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Abstract Membranes are an important subject of study in physical chem-
istry and biology. They can be considered as material surfaces with a surface
energy depending on the curvature tensor. Usually, mathematical models de-
veloped in the literature consider the dependence of surface energy only on
mean curvature with an added linear term for Gauss curvature. Therefore, for
closed surfaces the Gauss curvature term can be eliminated because of the
Gauss-Bonnet theorem. In [18], the dependence on the mean and Gaussian
curvatures was considered in statics. The authors derived the shape equation
as well as two scalar boundary conditions on the contact line.

In this paper — thanks to the principle of virtual working — the equations
of motion and boundary conditions governing the fluid membranes subject to
general dynamical bending are derived. We obtain the dynamic ‘shape equa-
tion’ (equation for the membrane surface) and the dynamic conditions on the
contact line generalizing the classical Young-Dupré condition.

PACS 45.20.dg, 68.03.Cd, 68.35.Gy, 02.30.Xx.

Mathematics Subject Classification (2000) 74K15, 76799, 92C37.

1 Introduction

The study of equilibrium, for small wetting droplets placed on a curved rigid
surface, is an old problem of continuum mechanics. When the droplets’ size
is of micron range the droplet volume energy can be neglected. The surface
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energy of the surface S can be expressed in the form :

E://Uds,
S

where o denotes the energy per unit surface. Two types of surfaces are present
in physical problems:

— rigid surfaces (only the kinematic boundary condition is imposed)
— free surfaces (both the kinematic and dynamic boundary conditions are
imposed)

We will see the difference between the energy variation in the case of rigid and
free surfaces.

The simplest case corresponds to a constant surface energy o, but in gen-
eral, o also depends on physical parameters (temperature, surfactant concen-
trations, etc. [11,17,22]) and geometrical parameters (invariants of curvature
tensor). The last case is important in biology and, in particular, in the dy-
namics of vesicles [1,14,20]. Vesicles are small liquid droplets with a diameter
of a few tens of micrometers, bounded by an impermeable lipid membrane of
a few nanometers thick. The membranes are homogeneous down to molecular
dimensions. Consequently, it is possible to model the boundary of vesicle as a
two-dimensional smooth surface whose energy per unit surface o is a function
both of the sum (denoted by H) and product (denoted by K) of principal
curvatures of the curvature tensor :

oc=0(HK).

In mathematical description of biological membranes, one often uses the Hel-
frich energy [13,23] :

K
o(H,K) = o0 + 5 (H - Hy)* + kK, (1)

where oo, Hy, k and K are dimensional constants. Another purely mathematical
example is the Wilmore energy [24] :

o(H,K) = H* - 4K.

This energy measures the “roundness” of the boundary shape. For a given
volume, this energy is minimal in case of spheres. One can also propose another
surface energy in the form :

o =o0g+ ho(H2 — H02)2 + ko(K — K0)2,

where og, ho, Ho, ko and Ky are dimensional constants. This kind of energy
is invariant under the change of sign of principal curvatures, (i.e. the change
of sign yields H — —H, K — K). It can thus describe the ‘mirror buckling’
phenomenon : a portion of the membrane inverts to form a cap with equal but
opposite principal curvatures. It is also a homogeneous function of degree four
with respect to principal curvatures. The general dependence of the surface
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energy on H and K was considered in [18]. They obtain the shape equation
and two scalar boundary conditions on the contact line in statics under the
additional assumption of the membrane inextensibility. Our derivation does
not suppose this restriction and is given in dynamics.

The equilibrium for membranes (called “shape equation” by Helfrich) is for-
mulated in numerous papers and references herein [4-6,13,15,16]. The “edge
conditions” (boundary conditions at the contact line) are formulated in few
papers and only in statics. In particular, in [18] the shape equation and two
boundary conditions are formulated for the general dependence o(H, K) un-
der the assumption of the membrane inextensibility. However, the boundary
conditions obtained do not contain the classical Young-Dupré condition for
the constant surface energy. In the case when the energy depends only on H
the generalization of Young-Dupré condition was obtained in [12].

The aim of our paper is to develop the theory of moving membranes which
are in contact with a solid surface. The surface energy of the membrane will
be a function both of H and K. We obtain a set of boundary conditions on
the moving interfaces (membranes) as well as on the moving edges.

