION OF THE CLASS MEANS 'S

flJTDa 1 a(u )TDa 1J
( aYTD2(a— 1)u

associated to a limiting isolated eigenvalue p with unit multlphclty of L By residue calculus,

we have that

The estimation of the v{*’s requires the evaluation o for uf* eigenvector

1 1 1
—JTD () TD g = —— 7{ —J"'D* (L, — 21,) ' D1 Jdz (28)
n 271 n

14. Recall that the graph nodes were assumed labeled by class, and thus the entries of v§* are similarly sorted
by class.

30



IMPROVED SPECTRAL COMMUNITY DETECTION

for large n almost surely, where I, is a complex (positively oriented) contour circling around
the limiting eigenvalue p only. As from Theorem 2, L, = D(;a%D;O‘ + UAUT 4 0(1), we
apply the Woodburry identity to the inverse in the previous integrand and we get

1 1
7JTDa—1 (La o ZIn)fl Dcx—lJ — *JTDO‘_IQ?DQ_IJ
n n
l Tpa—1lna THo -1 THamnoa—1
+ nJ D QIUA (Ix11 + U QIUA U QD" J+o(1).
The first right-hand side has asymptotically no resi_due when we integrate over the contour
I', (as per Proposition 18 there is no eigenvalues of X in I',, for all large n almost surely). We

are then left with the second right-most term. Using the block structure used in Section 6.3,
we may write

1
(IK+1 + UTQ?UA) =%

I + ¢, (2)(D(e) — Mk — e1%) — (14 2 eip(z)) el —e(2)e)

miﬁ (v, + ze&,l(z)) 1% —zielr‘jl(j)

Let us write v(z) = 25 (v, + zef._;(2)). We can now use a block inversion formula to write
m )

o 1
o) |ae- 2O ar |

o
1 zelo(z)
T Ao -1 as, (G) N (2)es (T, [ G 2Omueh ) ]
(Ix41+U'QUA) = mp 1202 | &~ e Ty K
Y@M 1T (o -1 1
ZESLI(Z) 1K(QZ) ze%l(z) o T - 'y(z)'mueg‘l(z) T -1
_TH+7(z)elo(z)1K gZ—WdK c

(29)

with G¢ =TIk + €%, (2) (D (c) — cc™) M (Ix — c1%) 4+ 6%(z)c1%.. The entries of the previous
matrix seem to be cumbersome but as we will see, the residue calculus will greatly simplify.
In fact, we have that 15.G% = (14 0%(2)) 1% so that 1L(G2)~! = W
defined since we are considering the case 1 + 0%(z) # 0. Similarly, we have that

[ERECLE CR PR CIR

1% which is well

ze5y(2) my,
o -1
meaning that [Q? — %{)Z)ﬂz)cl%} c= —%{f(‘z)c. So finally, the terms (1,2), (2,1) and

(2,2) of (Ix41+ UTQE‘UA)_1 do no longer depend on (G%)~! and thus do not have poles
in the contour I'y. We can then write

a\—1
(e +07QeuA) " = (1997 ) g

with R (%) having no residue in the contour I'y. Thus, to perform the contour integration of
the integrand in (28) around I',, we just need to evaluate the top-left entries of J TDe~1Q2UA
and UTQ2D*1J. Those are easily retrieved from the calculus in Section 6.3.
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We have in particular (% TD1QYUA)11 =5 €§y(2)(D(c) — cc")M(Ix — cl)) —

B%(2)cl}, where 3%(z) = m%L [[ 2~ p(dt) + e_l;_l(z)] and similarly (UTQ2D*1J);; &%
efo(2)D(c), so that finally

1 .
ﬁJTDO‘_lug(ug")TDO‘_IJ 25

— 5= b |(B()(Dle) — MLk —e1) — 57(2)el] ) (G2) ™" x efy()D(c) + Ra(2)dz
T r,

where Ry(z) is a matrix having no residue in the considered contour. Now, we are ready to

compute the integral. From the Cauchy integral formula,

1
EJTD"_lug"(uﬁ‘)TDO‘_lJ 22

lim (2 — p) |efo(2)(D(c) — ce")M(Ix — cli) = %(x)elf| (G2) ™" x efy(2)D(e).

