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Abstract

We present a fast Galerkin spectral method to solve logarithmic singular equations on

segments. The proposed method uses weighted first-kind Chebyshev polynomials. Conver-
gence rates of several orders are obtained for fractional Sobolev spaces H /2 (or HJOUQ).
Main tools are the approximation properties of the discretization basis, the construction of
a suitable Hilbert scale for weighted L?-spaces and local regularity estimates. Numerical

experiments are provided to validate our claims.

Mathematics subject classification: 65R20, 65F35, 656N22, 65N38.
Key words: Screen problems, Boundary integral operators, Spectral methods.

1. Introduction

We study elliptic problems in R? having as common ground unbounded domains with cuts.
Such domains are not even Lipschitz and usually fall in the category of screen, crack or interface
problems [8,27,28,33]. Our focus lies on the analysis of integral logarithmic singular operators
appearing in the associated integral representations. In the simplest scenario, let I'. C R? be
an open Jordan curve, 2 := R? \ T, an isotropic medium, and consider the following problem:
find w such that

—Au =0 for x€Q,
(1.1)

u =g for xeT,,

where ¢ is a given datum in a suitable functional space. It is well known [22], that the potential
u can be represented as the single layer potential:

1
u(x) = / log ———p(y)dy , for xeQ, (1.2)
r. lx=vl

c

a representation known as the indirect method [30], wherein ¢ is the solution of the logarithmic
singular integral equation:

1
g(x) = / log ——p(y)dy , for xel,. (1.3)
r. lx=vl
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This type of first-kind Fredholm equation has received considerable attention in the past [2,10,
14,19,31] with several strategies put forward to solve it numerically.

More recently, explicit expressions for the inverse of the weakly singular and hypersingular
operators over a straight segment (—1,1) as well as Calderén-type identities were provided
in [17]. These results were computationally implemented and numerically analyzed for non-
uniform low-order discretization in [16]. Still, the number of degrees of freedom required to
attain high accuracy remains impractical when performing large scale/numbers of simulations.
For example, this is the case when the Monte Carlo method is used to compute statistical
moments of the screen problem solutions subject to uncertainties in either geometrical features
or sources. As an alternative remedy, one can use p-refinement schemes, sometimes referred
to as spectral methods [3,4,7]. In [13], the authors provide convergence results for polygonal
segments. Along both lines of work, Lintner and Bruno [5,6] developed a generalized Calderén
formula for open arcs. When combined with their high-order Nystrom methods, they observe
excellent performance of their Calderén preconditioner for a wide range of geometries and wave
propagation problems. However, no mathematical analysis of their method is available.

In this work, we provide a fast spectral Galerkin method to solve general logarithmic singular
kernels. Although not a new idea for structures of co-dimension one in R? [14,31] in the setting
of weighted Sobolev spaces, the generalization to classic Sobolev spaces and interface problems
seems rather original. Without loss of generality, we will remit to I'. given by bounded Jordan
arcs, the case of semi-infinite or infinite cuts not being considered. By changing coordinates, the
integral equation is cast over the canonical interval (—1, 1), so that it has the form of a compactly
perturbed logarithmic integral operator. As we will show, solutions are characterized by square-
root singularities at the endpoints {1} and weighted Chebyshev polynomials naturally define
a basis for numerical approximation. Though we had a different aim, we obtain similar results
to those published by Dominguez et al. [15] wherein so-called Hilbert scales are studied along
with their connection to weighted Sobolev spaces.

The remaining of this work is organized as follows. In Section 2, we recall certain definitions
and introduce notation conventions. Section 2.6 recalls uniqueness and existence results [17]
for the exterior Dirichlet problem for the Laplacian in R? with a line segment removed that
lead to (1.3). After presenting Sobolev spaces over [0, 7] and weighted L2-spaces in Sections 3
and 4, we establish convergence results and truncation errors for associated series expansions in
Section 5. Although many of the presented results are well known [10,21,23], we will emphasize
the link between trigonometric and Chebyshev polynomials as well as their profound connection
with logarithmic operators. In this sense, we extend previous results obtained in the setting of
Holder continuous functions developed in [24,25]. Numerical results are discussed in Section 6
and conclusions drawn in Section 7.

2. Preliminaries

2.1. Model geometry

We start by recalling the canonic splitting of R? into two half-planes:
= {x=(z,y) eR® : yS O, Vy e R}, (2.1)

with interface I" given by the line y = 0. The interface is further divided into the open disjoint
segments T'. := (a—,ay) x {0}, where a_,a; € R are such that —co < a— < a4 < oo, and
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Iyp:=T)\ I'.. Consequently, the domain over which the partial differential equations will be
imposed is Q := R? \ T... Furthermore, we define the canonic segment T := (=1,1) x {0} and
connect it to the interval I := [0, 7] via the mapping « — cos € when taking its closure.

Later on we will assume I' to be a Jordan curve, i.e. there exists a bijective parametrization
9 : R — R? such that I' = ¥(R), with the consequent splitting of R?,

= {xeR®: ysI(t), Vt €R}, (2:2)

and define I'. as a bounded segment in T'.

2.2. Notation

Let D C RY, with d = 1,2, be a Lipschitz bounded or unbounded domain. We denote
by C*(D) the space of k-times differentiable continuous functions over D with k € Ny, with
Ny := NU {0}. Its subspace of compactly supported functions is C5(D) and for infinitely
differentiable functions we write D(D) = C° (D). The space of distributions or linear functionals
over D(D) is D'(D). Also, let LP(D) be the standard equivalence class of functions with bounded
LP-norm over D. Duality products are denoted by angular brackets, (-, -), with subscripts
accounting for the duality pairing by stating only the functional space of the second argument.
Inner products are denoted by round brackets, (-, -), with integration domains or functional
spaces specified by subscripts. Furthermore, operators are denoted in mild calligraphic style —
with the exception of D (¢f. (4.18))— and complex conjugates by overline. Finally in the whole
paper, the notation a < b is used for the estimate a < C' b, where C' is a generic positive
constant that does not depend on a, b nor on any polynomial degree N.

2.3. Standard Sobolev spaces

For s € R, H*(R%) are the classic Sobolev spaces [1,32] with H°(R?) = L2(R%). Let D C R?
be a non-empty open set, one writes

H*(D)={ueD'(D) : u=Ul|p forsomeU € H*(R?) }. (2.3)

2 (RY) if its restriction
to every compact set K € R lies in H*(K). If D has a boundary, we assume that it can be
extended over a closed manifold D and write @ for the extension of u by zero over D \ D. For
s > 0 and D Lipschitz, it holds

For s > 0, we say that a distribution belongs to the local Sobolev space H;

H(D) := {u cH'D) : ue HS(E)} : (2.4)

provided with the norm HUHﬁs(D) = Hﬂ”Hs(ﬁ). If D is a bounded domain in R? then one uses
D :=R% and if D is closed H*(D) = H*(D). For negative s, we identify H*(D) with the dual
space of H—*(D). In particular,

A2() = (H2(D)) and  HV2(D) = (B2(D)) (2.5)

If D is Lipschitz and bounded, let p := dist(x,dD) be the Euclidean distance from x to dD.
With this, we recall the following result [12,20]:
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Lemma 2.1. Let 0 < s < % Then, the application
u— 0 °u (2.6)

is linear and continuous from H*(D) to L2(D). Moreover, if u € HY2(D) and dD Lipschitz,
then u € HY/?(RY) and

o *u € L*(D) (2.7)

are equivalent characterizations.

2.4. Traces

Define restrictions u*

vt D(FL) — D) as

= u|r,. As customary, we introduce the interior trace operators

vy = lim u(z, €) = yFut. (2.8)

e—0

1
2
(T'). We will denote by 7 the restriction of the trace operator to a bounded I'.. If
(m) — H*~Y%(T,) can be

If s >
H571/2

loc
s> 1,
obtained by density of D(74) in H*(my).
The symbol [y] := 4T — v~ represents the jump operator across I'. Normal derivatives are

written % = n -V with n pointing outwards for closed boundaries. In the case of I', being a

the operators ¥* have unique extensions to bounded linear operators Hf (m+) —

a unique extension to a bounded linear operator fyci CHp L

non-orientable manifold of codimension one, we assume n pointing along the positive y-axis.