The motion of a continuous medium is represented by a diffeomorphism ¢
of a three-dimensional reference configuration into the physical space. In or-
der to analytically describe the transformation, variables X = (X1, X2, X3)7
single out individual particles corresponding to material or Lagrangian coordi-
nates, subscript “7” means the transposition. The transformation representing
the motion of a continuous medium occupying the material volume Dy is :

x=¢(t,X) or 2" =¢'(t, X', X% X?), i={1,2,3},
where t denotes the time and x = (2!, 22,23)T denote the Eulerian coordi-
nates. At ¢ fixed, the transformation possesses an inverse and has continuous
derivatives up to the second order.
At equilibrium, the unit normal vector to a static surface ¢o(x) = 0 is the
gradient of the so-called signed distance function defined as follows. Let

min|x — &|, if g > 0,
d(x) = 0, if 9 =0, (2)
—min|x — &|, if pg < 0,

where the minimum is taken over points £ at the surface, and | | denotes the
Euclidien norm. The unit normal vector is :

n = Vd(x).

In dynamical problems, the main difficulty in formulating boundary condi-
tions comes from the fact that one cannot assume that for all time t the unit
normal vector to the surface is the gradient of the signed distance function.

Indeed, if the material surface is moving, i.e. the surface position depends
on time ¢, the surface points of the continuum medium are also moving and
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they will depend implicitly on x. Let ¢(t,x) = 0 be the position of the material
surface at time t. Its evolution is determined by the equation :

o +ulVep =0, (3)

where u is the velocity of particles at the surface. Equation (3) is the classical
kinematic condition for material moving interfaces. Let us derive the equation
for the norm of V. Taking the gradient of Eq. (3) and multiplying by Ve,
one obtains :

(IV¢l); + 0TV (u"Vg) =0, (4)

Ve
Vel
from Eq. (4) that, even if initially [Vp| = 1 (i.e. unit normal n is defined at
t = 0 as the gradient of the signed distance function), this property is not
conserved in time.

The following definitions and notations are used in the paper. For any
vectors a, b, we write al b for their scalar product (the line vector is multiplied
by the column vector), and ab” for their tensor product (the column vector
is multiplied by the line vector). The last product is usually denoted as a ® b.
The product of a second order tensor A by a vector a is denoted by A a.
Notation b” A means the covector ¢’ defined by the rule ¢ = (AT b)T. The
identity tensor is denoted by I.

The divergence of A is covector divA such that, for any constant vector h,
one has

where n = is the unit normal vector to surface ¢(¢,x) = 0. It follows

(divA) h = div (A h),

i.e. the divergence of A is a row vector, in which each component is the diver-
gence of the corresponding column of A. It implies

div (Av) = (divA) v + tr (A%) :

for any vector field v. Here tr is the trace operator. If f is a real scalar function

0
of x, —f is the linear form (line vector) associated with the gradient of f

ox
of

(column vector) : I (VHT.

If n is the unit normal vector to a surface, P = I — nn” is the projector
on the surface with the classical properties :

P2=P, P'=P, Pn=0, n’P=0.

For any scalar field f, the vector field v and second order tensor field A, the
tangential surface gradient, tangential surface divergence, Beltrami-Laplace
operator, and tangent tensors are defined as :

Vig = PV, Atg = PA, Vtgf = PVf,

(9vtg

ox

dinthg =tr <P > , Atgf = ding (Vtgf) ,
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and for any constant vector h,
ding (Atgh) = ding (Atg) h.

The following relations between surface operators and classical operators ap-
plied to tangential tensors in the sense of previous definitions are valid :

T
divigvig = divveg + n’ <g—2> Vigs (5)
divigVig = nTrot (n X vig), (6)
divigAgg = divAgg + n’ (Z—E)T A, (7)
divig (fvig) = fdivigvig + (Vigf)” Vig, (8)
divig (fAsg) = fdivigAig + (Vigf)" Asg, (9)

where rot denotes the curl operator. The proof is straightforward. Indeed, since

OmTvy) 1 [ Ovyg r (On\
ax " \ax ) TVe\ax ) 0
one has

ov ov on\ "
divigVig = tr <P 8:(%) = divvee — n” ( 6;g> n = divveg + n” (&) Vigs

which proves relation (5). To prove relation (6), one uses the following identity
valid for any vector fields a and b :
da ob
t b) = adivb — bdi —b—-—a.

rot (a x b) = adiv 1va+ax o
We apply this identity to the vectors a = n and b = viz. Multiplying on left
by nT| one obtains relation (6). Relations (7), (8), (9) are direct consequences
of relation (5).

2 Curvature tensor

The unit normal vector being prolonged in the surface vicinity, we can directly
obtain the expression of its derivative :

1"

o _ o, v
ox [Vl

where <p” is the Hessian matrix of ¢ with respect to x. One obviously has

ron

= =0.
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However, since in dynamics n is not the gradient of the signed distance func-
tion, we cannot have the property :

—n=0. (10)

R-_p2 p__ 00
Vel Ox
Hence, in dynamics
On
R A
0x

Let us note that the derivation of the shape equation and boundary conditions
in statics always uses property (10) and the curvature tensor coming from the
definition of the signed distance function. In dynamics, we cannot use these
properties and new tools should be developed.

