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Abstract

In this article we study some Kramers-Fokker-Planck operators with a polynomial
potential V(q) of degree greater than two having quadratic limiting behavior. This
work provides an accurate global subelliptic estimate for KFP operators under some
conditions imposed on the potential.
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1 Introduction and main results

The Kramers-Fokker-Planck operator reads

1
Ky =p.0, — 9,V (q).0, + 5(—Ap +p%),  (gp) € R, (1.1)

d d
where ¢ denotes the space variable, p denotes the velocity variable, z.y = Y z;y;, 2 = Y
j=1

and the potential V(q) = > V,q¢“ is a real-valued polynomial function on R¢ with d°V = r.
o|<r

There have been seve|rz‘11 works concerned with the operator Ky with diversified ap-
proaches. In this article we impose some kind of assumptions on the polynomial potential
V(q), so that the Kramers-Fokker-Planck operator Ky admits a global subelliptic estimate
and has a compact resolvent. This problem is closely related to the return to the equilibrium
for the Kramers-Fokker-Planck operator (see [HeNi|[Nie|[Nou]). As mentioned in [HerNi]
and [Nie], the analysis of Ky is also strongly linked to the one of the Witten Laplacian
Ag) = —A,+ |VV(¢)]> — AV(q). This relation yielded to the following conjecture estab-
lished by Helffer-Nier:

(14 Ky) ™' compact < (1 + A@)‘l compact . (1.2)

This conjecture has been partially resolved in simple cases (see for example [HeNi|, [HerNi]
and [Li]), whereas for the operator Agg) very general criteria of compactness work for poly-
nomial potiential V(q) of arbitrary degree. These last criteria require an analysis of the
degeneracies at infinity of the potential and rely on extremely sophisticated tools of hypoel-
lipticity developed by Helffer and Nourrigat in the 1980’s (see [HeNo], [Nie]). Among the
particularities of these last analysis, we mention that the compactness results obtained for
degenerate potentials at infiniy were not the same for AS?‘)/ as A(P‘)/. The typical example

which was considered is the case V(q1,q2) = ¢3¢3 in dimension d = 2: The operator A(_O‘)/ has

a compact resolvent, while Af‘), has not.

In the case of the Kramers-Fokker-Planck operator, there have been extensive works
concerned with the case d°V < 2 (see [Hor|[HiPr][Vio|[Viol][AlVi][BNV]). Nevertheless, as
far as general potential is concerned, different kind of sufficient conditions on V' (¢) had been
examined by Hérau-Nier [HerNi|, Helffer-Nier [HeNi], Villani [Vil] and Wei-Xi Li [Li]. These
first results considered only variants of the elliptic situation at the infinity ( for non-degenerate
potential), which did not distinguish the sign +V'(¢). Lately a significant improvement of
those works has been done by Wei-Xi Li [Li2] based on some multipliers methods. In [Li2],
Wei-Xi Li showed that for potentials similar to V (g1, q2) = ¢7¢3 the results for K.y were the
same as for Ai)‘)/, thus comforting the idea that the conjecture (1.2) is true.

The ultimate goal would be to develop a complete recurrence with respect to d°V for the
Kramers-Fokker-Planck operator like it is possible to do for the Witten Laplacian as recalled
in [HeNi] (cf. Teorem 10.16 page 106) and [Nie] by following the general approach of Helffer-
Nourrigat in [HeNo| and [Nou]. Although we are not able to write a complete induction, we
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establish here subelliptic estimates for Ky for a rather general class of polynomial potentials
with criteria which distinguish clearly the sign £V (¢). The asymtotic behaviour of those
polynomials is governed by at most quadratic parameter dependent potentials, and the global
subelliptic estimates in which arise some logarithmic weights are know to be essentially
optimal in the quadratic case (see [BNV]).

Denoting

1
OP = §(D;2) +p2> )
and
XV = p.aq - 8qV(q).8p y

we can rewrite the Kramers-Fokker-Planck operator Ky defined in (1.1) as Ky = Xy + O, .
Notations: Throughout the paper we use the notation

()= VIFTP.

For an arbitrary polynomial V (q) of degree r, we denote for all ¢ € R?

Trov(e) = Y, va),

veSpec(Hess V')
v>0

T vig=— >  vg).

veSpec(Hess V)
v<0

Futhermore, for a polynomial P € E, := {P € R[Xy,..., X4, d°P < r} and all natural num-
ber n € {1,...,r}, we define the functions R;" : R? — R and R3" : R — R by

R ()= 3 |oePg)|™ (1.3)

n<la|<r

R"(q) =Y 00 P(q)|™ | (1.4)

|a|=n
For arbitrary real functions A and B, we make also use of the following notation
AxB <= Jc>1:c"|B|<|A| <c|B| .

This work is essentially based on the recent publication by Ben Said, Nier, and Viola [BNV],
which deals with the analysis of Kramers-Fokker-Planck operators with polynomials of degree
less than 3. In this case we define the constants Ay and By by

Ay = max{(1 + Try )31+ Tr_v},
a3 1+Try
"log(2 + Tr_v)?

}.

By = max{min |V V(q)|
qER4



As proved in [BNV], there is a constant ¢ > 0 such that the following global subelliptic
estimate with remainder

| Kvull 72 geay + Avllull 72 gea) > C<||Opu||%2(R2d) + 1 Xvull 22 geay
1600V (@)l sy + I1D0)*ull o))
(1.5)

holds for all u € C°(R?*?). Moreover, if V does not have any local minimum, that is if
Tr_y + min |V V(q)| # 0, there exists a constant ¢ > 0 such that
geR

1yl 72 gea) = € By llull72oay (1.6)

holds for all u € Cg°(R?*?). Hence combining (1.6) and (1.5), there is a constant ¢ > 0 so that

&
1 (109l gasy + X002 gy

[ Ky ull72gea > T4
Vv

+ 1404V (@)l aay + H(Dq>2/3uHL2(R2d)) (1.7)

is valid for all u € C5°(IR??). The constants appearing in (1.5), (1.6) and (1.7) are independent
of the potential V. We recall here that for a smooth potential V' € C*(R?), our operator Ky is
essential maximal accretive when endowed with the domain C§°(R??) [HeNi| (cf. Proposition
5.5 page 44). As a result the domain of its closure is given by

D(Ky) = {u e L*(R*), Kyu e L*(R*)} .

Consequently by density of C°(R??) in D(Ky) all estimates stated in this paper, which are
checked with Cg°(R??) functions, can be extended to the domain of Ky .

Given a polynomial V(g) with degree r greater than two, our result will require the
following assumption after setting for x > 0

5(k) = {a € RY, [9V(9)[S = k( [Hess V(o) + Ry () +1) } .

Assumption 1. There ezist large constants kg, C1, > 1 such that for all k > Kg the polynomial
V(q) satisfies the following properties

1
Tr_y(q) > aTr+,V(q) , for all g € R\ X(k) with |q| > C} , (1.8)
1

moreover if R\ X(k) is not bounded

R, (q)*
lim —Y- _——0. (1.9)
q@g{j\z(’i) |Hess V(q)|
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Our main result is the following.

Theorem 1.1. Let V(q) be a polynomial of degree r greater than two verifying Assumption 1.
Then there ezists a strictly positive constant Cyy > 1 (depending on V') such that

1 2
IKvull7 + Cvllulli > C—V<||L(0p)UII2L2 +ILUVV (q)) 3 )ullZ:

+ | L({Hess V(@) Dullfa + |L(D) Pl )
(1.10)

holds for all w € D(Ky ) where L(s) = lo;(—:il) for any s > 1.

Corollary 1.2. If V(q) is polynomial of degree greater than two that satisfies Assumption 1,
then the Kramers-Fokker-Planck operator Ky has a compact resolvent.