2.5. Weighted Sobolev spaces

Since the problem domain is unbounded, one usually works in either local Sobolev spaces
or in the following weighted Sobolev space [26] :

u
(1 +7r2)1/210g(2 + r2)

wh=HQ) = {u eD'(Q) : € L*(Q), Vu € LQ(Q)} , (2.9)
where 7 := ||x|| with x € R?. This space coincides with the standard H{. () for a bounded part
of Q, which avoids specifying decaying behaviors at infinity [26]. Furthermore, this weighted
space is a Hilbert one, whereas local Sobolev spaces are only of Fréchet-type.

Now, traces along I for elements in W ~1(Q) lie in the usual Hllo/f(I‘), and their restriction
to a bounded T, generates the subspace H'/ 2(T'.). Lastly, let us introduce two more spaces:
ITI@;/Q (T¢) as the subspace of H~1/? (T)-distributions with zero mean value, i.e.

~—1/2 ~
Hy?() = {p € BTV (o, Ve, = 0} (2.10)
and H!/? (T'.) as the space of functions in H'/?(T,) satisfying

0.

ay 1
A N T
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2.6. Laplace problem with Dirichlet boundary condition

We start by considering the Laplace problem with Dirichlet conditions over a bounded
segment I'.. Let g € H'/2(T.), we seek u € W ~1(Q) such that:

2.11
YEu =g over I'. . ( )

{ —Au =0 on {2,
Proposition 2.1 (Prop. 2.7 and Cor. 2.9 in [17]) Ifg € H1/2(FC),Z}L6N (2.11) has a unique
solution in WH—Y(Q) whose Neumann jump at T'. belongs to the space H<_O>1/2(I‘c).

We return to our original integral equation (1.3), now over L.

1 .

£l = | ok [ e)dy = 060, Yx e T (2.12)

and recall the following proposition.

Proposition 2.2 (Prop. 3.1 in [17]) The integral equation (2.12) admits a variational for-

mulation in the Hilbert space H<70>1/2(f‘c) equal to

~ 1794

<[’§0a (Pt>ﬁ71/2(f~c) = <g, ‘Pt>§71/2(fc) ) v ‘Pt € H<0>/ (I'e) (2.13)
L is a bijection between f{f@;m (T.) and the subspace H? (T.) and the associated bilinear form
1S coercive, i.e.

77—1/2 /1
(Lo, D g-ropny 2 el hropy » Vo€ Hy (D). (2.14)

The above variational formulation constitutes the main equation to be solved. Key to the
proposed numerical scheme is the analysis of the singular behavior of Neumann jumps at the
segment endpoints.

2.7. Local regularity results.

Let (r4,0+) denote local coordinates in € centered at the endpoints at of T'., respectively,
and such that 61+ = 0 when on I'. from above and 0+ = 27 from below. Fix cut-off functions
7+ such that ny = 1 near the corresponding endpoints and 7+ = 0 near the other endpoint. If
g is sufficiently smooth in (2.11), the potential satisfies (cf. [12]):

.0 . 30
NLu = Cliﬂirli/2 sm?i + cziniriﬂ smTi + UR+ , (2.15)

with upt € H} (Q) and s such that % <s—-1«< g The coefficients ¢;, i = 1,2, are real
numbers. Let p(x) := dist(z,a_)dist(x,a4) = |z — a_||x — a4 |, represent a sort of distance
from any point in I, to the closest endpoint in O'.. Thus, in local polar coordinates —by taking
0+ = {0,27} and using the equivalence between p and r—, the above decomposition implies

that for the Neumann jump ¢ € ﬁ(:);ﬂ (T'.), it holds

ou _
Nep =Nt [%] =chanep ' + chunip'? + Rt (2.16)
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where ppt € H*3/2(T) for 5 < s < 1 and the coefficients ¢}, i = 1,2, are still real numbers.
This decomposition implies that

o = chp ™7+ hp'? + or + 9, (2.17)

where op = prt + pr— + (L —n4 —n_)p € ﬁ5’3/2(1“) for 3 <s<Z c:=c, +c_ and

K2

po=p Y (di(ni —1) + cau(ne — 1)/)) :
+

3. Trigonometric Bases and Sobolev Spaces in [0, 7]

Let us consider the following spectral value Sturm-Liouville problem with Neumann condi-
tions over I := [0, 7]. More precisely, we look for A € C and u # 0 in C*(I), dependent on )\,
such that

—u = du inl,
(3.1)
u =0 on ol .
Solutions clearly take the form:
u(@) = Acos(vVA0) + Bsin(V\0) , (3.2)

with derivative

u'(0) = —VAAsin(VA0) + VABcos(VA) . (3.3)

Upon imposing boundary conditions, we obtain B = 0, set A = 1 and retrieve the set of

2

eigenpairs (Ap,, um) = (m?, cosm@) for m € Z. Since for negative and positive m the associated

eigenpairs are identical, it holds

Proposition 3.1 ([23]) The set of trigonometric polynomials:

i) = YT for-m (3.4)
" o \/gcosmﬁ for m 1, .

AV
L

with m € Ny, constitutes an orthonormal basis for L*(I).

As a consequence of Proposition 3.1, we can write any function ¢ in L?(I) as a series
expansion:
p(0) = Y ag e (o), (3.5)
meENy

where the complex coefficients a$® are those of the cosine-Fourier transform of ¢:

ags = /O7T () e;°(0) do . (3.6)

If s € [0,00), we denote by HZ. (I) the Sobolev space of functions ¢ in L?(I) with the
property
Z m? | < o0, (3.7)

m&ENy
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for the cosine Fourier coefficients aje® of ¢ with

1 for m =0,
m:= (3.8)
m for meN.

Notice that HY

cos

(I) coincides with L2(I).

Theorem 3.1 ([29]) The Sobolev space HE ((I) is a Hilbert space with the inner product de-
fined by

(P, Vg (1) = Z m®® ag=bes (3.9)

cos
meNy

for v, € HE (I) with coefficients a$® and bS%®, respectively. Consequently, the norm on

Ccos m m

HE (I) is given by

cos

2 s |,cos|2
H%HH&S(I) = Z m* |ag®[” . (3.10)

m&ENy

Notice that the above definition extends to complex-valued elements.

Remark 3.1. Alternatively, for k£ € N, we can make the identification:

H,(I) = dom (A'fvﬂ) : (3.11)
where dom (Ay) is the domain of the Laplacian with zero Neumann conditions over I:
dom (An) = {p € H*(I) : ¢'(0)=¢/(7) =0}, (3.12)

and dom (A}f) = H'(I). For example, HZ

cos

(I) = dom (A%) is given by

dom (A?V) ={pedom(Ay) : Ap € dom(An)}

. . (3.13)
= {e.e® e HA(1) $D(0) = pV(m) = 0, ¢ (0) = ¢ (r) = 0}
Now, by injection of Sobolev spaces into continuous ones [1], it holds for k > 2:
. . k
HE (I) = {@ € H¥(I) : @tD(0) = o (r) =0,V j=0,..., b —~ 1J } ;o (3.14)

where |-| denotes the largest integer less or equal than the argument.

We are interested in finding the best approximation over the above defined Sobolev spaces.
For N > 0, let TIS?®(I) denote the (N + 1)-dimensional space spanned by the cosine basis up
to degree N in [0, 7]. Let PSS : HS (1) — IIS%*(I) be the orthogonal projection in the inner
product of L2(I), i.e. if p € HZ (I), for s > 0, it holds

cos
(¢ — PR, O)pary =0, Vo e (D), (3.15)
and which approximates ¢ by the finite sum:
N
PRolel(x) = ) agvers(x) - (3.16)
m=0

Moreover, P5?*¢ is the best approximation in the L?-norm among all functions in TS (7).
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Theorem 3.2. Letr,s € R with 0 < s <r and let N be a positive integer. Then, the following
projection error holds

le = PXellms, oy < N7 ol 1y (3.17)

for o € HI (I).

