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Kronverkskiy av. 49, Saint Petersburg, 197101, Russia.

Abstract

This paper deals with the sampled-data control problem based on state estimation for uncertain linear sampled-data
systems. It is possible to show that the sampled-data control problem based on state estimation may be related with
the conditions for the exponential stability of impulsive systems. Thus, a vector Lyapunov function-based approach,
derived by means of a 2D time domain equivalence, is used for obtaining stability conditions of an impulsive system,
and then, a solution to the observer-based control design problem is derived and expressed in terms of LMIs. Some
examples illustrate the feasibility of the proposed approach.

Keywords: Observer-based Control, Sampled-Data, Impulsive systems.

1. Introduction

In the last decades, an enormous interest has appeared in the design of controllers and observers for continuous
and/or discrete dynamical systems with communication constraints. This interest has its motivations in systems
with sampled-data control, quantization and more generally, in networked control systems. However, all the com-
munications constraints, i.e. delays, sampling intervals, quantization, packet dropouts, and so on (for details, see
[16]); imply additional difficulties in the analysis and design compared to the classical control systems. Regarding
the observer design problem, one of the main issues is the scheduling: only a subset of sensors is allowed to send their
data to the observer at the transmission instants. The sporadic and partial availability of system measurements
requires the development of appropriate observer designs. Moreover, for controller design, it would be unreasonable
to assume that all states are measurable. Therefore an observer-based control approach is needed.

In this paper the observer-based control problem will be in the focus for sampled-data systems. Several methods
have been developed to study sampled-data systems, e.g. the Input/Output stability approach [14], the discrete-
time approach [13], but two approaches stand out: the input delay approach, where the system is modeled as a
continuous system with a delay in the control input (see, e.g. [10, 11]), and the impulsive system approach, where
the sampled-data system is treated as an impulsive system (see, e.g. [3, 4, 5, 29]).

The input delay approach has been applied in [12] to design a sampled-data output-feedback H, control for linear
systems while the impulsive system approach was applied in [17] to sampled-data stabilization of linear uncertain
systems in the case of constant sampling based on piecewise linear in time Lyapunov function. The case of variable
sampling based on a discontinuous Lyapunov function method was introduced by [23]. Also based on discontinuous
Lyapunov functions, in [3] stability and stabilization conditions for periodic and aperiodic sampled-data systems
are introduced.
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In the context of observer design, one approach is based on continuous and discrete design. In [7], such an
approach is used to design a continuous-discrete version of the high-gain observer for nonlinear systems. In [18]
a continuous-discrete observer is proposed for linear and triangular Lipschitz systems based on a sampled-data
nonlinear observer that is designed using a continuous-time approach together with an inter-sample output predictor.
Applying a small gain approach, in [1] an observer design is proposed for certain classes of nonlinear systems with
sampled and delayed measurements. A Luenberger-like observer is proposed by [8] for a class of continuous-time
dynamical systems with non-uniformly sampled measurements. In [22], continuous-time systems with sampled
uncertain output are considered and the state estimation problem is solved by means of continuous-discrete interval
observers that are asymptotically stable in the absence of disturbances. In [21], based on the notion of cooperative
systems, a design for continuous-discrete observers is proposed for continuous nonlinear time-varying systems with
discrete-time measurements. Using the hybrid system approach, in [6] an observer-protocol pair is designed to
estimate the states of a linear system under communication constraints induced by the network. In the same vein,
in [9] an observer with jumps triggered by incoming measurements is proposed to deal with the state estimation
problem for linear time-invariant systems for which measurements of the output are available sporadically. Adopting
a switched observer structure, in [2] decentralized observer-based output-feedback controllers are proposed for linear
systems connected via a shared communication network.

In this paper a vector Lyapunov function-based approach [19], derived by means of a 2D time domain equivalence
(see, e.g. [28] and [31]), for stability of impulsive systems is used for designing a robust output-feedback control
for linear sampled-data systems. Such an approach, proposed in [26] and [27], provides a stability analysis based
on linear matrix inequalities (LMIs) for linear impulsive dynamical systems. Then, it is possible to show that the
sampled-data control problem based on state estimation may turn into one of finding conditions for the exponential
stability of impulsive systems. Thus, the proposed vector Lyapunov function approach is applied for obtaining
stability conditions of the impulsive system, and then, a solution to the robust output-feedback control design
problem is obtained and expressed in terms of LMIs. To the best of our knowledge, the output-feedback control
design for uncertain sampled-data system is open in the literature and there exist very few works dealing with such
a problem. Moreover, it is worth highlighting that a direct application of the methods given in the literature, e.g.
those ones from [3], [4], or in [15], do not provide a constructive method to solve the robust output-feedback control
design problem for uncertain linear sampled-data systems.