Z—p
By writing GY = pZVﬁZVZTZ + VWZEZ\?ZTZ where v, . and v; , are respectively right and left
eigenvectors associated with the vanishing eigenvalue p, of G¥ when z — p; V,ﬂ,z e R™*"p

and \717 LR™*e are respectively sets of right and left eigenspaces associated with non vanishing
eigenvalues, we then have

T

AL

lim(z — p)(G%)~! W lim(z — p)— b
p

z—p z—p z

where we have used the I’Hopital rule and the fact that the non vanishing eigenvalue part of
G will produce zero in the limit 2 — p. Using p, = VZTZQ?VM, we obtain

1 a.s.
~JTD ¢ (u®) "Dy 25
n

vy v
[€60(p)(D(e) — cc")M(I — e1F) — 5 (p)e1] ( . ”), X efo(p)D(©).
VZZG Vi
z=p

Since (vl,p)Tg,‘f = ngw =0,

((Vl,z)Tg?Vr,z)Z:p = ((VZ,Z) )z pGer,p + (Vl,p)T (g?)z:p Vrp + (Vl,p)Tgﬁ(VT,z)lz:p
= (Vl,p)T (g?)z:p Vrp

= (€51(0)) (vi,)" (P (e) = e ) M (I = e1%) vr,

where the subscript ” denotes the first derivative with respect to z. Using the fact that v, , is
orthogonal to 1%, and (v, v; ) is also a pair of eigenvectors of (D (c) — cc™) M (Ix — c1%)

associated with eigenvalue ——z1—, we get
31 (p)
1 Tpha—1.. .« Thya—-17 28, (680([)))2 VT»P(VLP)T
—J D uf (wa) DY =5 L = D(c). (30)
n 621(:0) Vljpvr,p
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By introducing v, = D(C)%Vlyp = D(c)_%vmj eigenvector of the symmetric matrix
1
2

D(c)% (Ix — 1xc') M (Ix — c1%) D(c)2, we obtain the final result

1 a(p))?
LyTpe-tug(ug)Tpe-ty 28 D) 5 2y (o y7p ()12 (31)
n e51(p)

D>~ 1u2(u®) "D~ 1J

(u?)TDQ(a*I)u‘;‘
of v{*.For uf an eigenvector of L, associated to an isolated eigenvalue converging to p asymp-
totically, we have
(u) D = tr(uf (uf) D)

(2 (2

=tr (—1% (Ly — 21,) DQ(O‘_I)dz> :
21 r,

As in the previous section, by applying Woodburry idendity, this is equivalent to evaluating

tr (_217”%1; |:UTQ?D2(06—1)Q?UA <(G%)_1 8) + R3(Z):| dZ) s

where R3(z) is a matrix having no residue in the considered contour.
Again here, we just need the top left entry of UTQg‘DQ(O‘_l)Qg‘UA which is given from
Theorem 2 by

.
Next, we need to estimate the denominator term (u$) "D Dug of %J

(UTQeD? " VQeUA);; = %JTDl_O‘Q?DQ(O‘_l)Q?Dl_O‘J(IK —1gc)M(Ig —cl))

)

1

_7Dl—a aD2(a—1) aD—ozXlan. 33

(IT)

We can get rid of the term (II) since after residue calculus, we will get (similar to Equa-
tion (30)) 15v,., = 0 which cancels out the whole term. Let us now concentrate on the term
(I). At this point, we need to introduce the following result which, for any deterministic vec-
tors of bounded Euclidean norm a, b and any deterministic diagonal matrix E, approximates
the random quantity aTQ‘Z"IE %, b by a deterministic equivalent.

Lemma 21 (Second deterministic equivalents) For all z € C\S®, we have the following
deterministic equivalent

z2

— M — M N 71 i = C
?1: ?2 — ?1'-: ?2 + Q(ZXlD |:(In - Tzlsz) TZI’ZQ dlag (‘:):| 2

where 2 is any diagonal matriz, Q% is given in Lemma 16 and

o (i) =2 g ;" (1 - qigy)
b)) =0 . a 1-20 | .a 220\ (. .« 1-20 | .a 2-2a\
(=21 —efy(21)q; ™ +egy(z1)q; ™) (—22 — efy(z2)q; ™ + €8 (22)g;

The equivalence relation <> is as defined in Lemma 16.
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Thanks to Lemma 21 (proof provided in Appendix D), a deterministic approximation of the
term (I) in Equation (32) can be obtained. We get in particular

1 _ _
lJTDlianDz(ail)QngiaJ — —JTleaQ?DZ(afl)Q?leaJ (34)
n n
+ EJTDP“QSD (L, —Y..) ' Y..d| QeD!™*J  (35)
n

where d¢ = {%2 (=) * ,and Y, ., was defined in Lemma 21. Using similar argument as in
Equation (23), we can easily show that the first right hand side term of (34) converges almost
surely to efoD(c). It then remains to estimate the second right-most term of (34). Y, .,
(as defined in Lemma 21) may be written as the sum of two rank-one matrices
T, :l<a al —b bT)
1,22 n 21

Z9 z21 ¥ zo

12« n 2_2q n

where a, = 9 and b, = 9 :
Z —z—q 2% (2)+¢7 2% (2 o —z—qr 2% (2)+¢7 2% (2) [ .