Ccos

Proof. One can write

2 o
e — PJC\?SSDHH&S(]) = Z m?* 2 ags|?

m;N O (3.18)
NS e af 2 < N2 [l
m >N
and the statement is attained after taking square roots. O

Remark 3.2. This result shows that the more regular u is, the better the approximation by
P5¢p. More precisely, if we take the L?-norm, i.e. for s = 0, the error is of order O(N~") and
if  is analytic one achieves exponential or spectral convergence, i.e. O(e”’N) [7,34].

4. Weighted L?-spaces and Chebyshev Polynomials

The Chebyshev polynomials T}, (z) and U, (x) of the first and second kinds, respectively, are
polynomials of degree n, defined in « € [—1,1] as:

sin(n+1)6
Tn(x) = cosnd and Un(z) = ﬁ, (4.1)
with = cosf, 0 € [0, 7]. These satisfy the recurrence relations:
P,(z) = 22P,_1(x) — Po—a(z), n =2,3,..., (4.2)

together with initial conditions To(x) = 1, T1(x) = z, Up(x) = 1 and Uy (x) = 22. Furthermore,
it holds

Un(z) — Up1(z) = 2T, (2) , (4.3)
T)(z) =nUp_1(x),
(WU-1)' () = —nw™ ! () Tn(x),

for n € N, where the weight function w is given by

w(z) = V1 — 22 forz € [—-1,1]. (4.6)

Moreover, the T}, are orthogonal with respect to w™":

1 0 n # m,
/ T(x) T () w H(2)de = {7/2 n=m # 0, (4.7
- T n=m=0.

For the second kind Chebyshev polynomials U,,, it holds

0 n # m,

/ Un(2) Up(2) w(z) de = {7‘(‘/2 n—m £ 0.

—1
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Based on the above, we can define the weighted function spaces and norms:
1
L%/w = {u measurable : ||f|ﬁ/w = /1 ()] w ' (z)dz < oo},

1
L? .= {u measurable : Hf”i, ::/ |f ()] w(z)de < oo},
—1
and the associated space:
W = {u measurable : u € L}, , u' € Li} : (4.10)

with graph norm
lully = llullyy + Il - (4.11)

Proposition 4.1. There is a continuous inclusion L%/w C L2. Define W and W= by Wy :=
we and W™to = w Ly, then they are isometries, namely

W Li = LY, and W': L, — L, (4.12)
are isometries.

Proof. Let u € Lf/w. Since all terms are positive, we get

Jul, = [ ) L g, < (/ 1 wo)do) [ully, S Tl (013

-1 w(r) -1

and the inclusion follows. The isometries are found from the norm definitions: if p € L2,

1 1 2
2 ¢ ()]
= dr = —dr = 4.14
el = [ w@le@de = [ L e = . (1.14)
where ¥ = wy € Lf/w and, if ¢ is in Lf/w, application of W1 yields
el = v e, (4.15)
which concludes the proof. O

Lemma 4.1 ([29]) The spaces L2, Lf/w and W are Hilbert spaces with inner products induc-

ing the norms |||, ||y, and ||-[[y -
1
(1, v), o1 = / w(®) () wE (¢) dt, (4.16)
—1
(us V) = (U, v)y,, + @, 0),. (4.17)

One can generalize the above definitions to spaces of order k£ € Ny. First, define the following

first-order differential operator:
d
D := —w— 4.18
Yz (4.18)
and denote by D" the composition Do...oD n-times. With this, we define the weighted spaces
as

wk .= {u measurable : D'u € L%/w , Vi=0,.. .,k} (4.19)
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with norm
k 2
Jul?e = ZHDIUHM (4.20)
=0

and induced inner product. Clearly, W° = Lf Jw and W! = W. Finally, we derive a result that
will be used later on.

Proposition 4.2. Let m € Ng. Then, W™ is continuously imbedded in L?((—1,1)).

Proof. By definition, it holds W™ «— L% Jw for m > 1 and hence, we only need to prove the
above for Lf/w. Let u € L%/w and take the standard L?-norm over the interval (—1,1):

fala 11y = / ' Ju(@) da = / )P YDy < 2, (4.21)
’ 1 -1 w(x)

since the L°°-norm of w is equal to one. ]

4.1. Link with H

Ccos

(I) spaces

We now use the mapping « = cosf which takes I — [—1,1], with measure given by dz =
—sin6df, to define
(0) := u(cos ) , (4.22)

and present some results concerning the relation between the weighted L2-spaces just defined
and the Sobolev spaces over the segment I introduced in Section 3.

Proposition 4.3. The spaces Lf/w and L2(I) are isometric.

Proof. We note that the change of variables = cos 6 transforms the space

we L}, — aeL*I). (4.23)
Moreover, the transformation is isometric since
1 2 T
|u(z)| 2 ;
e = [ S = [T @) o = Jllag (4.21)
as stated. 0

Proposition 4.4. An isometric isomorphism between W and HL. (1) exists.

Proof. Let u € H},

cos(I). Then, the derivative can be written as

W'(0) = u'(cosf)(—sinfh) = —u'(x)w(z) . (4.25)

Taking the L2-norm gives

@1 = [ W@v@P e @ = [ o2 eue] = el @

so that w'/?u’ € L?((—1,1)). By Proposition 4.3 and the definition of T, the statement follows.
O

Now, the question is whether for all non-negative integers k, 4 € HY (I) implies u in W*.

The answer is positive:
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Proposition 4.5. Let k € Ng. There is an isometric isomorphism between the spaces W* and
HE (I) defined by (4.22).

cos

Proof. We focus on the case k > 2 as for kK = 0,1 this is already shown in Propositions 4.3
and 4.4. Let u € HY (I). From the definition of W, we need to bound the derivatives D' in
the L%/w—norm for/ =0,...k, ie.

2 1 2
HDl qu/w = /_1 ‘Dl u(ac)‘ % < 00. (4.27)
Mapping = into cos 6 gives
/OTr Dla(e)rde < 0. (4.28)
On the other hand, it holds
D= —sind (%d%) = d% : (4.29)

and so D' u is mapped into @!). Consequently,

r

Hence, the result follows for [ =0, ... k. O

ﬁu)‘

Dla(e)fde/ow‘w”(o)rde - (4.30)

2
L.

4.2. Fourier-Chebyshev series

We now consider approximations in terms of Chebyshev polynomials for the solutions of the
integral equation (2.12). Specifically, we wish to expand a function f as:

@) = Dn@) ¢ Y T, v e (L), (431)
n=1
with )
fn = ;(f7 Tn)l/w ) n € Np. (4.32)

The convergence of the Chebyshev series of a function f towards the actual function f is ana-
lyzed according to a given norm. In particular, we will study the convergence of approximations
in weighted L2-norms.