Tensor R is symmetric and has zero as an eigenvalue :

R=R?7, Rn=0.

In the eigenbasis, tensor R is diagonal :

where c1, co are the principal curvatures. The two invariants of curvature tensor

R are :
H:01+C2, K10162.

Invariant H is the double mean curvature, and invariant K is the Gaussian
curvature. They can also be expressed in the form :

H=trR =—tr (%),

2K = (trR)* — tr (R?) = [tr (g—z)r —tr [(%)T :

Lemma 1 The following identities are valid :
divig P = Hn”|
divisR= V" H+ (H>—2K)n",
R*=HR- KP.
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Proof : First, let us remark that P = Py,, R = Ryg. One can apply Eq. (7) to
obtain :

T
dmg>mvmﬂ)+ﬂ<@§ P

ox
T T
= —(divn)n? —nT <g—n> +nT (?) (I—nn™)
b X

= — (divn)n®,

which proves the first relation. The proof of the second relation is as follows :

o> . [On . (On o
divR = —div (&) + div <6_x nn >

T
~ O(divn) . (dn \ 4 o ([0}
= o +div <8xn) n +n %
T
_Oive) o on o ((0nNE g (o)
N 0x Vlax ) " 3 ox n n 0x
OH on\*\ , p(on\"
Consequently,
. 0H on\’ T
leth§P+tr<<&) )n .

2
Using tr (?) ) = tr (R?) = H®> — 2 K, we obtain the second relation of
X

the lemma.
Now, the curvature tensor satisfies the Cayley-Hamilton theorem :

R*-HR?*+ KR =0.
The minimal polynomial is :
R’-—HR+KP =0,

which proves the third relation.

3 Virtual motion

Let a one-parameter family of virtual motions

x=®(t,X,))
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with scalar A € O, where O is an open real interval containing zero and such
that ® (¢,X,0) = ¢ (t,X) (the motion of the continuous medium is obtained
for A = 0). The virtual displacement of particle X is defined as [8,21] :

0B (t, X, \)

6X(t,X) = N |,\:0.

In the following, symbol § means the derivative with respect to A at fixed
Lagrangian coordinates X and ¢, for A = 0. We will also denote by {(¢,x) the
virtual displacement expressed as a function of Eulerian coordinates :

C(tv X) = (tv ¢(t7 X)) = 0x (ta X) :

4 Variational tools

We assume that D; has a smooth boundary S; with edge C;. We respectively
denote Dy, Sy and Cy the images of D, Sy and C; in the reference space (of
Lagrangian coordinates). The unit vector n and its image ng are the oriented
normal vectors to Sy and Sy; the vector t is the oriented unit vector to C;
and n’ = t X n is the unit binormal vector (see Fig. 1). F = d¢(¢t,X)/0X =
0x/0X is the deformation gradient. For the sake of simplicity, we will use the
same notations for quantities as F, n, etc. both in Eulerian and Lagrangian
coordinates.

Lemma 2 We have the relations :

§detF = det Fdiv¢, (11)
on=-P (%)Tn, (12)
§(F'n)=-F! g—inJrF’lén, (13)
i(Im) - domom, m

Proof of Rel. (11):
The Jacobi formula for determinant is :

§(detF) = det Ftr (F'6F) .

Also,

ox 00x
0F =9 (a_x) =X

Then

_ 0X 96x 06x 90X o¢ .
1 _ — ) = — | =
tr (F 5F) tr<6x 3 > tr<6 ax) tr <6x> div €.
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Proof of Rel. (12):
Surface p(t,x) = 0 is a material surface. It can be represented in the La-
grangian coordinates as ¢(t,x) = ¢o(X) which implies that d¢ = 0. Also,

0x oX ox  0x0x  0x0x

Here we used the following expression for the variation of F~! coming from
the relation F~'F =1 :

_ _10¢
1_  @-196
F~ = —-F I
One also has : .
(Vo) 0V
0|Ve| =
Vel="v

Finally, taking the variation of n = one can obtain

Ve
Ve’

ac\" ac\"
6n:(nTn—I) (8_i) n:—P(a—i) n

Proof of Rel. (13):

_1 0¢

5(F71n) :6(F71)n+F715n: -F &n—l—F*l&n.

Proof of Rel. (14):

O\ (MmO, on o om om
5(&)_5(axF )_8XF TaxF T ek TS

We denote by o the energy per unit area of surface S;. The variation of ¢ is do.
This variation depends on the physical problem through the dependence of o
on geometrical and thermodynamical parameters. For now, we do not need to
know this variation in explicit form, the variation will be given further. The
next lemma gives the variation of the surface potential energy [11,12].

Lemma 3 Let us consider a material surface Sy of boundary edge Cy. The

variation of surface energy
E = / / ods
Sy

5E//S [5(7* (vgo+aHnT) g} der/Cton’TC dl,

where ds, dl are the surface and line measures, respectively .