Proof. Proof of Corollary 1.2
Assume 0 < § < 1. Define the functions f5 : R? — R by

fila) = [VV (@30 + [Hess V(q) '
From (1.10) in Theorem 1.1 there is a constant Cy > 1 such that
1 2
IRyl + Colluli > o (o foud + N, + U0 ul:)
holds for all u € C§°(R?*?) and all § € (0,1). In order to prove that the operator Ky has a

compact resolvent it is sufficient to show that liin fs(q) = +oc.
q—+00

To do so, assume A > 0 and denote xk = A5 If q € 3(k), one has
IVV ()50 > k10 = 4.

Else if ¢ € R4\ X(k) by (1.9) in Assumption 1, (}H{}O |Hess V(q)| = +o0o. Hence there exists
q€RN\X(r)
a constant i > 0 such that [Hess V(q)|'™° > A for all ¢ € R?\ X(k) with |¢| > n.
[

Remark 1.3. The results of Theorem 1.1 and Corollary 1.2 can be extended in the case when
V = Vj + Vu where Vy is polynomial satisfying Assumption 1 and Vs is a function in S(RY).

2 Preliminary results

This work is essentially based on two main strategies. The first one consists in the use of
a partition of unity which is the most important tool that allows one to pass from local to
global estimates.



In this paper, given a polynomial V' (q) we make use of a locally finite partition of unity
with respect to the position variable ¢ € R?

> =Y (R @) e —a) =1 (2.1)

jeN jeN
where
supp X; C B(gj,a) and X; =1in  B(g;,b)

for some ¢; € R? with 0 < b < a independent of j € N. Such a partition is described more
precisely in Lemma A.7 after taking n = 3. In our study introducing this partition yields to
errors to be well controlled.

The second approach lies in the decomposition of the operator Ky onto two parts so that
the first one be a Kramers-Fokker-Planck operator with polynomial potential of degree less
than three. On this way, based on [BNV], we derive the result of Theorem 1.1.

In order to prove Theorem 1.1 we need the following basic lemmas.

Lemma 2.1. Assume V € FE, with degree r € N. Consider the Kramers-Fokker-Planck
operator Ky defined as in (1.1). For a locally finite partition of unity namely Y~ x3(q) = 1
jEN

one has
1K vul3agen = > 1Ky () 1 32men) — | (POgx;) |3 moa - (2.2)
jEN

for all u € C°(R*).
In particular when the degree of V' is larger than two and the cutoff functions x; have the
form (2.1), there exists a constant cq > 0 (depending on the dimension d) so that

||KVU||L2 (R2d) = Z [ v (xyu )HL2 (R2d) — CdRV (QJ) ||pX]u||L2 R2d) > (2.3)
jeN

holds for all u € C3°(R*).
Proof. First let V € E, with r € N is the degree of V. Assume that u € C5°(R??). On the one
hand,
| Kyul|7: = Z(Kvu,xiK‘/u) = Z(u KVXJKVU> .
jEN jEN

On the other hand,

Do IEvOGulie =Y (u s KvKvxgu) -

jEN jEN
Putting the above equalities together

IKvulze =Y IHEv(Gu)llze = ) (u, (KixGEy — ;Ko Kvxg)u) -

jeN JeN



Using commutators, we compute
KyxiKv = Koxglxg, Kv ]+ Kyxg Kvx;
= Kyx;[xg, Kv ] + [ Ky, x5 [ Kvxg + XKV Kvx;
= Kyx;[xg, Kv]+ [Kx*/an]GKjo] +XjKV> + X By Evx; -
Thus
KyxiKy — Ky Kvxg = Koxg xg, Kv ]+ [ Ky x5 G Ky + [, xg o [ Ky, x] -

Now it is easy to check the following commutation relations

X5, Kv] = —=[Kv,x;] = =[P4, x;(q)] = —pIyx;
[ K, x5 ) = [—P0q x;(q) | = —pOyx;
[ K, x;] o [Kv,x;] = —(pd,x;)?

Collecting the terms, we obtain

D (ELGKy = B Evxg) = ) Kixg (=p0xs) + (—pdgx;) X Ky — (09,x;)°
jEN jEN

—ZKV( ) = 00,1 Ky~ ()

= —(p0yx;)*
where in the last line we make use simply » x5(¢) = 1.
jeN
From this follows immediately the identity

IEvulze = > (IEvGu) 2 = [ pd)ull:)
jEN
for all u € C§°(R??).
Next, suppose that the degree of V' is greater than two and x;(q) = X; <R‘Z/3 (qj)*l(q—qj)>
for all index j and any ¢ € R? with
supp x; C B(gj,a) and X; =1in B(qg;,b) .

Then we can write

Z 1(pDgx;)ull® = ZZ 1(pDax;) x5l

jeN jEN j/eN

>3
<cay Ry (g)llpxul®

jeN

where ¢, is a constant that depends only on the dimension d. Here the last inequality is due
to the fact that for each index j there are finitely many j’ such that (J,x;)x;’ is nonzero. [
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Before stating the following lemma, we fix and remind some notations.

Notations 2.2. Let V' be a polynomial of degree r larger than two. Consider a locally finite

partition of unity X?(q) =1 described as in (2.1).
jEN
Set for all kK > 0

J(k) = {j € N, such that supp x; C E(H)} 5

where we recall that

4
3

(k) = {q e R |[VV(q)|® > /<a< Hess V(q)| + Ry, (¢)* + 1)} :

For a given k > 0 and all index 7 € N, let Vf be the polynomial of degree less than three
given by

0°V(q)) e
Vi = ), a0, (2.4)
0<]al<2 '
where
¢ = 4 ifj € J(r)
q; € (supp x;) N (]Rd \ Z(Ii)) else.

Lemma 2.3. Assume V' a polynomaial of degree r larger than two. Consider a locally finite
partion of unity described as in (2.1). For a multi-index o« € N¢ of length || € {1,2} and
all 7 € N, one has

la

95V (q) = 05 V()| < car (BY () (2.5)

for any q € supp x; = B(q;, aRy’ (¢;)7"), where caqr = 5. Bl a1l

3<IBI<r
As a consequence, if V' satisfies Assumption 1, there exists a large constant k1 > Ko S0

that for all Kk > Ky
o if j€ J(K)

27110,V (q)] <10,V ()] <210,V (q)| for every q € supp x; , (2.6)
oif j & J(k)
27" [Hess V(q)| < |Hess V(q)| < 2 |Hess V7 (q)] , (2.7)

for any q € supp x; with |q| > Ca(k) where Co(k) > 0 is a large constant that depends on k.



Proof. Let V be a polynomial of degree r greater than two. In this proof we are going to
need the following equivalence

Ry (q) = Ry (¢) (2.8)

satisfied for all ¢,¢" € supp x; and proved in Lemma A.5. That is there is a constant C' > 1
such that for every ¢, ¢ € supp x;,

(gg((;)))ﬂ <C. (2.9)

Assume a € N¢ of length |a| € {1,2}. For every j € N, observe that

v Vil = | S V- g)

IA

3<|BI<r
B>a

! / / —|o
> ﬁ}f)’quﬂ\ g =g "

for any ¢ € R Hence regarding the equivalence (2.9), there exists a constant cy g, > 0
(depending as well on the multi-index «, the dimesion d and the degree r of V') so that

o (B @) (er )

V@ -Vl < Y o

3<|81<r
B>a

< Z ﬁaﬂHla(R;i(q;))al

3<|B1<r
B>a

let]
< caar(BV () (2.10)

holds for all ¢ in the support of x;, where ¢4, = >, B! a~lPlFlel.