Let I ((—1,1)) denote the (NN + 1)-dimensional space spanned by polynomials up to degree
N in (—1,1). Define the projection operator

7)]7\; : L%/w — Hn((=1,1)), (4.33)

which approximates f by first kind Chebyshev polynomials {7T},}Y_, with

f N
PrlA@) = 5+ D fuTu(z) (4.34)

n=1

and f, as given in (4.32). We recall the following result found in [21]:
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Theorem 4.1. If f € Lf/w, then its first kind Chebyshev series expansion converges in the

Lf/w—norm. Moreover, the norm of f in this space is given by
1 o0

2 2 2

117w = 1 |fol™ + Z | fnl”
n=1

Theorem 4.2. Let v € W*, k € N and N > k. Then the following truncature high-order
error estimate holds

le=PRullz < N7 llullye - (4.35)

Proof. Using the mapping (4.22), by Proposition 4.3 one can directly obtain

- S —k |5 —k
[ u *PJTJUHL?/w = o =Pl oy < N " llallge oy = N7° lullys (4.36)
where the inequality is due to Theorem 3.2 and the last identity to Proposition 4.5. O

Remark 4.1. In standard references [7,23], higher-order convergence results are provided for
weighted Sobolev spaces for m € Ny:

Uw = {u cul® e Lf/w, 0<|al <m, «ac€ NO} , (4.37)

with associated norm
2

2 o
AT D

0<]a|<m

1/w ’

for which one can show that the mapping u — @ is continuous from H f} » to HI (I). However,

the space H{’/Lw is not isomorphic to HZX (I) for m € N but to a smaller space. Moreover, W
contains H 11 Jw due to Proposition 4.1 and, for all m, the strict continuous inclusion H f}w cwm
holds. This can be understood when comparing the coefficients of the highest order derivatives
for both spaces, i.e. w=/2t™ for Wk and w—1/2 for HYY,,. m € No.

In view of the above remark, one may be tempted to use only the conditions on the highest
order derivative for defining W*, w'u® e L% Jw Unfortunately, this only works for £k = 0,1, 2.

For larger k, the multiplication of derivatives of w with smaller order derivatives of u blows up.

4.3. Application to logarithmic integral operators

2
1/w

On the other hand, the logarithmic kernel satisfies the following:

As shown in Section 4.2, any function ¢ € L admits a series expansion in terms of T;,.

Remark 4.2 ([10,17]) For a given x € (—1,1), the logarithmic kernel admits the expansion
on Chebyshev polynomials:

1 o 2
]ogm = log2 + Z ETn(x)Tn(y)a Vye(-1,1), (4.38)

n=1

. . 2
as a function in Ll/w'
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The above series converges in the associated weighted norm but not point-wise. In C%((—1,1)),
only Cesaro sums converge. From the orthogonality relation in L% Jw> One obtains that the

weighted logarithmic integral operator!) defined as:

' 1 p(t)
Ly plpl(x ::/ lo dt, 4.39
has eigenvalues
log 2 =0
A, = JTes (4.40)
w/n n>1

and eigenfunctions T,,(z), n > 0. With this, we can prove

Proposition 4.6. The operator Ly, : L%/w — W s bounded and continuously invertible,
i.e. the Fredholm index zero. If ¥ € W, the unique solution of the integral equation with purely
weighted logarithmic kernel normalized on the interval (—1,1), Ly, = ¥, is given by

pla) = 27T119§g2T0(30) + 3 29, Tu@),  we (-1,1), (4.41)

where the coefficients ¥, are obtained by (4.32).

Proof. The action of Ly, over ¢ can be written as the inner product in L% Jw between the
logarithmic kernel and . Using the Fourier-Chebyshev expansion (4.38), for almost everywhere
x € (—1,1), with ¢ € L%/w, we obtain

Lijwlpl@) = 10g2(To, ©)y), + D %Tn(:ﬂ) (Tas )1 )00 5 (4.42)

n=1

which clearly shows that £;,,¢ € L? Jw

series (4.38) is convergent in L% Jw for fixed y, for both = and y the series lies in a Hilbert-Schimdt

as the terms (7, , ¢), /,, are well defined. Since the

tensor product
dx dy
L3, ® L, =L (-1,1), —/—=;(-1,1), ——
1/w® 1/w ( ) )’w(ac)’( ) )aw(y)
with tensor norm denoted |||, ,, g1 /,,- Specifically, we define a bivariate measure

dxdy

M

under which elements in the tensor product correspond to L?((—1,1)?, u), wherein functions
f(z,y) satisfy nyin:o fmn < 0o and f,,, are coefficients. These can be approximated by finite
sums, and then by taking the limit N, N, — oo and using Fubini’s theorem. Moreover, if we
derive in x and, by showing that the residue goes to zero, one can conclude that the derivative
L1, is well defined. Furthermore, by relation (4.4) one obtains

@) = 30 2T (T, @)
=3 Was (@) (T @)1y = 3 2Wale) (Tt @y (443)
n=1 n=0

1 Not to be confused with the functional space L? Jw
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!

implying that £1/w90 lies in fact in L2 . Hence, if ¢ € Lf/w, then £,,, € W. By the Cauchy-
Schwarz inequality, we have

1
(e )
|x7.| 1/u}

Introducing once more the Fourier-Chebyshev series expansion for the logarithm and the or-
thogonality of T;,, we obtain

1 1 =~ [ 4 ™
log , log > = wlog?2 + <—T3(x)) —
( |z —-| [z =/ 1/ 2 n? 2

n=1

‘El/w<,0| = < (log ! log ! v loll . (4.44)
< B e o

1/w

o0
1 2
<mlog®2 + 2m E — < 7log?2 + %,
n

n=1

(4.45)

proving the boundedness of L, ,, over Lf Jw Finally, let ¥ € W. Then, by Theorem 4.1, we
can write both ¢ and 9 as Fourier-Chebyshev series (4.31) with coefficients ¢,, and 9,, given
by (4.32). We take the inner product

™
(El/w()oa Tm)l/w = (197 Tm)l/w = o bom + 579n Onm (446)

where d,,,, is Kronecker’s delta. The left-hand side is equal to

o0 2
T T
<7r log2 ¢y + Z EgonTn(x) , Tm> = 721082 @0 dom + 5, Pn Onm- (4.47)
n=1 1/w
Thus,
0
Yo = 0 and On = n I for n > 1, (4.48)
mlog2 T
yielding the stated result. O

4.3.1. Perturbed kernels

We now perturb the integral equation by adding a sufficiently smooth operator :

+ K(x,t) \/%dt = f(z) (4.49)

<mm+mwww:/

-1

1 -
[%u—ﬂ

for |z| < 1.

Lemma 4.2. Let K(x,t) be a Hilbert-Schmidt kernel belonging to the tensor space L%/w ®L§/w
with derivative 0, K (z,t) € L2, ®L§/w. Both tensor spaces are endowed with the natural Hilbert-
Schmidt norms. Then, the operator K : Lf/w — W defined as

KM@>:/¥Kmmmm—ﬁL—

1—192

18 compact.
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Proof. By the orthogonality relations (4.7) and (4.8), Chebyshev polynomials T;, and U,
span the spaces L% Jw and L2, respectively. Thus, K and 9, K can be represented by Fourier-

Chebyshev series of T}, and U,,. By Parseval-Bessel’s inequality, we have the Hilbert-Schmidt

norms:
o0 o0
||K(x7y)|‘1/w®1/w = Z Z [knm|? < oo, (4.50)
n=0m=0
o0 o0
102K (2,90 g1y = D D> 0P lknm[* < oo (4.51)

n=0m=0

For the finite-dimensional operators:

N 00
En(,y) =3 Y kumTn(@) T (y), (4.52)
n=0m=0
N 00
&CKN(x,y) = Z Z "lknmUn—l(I)Tm(y)7 (4'53)
n=1m=0
it holds
. o . 2 _
Jim ([ y) — K w)lws = Jm > Sl = 0, (4.54a)

n=N+1m=0

o0 (o]
Jim (0K (,y) = 0EN (@ y)lwgrjw = Jim S APlkaml> = 0. (4.54b)
n=N+1m=0

Let
Kxlel@) = [ Knlonol) 22 = (Kn(e): oy (4.55)

Wi

which is compact since it is of finite range. From the Cauchy-Schwarz inequality, we obtain
IKe — Kol =Ko — Knells o, + 10:K0 — duknells
= (1K) = Kn(@,), 91y 1, 1)

1/w
2
+ (al. (K (2,) = Kn (@), 91yl ,1(30)) . (4.56)
The first term on the right-hand side of the above is bounded as follows:
(1 (K@) = Kn(e), 01y P 1))
1/w
2
< (el 1 @) = Kl Mg - 1)),
2 2
<K (2,) = KN (@)1 jwejw 1911 /0 » (4.57)

whereas for the second term, the bound is

(Jo- <t = x| 20))

us
< G 10:K (2,) = 0 Kn (@, Mg o 19113 - (4.58)
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Thus, from (4.54a) and (4.54b), the norm [|[Ky — Kn¢||y, tends to zero when N — oo and
since the image space W is a Banach space, K is compact. ]

Proposition 4.7. Let K be defined as in Lemma 4.2. Then, the compound operator Ly, + K :
L%/w — W is a Fredholm operator of index zero.