j 11 j 21 j 11 21 j=1

j=1
T
The matrix Y. . can thus be further written Y., = % (az bz) I (_al§1[7n> . Using
z

matrix inversion lemmas, we have

1 1— a-zraz _a-zrbz -1 al—d“
(L =".2)" Yepd® = (a: b2) {7 r," | . blb. blae | -
n

n n

T T T T
a,a. ay,b, b,b. a,d®

n > n > n ' n

Using again the argument in Equation (23) , we can easily show that

Tqo
and % converge for large n almost surely respectively to e8;5(2), €59.0(2), €f.0(2), €21,9(2)
and efjy(z) with ef; 5 defined in Equation (21). This given, we can show that

1 Tt an _ i s,
3D Qe [(In—'rz,z) 1rz,zdﬂ QoDIJ % 3 2(2)D(c)

[(1 + 632;2(2)) 621,0(2) - 6?2;2(2)630(2)] 6?2;3(2) - [632;2(2)621,0(2) + (1 - 632;2(2)) 680(2’)] 651!2;3(75)'

(1 + 62‘2;2(2)) (1 - 6(2)‘2;2(2)) + [e§2;2(z)} 2

x%(z) =

We thus have
() DX Vg =5l (eal) +1*(2)) (Dle) ~ ce IM(Tx — e1)(G) )

By applying I’Hopital rule to evaluate this limit as in the previous section, we obtain

(u®) TDHe Do 25, €002(0) £ X(p)
(e31(p))
Finally,

1JTDcx—1 Q11 TDcx—lJ s ey 2

C 1/2V A\ T C 1/2.
no (uf)TDe"Dug co0alp) + o) O VeVl L) (36)
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TDa 1.]a
1/ / TD2(a Du

. From Equation (36), the former quantity

We recall that one goal of this section is to estimate v§' = , the square of

1 D(c)_fJTDaflui (u®)TD*1JD(c)” 3
n (u®)TD2(e -1y

which is -

Na
. . . aa
is easily retrieved and we have

a2 (€Go(pi))? i |2
|l/i| - el ( )+ a( ) ‘,Ua‘
00:2\Pi) T X"\ Pi

(37)

This proves the following theorem giving the limit of the empirical class means v{"’s.

Theorem 22 (Means) For each eigenpair (\(M), v) of D(c )l (Ix —1gc") M (Ix — c1k) D(c)%
of unit multiplicity, mapped to eigenpair (p,u) of Lo as defined in Corollary 6, under the
conditions of Assumption 1 and for v{ deﬁned in (26), we have almost surely as n — oo,

‘(1/?)2 - (V;l’oo)2‘ — 0 where

(VQ,OO)Q = [680(/))]2 (U )2
! 680;2(p7p) +Xa(p)
with
Y*(p) = [(14e85.2(0))e% 1 0 (P)—€52.2 ()€ (P)] 5.5 (P)—[€52.2(P)e™ 1 o (P)+(1—€S5.5(P) ) (P)] 52,5 () and v, is

(1+622;2(p))(1*6%2;2(9))+[6§2;2(p)]2
the component a of v.

Using the definition of v¢ in (26) and of ¥, IT in Theorem 10, Theorem 10 unfolds easily

e ; ego(p)]”
since v'IIv = Zle(va)z = %(%)2

6.4.2 EVALUATION OF THE CLASS COVARIANCES a‘-l-’s

We have shown at the beginning of this section that to estimate the o7;’s, we need to evaluate
the more involved object

1 JTDa—lugv(uia)TDa—IDaDa—lu?(u?)TDa—lJ
n (u) TD2(e—1)ye) <(u§z)TD2(a71)u]o't>

JTDa 1 ( a)TDa lJ
( i)TD2(O‘ 1)u

Similarly to what was done previously for the estimation of 1 , we need

here to evaluate
( > }1{ jé —J"TD N (L, — 21L,) ' DYID,D ! (L, — 21L,) D Idz d 2y
271 Fpl 1‘*

where I', and I',, are two positively oriented contours circling around some limiting isolated
eigenvalues p; and po respectively. We will use the same technique as in the proof of Theo-
rem 22 to evaluate this integrand. Namely, by applying the Woodburry identity to each of
the inverse in the integrand, we get

<2 Z) 7{ f —JTD* Q2 UA (Ix11 + UTQZUA) ™ UTQ D 'D,D*'Q2 U
T Tpy T

x A (I +UTQ2UA) " UTQE D 1 Jdzdz
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where we have used the fact that the cross-terms %JTDO‘AQ?Z_DO‘AJ , 1 = 1,2 will vanish
asymptotically as the latter do not have poles in the considered contours. By using the
identity A (IK+1 + UTQg‘lUA) 'yt = (IK+1 + AUTQ ) - AUT| the previous integral

writes
1 2 1 THha—1na T o T a—1 a—1
5 ~JTD*'Q2 UA (Ix 11 + UTQ2 UA) ' UTQ2 D* 'D,D*'Q2 U

x (I + AUTQ2 U) ' AUTQ2 D 'Jdzdzy

Most of those quantities have been evaluated in the evaluation of the v{’s. We thus obtain