18

L Tt is interesting to remark that the combination bo = b0 — (V?ga> ¢ is the variation
of o at fixed Eulerian coordinates. Indeed, since the symbol § means the variation at fixed
Lagrangian coordinates, and ¢ is the variation at fixed Eulerian coordinates, this formula is
a natural general relation between two types of variations (cf. [7,8]).
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Proof : We suppose that the unit normal vector field is locally extended in the
vicinity of St. For any vector field w one has :

0
rot(n x w) = ndivw — wdivn + xV a—v;n
0
From relation n”n = 1, we obtain nTa—n = 0. Using the definition of H,
X
(H = —divn), we deduce on S; :
0
n’rot(n x w) = divw + H n”w — nTa—W n. (15)
x

The surface energy can be written as :

E= // o det (n,d1x,dsox) = // o det F det(F~'n,dyoX, dyoX),
St SO

where d19X and dooX are the differential vectors along coordinate lines on Sy
image of Sy in Dy, and dix = F d19pX and dox = F dX are the corresponding
differential vectors along coordinate lines on S;. One has :

0F = // d0 detF det (F~'n,d1oX, daoX)
So

+// o 6(detF det (F~'n,dioX, d2oX)).
So

Using Lemma 2, one gets :
// g 5( det F det (Filn, leX, dgoX)) =
So

0
// o div¢ det(n, dix,dax) + o det (dn, d1x, dax) —o det (—C n,dx, dgx)
St

_ /[S (div(a ¢ — (V7o) ¢ — anTg—i n) ds. ”

Relation (15) yields

9(a ¢)

div(6¢) +oHnT¢ —nT o

n=n"rot(on x¢).
It implies
// o 5(det Fdet (F~'n, dipX, d2oX)) =
So

//St—(UHHT—i—(VTo')P)CdS_i_//StnT vot (o x C)ds.

Since P Vo = V.0, one has

// n” rot(anxC)ds:/ det(t,an,C)dl:/ on'"¢ dl,
St Cy Cy

and we obtain Lemma 3.
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Lemma 4 Let o be a function of curvature tensor R, or equivalently, a func-
tion of H and K. Then,

do . do do do
a—R—a/I+bR Wlth a_a_H+Ha_K a.nd b—_a_K7 (16)

where for the sake of simplicity, we indifferently write o(R) or o(H,K). In
particular, this implies :

do On
Td0 on _
" 9R ox 0. (17)

Proof : Since H = trR, 2K = (trR)* — tr (R?), and

ow(RY
OR ’
one gets
Jdo Jdo Jdo do
9R (8_H+H8—K)I_8—KR'
Since 5 5
n o
R:_a_XP and a—R:aI—i—bR,
we obtain ,
0o On on on
TOO on Ton o, p 00\
MR ox Mook ™ (ax)

5 Variation of o

This is a key part of the paper. The variation of the surface energy per unit
area is obtained in general case 0 = o(H, K). The membrane is determined
by a surface S; having a closed contact line C; on a rigid surface S = 57 U Sy
(see Fig. 1). The dependence on other parameters such as concentrations of
surfactants on the membranes can further be taken into account as in [11,22].

Lemma 5 The variation of surface energy o(R) is given by the relation :

: Oo do , do , do
50’ = *dlvtg <ERC —+ Pﬁ 5n) —+ dlvtg (ﬁR) C —+ dlvtg (Pﬁ) 5n
(18)

Proof : Using Lemma 2, we have :

_ _s(Omp)__ (%0 _miC\p, on o
5R5<$P>(axaxax)P+ax5(“n)'

By taking account of Eq. (12) and § (nn”) = énn” + nén”, we get :

R=—P+—=P——P
ox

o0x 0x 0x ox P

On, no¢, onn (9N g on  10¢
0x ox "’
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We deduce :

Jo

T
[i(@ Inilp Onp (%) 6_%)
X

IR ox + 0x 0x 0x 0x 10) 0x
do On OC do On o¢
T2 -5 = T - T2 =
From Eq. (17), we get nn IR 9% Ox 0 and nn R ox™ 7%

do On p o¢ do . OC

Consequently, — Mox  ox ~ IR R I which implies :
Jo Jén o¢
50’ —tr {Pﬁa—‘i’ﬁ]}a :|

. do . Jdo . [ 0o . [ 0o

By taking account of Eq. (5), we get :

§o = —diveg ( §R5n> + diveg ( 5R>5n diveg <§% RC) + diveg (g—f"{ R> ¢,

and relation (18) is proven.

Now, we have to study term divi, ( g;)é

Lemma 6

divig ( gg)én = —divyg [P divig” ( 31:) TC}
. . do . do
+ divig [P divig” ( aR)] n?¢ — divig ( aR) R¢.