Remark 4.3. Clearly, the same result is found if K is continuous or weakly continuous over

Co((=1,1)).

4.4. Relation with the original operator £

The previous results given in weighted L?-spaces considered the modified operator £; Jw and
not the original logarithmic operator £. To return to the latter, instead of taking out the factor
w~! from L ,,, we multiply functions in L? /w DY w. By the properties between L2 ) and L2
described in Proposition 4.1, the statements from Propositions 4.6 and 4.7 can be restated as
follows:

Proposition 4.8. The operator L = Ly, 0o W : L2 — W is bounded and continuously
invertible. If g € W, the unique solution of the integral equation with logarithmic kernel nor-
malized on the canonical interval (2.12), is given by

9o To(x) n T ()
o) = —2 2 4 E — Gy | € (—-1,1), 4.59
(@) 2mlog2 /1 — 2 . 179 1— a2 z e ) ( )

where the coefficients g, are obtained by (4.32).

The following diagram will clarify the point:

w
L, —— L,

L
L1)w

W
where clearly £ can be interpreted as £;,,, © W. Also, one has following corollary:

Corollary 4.1. Let K be as in Lemma 4.2 and define ICy, := K o W. The compound operator
L+ Ky, : Lﬁj — W is a Fredholm operator of index zero.

The above observations suggest the use of weighted Chebyshev polynomials to approximate the
solutions of logarithmic integral equations to which we turn our discussion.

5. An Adapted Spectral Galerkin Method

In Section 2.6 we recalled the continuity and coercivity of the logarithmic integral operator
L defined over I'. = (—1,1) x {0} and mapping H<_0>1/2(f‘c) onto Hi/2(fc). We now construct

approximation spaces on I'.:

N

Qn(—1,1) := span {w_lTn}n:1 , (5.1)
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and extend their definition over T';, denoted by Qx(T.), through the mapping = — & into

(=1,1):
2(x — T¢ . _
Z = Az — ) with T = M. (5.2)
ay —a— 2
Hence, we can write p(x) = ¢(&) and approximate ¢ with ¢y through the weighted truncated

Fourier-Chebyshev expansion on the nominal domain:

N
@N(x) - @N(i) = w_l(:ﬁ)ngn Tn(i)a (53)

where ¢, are the Fourier-Chebyshev coefficients obtained via (¢, T},)1 Jw- Using standard results
[17], one can prove the next proposition:

Proposition 5.1. If Qn(T.) is a closed subspace of I?<70>1/2(Fc) and if g in Hi/Q(FC), then the
Galerkin variational solution on € QN (L) of

<£90Na ¢§V>ﬁ71/2(pc) = <ga SD§V>ITI*1/2(FC) ) v 905\[ € @N(Fc)a (54)

satisfies the following stability condition:

HQON”EFIM(FC) 5 Hg”Hi/?(Fc) ) (5'5)
and the error bound:
_ . < ; _ _
lle ‘PNHH—l/?(rc) ~ wNelélfr(Fc) lle wNHH—l/?(rc) : (5.6)

The extension to compactly perturbed operators is immediate. Thus, if besides the principal
logarithmic term, continuous functions are introduced in the kernel, the solution scheme remains
stable for all N > N,.

5.1. Approximation properties of Qx(I';)

We now show that Qn(T';) satisfies the above mentioned approximation property, namely
we prove that the spaces are included in H <_0>1 / *(T.).

Lemma 5.1. The space Qn(T'.) is a closed subspace of ﬁ@;m(l“c).

Proof. Without loss of generality, we consider the canonical segment Io. Set YN €
Qn(—1,1) then oy = piw™ !, with ¢} being a polynomial of order N. By definition,

<SDN ) g>H1/2(wa) <’UJ_17 QO}KVg>H1/2(f‘C)
||90N|\ﬁ—1/2(f y & sup — e = sup ; (5.7)
¢ geH/2(P,) H9||H1/2(f*c) geH/2(T,) HQHHl/z(fC)
and by [12, Theorem 1.4.4.2], it holds
lenglmre@,y < lenllmey l9lmee,) (5-8)

so that ¢x belongs to ﬁ’l/Q(f‘c) if w™! does. Denote by w the extension by zero of w outside
T, for which one has the Fourier transform [11]:

Flo ') () = % /R T (2) e do = @o@, (5.9)
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where Jp(§) is the Bessel function of the first kind. Its behavior at infinity is as O (5_1/ 2).
Thus,

1 2
[T Y e = —= [ A&7V [Fa ) de
e \/%/R (5.10)

T 2172 1 (62 N
2\@/&%(1%) o(©) dE <

showing the bound in the H~'/?(R)-norm. Lastly, we need to prove that (px , 1) = 0 for all N.
Since Tj is not included in Qn(—1,1), this comes immediately from the orthogonality relations
of Chebyshev polynomials (4.7). O

Lemma 5.2. The space Quo(T'.) = limy oo Qn (L) is dense in I?<_O>1/2(I‘c).

Proof. Since D(T.) is dense in H~'/2(T.), it is sufficient to show that, for u € D(T..), we
have convergence

ngnmuN€6l£(Fc) HU B UN||I771/2(FC) = 0. (511)

Let us take u € D(T';), so that

flu — “NHﬁfl/z(rC) (5.12)
<U — UN, g>H1/2(Fc) <“ — UN, 9>H1/2(Fc)
sup = sup ,
gEH/2(T,) HgHHl/z(FC) geD(T.) Hg”Hl/?(Fc)

again by density. Since (u — ux)g belongs to L'(T'.), the duality can be expressed as the
integral

(u—=un, 9 mrr,) = / (u — un)gdr = / P4 — un)p Vg dz .

FC FC

where p(z) = (z — a_)(ay — x) is the “distance” function towards the endpoints of I'.. The
Cauchy-Schwarz inequality yields

. 1/4 . —1/4
‘<u uN’g>H”2(FC)‘ = Hp (u uN)‘L%FC) ’p g‘ﬁ(rc) '
Now, by Lemma 2.1, it holds
—1/4
le%0] app, iy < ol (5.13)
Consequently,
o= unllgsey [0 —u)| = o=, o 619

1/w

where Lf/w

proof is achieved. O

is now defined over I'.. Since p'/?u lies in Lf/w, Proposition 4.1 holds and the
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5.2. First-order convergence

As discussed in Section 2.7, the local asymptotic expansion of the Neumann jump density
 solution of (2.13) is (cf. (2.17))

o = cp V2 + dp'? + o + ¥ onT., (5.15)

where g € H*3/2(T,), for 2 < s < I, and

Y=p 23 (dilne —1) + chi(ne —1)p) onT., (5.16)
+

with real coefficients ¢;4+, ¢ = 1,2. The main result of this section is the next proposition, whose
proof is based on a series of Lemmas provided in the Appendix.