<27m) % % |: JTDa 1Qoz UA <(GO;))_1 )UTQ Do 1D DY 1Q

a\—1\T
X («GZ? ) 8) AUTQ;’;D“‘lJ + R4(Z1,Z2)] dzi1dzo

[N

where Ry(z1, 22) has no poles in the considered contours. It is then sufficient to evaluate
the top left entry of each of the matrices JTDO‘*IQC“ UA, UTQ D 'D, D% IQO‘ U and
AUTQ D% 1J to compute the whole integrand. The first and the thlrd of the latter matrices
have been evaluated in the proof of Theorem 22. We are then left with the top left entry of
U7Q¢ D 'D,D*'Q2, U which is 2J7D*"1Q¢ D*~'D,D*~1Q% D*'J from Theorem 2.
The former quantity has already been evaluated in the previous section but for (z, z) replaced
by (21,22) and the diagonal matrix between Qg and Qf, being here D> 'D,D* ! instead
of D2(@=1)_ We thus have

(UTQ2,D°'DuD Q2 V), % ca (efa(z1, 22)D (dima) Sy + X% (21, 22)D(c) ) -

Finally, we are left to evaluate

<2m> jép 75 — legy(21)(D(c) — cc )M (I — 1)) — m(zl)clH (G2 )L

X Cq (600;2(2’17 z2)D (5i:a)£1 + X% (21, ZQ)D(C))
< ((€2)7)" [o(z2) (I — e IM(D(e) — ee”) — 3*()1xe” | dzadzn.

We can then perform a residue calculus similar to what was done in the proof of Theorem 22.
Additionnaly, we use the fact that the eigenvectors v, and v,, corresponding to distinct

eigenvalues p; and ps of the symmetric matrix D(c)% (Ix —1xc") M (Ix — c1k) D(c)% are
orthogonals. All calculus done, we get
1 JTDa—lulq(u?c)TDa—lDaDa—lu?(u]Qa)TDa—lJ
n((u®)TD2AeDyg) ((uq)TDz(aq)u?)

ef
ego(pi)edo(p;)
(eoo 2(pis pi) + x(p )) (eoo 2(ps ps) + x“(pj))
x [680;2(% Pi)N/CCFUIULV] + O pp, CaXa(ﬂz‘)\/ceCfviv}] : (38)
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We are thus now ready to evaluate the o7’s. By definition,

. (u‘a)TDale Dafluo‘z 1 ( a)TDa—l' ( o.c)TDaflja

\/( )TD2(@ \/ o) TD2(e~Dug Na \/( o) TD2(a-1)yo \/ )TD2(0~ g
(39)

1 JTDa 1 ( ?)TDaleaDaflu?(u;?c)TDaflJ

() D2 T ) (o DA D) ef
b (uf) ™D lje (uf) D1y
y \/7\/ TDZ(a Du a f\/ TDQ(a 1)1.1
dexes (e, f) such that the aforementioned quantities are non zeros. Indeed from the definition
of v and Equation 37, we get

The first right hand side term is estimated by dividing <

(Equation (38))

# 0 and = 0 for any couple of in-

(uj )TDa e as, ego(p) i
\/c: V| - (40)
f\/ ) TD2(@=Duy \/eﬁo;z(p,pHxa(p)} |

The covariances o7;’s are then found by combining the previous estimates (38) and (40) as
per the Definition (39) of the oi;’s. This proves the following theorem giving the limit of the

empirical class covariances O'U ’s.

Theorem 23 (Covariances) For two unit multiplicity eigenpairs (A1 (M), v1) and (A2(M), v?)
ofD(c)% (Ix —1xgcT) M (Ix —c1%) D(c)% mapped respectively to (p1,uf’) and (p2,uf) eigen-

pairs of L and for of; defined in (27), we have almost surely as n — oo, ‘O'gj — O’;lj’oo‘ — 0
where

oo L(€602(p1, p2) — €y(p1)eo(p2)) v v + i cax®(p1)]

T fealon) +x(o0)yfefoalen) + 12 (02)

where x*(p) is defined in Theorem 22.