3<BI<r
In the rest of the proof, let the polynomial V(q) satisfies Assumption 1. In vue of (2.10),
we get when |a] =1

IVV(q) = VV2(q)| < crar Ry (d) (2.11)

for all j € N and any ¢ € supp x;j, where ¢1 4, = >, f! a” 1P+l Given k > Ky, assume first
3<BI<r

that j € J(k). By virtue of the equivalence (2.9), it results from (2.11)

IVV(q) — VV2(q)| < ¢1,4,C Ry () , (2.12)



for every ¢ € supp x;. Then we obtain

=

VV(g) - VV2(g)| < 24 1oy (g)

[{4

< 248 19y () (2.13)

K4

for all ¢ € supp yx;. For the above second inequality we know that |VV(q)| > 1 for every
q € supp Y, indeed since j € J(k),

3
IVV(Q)| > ki >kt >1.

cldr

Taking the constant xk; > K such that <53 1 we get for every k > K

K

"'»N»—‘

1
V(@) = [VVE(@)l| < [VV(g) = VVF(9)] < 5IVV(9)]
for any ¢ € supp x; when j € J(x). Therefore
1 3
SV @ <[VV(9) < SIVVE(a)
holds for all ¢ € supp x; when j € J(k).

On the other hand when |a| = 2, by (2.10) and (2.9) there is a constant cg 4, > 0 so that
forall j € N

o 1o 23
05V () = 93V (a)| < 2,4,C* Ry (q)° - (2.14)
holds for every ¢ € supp x;, where coq, = >, f! a 1P+2. Given k > K, assume now
3<IBI<r

j & J(k). Using the fact that R;’(¢) > R5"(0) for every ¢ € R%, we derive from (2.14) that

Ry (¢)*
e’ _ qays2 < 2V
|aq V(Q) aq V ( )| Co.d rc R‘_/ (0)2 )

for all ¢ € supp x;.
Assuming k > kg and j ¢ J(k), we obtain using the previous inequality and applying
Lemma B.6

S iavial- X @l < X 105via) - 05| < lfess Vo)

|a|=2 |a|=2 |a|=2

for any ¢ € supp x; with |g| > Cy(k) where Cy(k) is a strictly positive large constant
depending on x . In other words,

1 3
* Hess V7 (q)] < [Hess V(g)] < 5[Hess V(g)
holds for all ¢ € supp x; with |¢| > Cy(k) and j ¢ J(k). O
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Lemma 2.4. Given two positive operators A and B such that
lull® < (u, Au) < {u, Bu)

for all u € D where D is dense in D(AY?), one has

Ao B0
" Tog(amrE ! = Glog(meorme ! 21
for allu € D, any oy € [0, 1] and every natural number k.
Proof. Assume that A, B are two positive operators so that
|ul|? < (u, Au) < (u, Bu) , (2.16)

holds for all u € D. Referring to [Sim] (see Proposition 6.7 and Example 6.8), for any positive
operator C' and every a € (0,1) we can write

. “+o00
co 2sm(7roz) / wa,1(0+ w)*lde ) (217)
™ 0
From (2.16) and (2.17)
ull < (u, A%) < (u, B*) . (2.18)

for any u € D and every « € [0,1].
Furthermore, for any positive operator C' with domain D(C') we define its logarithm for

all u € D(C) by

c*—1
1 =1 2.1
(u, log(C)u) = lim (u, ——u) , (2.19)
where the operator C® is given in (2.17).
Using (2.16) and (2.19)
ul|? < (u,log(A)u) < (u,log(B)u) , (2.20)

holds for all u € D. Integrating (2.18) with respect to a over [0, o] where o € [0, 1] we get

1 @ _ Nu U ! @ _ Nu
Furthermore by (2.20)
1 1 )
(u, log(B)u> < (u, log(A)u> < lu||* - (2.22)

11



Therefore from (2.21) and (2.22)

Aao Bo
gy = 1 Tog(B)

holds for any aq € [0,1]. Then by induction on k € N, we obtain

AOéo B@o
 Tog(ANF" = Tog(BF "

IN

for all oy € [0, 1] and every natural number k. Or equivalently

Aao Bxo
" Togtammyr! = " Tiog(mrmrme !

for every o € [0, 1], k£ € N.

O
Lemma 2.5. Assume V(q) a polynomial of degree greater than two. Let %X?(q) be a locally
je
finite partition of unity defined as in (2.1).
There 1s a constant ¢ > 0 such that
(u,(1+ D2+ Ry (9))u) < Y (u,x;(1+ D2 + Ry (¢)))*xu) (2.23)
jEN
is valid for all u € C°(R*?) and any o € [0, 1].
As a consequence, there exists a constant ¢ > 0 so that
2 23 0 y\dy L 2 1 2 23 4\ 1 2
SoIL((1+ D2+ Ry @) )xull® = <L (A + D2+ RS (@) )l (224)

jEN
holds for all u € C°(R??), where L(s) = ﬁ for all s > 1.

Proof. We first set Ey = L*(R??) and F, = {u e LAR™), (u, (1 — Aj+ R, (¢)"u) < —i—oo}

endowed respectively with the norms ||« ||z, = || - || r2(r2dy and | - ||z, defined as follows for all
u € L*(R*)
>3
ullz, = llull7z@ee) + 1DgullZ2gea) + [ Ry (0)*u| 22 g0

>3
= (11 = Ag + By (@)") 2 ull 22 gen -

By Simader theorem (which states that if W € C>®(RY) and —A + W (x) is a symetric non
negative operator on C3°(R?) then —A + W (x) is essentially self adjoint on C5°(RY)), the
operator 1 — A, + Ji"z/—g(q)4 is essentially self adjoint on C§°(R??) and hence FE; corresponds to
the spectrally defined subspace of L?(R??).

12



Given a partition of unity as in (2.1), define the linear map
T: Ey — (LR, w (u)jen = (xju)jen »

and denote Iy := Im T'. Notice that T": £y — Fj is a unitary isometry. Indeed for all u € Fj,

1Tullz, =D Ixsullze = llullze = llull, | (2.25)
JEN
further the inverse map of T is well defined by
Til . Fo — E(), (uj)jGN = U= ZXjuj .
jEN
Now introduce the set
By = {(Uj)jeN € Fo, Y (uj, (1= Ag+ Ry (¢))uy) < +00} :
jEN

with its associated norm defined for all (u;);jen € F1 by

>3
N Cusiently = D2 (Il 3aqeany + 1Dt 2aqgan) + 1 BY (0)) %130 a00))

jJEeN
>3
= > (1= Ay + Ry (a)") P13 g24) -
JEN

Assume u € Ey. For all j € N, let q} € supp x;. Observe that

T3, — lal3, | = 1> (ug, (1= Ay + Ry (g))wg) — (u, (1= Ay + Ry (9))u)|

JEN

= > g, —Agug) — (u,—Agu) + > (uy, (Ry ()" = Ry (0)*)uy)]
JEN jeN

<Y Gug = Agug) — (u, =D + Y (ug, |RY (6)* — Ry (q) ) -
jeN jeN

(2.26)

Since we are dealing with cutoff functions satisfying 3 |Vx;|*> < ¢ Ry’ (¢)* and owning to
jeN
the equivalence R, (q) = R‘Z,S(q;) for all ¢ € supp x;, it follows from (2.26)

>3
I1TulF, — el < e (ug, Ry (6)) ) < el Tull,
JEN

and

>3
1Tl — ull,| < i, By () u) < cillull, |

13



where ¢y, ¢} are two strictly positive constants. As a result
1
WHUHPA < | Tullp < V(e +Dlulle - (2.27)
1

In view of (2.25) and (2.27), we conclude by interpolation that for all « € [0, 1]
T:E,— F,,

verifies || Tz, ry < ¢ and [|[T7Y|z(p, p) < ¢, where E, and F, are two interpolated
spaces endowed respectively with the norms

>3 a
lullz, = (1 = Ay + Ry (0))*2ull o)

and

>3 a
[(vs)jenllF, = Z (1= Ay + Ry (%)4) /2uj||L2(R2d) .

jeN

Hence there is a constant ¢ > 0 so that
(u, (1 + Dg + R‘Z/B(q)‘l)o‘u) < cZ(u, x;(1+ Dg + R{z/g (q})‘l)axju) , (2.28)
jeN

holds for all u € C5°(R?*?) and any « € [0, 1]. In order to prove (2.24), repeat the same process
as in Lemma 2.4. Starting with

) < (u, (1+ D2+ By (@))7u) < ¢ {u,x;(1+ D2 + Ry () xsu) (2.29)
JeN

for all u € C§°(R?%) and any « € [0, 1], remark that when integrating over o € [0, 2] we can
interchange the sum and the integral in the left hand side of (2.29) since the partition of
unity is locally finite.

