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Introduction

The conservative case

A classical example : a column
A

[ 4

Two sources of non linearities
The energy of the spring w(0) = 1C16% + 1C26° + 1C304 + ...
The potential energy due to external loading : AL(1 — cos 6)
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Equilibrium position : stationnarity of the total potential energy

o0&
%69 =0
Two positions of equilibrium
6 = 0,VA (1)
MO) = A+ MO+ N0+ . 2)
_G G Gl
)\L‘_La )\l—>\ccl7 /\2—>\C(C1+6)

Generic diagram of stability
Stability : Dirichlet criterion : positivity of second derivative of total
potential energy
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Generic diagram of bifurcation
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Non linear behaviour with dissipation

The energy depends now of internal parameters «

(plastic strain, cracks length, damage, ...)

u displacement, ) loading parameters

Total potential energy : €(u,a, T) = [ w(e,a) dQ — [, T u ds,

o 0E
Equilibrium a—u.&u =0

o 0
Dissipation D,, = ~ e — Aa >0
(0%
Evolution of a : normality rule f(A) < 0

>0, f(A)<0, uf(A)=

The evolution of the system depends essentially on the evolution of
internal parameters.
We assume that the solution at equilibrium u (A, o) is unique.
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The constitutive law

@ free energy :
w(e,a) = %(s —a):C: (e —a)+wya)

@ equations of state
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Dissipation

Dy, =A.a>0
@ Yield function
fA)<0
@ Normality rule :
of
= —_— = >
d=por pf=0,p=>0
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@ Constitutive law :

ow
U:pa—E:C:(s—a)

@ Compatibility
1
€= E(gradu + grad” u)
@ Boundary conditions :
over 9, : u =u®,over 0 : o.n = \T¢

@ Equilibrium conditions :
dive =0
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In fact the energy depends upon fields of mechanical quantities

E@,a,T9) = -/pr(s(u),a) dw —/(9 T .u dQ

Qr

@ At a given state, the equilibrium is determined by a displacement
u which minimize £. The energy at equilibrium is then :
p(@(@, 17,3, T = E@, T4,7)
@ We must solve the problem of evolution of internal state.

@ Generalization : it is also true for non-linear external loading
given by a potential in u, if we assume stability of reversible path.
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Q is splitted in two parts
@ elastic domain: f <0
@ plastic domain Q, : f =0
Characterisation of
ner
K = {3/B(x) > 0,0ver Q,, B(x) = 0,over 2/}
Yield function

f(A) <0
_of
N=24

Normality rule implies :

a=pN,uf(A)=0, u>0
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Consistency condition.

K = {B/B(x) > 0,0ver Q,, B(x) = 0,over Q/Q,}
Q, ={x/f =0}
neKr

Deriving this condition with respect to time

d .

W) =0=puf =0,

forxeQ, f=0, f<O.
This condition is rewritten as
forxcQ, VB8>0, (u—pB)f>0

and by integration over €2 : towards variational inequality !

VB e K /()\—ﬂ)fdwzo
Q
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Characterization of the evolution

@ Constitutive law :

gLV T,
"~ Qede Oeda

@ Compatibility
E= %(gradv 4 grad” v)

@ Boundary conditions :
over 90, : v =v% over r: o.n = 'fd

@ Equilibrium conditions :
dive =0
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Evolution of the equilibrium.

gisS.A.
dive = 0, &.n=T overdQr
/d’:s(u*)dﬂ - / T u* dS =0
Q o0
O*w O*w :
oE D é VA — [ Tw*ds=0
/QE(") (gede ¢ F eaa™” by LY
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Normality rule and evolution of internal state
/ A=B)fd2>0
Q

Variation of the yielding function

. Of .
=LA
f 0A
Constitutive law:
_782w L 82wd
T " 9eda ° dada

where o satisfies:
a=puN
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The evolution of the system

Pw Pw :
* cE+e: N dQ—/ T u* ds =0
/5; € 8585 ete 65304 H 0 “ s

Pw *w

Potential upon the rate

" 1., Pw . . Pw
./—'.(V,/,L)—/QEE@E"FE%NM
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Variational inequality

The response v, 1 is solution of

= (y — p* - — <
v(v v+ u(u uw) <0

for any admissible fields v*, 1*
mpt ek, vv'eCA

K = {B/B(x) > 0,over Q,, B(x) = 0,over Q/Q,}
C.A. = {v/v = alongd,}

Two possibilities: consider the problem upon v or the problem upon &
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Classical elimination of i by consistency condition :