From Theorems 22 and 23, v;">° and Ufj’oo depend on the e;;’s (defined in Theorem 4), the

normalized eigenvectors v of D(c)% (Ix —1gcT) M (Ix —c1%) D(c)% and the proportions
cq’s of classes. Thanks to Lemma 11, the e;;’s can consistently be estimated similarly to what
was described in Proposition 12. Namely, the g;’s can be estimated using ¢; = 4 and

v/dT1,

replaced in Equations (20), (21), (22) to obtain consistent estimates for the e;;’s. However, the
eigenvectors v and the class proportions are not directly accessible in practice. Nevertheless,
in the particular case of K = 2 classes, we know exactly v.

Remark 24 (K = 2 classes) Here, only one isolated eigenvector is used for the classifica-

tion. Since v, (right eigenvector of M) is orthogonal to 1a, v, is necessarily the vector
_1 T

D(c) 3, 1 1 }

D@ Sl \/1/C1+1/cz [W’_@

[1,—1]T. Hence, the normalized eigenvector v =

We thus obtain from Theorems 22 and 23 along with Remark 24,
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Corollary 25 (Means and covariances for K = 2 classes) Fora=1,2

(o2 [ego ()]
(eS‘O;Q(p, p) + xa(p)) (1 + 1f“ca)

[(ego;g(pvp)—eg“o(py) +CaXa(P)]

(%)

a,00)2 _
€S2 (s p) + x*(p)

(o
for p the unique isolated eigenvalue of Ly, (if it exists).

6.5 Non informative eigenvectors

The objective of this section is to show that the eigenvectors u® of L, associated to the
limiting eigenvalue p for which 1+6%(p) = 0 (Remark 20) are not useful for the classification.
Let us write as in Section 6.4

K
0% = 7o+ /LW (41)
a=1

where w® € R" is a random vector orthogonal to j, of norm ,/ng, supported on the indices

of C, with identically distributed entries. We shall show that 7 is independent of class C,
~ T

and thus, any correct classification cannot be done using u®. From (41), 7% = % which

can be retrieved from the diagonal elements of 2JTa®(t®)TJ. We will evaluate this object

by using the same technique as in Section 6.4. By the residue formula, we have

1 1 1
“JTa@) "I = —— ¢ =JT (L, —21L,) ' Jdz (42)
n 271 r, N

1

1 1 [ 1 -1
= ¢ “IQIdz+— ¢ ~ITQUA <IK+1 + UTQgUA> uTQ

27 r, N 27 r, N

(43)

for large n almost surely, where I'; is a complex (positively oriented) contour circling around
the limiting eigenvalue p only. The first integral —% frﬁ %J TQ2Jdz is asymptotically zero
since, from Proposition 18, the integrand has no poles in the contour I';. We thus obtain
similarly as in Section 6.4

1 1
—JTa(@") ' = ~JTQIUA [nm (z—p)(Xg1 + UquUA)—l] U'Q4J. (44)
n n 2—p

From (29), the entries (1,2) and (2,2) of (Ix4+1 + UTQ2UA)~! do not contain (G¢)~! since
1
c L

y(Z)mpuesi(2) 1T |
g? - ze‘fg(z)l C]'K] = =
entries. We thus get

e C and thus, the above limit will give zero for those
10

lJTﬁa(ﬁa)TJ— lJTQOJUA lim(z — p) (@)™ 0 UTQ2J (45)
Z B E AT (rr(C o)

We recall that in the case under study (1 + 6%(p) = 0), 1x and c are respectively left
and right eigenvectors of G associated to the vanishing eigenvalue. We can thus write
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G? = pzcl}; —1—\7?7 Zi] ZV{Z where p, is the vanishing eigenvalue when z — p and VT, , and \7[, 5
are respectively sets of right and left eigenspaces associated with non vanishing eigenvalues.
Hence, we have

1% @ clie  © cli @ clj
Zlg}}(z P)(G?) e Z;H}ﬁl}(ggyc 55 (09(2)) — (0°(p)) (46)

where in (1) we have used the ’Hopital rule, in (2) we used the fact that p, can be written p, =
1..G%c and in (3) we have used (Qg)/ = (€%1(p)) (D(c)—cec™) M (Ix —cl1%) +(6%(p)) 1%
and 1}-¢ = 1. We then have

1 TroamanT 1 THo 1}'{ To
~ITa(@)'J = (ITQRUA)L Yo F(UTQLI)n (47)
+ Lamaguay, DML gn),, (45)

*5es, (5)(0°(p))
All calculus done similarly as in Section 6.4, we get

(N TLL P
HJTu (a*)Ty 2% @) [617%([)) (D (c) —ccT) M (Ix —cl}})
_1u (/ t*p(dt) + e&;(p)) clK} cc
— (e ~\\2 7(5 my CCT
O G )0 Y
Finally,
e L (p) e, (p)y(p)m,
i A % L3 a e (p L3 . CCT
)T 25 e | [ e ey 00+ 2 )

1 5 — (~&)T.a _ 1
By recalling that 7% = =2 = \/ [
that

aa

which is independent of the class information (class proportions or inter-class affinities). This
concludes the proof.