This completes the proof. O

3 Proof of Theorem 1.1

In this section we present the proof of Theorem 1.1. In the sequel for a given polynomial
V(q) with degree r greater than two, we always use a locally finite partition of unity

D (@)= X (Rv %) (q—qj)>:1,
jEN JEN

where
supp X; C B(gj,a) and x; =1in B(g;,b)

for some ¢; € R? with 0 < b < a independent of the natural numbers j, defined more
specifically as in Lemma A.7 with n = 3.
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Proof. Let V(q) be a polynomial with degree larger than two that satisfies Assumption 1.
Assume u € C5°(R*?). In the whole proof we denote u; = x;u for all natural number j.
From Lemma 2.1 we get

>3
IKvullfaggan > Y IKvul[Eaggan — caRy () 1pullZ2gees - (3.1)
jEN

Given kK > Ko, set
J(k) = {j € N, such that supp x; C E(/@)} .
For all index 5 € N, let Vj2 be the polynomial of degree less than three given by

TV ()

Vig = Y L= o (a—d)”,
0<|a|<2 ’
where
q; = if j € J(k)
q; € (supp x;) N (Rd \ Z(K)) else.

We associate with each polynomial ‘/}2 the Kramers-Fokker-Planck operator K V2. Observe
that using the parallelogram law 2(||z||* + ||y||*) — ||z + y||* = ||« — y||* > 0, |

Z ||KVUJHL2 (R2d) = Z ||Kv2uj KV - KVQ)UJ||L2 (R24)

jeN jeN

1
Z 5 D K vl Fageaa — 1YV (a) = VVE(@) D551 72 20y (3-2)

jeN

On the other hand, by (2.5) in Lemma 2.3

Y I(VV(a) = VVH@) w32y < crar Ry (6)* 10505072 gaa) - (3-3)

JEN JjEN

Combining (3.1), (3.2) and (3.3) we get immediately

1 >3 >3
HKVUH2L2(R2d) = 9 Z ”KV]?U“J'H%Q(RM) — crarBy (%)ﬂ@p“j”i?(n@?d) — calty (qj)2||puj||iQ(RQd)
jeEN

Therefore, making use of the equivalence (A.5), it follows

1 >3
HKVu”%Z(RZd) 2 ) Z HKVJ?UJ'H%%RM) — ¢y Ry (%‘)2(“3” Optj) L2(m24) (3.4)
jEN

15



where ¢, = 2(ci 4, + ca).
Using respectively the Cauchy Schwarz inequality then the Cauchy inequality with epsilon
(for any real numbers a,b and all € > 0, ab < ea® + £b%),

>3 >3
Cfi,er (q;-)g(uj, Opu;) = C/d,er (qj)zRe<uj, vazuj>

>3
< g By ()] - 1 By

/ 23 1\2 2 2 1 2
< (i (@)% Thusl + 5 1 Ev2us ]
Putting the above estimate and (3.4) together we obtain
1Kvul® > I vz 1” = () Ry (6)) s (3.5)
jeN

From now on assume k > k1, where k1 > kg is introduced in Lemma 2.3. Remember as
well that the constants Ci,Cs(k) are given respectively in Assumption 1 (see (1.8)) and
Lemma 2.3 (see (2.7)). By introducing C'(k) > max(Cy, Cy(k)), which will be fixed later, we
set for each k,

I(k) = {j € N, such that supp x; C {q € Rd, lq| > C(“)} } :

The rest of the proof is divided into three steps. The first one is devoted to the control of
the terms in the the left hand side of (3.5) for which j € I(k) for some large k > kg to be
chosen. At the end of the first step the constants x > k1 and C(k) > max(Cy, Cy(k)) will be
fixed. So on, the second step is concerned with the remaining terms for which the support
of the cutoff functions x; are included in some closed ball B(0, C’(x)). We finally sum up all
the terms and refer to Lemma 2.5 after some elementary optimization trick in the last step.

Step 1, j € I(k), K > k1 to be fixed: As proved in [BNV], there is a constant ¢ > 0 such
that for all j € I(k)

Kyl + Avallus? = e(110pu 12 + 10,V (@) sl + 1D usl) . (3.6)
where

AVJ? = max{(1 + Tr+7vjz)2/3, 1+ Tr_’vf}
= max{(1 + Tr+7v(q§))2/3, 1+ TI"—,V(CI;')} .

Hence there is a constant C' > 0 so that
1Kz + (1 + 1008wy = C<|!0puj|!2 + €0,V (q))* Py

+ DY s+ 10CE s 12) . (3.7)

16



where we use the notation ¢; = 2(Hess V/(¢}))!/* in the whole of the proof.

Recall that as mentioned in [BNV], the constant ¢ in (3.6) does not depend on the
polynomial V;? and then so is the constant C' in (3.7).
Now for all index j € I(k) we distinguish two cases: either j € J(k) or j &€ J(k).
Case 1. Assume j € J(k). Then taking into account the inequality (2.6) in Lemma 2.3 and
using the estimate (3.7) we obtain

| Kyl + (141000 sl = € (110512 + 110,V (@) s
KD ul 4+ 10 2) , (3.8)

Furthermore, since for all index j € N the quantity R, (¢})? is always greater than [Hess V(q})|,
there exists a constant ¢; > 0 so that for every j € J(k),

t;% = 16(Hess V(qé)) < Cd<R\_/2(q;')2> :

Using the fact that the metric Ry, (q) dg? is R, (¢) dg® slow (see Definition (A.2) and Lemma A.5),
it follows

t! < ca(Ry (9)%)

for every g € supp x;. Hence there is a constant ¢, > 0 (depending on the dimension d) such
that

< el S 1V@IF + B (@) )

|a=2

< 3eal(Y 105V (@) ™) + By (a)?)

|af=2

< ¢([Hess V(q)| + By (9)?)

holds for any ¢ € supp x;. Or since for every ¢ € R? on has R?;’ (q) > Ry7(0) , we derive
from the previous estimate that for any ¢ € supp x;,

t7 < cj(|Hess V(q)| +

< 4 max(1, B=(0)"2)(0,V (9))

[V
—~
@
=)
~—

K
Collecting the estimates (3.8) and (3.9), we get for kK > K,

)

c NP 2
[y 2] + (1 + 100)?61 max(L, Ry"(0) )0,V (q)) 2y |

> C (105, 17 + 140,V (@) |12 + (DY | + 108 s 1)

17



Choosing ko > k1 so that

¢ > (1 4 100) 2 max(1, R;"(0)72)
2 K9
the following inequality
1
[ Kyou;* > C(|!Opuj|!2 + 5140V (@)1 + [[(Dg)* | + 10t§f||uj!|2> , (3.10)

holds for all j € J(k) with kK > ks.
Or since j € J(k), there is a constant ¢; > 0 so that

OV (@) > erfHess V(i) (3.11)

holds for all ¢ € supp x;. In addition, using the equivalence (A.5) it follows

1

2 > ek Ry (q)t > R‘z,g(q;)4 : (3.12)

<aqV(Q>>

for any ¢ € supp ;.
Putting (3.10), (3.11) and (3.12) together,

1
[yl = C (10wl + 140,V (@) us |2 4 (D) s |
o eall(Hess V()2 2 + i By (0)) sl + 10205017 - (3.13)

holds for all kK > k.