Proposition 5.2. Let ¢ € I?<70>1/2(Fc) admit the splitting (5.15) for 3 < s < L. Then, there
exist N. € N and oy € Qn (L) such that

o= onllpse S N1 (II@RIﬁssmwcﬁZ(\Ciﬂ +\cgi|>) YNEN. ()
+

Proof. The key idea is to reduce the error bound from ¢ — ¢ to the one on regular parts.
Without loss of generality, we consider the canonical segment I.. Recalling the splitting (5.15)
of ¢,

90:/)_1/2(0,1 + chp + oR + w*),

we look for its approximation ¢ with NV > 2 in the form
on=p (el + chp + Gy + UN), (5.18)

where the coefficients ¢}, i = 1,2, are the same as for ¢ given in (5.15) and ¢p y = Pk
(resp. Yy = ’P{,w*) is the L%/w—projection on the set of polynomials of degree < N of o7
(resp. ©*) given by Theorem 4.2. By construction, ¢} = p/2pn is a polynomial of degree N,
hence it is a linear combination of Chebyshev polynomials T;, for n € {0,1,---, N}. Therefore,
in view of the definition of Qn(—1,1), we need to show that

/1 o (@)w H(z)dr = 0. (5.19)

By definition, ¢ satisfies (¢, 1)f“c = 0. Since p'/? = w, we deduce that p* = p'/2¢ satisfies
("5 1)1, =0. As
pr=c + cap + PR+ VT,
we deduce that

[ (k@) + v @) 0 @) = - / (&) + () w () | (5.20)

-1

Now, we make use of the fact that ¢} y (resp. ¥%) is the Lf/w projection on the set of
polynomials of degree < N of ¢}, (resp. ¥*) and, therefore

/ (Prn(@) + Yx (@) w (2)de = [1(¢E($) + ¢ (@) w™ (2)da .

-1
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as one is a polynomial of degree < N. Hence, by using (5.20), we obtain
1 1
[ @hat@) + vk @hde == [ (€ + Gy @)ds

which is nothing else than (5.19). This shows that ¢y belongs to Qn(—1,1). Also, by con-
struction, it holds

e—pon = p P eh— N + VYN,

and we can apply Lemma A.4 to obtain
o= enllgay S ok = ehallzy  + 19" =Vl
By Theorem 4.2, we deduce that

o = enllgsay S N (Il + 1 Iy )

and we conclude thanks to Lemmas A.2 and A.3. O

5.3. Higher-order convergence

Our goal now is to obtain higher-order convergence for the solution of the integral equation
(2.12) results for smoother data. As before, if g is smooth enough, then for m > 1, the solution
u admits the local decomposition at the endpoints [12]:

m 1L 1
neu(re,0y) =ne Zciiriﬂ sin { <§ + z> Gi} + UR+ , (5.21)
i=0

where up+ € H{ () with m + g < s < m+ 3. Hence the normal derivative jump along I'.
behaves locally as

ou u i1
NEp = 1N+ [%} = chinirl : + QRe, (5.22)
=0

with prt € Hs— % (T'.). In order to replace r4 by p, we first consider r_ over I'. and use that

i— 1_

rTE @) = @) (as — ), @€ (assay).

. 1_; . . .
Since (a+ — x)2 " is smooth near x = a_, it can be written as

1

(ay — )2 7" = pig(z) + rir(z) |

where p;i(x) = 22(:0 air(z+a_)F is the Taylor expansion of (a; —x)2 ™" at # = a_ truncated
at the order K and r;x is the residue. If K +i > s — %, we deduce that

P € ﬁs_%(f‘c) :

Due to the constraint m + % <s<m+ %, we can chose K = m — 1. By employing a similar
argument at © = a4, we deduce that

1
Ntp = N+p 2P+ + PR+, (5.23)
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where p4 is a polynomial of degree smaller or equal to 3m — 1 and pr+ € Hs 3 (Te).
As in Section 2.7, we can now state the decomposition:

o =pPp+ pr+, (5.24)
where p is polynomial of degree less or equal to 3m — 1, g € H— % (T'.) and
Yi=p2 Y (1=ne)ps - (5.25)
+

Proposition 5.3. Let ¢ € I;TO)UQ(I‘C) admit the decomposition (5.24) with ¢ € H*~2(T,) for

m+3 <s<m+ 3. Then, there exist N, € N, on € Qn(Tc) and a positive constant c(m)
depending only on m such that

o = enlz-aqy < cmN " (lerlgvse, + £ kel ) 520
+ =0
for all N > N,.

Proof. The proof is the same as the one of Proposition 5.2. Here, we make use of Lemmas
A.5 and A.6. U

For numerical experiments, instead of verifying the inequality (5.26), we use the following
equivalent result.

Corollary 5.1. We can verify Propositions 5.2 and 5.3 by finding, for each m > 1, an N, € N
such that

le—enllg-12@my S N " (ler + ¥ lwm), VNN, (5.27)
2 2
where [|ulljm = 322 HDluHUw'

Proof. Recall the asymptotic decomposition

o =c1p ? + cop? + o + 1. (5.28)
We also have
PN = Clpfl/2 +62p1/2 + ©rN + UN. (5.29)
Now, by construction we have
p—on=p2 0k — PRy HUT - UN), (5.30)
and we can apply Lemma A.4 to obtain
lo = onllzsaqy S 195 +8" = Phw — ¥hlss, - (5.31)
Finally, by Theorem 4.2, it holds
||90_§0NH17171/2(F) 5 N_mH(p}K{""w*”Wm' (532)

Verification of Propositions 5.2 and 5.3 comes from Lemmas A.3 and A.6, respectively. Indeed,
by using the triangle inequality, we obtain

le —onllg-120y S N "ok + 9" lym S N (lekllwn + 10" ym)

< N-m(wgmm £ 300 + |c'2i|>).
+

Lastly, as in Remark 3.2, exponential convergence can be achieved if the solution ¢ is
analytic. 0
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6. Numerical Results

In what follows, we present several numerical experiments to validate our findings. Let @
denote the number of quadrature points, and N the number of spectral degrees of freedom
(dofs), with specific values for both quantities given for each test. We consider two error norms:

(i) W™-norms, for m < 3, for which the corresponding D! derivatives are calculated analyti-
cally; and,

(ii) H-1/ 2-norms, defined over f‘c, obtained through the energy norm related to the weakly
singular operator L.

For the latter, Galerkin orthogonality yields

2
e —enllg-1/25,) = (Ll —on), (0 = ON)) 1728,
oo
= <["Pa ‘P>ﬁ71/2(fc) - <‘C PN, @N>ﬁ71/2(fc)a Vo € H(()>/ (Fc) > (6-1)

and where the first term is calculated by spectral quadrature using an overkill numerical solution
©°% of N, spectral dofs such that N,z > N. Then, by defining Py as the vector of associated
Chebyshev coefficients, and £ as the discrete weakly singular spectral diagonal matrix, (6.1)
boils down to

2 o o
lo = Nl G2, = (@F =0 ) TLE* — o)) - (6.2)

1/2

The rationale behind this comparison between W™ and H~1/2_error norms comes from Corol-

lary 5.1 as it is difficult to compute H*-norms for s > 1/2.

6.1. Converge results for approximation of elements in H-1/? (fc)

Tables 6.1-6.3 show convergence results obtained for the approximation of different choices

of p(x):
zwl, wt(42® —3x), w lsinz, wcosz —w lsinz, sin(27z).

We clearly observe the described convergence rates of Corollary 5.1. For all examples, the
values for ) and N, remained the same in order to compare their behavior at a given precision.
Although one would naively expect that the accuracy of p°* would improve when increasing
N,i, we actually observe that after a certain threshold it introduces additional numerical error.
This phenomenon is customary in high-order methods. Finally, it is worth mentioning that the
even Chebyshev coefficients of the function ¢ = sin(27z) are zero, therefore, Table 6.3 only
shows the results for the odd numbers of degrees of freedom.

6.2. Convergence results for the Laplace problem with Dirichlet boundary condi-
tions

From Proposition 4.8, if we consider g € W as our right-hand side, then the numerical
approximation of ¢ € H<_O;/2 (T'c) in Qn(—1,1) is given by

N
‘PN(I) = wil(x) Z ﬁnTn(I) .

We run numerical experiments by using different functions g € W as our right-hand side.
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Table 6.1: Fist-order and higher-order convergence results with Ny, = @ = 100.