Appendix A. Stein Lemma and Nash Poincare inequality

Lemma 26 Let x be a standard real Gaussian random variable and f : R — R be a C!
function with first derivative f () having at most polynomial growth. Then,

/

Elzf(x)] = E[f (z)].

Lemma 27 Let z be a standard real Gaussian random variable and f : R — R be a C!
function with first derivative f (x). Then, we have

Var(f(2)] < E[|f'(z)[].

The proofs of those lemma can be found in (Pastur et al., 2011).
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Appendix B. Consistent estimates of the averages connectivity weights ¢;’s

Lemma 28 Under Assumption 1,

11211324 lgi — Gi| = 0 (50)

almost surely, where §; = di
VdT1,

We need to prove that Y ~° P (maxi<i<n|¢i — G| >n) < oo for any > 0 so that we
can conclude from the first Borel Cantelli lemma (Theorem 4.3 in (Billingsley, 1995)) that
P (lim sup,, maxi<i<n |¢i — Gi| > n) = 0 from which Lemma 28 unfolds. We have that

n
P <maX ’%_QZ‘ > 77) < ZP(’C]@'_CL” > 77)

1<:<
<ZIP’ i =i > 1) +Plai — > ) (51)

glgj

Let us treat for instance the term IP(¢; —¢; > n) in the following. Since A;; = ¢iq; +qiq; NG +

Xi; with X;; a zero mean random variable, we have
D Aij

%2?21 EA;; — ¢;m, and % Zm EA;; — mi in the limit n — oco. For ¢; = W , we
can write
1 1 1
(3 T
1 1 1
n? Zi,j EA;; \/F Zi,j Ayj 2 > ij EA;;
A B

N 5 2 EAj
1 Z EA..
n2 7,7 1)

C

qi

Since A, B and C tend to zero in the limit n — oo, we will next use the fact that P(g; — ¢; >
n) <P(A>n/3)+P(B >n/3)+P(C > n/3) and show that all those individual probabilities
vanish asymptotically. Since the term C'is deterministic and tends to zero in the limit n — oo,
we have P(C' > n/3) = 0 for all large n. Let us then control P(A > n/3) and P(B > n/3). We
have

_ 1 - WALy s T
P(A >n/3) =P n;mm EAij) > —* +o(1)
anmi

T 18(02 +nm,./9))

< exp +o0(1) (52)

with 02 = lim sup,, max;<;<y, ai(22;45) — q?(zj q]2) and where in the last inequality of (52),
we have used Bernstein’s inequality (Theorem 3 in (Boucheron et al., 2013)) since the A;;’s
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are independent Bernoulli random variables with variance a = q¢iqj(1 — qiqj) + (’)(n_%). For
the term B we have

5 > BAij — /7 2 Aij oy
oz i Aij 3
(1) # Zzg EA;; — 7712 Zz] Aij
<P
\/ 7%2 Z” Aij
(2) 1 n(my +o(1))y/ = 770
<P<\/nQZEAZj ZAU > ZA”>1/J
(2%}

P(B > n/3) = ZAU + o(1)

nmu +o(1

1
MM/ 2z Z] Al]

+IP(\/ S B4y - %ZA“>
,J 1,7

@P( T;ZEAU— ZAZ] >”m“f 22A2J<¢
2y

Bl 2

(53)
where in the inequality (1) we have used the fact that n~! > j=1 Aij < 1; in the inequality (2)

¢ > 0is any constant smaller than 7, and in the inequality (3) we have used , /n=2 >ijAij >

/1 and the fact that the probability of the intersection between two events is always smaller
than the probability of one of those events. It then remains to control B; and Bs. For By we
have

% ZAij <t | <exp +o(1) (54)

i?j

_ n(mp—9)?
2 (02 4+ (m2 —v)/3)

where the inequality follows from Bernstein’s inequality with the similar arguments as previ-
ously. Finally for the term B; we have

1 MY
\/n2 ZEAU EZA” > '?3 +0(1)
i,

n2 Zz J EA’LJ n2 Ez J Al] > nmuﬁ
\/n2 Zz J EAU + \/n2 Zz] AZJ 5

(1) 1 1 nmu\/O(my, + O
< P ?ZEAU_EZAM > K’ ( K’ )+O( 22141]7
,J i,J

3

+o(1)

(i) exp | n [nmu(mu + \/@)]2
- 18 (02 + nmyu/(my + V) /9)
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where in the inequality (1) of Equation (55) we have used the same arguments as in the in-
equalities (2) —(3) of Equation (52) and in the inequality (2) we have used Bernstein’s inequal-
ity along with Equation (54). From Equations (52)(54)(55), we conclude that Y 2 | > | P(§;—
i > 1) < oo since m? — ¢ > 0. It follows the same lines to show that Y >2 | Y7 | P(g; — g; >
1) < oo which concludes the proof.