The outline of this work is as follows. A motivating problem is given in Section 2. Some stability results for
impulsive systems are given in Section 3. The main result is described in Section 4. Some simulation results are
depicted in Section 5 while some concluding remarks are discussed in Section 6. The corresponding proofs for the
main results are postponed to the Appendix.

2. Motivation

Let us consider the following uncertain sampled-data system

o(t) = Az(t) + Bu(t) + f(x(t)), z(0) = o, (1)
y(t) = Cx(ts), Vit € [ti, tit1), (2)
U(t) = K.’Z’(tz), YVt € [ti7ti+1), (3)

where x, x¢o € R™ are the state vector and the initial condition, respectively, u € R™ is the sampled control vector,
and y € RP is the sampled output vector at each time ¢; for all ¢ € N, and & € R™ represents an estimation of
the system state x. The function f : R™ — R™ represents all the parameter uncertainties of the system satisfying
|f(2)|> < folz|?, i.e. the function f is Lipschitz. The constant matrices A, B, and C have corresponding dimensions
while K is a design control matrix.

The sampling instants ¢; are monotonously increasing, such that lim; ,.t; = +o0, and T; = t;41 — t; €
[Tiin, Tmax], where Tinin > 0 and Tiax > 0 are the minimum and maximum sampling intervals, respectively; and
to = 0. The control u is designed by means of the following sampled-data state observer

3(t) = Ad(t) + Bu(t) + L(y(t) — Ca(t:)), Vit € [titirr), #(0) = o, (4)

where Z, Ty € R™ are the estimated state vector and its initial condition, and L € R™*P is a design observer matrix.
Define the state estimation error e(t) := x(t) — &(¢). Then, the closed-loop and state estimation error dynamics are



given as follows
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Al‘(t) + BKx(ti) - BK@(ti) + f(l‘(t)), vVt € [tz’, ti+1)7
Ae(t) — LCe(ti) + f(x(t)), YVt € [ti,ti+1).
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Let us define the extended state vector £(t) := (x7(t) eT'(t) 27 (t;) eT(t;))T € R*" and the timer variable
7 € R>g. Then, the above dynamics may be written as follows

dt \ 7

(f_:)Z(If)f),VT:E,i:O,LQ,... (6)

where (£,7), (£0,70) € R*™ x [0, T}] represents the current state vector and its initial condition, (¢7,7F) € R*™ x T;
represents the reset state vector, T; € [Tinin, Tmax) 1S the sampling interval given for ¢ = 0,1,2,..., and f € R"
denotes the uncertainty. The corresponding matrices have the following structure

d ( ; ) = ( A+ Def ) Vre0,1)), i=0,1,2,..., (£(0),7(0)) = (€, 70), (5)

A 0 BK -BK I, I. 0 0 O
0 A 0 -LC I, | o 1, 0o
=19 0 o 0 »De=| g |2 1= I, 0 0 O
0 0 O 0 0 0 I, 00

Note that in absence of uncertainties, i.e. f =0, the set {({,7)| £ =0, 7 € [0,T;]} is an equilibrium set of (5).
The dynamics (5)-(6) describes periodic/aperiodic time-triggered jumps, when 7 = T;, governed by the map given
by (6), while between the jumps the system behaves according to (5). Note also that, due to the linearity of the
system and the facts that f is Lipschitz and T; € [Tiin, Tmax), the existence of a unique forward solution is ensured.

Then, the sampled-data control problem based on state estimation, i.e. find the control gain matrix K and the
observer gain matrix L, may turn into one of finding conditions for the stability of the impulsive system described
by (5)-(6), under arbitrary variations of the sampling intervals.

In the following sections such conditions for the stability of the impulsive system are derived by means of a 2D
time domain equivalence and a vector Lyapunov function approach. Afterwards, these conditions will be applied
to solve the sampled-data control problem based on state estimation. All the proofs are given in the Appendix.