(8) ¢(z) = 2w (2). (b) ¢(x) = (42° — 3z)w " (),
N N7 ok + 9 [y N N7 ek + 9 lyym
le —onllg-1/2| m=1 m=2 m=3 le—enllg-1/2| m=1  m=2 m=3
2 4.82e-15 8.86e-01 5.43e-01 1.75e-01 2 1.29e+4-00 2.17e400 3.04e+00 4.50e+4-00
3 4.82¢-15 5.91e-01 2.41e-01 3.46e-02| |3|  0.00e+00  |1.45¢+00 1.35e+00 1.33e+00
4 4.81e-15 4.43¢-01 1.36e-01 1.09e-02| |4 0.00e+00 1.09e+00 7.59e-01 5.62e-01
5 4.80e-15 3.54e-01 8.68¢-02 4.48¢-03| |5 0.00e+00 8.68e-01 4.86e-01 2.88e-01
Table 6.2: Fist-order and higher-order convergence results with Ny, = @ = 100.
(a) ¢(z) = sin(z)w = (z). (b) ¢(x) = cos(z)w(z) — sin(x)w ™ (z).
N o om o Tm ] [N S AT
le —enlgore| m=1 m=2 m=3 le—enllgie| m=1 m=2 m=3
2 5.02e-02 7.84e-01 4.92e-01 3.27e-01 2 8.80e-02 1.08e+4-00 1.55e+00 2.39e4-00
4 4.96e-04 3.92e-01 1.23e-01 4.09e-02 4 1.37e-03 5.39e-01 3.87e-01 2.98e-01
6 2.52e-06 2.61e-01 5.46e-02 1.21e-02 6 9.47e-06 3.59e-01 1.72e-01 8.83e-02
8 7.77e-09 1.96e-01 3.07e-02 5.11e-03 8 3.70e-08 2.69e-01  9.67e-02 3.73e-02
10 1.60e-11 1.57e-01 1.97e-02 2.62e-03 10 9.23e-11 2.16e-01 6.19e-02 1.91e-02
12 2.42e-14 1.31e-01 1.37e-02 1.51e-03 12 1.60e-13 1.80e-01 4.30e-02 1.10e-02
14 4.05e-15 1.12e-01 1.00e-02 9.53e-04 14 4.01e-15 1.54e-01 3.16e-02 6.95e-03

Table 6.3: Fist-order and higher-order convergence results for ¢(z) = sin(27z) with Ny, = Q = 100.

N lle—enlig-172 N leg +¥"lw N2 Mok + ¢ [lwe N7 [lof +¥" s
2 7.9131e-01 2.4824e4-00 7.5163e+00 2.4557e4-01
3 7.8778e-01 1.6549e+-00 3.3406e4-00 7.2761e+00
5 2.6804e-01 9.9297e-01 1.2026e+00 1.5716e+00
7 4.3338e-02 7.0926e-01 6.1358e-01 5.7276e-01
9 4.2260e-03 5.5165e-01 3.7118e-01 2.6949e-01
11 2.7928e-04 4.5135e-01 2.4847e-01 1.4760e-01
13 1.3417e-05 3.8191e-01 1.7790e-01 8.9420e-02
15 4.9137e-07 3.3099e-01 1.3362e-01 5.8209e-02
17 1.4199e-08 2.9205e-01 1.0403e-01 3.9987e-02
19 3.3240e-10 2.6131e-01 8.3283e-02 2.8642e-02
21 6.4375e-12 2.3642e-01 6.8175e-02 2.1213e-02
23 1.0491e-13 2.1586e-01 5.6834e-02 1.6147e-02
25 1.4590e-15 1.9859e-01 4.8104e-02 1.2573e-02

e Ezample 1. Let g(x) = sin(27x). The corresponding analytical solution is

oo

pl0) = 3" DanTanle),  we (1,1,

n=0

nm )

where ag, = 2J,(27)sin(%F). Figure 6.1(a) shows the obtained errors. They are also

detailed in Table 6.4, from where we observe that numerical precision is achieved with
N =27.
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Table 6.4: Convergence results for solving £ ¢ = ¢ using an overkill ¢°* of N,,=100 dofs.

(a) g(z) = sin(27x)

(b) g(z) = exp(z)

N | e —onllijw | 11€°F —onllg-—1/2 N b —onllijw | 9% —onllg=1/2
2 1.0204e+01 1.3259e+00 2 7.6387e-01 5.4857e-02
3 1.1155e+01 1.3240e+-00 3 1.2343e-01 7.7896e-03
5 9.5472e4-00 6.0238e-01 4 1.5122e-02 8.6199e-04
7 2.4860e4-00 1.2445e-01 5 1.4898e-03 7.8133e-05
9 3.3971e-01 1.4810e-02 6 1.2265e-04 5.9970e-06
11 2.9248e-02 1.1561e-03 7 8.6701e-06 3.9911e-07
13 1.7478e-03 6.4075e-05 8 5.3686e-07 2.3445e-08
15 7.7073e-05 2.6592e-06 9 2.9571e-08 1.2326e-09
17 2.6174e-06 8.5877e-08 10 1.4667e-09 5.8638e-11
19 7.0661e-08 2.2220e-09 11 6.6157e-11 2.5474e-12
21 1.5543e-09 4.7131e-11 12 2.7381e-12 1.0183e-13
23 2.8407e-11 8.3483e-13 13 1.0399e-13 3.7806e-15
25 4.3780e-13 1.2539e-14 14 4.7499e-15 3.2121e-16
10° 10°
— L%ecrror — L2-error
—F 2 error — H Y%error
10”
10°
5107 E
LE LE -10
10 -
107 \ -40.86
-15 107157
10
o 0 10 e a0 50
(a) g(x) = sin(2mx) (b) g(x) = e®
Fig. 6.2. Convergence results for ¢ solution of L¢ = g¢.
e FEzample 2. Now set g(x) = exp(z). The exact solution is
Jo(i)
P®) = 5 0g(@) oW +2Z " T (=) Tp(2), € (—1,1).

27 lo

151

(6.3)

The resulting convergence is summarized in Table 6.4 and it is also contained in Fig-

ure 6.1(b). This time we obtained numerical precision with N = 14.

For both examples, it can be seen that the solutions converge exponentially in N as can be
expected from the analyticity of the source terms g.

6.3. Helmholtz problem

We now consider the weakly singular operator for the Helmholtz problem. In this case,
the operator can be decomposed into singular and compact terms, with the singular operator

being equal to the Laplace case.

We provide a comparison between solutions obtained via
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the presented spectral discretization basis and traditional low-order boundary elments or h-
refinement at two different wavenumbers.

Table 6.5 shows absolute and relative H 1/ (f‘c)—errors obtained when using again an overkill
numerical solution ¢°% as reference. The relative error is measured as

k
rel. error = I¢* _¢N||ﬁ71/2(f6)

H‘POkHﬁfl/?(fc)

In Tables 6.5 (a)-(b), we observe that the spectral approach converges faster than the h-
discretization. Numerical quadratures are computed as described in [18, Section 3.3].

Table 6.5: Helmholtz convergence when using an overkill ¢°* with N, dofs taking as right-hand side
g = exp(wz). Notice we slightly abuse notation as this overkill changes from the spectral discretization
to the h-discretization.

(a) Results for wavenumber k = 1 using Ny, = Q = 97.

SPECTRAL DISCRETIZATION h-DISCRETIZATION
N | [Jp°F — oN|lg—1/2 rel. error |p°F — oNllg—1/2  rel. error
4 1.76e-02 1.08e-02 1.53e+00 3.36e-01
7 1.94e-06 1.91e-06 1.04e+00 2.29e-01
13 3.21e-13 1.97e-13 7.25e-01 1.59e-01
25 7.13e-14 4.37e-14 5.00e-01 1.10e-01
49 3.33e-14 2.04e-14 3.34e-01 7.35e-02

(b) Results for wavenumber k = 20 using N, = Q = 97.