Case 2. Assume j ¢ J(k), with k > kg > K1 > K. Hence by Assumption 1 (see (1.8)), one
has
Tr_y(q) #0 for all ¢ € (supp x;) N (R%\ B(x)) such that |q| > C; .

In particular, since |qj| > C(x) > Ci,

Tr_ye = Tr_v(q;) #0.
Then referring again to [BNV],

Kol = ¢ Byallugl? |

where

B in [VV2(q)|4/3 Lo
vz = max ((Illgg}ﬂ J (q)| ! log(2 + Tr_,vj_2)2>

1+ Tr_v(q)
_ : V2 4/3 ) J
max (;2]%% ’V j (q)l ) 10g<2 4+ Tr,’v<q;»))2

);éo.
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Hence we get in particular

gt s 1)
Vit _log(2—|—Tr,,V(q;-))

Using again the condition (1.8) in Assumption 1, there is a constant C'; > 1 so that

Mgl (3.14)

1 1
§TT—,v(q;) > Q_ClTr+’V(q9) ;
holds, which in turn implies
1 1 1
Trv(q;) > §TL,V(Q}) + 2—CITY+,V((J§) > 2—CI(TY—,V(<J;) + Tryv(qy)) (3.15)

Then it follows from (3.14) and (3.15)

\/1 + [Hess V' (q})|
log(2 + [Hess V' (q;)|)

1K y2u* > ug|* (3.16)

By Assumption 1 (see condition (1.9)) and (3.16), applying Lemma B.6, there is § € (0,1)
and Ax (o), limy, o0 Axyx)(0) = 400 such that

1 + [Hess V(q;)|
log(2 + [Hess V(q})[)?> — 2209

(14 [Hess V(g))'~?

1
> —{Hess V()
Ase(Ig) oo

Asi)(C(K)) >3
> =R () = R ()
Therefore we get from the above inequality and (3.16),
>3
1y2u; 1 = Ase (C(R) Ry () lus | - (3.17)

Next, remind that ¢; = 2(Hess V(¢}))"/*. By (2.7) in Lemma 2.3, the equivalence
t; =< 2(Hess V(q))"/* | (3.18)
holds for any ¢ € supp x; with |q| > C(k) > Cs(x). From (3.7) and (3.18) we see that
[Kv2us )| + (14 10C) 85 Jus||* > C<”OpujH2 + [[(Hess V(g))"/?uy?
DY s + 90w |P) . (3.19)
Since j ¢ J(k)

>3 ]_ 4
[Hess V(q)| + Ry ()" +1 > —IVV(a)ls (3.20)
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for all ¢ € supp x;. Furthermore, it results by Lemma B.6 that for all ¢ € supp x; (where

Jj & J(r))

> 3
Hess V(q)| + Ry (¢)* + 1 < §]Hess V(g)| - (3.21)
From (3.20) and (3.21) we get
Hess V()| 2 o WV @I [Hess Vo) 25 2 5
ess V()| 2 o q : ess V(g 232 o

Hence there exists a constant ¢” > 0 such that
(Hess V(q)) >

for any ¢ € supp x; with |¢| > C(k) > Ca(k).
The above inequality combined with (3.19) leads to

[y 2wl + (1 + 10C) 5] us ||* > C(HOpujll2 + 14D 5| + 9ty |

c’ 1
+ EH@qV((J)WBUjHQ + 5 [(Hess V(Q)>1/2uj\!2> ,
(3.22)

for all kK > ko
Collecting the estimates (3.22) and (3.16) we get

log(t])|| Kyzuy||* = C7 (||Opuj||2 + [{Dg)*uj|1* + 9t |uy >
" 1
+ OV @)+ L Hess Vi) Py ?) (329

In order to reduce the written expressions we denote

O, (Hess V(q))'/? 0,V (q))¥? t;
=T, Noyj= 1 y Mgy = A=
log(t}) log(t}) log(t})

The estimate (3.23) can be rewritten as follows

Kl = & (Al + S8awl + o sl + s l? + 1422 )

(3.24)
Using (3.24) and (3.17) we obtain

7 7 1 c,/
(1+C")[[ Kyeus|* = € <||A1,j“j||2 + Sl 4 Sl As sl + Ol Ay

H <DQ>2/3
log(t7)

il + Ao (CONRE (@) )
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Therefore in both cases, that is for all j € I(k) where kK > ko

1
1K y2uy]f* > O <||A1,juj|f2 18055 [ + — 1A gl + Aoy
(Dg)**
1og(t;¥)

Due to the elementary inequality u*/®4v* > %(u2 +01)?/3 satisfied for all u,v > 1, we obtain
for all kK > ko

|| <DQ>2/3
log(})

I P+ min (5, Aso(C(0) ) By (6)) s 12) - (3.25)

>3

> 1
v (@) lus|1* = aHAajujIV : (3.26)

1
uj||* + = min (&, Ao (C(K)) | R
2

where
> 1
(1+ D2+ Ry (¢)Y)s
log(t7) '

In conclusion, we get by (3.25) and (3.26) for every j € I(k) with kK > ko

A5y =

1
1Ky 2u* > O <||A1,juj||2 1250517 + — 1 Ag a1 + A 1
1 5 1 . 230 /\4 2
Mgl + 5 min (1, Aso (C00) ) B3 () )

We now fix the choice firstly of C(x) and secondly of x. Because lim,_, o Asyx)(0) = +00,
we can choose for any k > ko, C'(k) > max(Ch, Ca(k)) such that Ax.)(C(k)) > . We then
choose kK = k3 > ko such that

B

. OBk
. (“3,/\2(%3)(/@3)) =5 =),
8 8
where ¢}, is the constant in (3.5),
1 >3 c®)
> ZHKVJ-QUHZ — (i) * Ry (g)) w1 > = > (HAl,jujHQ + (| Ag
J€I(k3) jE€I(K3)
1 1
Al + g+ —[As s ]?) -
K3 Co
(3.27)
Step 2, j & I(k3): The set N\ I(k3) is now a fixed finite set and we can define
CW = max |Ap+ sup ((Hess V(q)) + <3qV(q))4/3>
JEN\I(r3) 7 qEsuppy;
t4
7 1 / 2 1 RZS ! 4
g (1 €0+ B )
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From the lower bound (1.5) we deduce

1 >3 C >3
Z|\va2uj|!+0(4)Huj||2—(ciz,r)2Rv (@) *lugl* > 1 [10p; 117 + 1{Dg)*u[IP] +(14+ Ry (¢))* s
+2
+ 1100V (@))* Py + [[(Hess V(g))uyl* + |- w1
log(t})

With the quantities

0 (HesV@) (Vi)
Ly log(t;*)’ 2 log(t;*) ’ 3 log t;*) ’
>3 1
LB DR
4 log(t;*) ’ 5 log(t;*)

where t; > 2 we deduce

1 >3
> Kl = (2R (@) s+ Oy
J¢1(k3)
OO 37 (gl + Az 2+
J¢1(ks3)

[Asgusll? + [ Aagusl? + = A5 us]1?), (3.28)

1 ’ 1
R3 Co

Collecting (3.5), (3.27) and (3.28), there exists a positive constant C®) > 1 depending on V/
such that

1
IKvullfz + COullf> > 180l > <||A1,juj||2 + Ay * 4 (1A 12

jJeN

gl + 1A gugl?) - (3.29)

Step 3. In this final step, set L(s) = —— for all s > 1. Notice that there exists a constant

log(s+1)
¢ > 0 such that for all z > 1,
inf—" 41> L)
—L(z) .
22 log(t) T
In view of the above estimate,
1 1 A2
A ||+ S| Agui|]? > = | s+t dpg, (A
Il Gl® 2 G o 4 di, )
1 A
= t) 2 d . (A
_8/<10g(tj>+ ]) /“LJ( )
1
> — | L(Op)u;®
C3



Summing over j, we obtain the first term in the desired estimation (1.10). Likewise for the
second term