Appendix C. First deterministic equivalents

Let QY = (X — zIn)_1 with X a symmetric random matrix having independent entries Xij
2

which are Gaussian random variables with zero mean and variance % For short, we shall
denote Q¢ by Q. We want to find a deterministic equivalent Q of Q in the sense that
%tr CcQ - %tr CQ — 0 and d] (Q — Q)dy — 0 almost surely, for all deterministic Hermitian
matrix C and deterministic vectors d; of bounded norms (spectral norm for matrices and
Euclidian norm for vectors). To this end, we will evaluate E(Q) since using Lemma 27,
one can show that n~!tr(CQ) and a' Qb concentrate respectively around n~! tr(AEQ) and
leIEQdQ for all bounded norm matrix C and vectors di,ds. For the computations, we use
standard Gaussian calculus introduced in (Pastur et al., 2011). Using the resolvent identity
(for two invertible matrices A and B, A™' —B~! = —A~}(A — B)B™!), one has

Q-=1xq-l1, (56)
z z

We then first compute E(XQ). By writing X;; = %Zﬂ where Z;; is a random variable with
zero mean and unit variance, we thus have

Ul
Z . lel]

By applying Stein’s Lemma (Lemma 26 in Section A), we have

X — 2Dt
E(Z;Qi) =E <(8Zz)l])

_ 00X ¢ _
—E(—(X—zl) 182ﬂ(x—21) 1)lj

_ (X — = —1 9l . X = 21)
— 5 (~(X D 2L (B + Bu)(X 21 )U

where E;; is the matrix with all entries equal to 0 but the entry (i,1) which is equal to 1.
Using simple algebra, we have

(X —2I)"Ey(X - zI)_l)lj = (X —20); (X — 21!

and B ) ) .
(X =) 'Epy(X —2D) 7)), = (X = 2D, (X = 2D)7!
We thus get

E(XQ)ij =) —;’l (E [QuQu;] + E [QuQj)) -

=1

42



IMPROVED SPECTRAL COMMUNITY DETECTION

Going back to (56), we thus have

n

—_
N
|_|

E(Qj) = ——Z g (Qu] - Z;?E (Qui) — 6
__ = =i 1 - ZQ\| _ 1
- —ZIE [Q - Q]U E [Qw tr( . )} 25” (57)

where 3; = D < )n Since the goal is to retrieve E(Q;;), the following lemma allows to

Tij
split E [Q” tr (z Q)] into E[Q;;] and E [tr (%)}

Lemma 29 For Q = (X — 2L,)"! and &; = D(o ”)J 1, where X is a symmetric random
2
matriz having independent entries (up to the symmetry) of zero mean and variance Unﬁ, we

have ¥ .
[Qw tr ( Q)] =E[Q4]E [tr ( ;LQ)] +o(1).
Proof For two real random variables x and y, by Cauchy-Shwarz’s inequality,
El(z — E@))(y — E@))| < v/Var@)y/Var(y)

which, for z = tr (—) and y = Q;; — E(Qij) gives

B oy (Z2)] - ez o (22)]| < VVart vva)

since E(y) is equal to 0 in that case. Using Nash Poincaré inequality (Lemma 27 in Section A),
one can show that Var(z) = O (n%)(Hachem et al., 2007). Additionally, Vi,j and z € CT,

|Qijl < ey~ This finally implies that E [Qij tr (E;;LQ)} ~E[Q4]E [tr (271—‘?2)] = O ). o

Since I(—=z —Etr(%)) < —S(z2) for z € Ct, —2 —Etr(%) does not vanish asymptotically.
Going back to E(Q;;) in Equation (57), we may then write

E [Q%Q} 46y

e ()

Multiplying Equation (58) by =k % , taking 7 = 4, summing over ¢ and scaling by n, we get

tr <2’“Q> = i [EkQ Q} > +Omn™).