Proof : Using relation (12), one obtains :

divtg< g;)én divtg< gs{)P@i)
- (v 22| (2529) - ()"
——divtg< 8R)vtg( C)—divtg< aR)RC
= diveg {Pdivth( gg)} n7¢ - divtg< gl‘;) R¢

— divyg {Pdivth < g;) nTC] .
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Now, from Lemma 3 and formula (18), we obtain the following fundamental
lemma.

Lemma 7 The variation of surface energy E = // ods, where Sy has an

t
oriented boundary line Cy with tangent unit vector t and binormal unit vector
n’ =t x n, is given by the relation :

: do . Oo do
oF = //St [dlvtg (a_RR) — dlvtg ( 8R) R+d1Vtg (P dlvtg (Pa_R)) nT

*O’HHT*VQO'}CdS
Jo do ¢
T _ T
+/Ctn {|:O’I 3 R - d1vtg< 3 > ]C+a P(@) n}dl.

Proof : By taking account of Lemma 5 and Lemma 6, we get

do = —divig [5 RC+PgR6n+Pd1Vtg ( 861:) TC:|

+ [divtg (%R) — dive, ( gR) R + diveg (Pdivth (PST‘;)) nT} ¢

By using Eq. (6) and Lemma 3 associated with the Stokes formula, and prop-
erty n’TP = n'", we obtain :

. do . do oo
0F = //st |:d1Vtg (ﬁR> — diveg < QR) R + divyg (P letg <Pﬁ>) nt

—aHnT—VtTga}Cds

0o 0o\ r do

From Lemma 2 we deduce :

do do _ (o¢\T
_NT Y — T =Y S
SR TN AR <ax> o

which proves Lemma 7.

6 Equations of motion and shape equation

The vesicle occupies domain D, with a free boundary Sy which is the membrane
surface, and S7 which belongs to the rigid surface S = 51 U Ss. S1 denotes the
footprint of D; on S, and C; is the closed edge (contact line) between S; and
S (see Fig. 1).
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We denote n; the external unit normal to S; along contact line C;. Then
denoting t; = —t, one has :

n/1=t1><1’11=1’11 X t.

The surface energy of membrane S; is denoted o. Solid surfaces S; and S
have constant surface energies denoted o1 and o2. The geometrical notations
are shown in Fig. 1.

Fig. 1 A drop lies on solid surface S = S; U Sy ; St is a free surface; n; and n are the
external unit normal vectors to S1 and St, respectively. Contact line C¢ separates S1 and
S2, t is the unit tangent vector to C¢ on S. Vectors n’1 =mny; Xt and n’ =t X n are the
binormals to Ct relatively to S and S at point A of C¢, respectively.

One can formulate the virtual work principle in the form [9,10]:
d0Ac +6A; —0E =0,

where dA, is the virtual work of external forces, d.A; is the virtual work of
inertial forces, and J§& is the variation of the total energy. The energy & is
taken in the form :

8:/// psdv—i—// O‘dS-‘r// o1ds,
Dy St S1

where specific internal energy ¢ is a function of density p. As we mentioned
before, one can also include in this dependence several scalar quantities which
are transported by the flow (specific entropy, mass fractions of surfactants,
etc.). From Lemma 2, Eq. (11) and the mass conservation law :

pdetF = pO(X)a
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we obtain the variation of the specific energy and density at fixed Lagrangian
coordinates in the form :

de = % dop with dp = —pdiv(,
p

where p is the thermodynamical pressure. Consequently, the variation of the
first term is [3,8,21]:

fff = [, e

The variation of the surface energy is given in Lemma 3. The third term is the
surface energy of S; with energy o1 per unit surface. The virtual work of the
external forces is given in the form :

5.Ae:/// prCdv—i—// TTCds—l—/ oon’T¢ds,
Dy St C

where pf is the volume external force in Dy, T is the external stress vector at
the free surface S;, and o9 n} is the line tension vector exerted on Cy. The last
term on the right-hand side comes from Lemma 3 which can be also applied

for rigid surfaces. Finally,
0A; = —/// pal ¢dv
Dy

is the virtual work of inertial force, where a is the acceleration. The virtual
work of forces applied to the material volume D; is :

5T///Dt (paT+prVTp)Cdv+//Sl (p + Hio1)nT¢ ds
[ (22 < (22 »

9]
— ding (Pdlvé (Pa—;)) nT + (p+ HO’) nT + Vzéa +TT:|CCZS
Jo

- /c { {(01 —o2)nff +on'” — n’TdiV?g (P R ) nT —n'7 _ga R} ¢
oo o¢ T
T
n” o (8){) n} dl.