1 1
A5 jus]|* + Z\|A4,juj||2 > a||L(<aqV(Q)>2/3)uj||2 7

with
D L0V (@) yus > = [ L0,V (9))**)ul” -

jeN
To obtain the third term in (1.10) write samely
1 1

1As s [ + 7 1A e = o IIE((Hess V(a)'*)usl?

with
> I L((Hess V(9))"*)u;||* = || L((Hess V(q))"/*)ul]* .

jEN

Doing similarly again
2 1 2 1 2 23 4y L 2
A5 ul” + g lAa g™ 2 LA+ Dy + By (g5)7)7 s ”
By Lemma 2.5 we get

>3 1 1 >3 1
S I+ D; + By (4))5)wl* > = L((1 + D] + Ry (9)")3)ul*
jEN C
To conclude, just remark that

(u, (14 D2+ Ry (9)")u) > (u, (1 + D)) > (u, (D2)u) > [[ul)®

holds for all u € Cg°(R??), then applying (2.15) in Lemma 2.4 with A = (1 + D2 + R} (¢)*),

B =(D2), ap = 2 and k = 2 we obtain

IL((1 + D2 + Ry ()")3)ul)? > | L({D?)5)u]? > 0—17||L<<Dq>2/3>u||3

for all u € C3°(R*).
Finally collecting all terms, we have found Cy > 1 such that

1 2
| Kvull7e + Cvllul7. > C—V(HL(Op)UHiz +[|LIVV ()3 )ull7-

+ 1L ((Hess V(0))2ullfs + I1L((Dg) P ul?: )
(3.30)

holds for all u € C5°(R?*). Because C5°(R?*) is dense in D(Ky) endowed with the graph
norm, the result extends to any u € D(Ky ). O
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4 Applications

This section is devoted to some applications of Theorem 1.1. In each of the following exam-
ples we examine that the Assumption 1 is well fulfilled.

Example 1: Let us consider as a first example of application the case

V(Qla C]2) = _q%q; with q = (Q17 Q2) € RQ )

By direct computation

—2q145
o= (508) 10yl =2l

—2g5  —4q1q )

Hess V(q) = 2 , [Hess V(q)| =2 14 6¢7q3 < ,

(9) (_4q1q2 og? | (9)] lq|* + 6¢iq3 =< |q|
Ry (q) = Haol* + an |9 2 x40

It is clear that the trace of Hess V(q) given by —2|q|? is stricly negative for all ¢ € R?. Hence
Tr_y(q) > Triy(q) forall ¢ R*.

Moreover, for all x > 0 the algebraic set R? \ ¥(x) is not bounded since (0,¢q,) € R?\ X(k)
for all ¢ € R. Furthermore for k > 1 chosen as we want

RZS 4 4/3
qIL% H - <{:J') - qi\rgo |q‘ 2 ’
st [Hess V(@] L) Ll

since Ry, (¢)* < |q|*? when |q| > 2% x 43/4.
Below we sketch as example ¥(800) in a blue color.

Figure 1: Contour lines of V(q1,q2) = —¢3q3
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Example 2: Let n € N. The polynomial V(q) = —¢?(¢} + ¢3)™ verifies the Assumption 1
only for n = 1.
A straight forward computation shows that

2q1(|g|*" + ng?|q|*™Y)
8qV(€I) == ( anQQ%qu(n—l) )

4 2| 412 _ 4 2 _ 3
Hess V() = —2]q[20? <\CJI +5nqilgl” +2n(n = 1)gy 2nq14s]q]* + 2n(n 1)q1q2> ‘

2nqigelq® + 2n(n — Vgiqz  nailgl* + 2n(n — 1)¢ig
Notice that the trace of Hess V' (¢) equals

—2|q*"=2) <|q|4 + 5n¢?|q|? + 2n(n — 1)q} + ngd|q|® + 2n(n — 1)qfq§) <0,
for all ¢ € R2. Hence

—Tr_y(q) + Tryv(g) <0, forany q € R*.

In addition for all k > 0 the set R?\ (k) is not bounded since (0,qy) € R? \ X(k) for all
g2 € R.
For ¢ large enough |Hess V (q)| < |¢|*™ and | D3V (q)| < |¢q|**~* then

R () (Jgf ) s
Hess V(g)| = [gf*

Hence
R (¢)*
lim V—@zo if and only if n < 2.
a5 [Hess V(g)|
q€ER*\X(x)

Taking as example x = 800, we get the following shape of ¥(800) colored in blue.
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Figure 2: Contour lines of V(q1,q2) = —¢3 (¢} + ¢3)

Example 3: For ¢ € R\ {0, —1}, we consider V(q1, q2) = (¢? — ¢2)* + €¢3. For all ¢ € R? one
has

2
oV(g) = Aala - e) 10,V(@)] = 4a1(¢ — )] + | — 2 — a2) + 2€qs]
1 —2(q1 — q2) +2eqy) 7 1 ’

_ (12¢ —4q2 4 A
Hess V(q) = ( —dq  214¢)) [Hess V(q)| = |12q; — 4go| + 8[qa| + 4|1 + €] ,
Ry (q) = (24|qu )/ + 3 x 415 4 241/,

In this case, we are going to show that for all x > 0 the algebraic set R? \ () is bounded.
Let (q1,¢2) € R?*\ X(x) then

1
(|Hess Vig)| + R‘Z/g(q)4 + 1) > E|VV(‘1)|%L :
Up to a change of coordinates X; = ¢, Xo = ¢ — ¢» the above inequality is equivalent to

1
(4|2X12 + Xo| + 8| X[ + 41 + ¢ + ((24|X1|)1/3 +3 x4 4 241/4> i 1)

4
3

1
> = <4|X1X2| Pl -2+ 6)Xs + 26X12|)
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Using the triange inequality in the right hand side and the reverse triangle inequality with
4 4 4
the elementary inequality (u + v)3 > u3 4 v3 satisfied for all u,v > 0, it follows that

) 4 / 4
Xl + 1%l + 1]+ (1610 +¢) = (120 + 0] - 26X + [X0XalF) . (4)

Suppose first that | X;| < 1. The inequality (4.1) implies

C/ 4
[Xo| +e1 > —[[2(1+ €)X - 12¢X2||° .

(4.2)
The right hand part in the above inequality is upper bounded by |Xs| + ¢; where ¢ is some
positive constant. Now we distinguish two case:

Case 1: If 5[2(1 + €) Xa| < [2eX7| or equivalently | X5| <[5 || XF| then |Xo| < |25 .
Case 2: Else if 1[2(1 4 €)X5| > |2eX7| then we get

Cl
Xl + e 2 S[1+el| Xl 2

Using the fact that € # —1, we deduce that X, must be also bounded.
Now if | X;| > 1, we derive from (4.1) the following esimates

c 4
| X1 + [ Xa| 4 5 > f 2(1 + €) Xa| — [2¢X7||” (4.3)

C
X0 41X e > XX (4.4)

Here we study three cases.

e Firstly if |2(1 4 €)Xa| > [2eX?| or equivalently |X;| < [1]| X[ then (4.3) gives

1+e¢

(1+]

Since € # —1, it follows that X5 is bounded and so is Xj.
o Now if 2|2(1 + €)X»| < [2eX7| or samely [Xao| < [5555/|X7] the estimates (4.3) leads to

C 4
DX+ 5 = 2|1+ Xl

C.
(1+] DIXt 4 es > e s

2(1+¢)

Since € # 0, it follows that X; is bounded and so is X5.
e Finally if 3[2(1 + €)X5| < [2eX7| < 2|2(1 4 €)X,], then by (4.4)

£

2¢
1+e

C €
(A + DX+ e = 2 (1]l X3

2(1+¢)

Hence since € # 0, X is bounded and then X5 is so.
Below we sketch as example 3(2) in a blue color.
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Figure 3: Contour lines of V (g1, ) = (¢ — q2)* + 0.5¢3 .