3. Stability Analysis for Impulsive Systems

The stability analysis relies on the embedding of system (5)-(6) into a 2D time domain. Indeed, the entire state
trajectory (&,7) can be viewed as a sequence of the diagonal dynamics! of the following 2D system:

d ! Aelh + D ,
% ( f_z ) = ( §§k1 Ef ) ) vT/fre [Osz)v Vi=k=0,1,2,..., (g(0,0),T(0,0)):(fg,Tg), (7)
tiy1 tita
S ) o (LT ) vt vie k=012, 8)
i+1 O
Tk+1
where (£, 71) == (&(t, k), 7(t, k), (£5,7)) € R*™ x [0,T;] is the current state vector and its initial condition,

( Z_?_’{,T,i_;fll) = (&(tig1, k + 1), 7(tiz1, k + 1)) € R*" x T; represents the reset state vector, while ( ,ii+1,7£i+l) =
(€T (tiy1, k), T(tiz1, k)T € R x T; denotes the value of (&, 7) just before the jump k + 1. Taking into account that
f is Lipschitz and T; € [Tiin, Tmax], the solutions of (7)-(8) for the diagonal dynamics, i.e. for all i = k, correspond
to the solutions of the system (5)-(6). Note that the discrete time &k depicts the number of impulses in the system.
In the present section some definitions and results for the stability of impulsive systems, in the framework of

2D systems, are introduced (see [26] and [27]).

IThe diagonal dynamics make reference only to those dynamics given by (7)-(8) corresponding to i = k, for all i,k € N and for all



Let |g| denote the Euclidean norm of a vector ¢g. The following stability definition is introduced:

Definition 1. [26]. A 2D system described by (7)-(8), is said to be exponentially diagonal &;-stable (EDEL-S) if
there exist positive constants k1, ke, k3, and ¢ such that 0 < k1 < 1 and

G 1P < eGP, v =T, (9)
|£ltc|2 < H2|£I€i|2v VTE € [Ole]v (10)
7| < ks, (11)

for alli=Fk e N.

Note that condition (11) holds by definition, i.e. |7f| < k3, with k3 = Tax. Denote 2} := ((¢£)7,7f)7. In order
to give the stability conditions a vector Lyapunov approach is used, i.e.

tis Vi(zp)
i) = (it )

where V;(-) > 0, Va(-) > 0, for all z} and z,i’ﬁ, and V4(0) = 0, V2(0) = 0. Now, let us introduce the following
definition.

Definition 2. The divergence operator of a function V' along the trajectories of system (7)-(8) is defined for all

t € [ti,tiv1) as follows

dVi(z)
dt

divV (2, 2, 11) = + Va(zpith) = Val(zg ™). (12)

Note that V; is differentiable with respect to continuous time ¢ while the difference in V5 is calculated in discrete
time k. Thus, the following theorem is introduced.

Theorem 1. [26]. Assume that there exist positive constants €, c¢1, ¢a, ¢3, ¢4 and c5 such that the vector Lyapunov
tit1

function V(z}i,zkH) and its divergence along the trajectories of the system (7)-(8) satisfy, for all 7} € [0,T3],
i =k €N, the following inequalities:

alil? < Vi(zp) < ealéll?, (13)
3l€R? < Va(2}) < cal€F1?, Vp = tistin (14)
(15)
(16)

divl < —es (|67 + &), 15
co(cqa —cs) <cies VT; < C—za, 16
Cs
2y <, (17)
Cs

where v = —1In [M] and a = —In [M] for all cz(ca —cs5) > cics. Then, the 2D system (7)-(8) is

cs+ez(l—e) ca(ca—cs)
EDE;-S for any sequence {T;},cy such that T; € [Z7y, 2al.

The statement given by Theorem 1 relies on a vector Lyapunov function approach in contrast to the results

given in [15] (similarly in [24]), where asymptotic stability is obtained by means of a single Lyapunov function that
needs to have a negative semi-definite derivative. Alternatively, our divergence operator, and not each term, needs
to satisfy inequality (15).
Remark 1. The constructive application of Theorem 1 is illustrated by Algorithm 1 which provides some notions of
minimum and maximum or ranged dwell-time depending on the structure of the system dynamics. In particular, the
first and third cases for exponential diagonal stability (pseudo-code lines: 5 and 13, Algorithm 1) give conditions for
minimum dwell-time while the second case (pseudo-code lines: 7, Algorithm 1) provides conditions for maximum
or ranged dwell-time.