O*w 1 Pw .
= . . > = — — —_
H=N"Gea N 20 r=g< N goasi¢>+

Hill's formulation, the material is hypo-elastic in sense of Hill :

~ 1 0*w 1 0w 2
= 7. : : = _—— —_ . = Q
Upm) / 7€ 520 € T oW <-N e> d

0ad.
_ / Ty dS
oQr

The solution v satisfies

ou

E(v—v)zo

forallv* € C.A

C. Stolz
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Elimination of v : |
F=/ FH- B Qu
Q

Existence of solution
/ pw B dQ>0,0" € K
Q

Uniqueness
/ Bt dQ > 0,0 #0
Q
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Two results :

@ Elimination of u, the variational inequality gives two conditions :
one for existence of a solution (Stability condition), second for
uniqueness (no-bifurcation).

@ Elimination of p : Hill’s formulation :

If U(v) is convex : uniqueness of the evolution v.

Examination of the results on an example.
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The Shanley column

Displacement u, 6,

. ” Energy w = (e — a)? + JHa?
Strain:e;=u+10, e =u—10
Stress : 0; = E(e; — ),
fi=(0i—Ha)?* -0, <0

. 19)
Normality rule : ¢; = uiafj;,#i >0, pufi =0

Evolution law :

E =E, £<0

o; = Ei&; with .
Ei=Er, fi=0f=
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Equilibrium and discussion

Equilibrium (A, @ = 0) is solution

A = o1to (4)
—ALO = 1(0'2—0'1) (5)

For the evolution we derive the equation with respect to time, and
taking account of the local behaviour

. A E,—E
- 10 6
! E1+E2+E1+Ez ©)
(M) = C,A+Cié (7)

Along a path of equilibrium with the same condition of loading (the E;
are given), the response of the system is obtained as

MO = 8
(9) C. 0 (8)
_lE-E P EE
T LE +E’ ' "LE +E

Analysis of stability and bifurcation in non linear-mechanics with dissipation



Discussion

@ Elastic domain: E; = E, = E : (critical value : Euler)

2P
A=A =E— V0

@ Plastic regime: E| = E, = Er

2P
A= Ar = Er - V0

Compatible with the loading if and only if § = 0 !
@ Elastic- Plastic regime: E; = E,E, = Er (6, \(9)) is an hyperbole
2

. 2 .
with asymptote \z = ER% with the reduced modulus
_ 2EEy

R_E+ET
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This example shows that
for A\r < A < \g a bifurcated equilibrium path exists.
There is no transition from one bifurcated path to a close one
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Elastic stability
For A < \g the displacement can be eliminate and the value of

potential energy is given by

W(OZ,‘,)\) = S(u()\,ai),G()\7a[),a,-,)\) (9)
with A + El
"= & 20‘2, 600 = A) = (a2 — 1) (10)

The problem of evolution is now defined by

ai= =W 4 <0, > 0, juf(A) = 0 (11)

aOéi
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The normality rule
If f = 0then f < 0 and the normality rule (uf = 0) implies

pf =0, VB >0 (um—B)f >0. (12)
. - of
The problem of evolution satisfies (V; = 8Az)
> NiAi(pi = B:) 2 0 (13)

:uivﬁi € C

C={(B1,5)/B: =0if f(A;) < 0,5 > 0if f(A;) = 0}
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On the problem of evolution

u17u27 Zzy’l ]N]+ZN8)\8 )\ (14)
The solution p; satisfies the variational inequality
oOF
i—05i) <0 15
> o (i — Bi) (15)

on the admissible set u;, 8; € C

C={(B1,5)/B; =0if f(A;)) < 0,5 > 0if f(A;) = 0}
32

The solution depends upon the quadratic form : Q; = a Do

The solution exists if
BiQ;iB > 0,vp e
The solution is unique if

BiQiiBi > 0,Y8; # 0
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The stability is obtained for A < A\
The uniqueness (no -bifurcation) A < Ay
There is the main difference with conservative system : the
fundamental and the bifurcated paths are stable in the range
Ar <A< Ag.
Connection can be made with the criterion of Hill :
The solution of the rate boundary value problem is a stationary point
of the functional

U(it, 0, \)
on the set of admissible displacement.
Unigueness if the functional is convex on the set of displacement.
On an equilibrium path (u(X),8(X)), U is convex for A < Ar the
solution is unique.
At point A7, U is not strictly convex, two solutions gives the same U.
For A > Ay, U is no more convex.
Complete discussion : Petryk (1991)
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Bifurcation diagram
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A simple continuum : the Shanley column