As usually, H; and H are the sum of principle curvatures of surfaces S; and
S, respectively. Terms on D;, S1, S are in separable form with respect to the
field ¢. These result implies equation of motion in D; and boundary conditions
on surfaces S1, S¢ [19]. They are presented below.
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6.1 Equation of motion

We consider virtual displacements ¢ which vanish on the boundary of D;. The
fundamental lemma of virtual displacements yields :

pa+Vp=pf, (20)

which is the classical Newton law in continuum mechanics.

6.2 Condition on surface Sp

Taking account of equation of motion (20), along S7, displacement ¢ is tangent
to S1 : nT¢ = 0. Then we consider a virtual displacement ¢ vanishing on S;
and Cj. There exists a Lagrange multiplier P; such that for any ¢,

//S (p+H101 —Pl)anCds =0.

P1=p+ Hyo. (21)

This is the classical Laplace condition allowing us to obtain the normal stress
component Pin; exerted by surface 5.

Eq. (19) implies :

6.3 Ertended shape equation

Taking account of Egs. (20) and (21), for all displacement ¢ on moving mem-
brane Sy, one has from Eq. (19) :

. do . Jo
S () e (255 ) m

— divig (Pdivé( gR))n +(p+ Ho)nT + VL U+TT]Cds:O.

. . do
{p + Ho — divyg [P d1vt7;; (Pa_R)} } n

oo

do
+Vigo — diviy <6RR) + Rdiv, ( aR> +T=0. (22)

Equation (22) is the most general form of the dynamical boundary condition
on Si. Due to the fact that surface energy ¢ must be an isotropic function of
curvature tensor R, i.e. a function of two invariants H and K, we obtain (for
proof, see Appendix) that the following vector

Vigo — divé <§RR) + Rdlvtg < g;)

It implies :
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is normal to S; and consequently T writes in the form :
T=-Pn.

Here scalar P has the dimension of pressure.
One obtains from Eq. (40) (see Appendix) :

Ho — Ayga — b AygH — VEDVig H — divig (R Vigh)

g
d d
+ (2K —H?) 57— HK 52 =P —p. (23)

Relation (23) is the normal component of Eq. (22).

It is important to underline that equation (22) is only expressed in the normal
direction to S;. This is not the case when surface energy o also depends on
physico-chemical characteristics of S;, as temperature or surfactants. In this
last case, Marangoni effects can appear producing additive tangential terms
to St.

Using Eq. (1)2 and expressions of scalars a and b given by Eq. (16), we get
the extended shape equation:

do 9 00 0o do
0o . 0o
- Vg;;H Vtga—K + dlvtg (thga—K) =P —D. (24)

Equation (24) was also derived in [18] under the hypothesis (10) and the
assumption of inextensibility of the membrane. Our derivation does not use
these hypotheses. For example, the inextensibility property is not natural even
in the case of incompressible fluids (it is sufficient to compare any 3D body
with a ball having the same volume).

6.4 Helfrich’s shape equation

The Helfrich energy is given by Eq. (1). The shape equation (24) immediately
writes in the form :

UOH+§(H—H0> MK - H(H+H) -wdgH=P-p, (25

which is the classical form obtained by Helfrich 2.

2 Let us note that Helfrich considered the vesicle as an incompressible fluid. He also as-
sumed that the membrane has a total constant area. Then, the virtual work can be expressed

as
5T=///DprCdv+//S TTCdsf5//Sads+)\05//Sds+6///Dpdidev,

where the scalar Ag is a constant Lagrange multiplier and p is a distributed Lagrange
multiplier. The ’shape equation’ is similar to (25).
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7 Extended Young-Dupré condition on contact line C;
Let us denote by 6 = (n’,n}) = 7+ (n, n;) [mod 27| the Young angle between

S1 and S; (see Fig. 2). Due to the fact that C; belongs to Si, the virtual
displacement on C} is in the form :

¢ = at + fn], (26)
where a and 3 are two scalar fields defined along C;. Relation n” t = 0 implies:

n’'¢ = Bsind.

06N (96N .
(8_x) n:(&) (n] —nj)siné

But relation CTnl = 0 implies

ac\" o \"
P(a—x) “1“’(%) ¢=0
Hence,

/Ct { [(01 —oo)n)l +on'T — n'Tdivz;; (P%) nT — n’TgT:R] ¢
oo (OC\T
I S —
+n R (8x) n}dl
T
(01 — o)}l +on'T — n’TdiV?g (P&) n? — n’T@RqL sinGn’Ta—JP <8n1> ] ¢

R R oR- \ ox
T
+ sing n’Tg—IU{P (%) n’l} dl.