-5 (e

Using a similar approach to the proof of Lemma 29, we can show that > " | E [%Q%Q] .
2
O(n~1). We thus have

E(Qi;) = +0(n™h). (58)

+o(1).

s
n
E [tr

(Z:Q)]

1R
n

1 n
—trE(54Q) = ; —
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By using standard techniques (Hachem et al., 2007), one can show that the unique solution
ei(2) to ei(z) = 13" is such that 2 trE(2;Q) — e;(2) == 0. Going back to

T nluj=1l —z—e;(2)
Equation (58), we can thus write for large n

2
o

(-1~ Dle(:)Ql, =2 [Q2'Q] +4d+ (1), (50)

ij

Let us denote E = —zI — D(e;(z)). Since —z — Etr (Z;Q> is away from zero for 2 € C* so

p—

is —z — e;(z) and thus Z is invertible and bounded. For large n, we can write for a given
deterministic matrix C of bounded norm

1 1 =- =

i7j

where (1) follows from Equation (59). We can then prove that %trE (CE_IQ%Q) =

O(n~1') using a similar approach to the proof of Lemma 29. Hence for large n
1 1 —_1
E|-trCQ| = —tr(CE ") + o(1). (60)
n n
Similarly, for any vectors a, b of bounded norms, we may write
E[a"Qb] = Z(a*E_l)iE (EQ)U b;
ihj
Q} b; +a*E b+ o(1).
ij g

We also have that ) Z-j(a*.:._l)iE [Q—Enl Q] b; = O(n™!). This can be proved similarly to
i Z'j
the proof of Lemma 29. Hence,

E[a*Qb] = a*E~'b + o(1). (61)

Appendix D. Second deterministic equivalents

Our goal is to find a deterministic equivalent to the random quantity Qg EQ¢, for any diagonal
_ —1 B
deterministic matrix = where we recall that QZ, = (% — zlln) with X defined previously

in Appendix C. The proof follows the same techniques as the proof of the first deterministic
equivalent Qf in Appendix C but here, the resolvent identity is either applied on Qg or Q.
The technical details will be omitted as the key techniques have already been developped in
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Appendix C. For the sake of readability, we will denote QZ, = Q1 and QF, = Qa. As in
Appendix C, we will evaluate E(Q1=Qz2). By the resolvent identity, we have

E(QiEQ2)i; = —iE(EQﬁij + ;E(XQlaQZ)ij

21

1 1
— —EE(Qa)y +—EY X, = )
P E(Q2)ij + zlE k(Q1)Eu(Q2)1;

k.l
have f . = o o=, | QK (Q2)i5]
We have from Lemma 26, £}, | Xir(Q1)uZu(Q2)y; = 3oy, FEEE=572. By expand-
ing all terms and all calculus done, we obtain

2
E(QiEQ2)ij = ——E(EQ2)ij — — Z %EllE (Q1)ri(Q1)r(Q2)15 + (Q1)rk(Q1)u(Q2)1;
(1) (2)

+(Q)r(Q2)1i(Q2)ks + (Q1) k1 (Q2)1x(Q2);

-~

®3) (4)

Asymptotically, the non vanishing terms are (2) and (4) so that

o2
E(QiEQ2)i; = _lE(EQ2)ij L Z %EIIE (Q1)rk(Q1)i(Q2)1; + (Q1) k1 (Q2)k(Q2)45]

1 1
+0o(1)
_ 1 (= 1 1E > - 1 1E > -
I (EQ2)ij — o [tr(2;Q1)(Q1EQ2)i;] — o [tr(2;Q22Q1)(Qz2)i5]
+o(1). (62)

Similarly to what was done in the proof of of Lemma 29, we can show that
ELtr(2;Q1)E(Q1EQ2)i; = E (2 tr(2;Q1)) E ((Q1EQ2)i;)+0(1). We can then write from (62)

E ((I +1p <1tr(EiQ1)> ) Q15Q2> _
<1 n i=1

_1g (E +D (1 tr(ZiQQEQl)) ) Q2+ o(L). (63)
Z1 n i=1

From (63) and the result of Lemma 16, this entails
n

Q.. (64)
-

1=

E(QiEQz) «— Q1EQ: + QiD (E}z tT(EiQ25Q1)>

Every object in (64) is known but EL tr(2;Q22Q;) which we need to evaluate now. By
left-multiplying (64) by 3; and taking the normalized trace, we get

Eltr(EiQQEQl):ltr(EinEQg)—FEltr (2,-(_)12) <1tr(2ngEQ1)> Q2>. (65)
n mn n n -1

1=
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By denoting f; = %E (tr(2;Q22Q1)), Equation (65) leads to

n n

+%{(Q22iQ1)jj}, f

i.j=1

- {1tr (EinEQQ)}
n

i=1
which finally entails

_ _ n -1 _ _
- (In - H@=a),) ) {Q@mQi)],_, ding(®)
To complete the proof of Lemma 21, we need to show that Var (% tr(QlEQg))
and Var (% tr(EngEQl)) are asymptotically summable so that by the Borell Cantelli Lemma,
%tr(QlEQg) and %tr(EngEQl) converge respectively almost surely to their expectations.
Those follow directly by using Nash Poincare inequality (Lemma 27) similarly to what was
done in the proof of Lemma 29.

,5=1
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