Now the springs are uniformly distributed along the segment [/, ].
The domain Q,(¢) is assumed to be [d(z), ]. The value of d is
determined by the condition of neutral loading

ed)=0=u—d0, [a](dr)=0 (16)

The equations of equilibrium are deduced from the potential energy
!
E(u(x), ax), T = / w(e,a)dx + T (u+L(1 —6%/2))  (17)
—1
as previously, (x) = u — x8, then the state of equilibrium obeys to

+1
= T1¢ x)(e — a)dx
0 =T +/4 E(x)(e — a)d (18)

0 = —T0O+ /HE(x)x(e — a)dx (19)

-1
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Then, we obtain

d [
0 = 79+ / Eédx + / Erédx (20)
—1 d

- +d !
0 = —LTI0+ / Exédx + / Erxédx (21)
—1 d

A non trivial solution in ¢ is obtained by introducing the time-scale 7
such that the velocity x; = d of propagation of the unloading domain
is finite. The domain Q,(7) = [x., [] is parametrized with

d=x; = Z)C,’Ti. (22)
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At point x,, the condition [&(x,,T)] = 0 where a(x, 1) = ). ai(x)T;
gives conditions on the asymptotic expansion.

0 = [al(xo)]
0 = [aa(x)] +xi]e)(x)] (23)
0 = [as(x)] + 2xi [0 (x)] + (247 + x2) [ (x,)]

A non trivial solution is then obtained as
o™ (1) = a(r) + m(T)x (24)

We can take the time-derivative of the equilibrium equations taking
account of the position of x, and of discontinuities of the mechanical
quantities on this boundary. It is obvious that we have:

1 1 .
%/_]f(x, T)dx = /_lf(x7 T)dx + [f(x,r)]i:,)'cT (25)
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2PE H

Wefind 7T, =Tr = =—— = Tg, my =0 an = —T,/2HP,
e find =30 TELElE™ and my 2/
) 47 17
xl == e
3 Tg — Ty
2
.
T = TT+T27
EIT 2
0 = 2

-
3LH(T; — Tr) 2 o

This is a bifurcated path. The condition of stability of the fundamental
path (6§ =0,T) is preserved for loading near T = T, but for T > T,
another path exists which is also a stable path.

Hutchinson (1978)
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General cases

Example contain essentially two main ideas
@ The existence of the potential energy

@ The evolution law for the internal variable given by the normality
rule associated with a convex domain of reversibility.

@ Elastoplastic beam has been studied by many authors
(Hutchinson,...Nguyen, Potier Ferry, CS,...) with different
techniques, critical loading and bifurcated solution have been
obtained : along the bifurcated path the equilibrium solution is
governed by the shape of the unloading part.

@ In the same idea, other mechanisms of dissipation have been
discussed : delamination of laminates, a set of cracks, damage
zones, moving interfaces.

@ The critical load is easy to obtained. The post-critical behaviour
must be studied to confirm existence of bifurcated path.
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Example in fracture : a set of straight cracks

Consider n cracks in an elastic body.

1
E(u,l;,\) = / —e(u): C,: e(u) dQ —/ AT u dS (26)
Q2 9
The driving force associated to the propagation of a cracks is the
release rate of energy G;, and we have

Gi= [ 1001~ 0.Fu)r s = 08 (27)
g oI,

The quadratic functional for the rate of displacement and propagation
of cracks has been given in Eur.J. Mech. A/Solids 9(2),157-173,1990
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A clamped beam

A beam in flexure, clamped at extremities. Vertical displacement w
and local strain is e = w” (x)y.
Loading :w(o) = V is imposed or T(o) = F is prescribed.
For an elastic beam, the energy due to flexure is given by
3 (I + b)? 1 ow

W(l, 5L, V)= EEIVZW = EK(II;IZ)Vza G =— ol

The evolution is governed by the quadratic form

o*w
= 2
%= F (28)
which is always positive, when [, = I,, the propagation is stable with
no bifurcation |

* F)=-—F 2
W*(1,,1,, F) e (29)

The quadratic form Q is always negative definite . The symmetric
equilibrium is unstable with possible bifurcation.
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Moving Interface: damage

A material 1 changes to material 2 along a moving interface I"
Consider two linear isotropic elastic materials with moduli C;
Along the interface

[ul. =0, [o].n=0]w].#0 (30)