Moreover,

I

Taking account of Egs (20), (21), (24), we obtain : for all ¢ one has

N

OR oR OR~ \ ox

T
+sing 0T p <%> n'l} dl = 0. (27)

T
(01— o2)nf’ +on'™ —n'Tdiv, (P@) n” — n'T&R—i— Sin@n'Ta—UP (anl) 1 ¢

OR ox

Consequently, if one takes ¢ in the form ¢ = V.7, where v is any scalar field
of Dy, one obtains :

ON" _(0¢\ o (96N _ 4
() = (5) e (G) i
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/ Tangent plane to St

Tangent plane to S \
n

Fig. 2 Tangent planes to membrane S; and solid surface S7 : n; and n are the unit normal
vectors to S and St, external to the domain of the vesicle; contact line Ct is shared between
S and Sy and t is the unit tangent vector to Cy relatively to n; nj =n; x t and n=txn
are binormals to C; relatively to S and S at point A, respectively. Angle 6 = <n/, n'1>

Then, Eq. (27) implies that

. oo oo . Oo
/Ct { [(01 —o)nf +on'T — n’lev?g (Pa—R> n’ — n’Ta—RR—i— s1n9n’Ta—RP n|¢
g

+sm01{TQZI¥——}dZO. (28)

R dn1

This relation is written in separable form and implies two boundary conditions.

The first condition on line C; is :

do
infn" =P =0. 29
sinfn” = (29)
The case sinf = 0 all along C} is degenerate. We first consider the generic case
where sin 6 does not identically vanish.

7.1 Partial wetting : sinf # 0

This case corresponds to the partial wetting of the drop on surface S. Equation
(29) yields
/T@ P= n/Ta_o

IR R 0. (30)
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Equation (30) implies (see Lemma 4) :

11T _C(C _C(C _ _éC .
n [( + H >I R] =0.

Consequently, n’ is an eigenvector of R. We denote ¢,/ the associated eigen-
value c3. Then

0o H‘%:cn,@.

o7 TR T oK

Due to the fact that t is also eigenvector of R with eigenvalue ¢; = ¢; (t and
n’ form the eigenbasis of R along C;), we get H = ¢; + ¢, and

do do

From Lemma 4, Eq. (16), we immediately deduce :

diveg (Pg—;) =Via+ (@H+bH?—2bK)n" + VLbR+bVLH. (32)

Due to the fact that n’"n = 0, we obtain :

n'" div{, (Pg—;) =07 [Viga + RVigb+ bV H] =07 [Va+RVb+bVH]

Consequently, for all scalar field g,
/ [01 — 09+ ocosh+sinfn’” (Va+bVH + RVb)] Bdl = 0.
Cy

It implies the second condition on C; :
o1 — 09 +0ocosf+sindn'? (Va+bVH+RVD) = 0. (33)

This is the extended Young-Dupré condition along contact line C; between
membrane S; and solid surface S.

In the case of Helfrich’s energy given by relation (1), we obtain the extended
Young-Dupré condition (33) in the form :

o1 — 09 +ocosf+ rksindn'"VH = 0.

This last condition was previously obtained in [12].
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Normal plane to St at 4 n

Fig. 3 Set of unit vectors in the normal plane to St.

7.2 Complete wetting : sinf = 0

This case corresponds to the complete wetting of the drop on surface S (6 =
7). The case # = 0 corresponds to hydrophobic surface, without edge C;.

Consequently, for any field ¢ in form (26), Eq. (27) yields :

/Ct {(01 — 0y —0) ﬂn’Tg—IU{RC} dl = 0.

n’Tg—IU{ =n"" (aR+bR?)

Due to

and Lemma 1, we get

T 80

R n'T (aR+bHR) - bKn'"

and
HIT%CZQ(G +bH)n"R t+ B [(a+bH)n"R n} + bK].

Then for all scalar fields o and 3, one has :

/ {<01020K8—0> B+ (a erH)n/TRtoz}le.
c, 0K

It implies two conditions :

Jl—ag—J—Kaa—;(:O,
&n'TRt:O.

O0H
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From Eq. (35), we get two possible cases :

Oo
) om "

b) t and n’ are eigenvectors of R.

8 Surfaces of revolution

8.1 Shape equation for the surfaces of revolution

Meridian plane

Tangent plane to S,

Fig. 4 The case of a revolution domain. The line C; (contact edge between S; and S7)
is a circle with an axis which is the revolution axis collinear to n;. The meridian curve is
denoted I'; normal vector n and binormal vector n’ are in the meridian plane of revolution
surface St. We have n’ = e; and t = es, corresponding to the eigenvectors of the curvature
tensor R at A.

Along a revolution surface, the invariants of the curvature tensor depend only
on s which is the curvilinear abscissa of meridian curve denoted by I" [2] :

H=H(s), K=K(s).