For € = 0, thanks to [HeNi] (see Proposition 10.21 page 111), we know that the Witten
Laplacian defined by

AY = A+ [VV ()P = AV(q) , = (1,25) € R?

has no compact resolvent and then the Kramers-Fokker-Planck operator Ky has no compact
resolvent.

This example was studied in the case of the Witten Laplacian operator by B.Helffer and
F.Nier in their book [HeNi]. A small mistake was done in [HeNi| in Proposition 10.20. In
fact the equations l1; = I3 = l311 = 0 should be replaced by (14 €)l;; = l12 = 1111 = 0. When

e = —1, we can eventually construct a Weyl sequence for the Witten Laplacian operator in
the following way. In this case the potential V (g1, ¢2) = (¢? —q2)* — ¢ is equal to —2¢2¢> +qj.
In order to construct a Weyl sequence for AS]), it is sufficient to take X(@) where

is a cutoff function supported in [—1, 1] and then consider the sequence

M) exp(—=V(q1, q2)) -

The support of w, is then included in —n? —n < ¢ < —n? + n. Hence the u,,’s have
disjoint supports for large n.
Therefore we have

Un(q15q2) = X(

2
n
—2m? < gy < - and - An’q —qi < Vg, q) < —n’q —qf < —n’qi .
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As a result, we get for n large

Here to get the lower bound of the the above quantity we restrict the integral in ¢; = O(2).

n

As a conclusion, for ¢ = —1 the Witten Laplacian attached to V(q1,q2) = ¢3q5 + €(¢? + ¢3)
has no compact resolvent and then the Kramers-Fokker-Planck operator Ky has no compact
resolvent.

A Slow metric, partition of unity
The purpose of this appendix is to state with references or proofs the facts concerning metrics
which are needed in the article. We first remind the following definitions.

Definitions A.1. A metric g on R™ is called a slowly varying metric if there exists a constant
C > 1 such that for all z,y € R™ satisfying g.(x —y,x —y) < C~1 it follows that

Clg.(2,2) < g,(2,2) < Cg,(z,2) (A.1)

holds for all z € R™.
Let g* and g* be two metrics. We say that g* is g* slow if there is a constant ¢ > 1 such
that for all x,y € R™

gi(x —yr—y) <c'= c_lgi(z, z) < g;(z,z) < cgglc(z, z) . (A.2)
holds for all z € R™.

Remark A.2. The second statement in the above definitions is a typical application of the
notion of the second microlocalisation developed by Bony-lerner (see [BoLe]).

Remark A.3. The property A.1 will be satisfied if we ask only that
3C > 1,Vz,9,2 €R™, go(z —y) < OC7' = g,(2) < Cg.(2) . (A.3)

Indeed, assuming (A.3) gives that wherever g,(x —y) < C~' (which is less than or equal to
one since C > 1 from (A.3) with z=y) this implies g,(y — x) < C~' and then
9:(2) < Cgy(2), so that (A.1) is well satisfied.

Notations A.4. For r € N, let E,. denote the set of polynomials with degree not greater
than r:

E, ={PeR[Xy,.., X4, P <r} .

For a polynomial P € E, andn € {1,...,r}, the function R;;n :R? — R is defined by

Ry (@)= > |02P(q)|™ . (A4)

n<lal<r
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In the present article we are mainly concerned with the metric g" = R;;" (q)? dg* where
n € {1,...,r} which satisfies the following properties.

Lemma A.5. Let n a natural number in {1,....r}.
1) The metric g" is slow: There exists a uniform C = C(n,r,d) > 1 such that

R la- o) <0 = (F28) " <c (A5)

2) The metric g"~* is g™ slow: There is a constant C' = C'(n,r,d) > 1 so that
" Ry (q)\*!
Ry @la—ql < 0 = (H2_ 1y < (A6)
Rp™ (4
Proof. Assume n,r € N* with n > r. Consider the map

f:E.— E./Ep;
P—P:R{S R

v Pla) ) a;?P!(O)(J%;f(()))a'

!l
n<|a|<r P

Set K, := f(E,) = {? € E./E,, R%"(O) = 1} . Assume P € K,,, and 8 € N¢ with |3| > n.
Notice that there is a constant ¢ > 1 (uniform with respect to P and /3) such that for |t| < ¢!,

a+B81
07P) - /P = Y Oy
|o|=1 ’
07 P(0
<O < ay (A7)
lo|=1 '

On the other hand, the application

1
RY = RY, (ug)ugisi<r = (Jus] ™ )nsigi<r

is continuous. Then for all 6 > 0 there exists n = n(n,r) > 0 so that

1

1
max |ug —vg| <n— ‘u Bl — |lug|TBT| < 9§ . A8
s o=l <n = 35 flusl¥ — ol (A8

Thus for all § > 0 there is a strictly positive constant C; = Cy(n,r,d) = min(%,¢™') < 1 so

d
that

Ry (1) — By (0)] < 6 = 3R, (0) (A.9)



holds when |t| < C}.
Now given a polynomial V € E, and ¢ € R? define

P,(t) =V(g+ Ry (9)'t) .

Writting

>n

Ry = > |07 Py(0)|" = Ry (q) 'Ry (g + By (@)7'8) (A.10)

n<Jal<r
clearly the polynomial P, belongs to the set K. Hence for § = % we get by (A.9)

>n

1 >n
R ) < 2R (0) | (A.11)

51t

=
AN
o
AN

when |t| < C}.
It follows from (A.11) and (A.11),

<Rx2/" (¢ + Ri”(f})‘lf)fl

e <2, (A.12)

for |t| S Cl.
Therefore by the above inequality there is a constant C; < 1 (chosen uniformly with
respect to ¢, V once r, n and d are fixed) so that for all ¢, ¢ € R%such that R;"(¢)|¢' —q| < C4,

(Z%(((g)))ﬂ <2 (A.13)

1

It remains now to prove that for every n € {1,...,r}, the metric ¢"~' is ¢g" slow. Assuming

the slowlness of ¢", the inequality

@VV((Z)))ﬂ <2, (A.14)

holds when Ry (q)|¢' — ¢| < C7L. -
Denote as before t = Ry (q)(¢ — q) and P,(t) = V(¢ + R;" (¢)~'t). Taking into account
(A.14) and (A.10) it results
[t < O7' = [0 Py(t)| ™ < Ry (£) <2,
for all @ € N with |a| > n. Consequently,
< Ot = 108, (1) < 2 (A1)

for all « € N, |a| > n.
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Using (A.15), one has when |a| =n — 1 and |t| < O}

BraaD a+B85
) =050 = | 52 LRy - 57 Al
181=1 ' 18|=1 '
0P, (0
< > 1 g < aze (A.16)
|6]=1 '

since | + 5| > n. On the other hand, the application
1
RY = RY, (ug)ig=n—1 = (Jus|™)js1=n-1

is continuous. Then for all 6 > 0 there exists ' = 7’(n) > 0 so that

1

Bl

max |ug — vg| <n' = Z ’|u5|\17\—|vﬁ| <9. (A.17)
. < <

e Bl=n~—1

Hence for § = 1 there is a strictly positive constant C] = C'(n,r,d) = min(%—r, Cit) < 1so
that

<1, (A.18)

> PP — 0P, O]
jal=n—1
holds when |[t| < Cf.
Using respectively Peetre’s inequality ( (%)s < 2%<X — X’) for all s € R, X, X' € R)
then (A.18) yields when [t| < Cf

( & 1Pl
S )
( 5 [orPy(0)]™)

|a|=n—1

<V20 ST |ORP)|F — |5 P,0)| ) <2 (A.19)

|a|l=n—1

Remember that for any sequence (a;)1<;<n of positive numbers

N 1 N N 1
(o) <D msni(3a) (420
1 1 1
where the two real numbers p, ¢ > 1 are conjugate indices. In particular for any real numbers
a,b
(> +1%)2 < (la] + b)) < 22(a® +b%)>