When the surface is moving with normal velocity ¢(s), a change of the
global strain energy occurs

Dy = (Il = Lol [Vul o) &= [ 6o as @)
Given a normality rule (Griffith) to define the evolution ¢(s)
o(s) >0, G(s) <G, (G(s)—Ge) d(s) =0 (32)

we obtain a quadratic functional to described the evolution of damage.
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X +a(s)ndt = X(t +dt)

)

S(X(t+dt),t+dt) =0

To follow the evolution of mechanical quantity f along T" the convected
derivative Dy(f) is introduced

f(Xr +ant,t+ 1) — f(Xr,1)

Dy(f) = lim, . (33)
Then the normality rules implies
G(s) = G,, /F(a(s) — B(5))Dy(G)(s,t) ds < 0. (34)

and Dy([u];) = 0,Dy([o]..n) =0
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Models of fracture and damage

Linear Frac. Mech. Total damage \ Graded Damage
W(u,l) W(u,T') W(u,¢)
oW ow ~ ow
=" 90 =% ¢="%
g <G, g <G, G <G,
a>0 a(s) >0 a(s) > 0,6 +aVe.n=0
aDi(G —G.) =0. | a(s)Dy(G — G.) =0. | a(s)(DyG — DyG,) = 0.

Solution of evolution v, a satisfies a variational inequality

OF .. OF . OF d(a—a*)

— (y— — (a— — = T\ >

gy W V) 5 (a a)+(8% o )20
ds

Analysis of stability and bifurcation (existence and uniqueness)
(CS 1985-2012)
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Example: the Blister Test

@ Modelization
@ Rate boundary value problem
@ Analysis of the solution
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Modelization

u(x.y)

on
1 2
E(u,S,p) = EKVu —pu dS
s

Boundary condition

u =20, over 9§
The equilibrium gives

KAu+p=0
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Evolution of the interface

d 1
—& = /KVu.Vv —pv—pudS + / (=KVu* — pu)¢ ds
On the boundary u = 0
Dy(u) =0, v+ ¢Vun=0

Dissipation and energy release rate :

1 1
G= —(EKVMZ —pu) + KVunVun, G= EK(Vu.n)2
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Rate Boundary Value Problem

DyG = KVu.n(Vv.n + ¢VVu.n.n)
As Dyu = v + ¢Vu.n we obtain

DyG = K(v+ Vu.ng)VVu.n.n

Introducing the potential

1
F = /EKVV.VV —pvdS + / oKv VVu.n.n
s r

+/ %QSZKVu.n VVu.n.n ds
r
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Equilibrium

TAv+p=0
Continuity
v+ ¢Vun =0
Criterion
o0 =KVun = o,
Evolution law

KVv.n + K¢VVun.n+ KVuDyn =0
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Properties of solutions.

For circular initial geometry: u = —p/4K(r* — R?)
PR < p.R = 2+/2KG..
Analysis by Fourier series

0 =a, + Z a; cos(if) + b; sin(if)

The displacement solution is given by

pR
= (a, + Z a; cos(if) + b; s1n(10))(R)

Then the quadratic form W(¢) = F(v(¢), ¢) can be evaluated.
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Under prescribed pressure
The condition of stability is

W =27Ge(-2a;+ > (i—1)(a] + b)) >0

then the circular shape is unstable
Under controlled volume [ udS = V the changes to

W =2nG.(2a; + ) (i — 1)(a] +b7)) 2 0

the position is stable.

But bifurcation is possible : (i = 1) ¢ = a, + a;cos + bysind > 0 can
be solution.

The post-critical behaviour must be studied.

C. Stolz Analysis of stability and bifurcation in non linear-mechanics with dissipation



Conclusion

In presence of dissipation the concept of stability-bifurcation has
different properties than for conservative system.

Two types of non linearities are present : the local behaviour and the
potential of external forces.

For standard generalized materials (Plasticity, Fracture, Damage) the
rate boundary value problem is governed by a variational inequality
and hypo-elastic potential in sense of Hill is obtained : hence the
critical value for loss of uniqueness can be evaluated.

Post critical behaviour must be studied to ensure the existence of
bifurcated path.

The analysis shows that fundamental and bifurcated path can be
stable paths
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The presented work has been in continuity of many works due to
many author

@ Hill, Mandel
@ Hutchinson, Budiansky, Sewell

@ Petrick, Nguyen Quoc Son, Triantaphyllidis, Storakers,
Potier-Ferry- Cochelin, Ben Allal,...
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