One of the eigenvectors, denoted e, of the curvature tensor R is tangent to
meridian curve I" (see Fig. 4). Let us remark that for any function f(s), one
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has :

d d?
Vel=Te, apr=2L

Indeed, the first equation is the definition of the tangential gradient. The
second equality is obtained as follows :

divig (Z—fsel) (P& (Z_fsel)) =tr (Pds ((Cilfs ) ®e1)

2 2
=tr <Z—‘§Pe1 ®er+ci(s )%n®e1> = %
The Frénet formula was used here :
de1
E = c1n.

Also,

divig (RVig f) = divig (d_éRﬁ) = divig (d—£01e1) =7 (Cld_é) )

The shape equation (24) becomes for revolution surfaces :
Jo o 00 d*> [ 0o d*> (0o
H - K— 2K - H — | -H—|==
<" aK) ( ) om 4 <8H) ds? \ 0K

_dHd (Do d A (00NN _p
ds ds \oKk ) " ds\as\oKx )) ~ "
8.2 Extended Young—Dupré condition for surfaces of revolution

One has along C;, t = ey, n’ = e;. It implies n’” Rt = 0. Also, one has :

do  dH  db
T (Va+bVH +RVb) = d—“+bd to .

The Young — Dupré condition (33) becomes :

o1 — 09 cosf + sin 6 (d —|—bd +c db) =0.

d ds d
Since 9 9 9
ag g ag
“=am ek "=k

one finally obtains :

- 0+ sin 6 d 0o +c
01 — 09 COS S FYei

43

dH
01 — 09 cosf + k—sinf = 0.
ds

For the Helfrich energy (1) this expression yields :
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9 Conclusion

Membranes can be considered as material surfaces endowed with a surface en-
ergy density depending on the invariants of the curvature tensor : 0 = o(H, K).
By using the principle of virtual working, we derived the boundary conditions
on the moving membranes (“shape” equation) as well as two boundary con-
ditions on the contact line. In limit cases, we recover classical boundary con-
ditions. The “shape equation” and the boundary conditions are summarized
below in the non-degenerate case (see (24), (31), (33)) as :

— the equation on the moving surface S; :

do do 0

do

g
_HA _
BOK

oH

da . do
_ vg‘gH Vtga_K +d1vtg (thga—K) =P —p.

— the boundary conditions on the moving line Cj :

do Jdo

om o ="

01— 09+ o cosf +sinfn'” (Vtg <g—;{> + (HP —R) Vi, (3—;{)) =0.

The first condition on C; is a “clamping condition”, while the second one is a
dynamic generalization of the Young-Dupré condition.
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10 Appendix

Since o = o(H, K), we get :

0o 0o
vth' = a—HVtgH + a—KVth. (36)
From Eq. (16), we obtain :
divig (P%) =Vha+ (aH+bH? -20K)n" + VLOR+bVEH. (37)

Also, one has :

divig (% R) = divig (a R) + diveg (BR?).
Due to (9), one has :

divig (aR) = (Viya) R+aV,H +a (H* - 2K)n",

divg (VR?) = divig[b (HR — KP)]

=V, (0H) R+bH [VL,H+ (H* - 2K)n"| - V[, (bK) —bKHn".
Consequently,
divig (% R) = (Vigla+bH)) R (38)

+ (a+bH)V,H — V[ (bK) + (aH* + bH® — 2aK — 3bHK)n" .
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From relations (36), (37), (38), we deduce :

Vtgafdivggﬂ; <88RR> +Rd1vtg < g;) = (2&K+3bHK—aH2 — bH3) n

Using (37), one obtains :

)
Pdiv] (P%) = Viga+RVigb+ bV H
One deduces :
o)
divig [P diviy (P%)] Agga+diveg (R Vigh)+ b Agg H+V,bVigH. (39)

From relations (36), (37), (38), we deduce :

Vigo — divgf; <88RR> + Rdlvtg ( gg{)

(2aK+3bHK —aH?>-bH?)n
L0 do
6H vtgH+ aK

+RVya+ (aH+bH?-2bK)Rn+R*V, ;b + bRV, H + T =0.

Vie kK —R Vi (a+bH) — (a+bH) VigH + Vi (bK)

Using relations Rn = 0, Eq. (1)3 and expressions of a and b given by Eq.
(16), we obtain :

do do
6H vtgH+ 6K
+RVia+ (aH+bH?>—2bK)Rn+R*Vy b+ bRV, H = 0.

Vie K —RVyy(a+bH) — (a+bH) VigH + Vi (bK)

Consequently,

Vtgafdivggz <88RR> +Rd1vtg <Pg—fg{> = (2&K+3bHK—aH2 — bH3) n

Finally, using (39), one obtains :

[p+ Ho — Ayga — b AygH — Vb VigH — divig (R Vigb)
+(2aK+3bHK —aH?*-bH?)|n+T =0, (40)

where all tangential terms disappear in the boundary condition on S;.