It results from the elementary above inequality

(S 1P, ) < 1+ Y [gP,0F) <40 Y 18P, (0)] )

lal=n—1 |a|=n—1 |aj=n—1
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and

(30 0PLO)F) < (14 D [rPL0)]7) <4 D |37 Py(0)]Fr) .

|al=n—1 |a|l=n—1 |a|l=n—1

Using the above two estimates with (A.19) we immediately get for |t] < Cf

L+ 5 |0pPy (1)

[ =n—1 Ty A.
<1+ $ yaap()pa) =8 (A.21)

|a|l=n—1

Notice that by (A.14)

. 1 02V ()] ol
LS PO 1 Y ()

al=n— 1 alen_1 \EZ ()l 1 1 /RN g £l

( “ 1 — 1 = < a ' 1 ) 25 ‘;1—1((])> (A 22)
L+ 30 |07 Pa(0)[F 1+ 3 ( 95V (@)l )W 2\ Ry (g)
ol lalon1 N7 @]
In conclusion, from (A.21) and (A.22) there is a constant C] = mln(dgr,C’fl) < 1 so that
>n ’ R‘Z/n 1((]/) +1
( )|q —dq | <(C] = (T) <16. (A.23)
Ry (q)

[

The main feature of a slow varying metric is that it is possible to introduce some partitions
of unity related to the metric in a way made precise in the following theorem. For more details
and proof see [Horl] ( Section 1.4 page 25).

Theorem A.6. [Horl] For any slowly varying metric g in R™ one can choose a sequence
x, € R™ such that the balls

B, ={z; g, (x —x,) < 1}

form a covering of R™ for which the intersection of more than N = (4C3 + 1)™ balls B, is
always empty (C is the constant in (A.1)). In addition, for any decreasing sequence d; with
Y. d; =1 one can choose non negative ¢, € C5°(B,) with > ¢, =1 in R™ so that for all k
J

(60 (2591, )| < (NCC1)*gu(y1,0) -+ - 9o, 0)/da -

where C' is the constant in (A.1) and Cy is a constant that depends only on m.

Regarding the above Theorem we have the following result.
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Lemma A.7. Let P € E,. andn € {1,...,r}, then there exists a partition of unity Z V(g =1
jeN

in R such that:

1) For all ¢ € RY, the cardinality of the set {j,V;(q) # 0} is uniformely bounded.

2) For any natural number j € N,

supp V; C B(qj,aR;n(qj)’l) and VU; =1 in B(g, bRIZ;n(qj)’l) :

for some q; € R? with 0 < b < a independent of j € N .
3) For all € N®\ {0}, there exists c, > 0 such that

a zn e
Z |05 \Ijj|2 < caBp (Q)2| .

JjeN

Moreover the constants a,b et ¢, can be chosen uniformly with respect to P € E,., once
the degree r € N and the dimension d € N are fized.

B Around Tarski-Seidenberg theorem

In this appendix we give an application of the Tarski-Seidemberg theorem [Hor2], which we
state in the following geometric form. We first introduce a few basic concepts which are
needed for the state.

Definition B.1. A subset of R" is called semi-algebraic if it is a finite union of finite inter-
sections of sets defined by polynomial equations or inequalities.

Definition B.2. Let A C R" and B C R™ be two sub-algebraic sets. The function f : A — B
is said to be semi-algebraic if its graph 'y = {(z,y) € A X B; y = f(x)} is a semi-algebraic
set of R™ x R™.

Theorem B.3. [Hor2/(Tarski-Seidenberg) If A is a semi-algebraic subset of R"*" = R*"@R™,
then the projection A’ of A in R™ is also semi-algebraic.

Proposition B.4. [Hor2] If E is a semi-algebraic set on R**", and
f(z) =inf{y € R; 3z e R", (2,9, 2) € E}
is defined and finite for large positive x, then [ is identically 0 for lage x or else
f(z) =Az*(1+0(1)), = — +o0
where A # 0 and a is a rational number.

We refer to [Hor2] (see Theorem A.2.2 and Theorem A.2.5) for detailed proofs of Theo-
rem B.3 and Proposition B.4.
In the final part of this section we list and recall the following notations.
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Notation B.5. Let P be a polynomial of degree r. For all natural number n € {0,--- ,r}
and every q € R?

Ry (@)= > |02P(q)|™ (B.1)
n<la|<r

R"(q) = Y [02P(q)| ™ | (B.2)
|a]=n

Lemma B.6. Let ¥ be an unbounded semialgebraic set and V' a polynomial of degree r
satisfying the following assumption

R [0}
Jim TS (B3
o By (g)
where a € Q,n,m € {0,1,--- ,r — 1} are fired numbers.

Then there exist 6 € (0,1) and a positive function Ay, : (0,+00) — [0,400) so that

>n

Vge X, lql >0, As(o)Ry
and lim Ag(o) = +00.

0—+00

(q)a S R‘:/m(q)2(1_5)

Proof. Suppose that there are o € Q,n,m € {0,1,--- ;7 — 1} such that

i TV (9)

7% Ry (q)?

-0, (B.4)

where ¥ is a given unbounded semialgebraic set.
After setting 7 = ppcm(!ﬁ], min(n,m) < |5 < 7") , define the functions R‘Z/n and Ry™
for all ¢ € R by

~>n

R ()= Y [0V(g)|™

n<la|<r

and _ .
Ry™(g) = > 102V (g)|™ .
la)=m

1 1

Notice that one has the equivalences R‘Z/n(q) = <§‘Z/n (Q)); and Ry™(q) < (Ex:/m(CI)>; for

all ¢ € R? where the functions R;" and R;™ are defined respectively as in (B.1) and (B.2).
Clearly the Assumption (B.4) is equivalent to

By (9 (B.5)



Remark here that R;"(¢) and R5™(q) are polynomials in ¢ € R variable. Furthermore, the
Assumption (B.5) can be written as follows

Ry (a)* < e(g) Ry™(9)?

for all ¢ € ¥ where

e(q) = inf {e >0, eR7™(q)? — B (q)* > o} o Jime(g) =0 (B.6)
qgeEY

Now, following the notations of Proposition B.4, we introduce the set
E = {(q, 0,€) € R4 such that eﬁf/m(qf — }Nﬁ‘%—n(q)“ > 0 and |¢|* > 92} ,
and the function f defined in R, by

f(o) = inf {e > 0, such that (¢, 0,€) € E} . (B.7)

By Tarski-Seidenberg theorem (see Theorem B.3), the function f is semialgebraic in o. More-
over f is defined, finite and not identically zero. Then by Proposition B.4, there exist a
constant A > 0 and a rational number ~ such that

f(Q) = AQ’Y + OQ%Jroo(Q’y) .
By the definition (B.7) and (B.6), lirf f(0) = 0 and then v < 0. Hence for o > 1, we know
0—+00
f(o) < 2. We deduce for |q| > 1,

Q|'Y‘ *
D" a D=m 2 2A D=m 2
Ry (¢)* < f(la)Ry™(q)” < WRV (9) (B.8)
and | || 2
q e n a 1 D=m
A )" < ) (B.9)
q 2

In particular, since R, (q) > R5"(0) > 0, R5™(q) does not vanish for ¢ € ¥ with |g| > 1.
On the other hand, notice

VgeX, g =1, Ry™(g) < g™ (B.10)
The inequalities (B.8) and (B.10) lead to
Ry (q)* < Clgf™

for every ¢ € ¥ with |g| > p > 1. Therefore since R, (q) > Rz"(0) > 0 we deduce || < 277
Using again (B.10) we get

(B.11)



for any ¢ € ¥ with |¢| > 1.
From (B.9) and (B.11), we deduce

/2 1v1/2
Q ~>n o q ~>n a el ~:m _
Vge oz o> 1, LR < UURS (@ < o B0 (B2)
We now take 6 = % € (0,1) and
bz
AE(Q) = zixc% ie=1
0 else.
[
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