SPECTRAL DISCRETIZATION h-DISCRETIZATION
N | ¢ —onllg—1/2 rel error | [l°% — onllz-1/2 rel. error
4 3.83e-00 2.54e-01 3.97e+401 5.46e-01
7 9.74e-01 6.48e-02 1.90e+01 2.61e-01
13 9.41e-02 6.26e-03 1.04e+01 1.43e-01
25 3.56e-04 2.38e-05 5.50e+00 7.57e-02
49 7.84e-11 5.22e-12 2.80e+00 3.85e-02

10 . . . . . . : 10

: :
— I -ertor
2| — H ' -error |

2 -error
—— H ' error

Error
Error

(a) k=1 (b) k=20

Fig. 6.3. Convergence for wavenumbers k = 1,20 with right-hand side g = exp(1x).
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7. Concluding Remarks

We have introduced a fast convergent method to solve logarithmic singular equations over
a segment or smooth Jordan curve using weighted polynomials, both through detailed analysis
and numerical experiments. As predicted, convergence rates theoretically obtained, for standard
Sobolev spaces, are retrieved in our numerical results for purely logarithmic singular kernels.
The strength of the method lies in its fast convergence and simple implementation. These two
features become a critical issue when dealing with large numbers of simulations. Moreover,
we would like to point out that the method can be directly extended to interface or fracture
problems as long as the underlying operator is elliptic. For coercive operators such as Helmholtz
one, the method can still be applied. However, the oscillatory nature of the kernel requires more
adequate quadrature rules but our preliminary results are promising. Finally, future work seeks
to extend these ideas to three-dimensional screens.

A. Technical Lemmas
Lemma A.1. The space W is continuously imbedded in H='/2(T,).

Proof. This can be obtained from the dense embedding of L2(T') into H~'/2(T".) and from
Proposition 4.2, which is easily extended to I'; by the coordinate change described in (5.2). O

Lemma A.2. Let or € H*3/2%(T,) for 2 < s < L. Then, the term ¢} = p'/?pR belongs to
W and it holds

lerllw S lerllfe-aae,) -

Proof. We carry out the analysis for ', without loss of generality. Again, p(z) = w?(x) =
1 — 2. First, show that ¢} € L%/w. By regularity of ¢r and boundedness of the square-root
factor, it holds

1 * 2 1
£ 112 - lok()] _ / 2 2 < 2 N
H()OR”Lf/w - [1 m dx - . 11—z |(10R(x)| dI ~ H(JDRHH5*3/2(FC) . (Al)

Now, we have to prove (¢%)" € L?. Leibniz’s rule provides

(03) (2) = Pa@)V1-a? — ——— (). (A.2)

1—x

The first term yields

1
[,
by regularity of pr. The second term gives rise to the integral:

/.

2 1
eoVT=2[ VI=dr 5 [ lh@lde & lonly v,y (M)
-1

2 1 2
Tor(T T
| Vi = [ e bentoP A

Log2dy

< L I'2d1' 2 < 2
S i lorlLe ) S PRI G021, -t
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due to the embedding H*~3/2(I',) < Co(f‘_c). By using the variable change = = cos 6, we obtain

b x?de o, T
e _I A.
[1 — /0 cos” 0 db 5 (A.5)

which concludes the proof. ]

Lemma A.3. Let ¢ be defined by (5.16). Then, ¥* := p'/?4) belongs to W and

1"l S D (etel + Ichel) -
+

Proof. As before, we carry out the analysis on I'.. From (5.16), we clearly have

U= (ha(ne — 1) + chalne — 1)p) .
+

Since p is a polynomial, we see that ¥* and its derivative are uniformly bounded, this implies

1

the conclusion because w™" is integrable. O

Lemma A.4. Let v € L?(T.) and N € N. For all vy € Qn(T.), define viy = woy € Lf/w,

where Lf/w is now defined over I'.. Then it holds
I =vnllgee, S [P20—vi, (A.6)
1/w
where Lf/w is now defined over T',.
Proof. By definition,
(v—un, h>H1/2(F.)
ool = s =) 0
REH/2(T,) HY/2(T,)

Clearly, vh € L*(T'.) since it is the product of square-integrable functions. We now show that the
product vy h also lies in L*(T'.). Since vy can be written at an endpoint as vy () = ¢~Y/2P(C)
where P(-) is a polynomial, vy is LP-integrable for p < 2 as locally it holds, for € > 0,

/O|<|7p/2d<<oo for f§+1>0. (A.8)

On the other hand, H'/2(I'.) < L9(T.) for all ¢ > 1. Hence, vxh € L'(T.) and the duality
product can be written as the integral:

(v—on, W) jer,y = / (v—ovy)hdr = / o4 —on)p V4R da (A.9)
r. r.
1/4¢, —1/4 1/2,
= Hp (v UN)‘LQ(FC) ‘ h‘ L2(Fc)§ Hp U 1Pl 172,y »

where the first inequality results from applying Cauchy-Schwarz while the last one by Lemma
2.1. O
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Lemma A.5. Let m—i—% <s<m+ g If pp € ﬁs_%(l’c), then ¢}, = p2pr € W™ and
there exists a constant independent of m such that

Iillwn S m2™ enll 7o ) -

Proof. We carry out the proof on I.. By definition, one must show that the Lf Jw-R0rm

of D'(p*/2¢R) is bounded for all I = 0,...,m. Again, we exchange p'/?

coordinates x by cos@ to obtain

l 2 ! l C— 7
D" (wer) = D' (wer)| w™ dx =
1/w -1 0

by the mapping D — D. On the other hand, it holds

by w and change

(¢ () sin 6)© ‘2 do, (A.10)

2

N0\ = (1) 09 gy 4
‘((pR(H)smG) } kz:% (k)go (9)d91 - sin
! 2
l 3 2 dl—k )
< ZZ (k) g)( )‘ I sin 0 (A.11)
k=0
For | < m, this leads to
L NS 2
}(@Rsme) ‘ <1y (k) 5 (9)‘ . (A.12)
k=0

Using this in the integral (A.10) above yields
Ik ~ (0 [P
. -1
ol (9)‘ o < z}:(k) L\% ‘ wtdz

[ s <) [ ofns 5

<l H "“’H 122 H "“’H A13
772() Loo(r) T B PR ey ( )

since (]i) < 2l and fil w~'dx = 7. Due to the continuous embedding of H'(T',.) into C°((—1,1)),
we deduce for all £k <[ that

(k) < l,® < )
[ ey 1 ey S Bemlnone

2 we deduce that

for a constant independent of k. Since k+1 <m < s — 3,

k
% ’H L Slerlyg -

This last estimate reveals that

" @) < 21
/O (pr(0)sin0) ‘ g < w2 Hcpgl\Hbﬁ(F - (A.14)
For [ = m, we distinguish between k& < m and k = m to obtain
2
‘(@R(9)51n9 ‘ < mz ( > )‘ + msin 9‘<p(m) )‘ . (A.15)
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Introducing the above in the integral (A.10) gives
J

This shows that

’

because m < s — 3. Lastly, the two estimates (A.14) and (A.16) imply that

2 ( ) 2
(@R(G)sine)(m)‘ d6 P (9)‘ sin? 06

A

s
2
" lonll g, +

A

1 2
™2™ |l orl? . m/1 ‘C,Ogn)‘ wdz .

2
(Pr(0)sin®)™ [ db S (mm2™ ) llorl s, (A.16)

x 112 2
leilfm S (Tm22™ +mym lorly. -3

which leads to the requested estimate. ]

Lemma A.6. Let ¢ be defined by (5.25). Then, v* = pt/24 belongs to W™ and there exists a
positive constant c(m) depending only on m such that

1" Ny < c(m) DD felel -

+ =0

Proof. Since ¥* =3, (1 — n+)p+, we easily show that it belongs to W™ by using Leibniz
rule and Faa di Bruno’s formula. The conclusion follows from the definition of p4. O
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