Algorithm 1 Exponential Stability
1: Define the Lyapunov functions Vi and Vs

2: Calculate the constants ci, c2, €3, c4 and cj
3: if c4 > c5 then

4 if c2 (c4 —c5) < cies and Tj > '7 then
5: “System is Eka—S”

6: else if 2—::1 >T; > 2—27 then

7 “System is ED&Z—S”

8 else

9: “No Conclusion’
10: end
11: else
12: if T; > 2—:7 then
13: “System is ED{};—S”
14: else
15: ““No Conclusion’’
16: end
17: end

18: end Algorithm

3.1. Ezponential Diagonal &,-Stability: Quadratic Lyapunov Functions
Consider that V7 and V5 take the following quadratic structure

T T,
Vet i) = (i Sk ). (18)

k+1 Thk+1/Sk+1

where P; € R¥*4" is continuously differentiable with respect to ¢, symmetric, bounded, and positive definite matrix
for all 7{ € [0,T;], i = k € N, while P, € R¥"*4" is a symmetric and positive definite matrix, i.e.

0< el <Pi(r}) < e, V7i €10,T3], (19)
0<CgI<P2( )<C4I p=titit1. (20)

Thus, based on the previous choice for V; and V53, if Theorem 1 is applied to the ideal and uncertain impulsive
system (5)-(6), then the following results are obtained.

Corollary 1. Consider the vector Lyapunov function V(zk,z,tcﬁ) in (18) Assume that there exist matrices
Py(r}) = PL(7}) > 0, continuously differentiable ont and bounded for all 7} € [0,T;], i = k € N, P,(0) = P{(0) >0
and Po(T;) = P{(T;) > 0 satisfying (19)-(20), A = AT > 0 and a constant c5 > 0, such that the following matriz
inequality

Py(r})A¢ + AT Py (rf) + Sl 9 f0A 4 ¢514, 0 Pi(rt)
* IgPQ(O)I&'7P2( )+C5I4n 0 SO, (21)
* * —A

holds for all 7} € [0,T;], i =k € N, |f|> < folz|?, and constraints (16)-(17) are satisfied with c1, c2, c3, ¢4 and cs.
Then the system (7)-(8) is EDEL-S for any sequence {T;} ey such that T; € [2+, 2al.

Now, the following result is established for the ideal impulsive system, i.e. f = 0.

Corollary 2. Consider the vector Lyapunov function V(zk,zkfr’ll) in (18). Assume that there exist matrices

Py(rl) = PL(7}) > 0, continuously differentiable ont and bounded for all 7} € [0,T;], i = k € N, P,(0) = P{(0) >0
and Py(T;) = PI(T;) > 0 satisfying (19)-(20), and a constant cs > 0, such that the following matriz inequality

Pi(r}) Ag + AT P (rf) + 40t 4 e 7, 0 <0 (22)
0 IgPQ(O)I&“*PQ( )+C5I4n -7



holds for all 7} € [0,T;], for all i = k € N, and constraints (16)-(17) are satisfied with c1, c2, c3, ca and cs. Then
the system (7)-(8), with f =0, is EDE-S for any sequence {T;},;oy such that T; € [, 2al.

Cs5

For the particular case of linear time-invariant systems, our method can be seen as a generalization of the result
in [3]. In fact, taking P;(7f) and P»(7}) in the same form for the statements given by Corollary 2, one leads to the
conditions given by Theorem 2.2 (ranged dwell-time) and 2.3 (minimum dwell-time) in [3].

It is also worth mentioning that the results given by Theorem 1 and Corollary 2 are consistent with the ones in
Proposition 3.24 (Persistent Flowing) and Proposition 3.27 (Persistent Jumping) in [15], respectively.

Note that Corollaries 1 and 2 are able to deal with linear impulsive systems where matrix A¢ is not Hurwitz,
and/or I¢ is anti-Schur, respectively. In this sense, Corollaries 1 and 2 provide general results to deal with the
stability of linear impulsive systems.

In the following, a couple of examples, taken from [5], are presented in the framework of stability, not in the one
of output-feedback control design, to illustrate the potential of the proposed method.

Example 1. Let us consider a system as in (7)-(8) with the following matrices

1 3 05 0
A’f—(—l 2)’ If_( 0 0.5)'

Note that the continuous dynamics is unstable while the discrete one is stable, i.e. A¢ is not Hurwitz and I¢ is
Schur. Corollary 2 with
tP 711 _ Lt P
Pi(rg) = Teli (T~ ) 2 Py(r}) = Pa1 + 7 Paa,
and a bisection algorithm on 7/ € [0,7;] can be checked by solving LMIs given by (22). The following results are
obtained:

p _ (13914 0.0139 P10t 1-2638  —0.6319 p, _ ( 1.0007 0 p,, _ (09336 0
=1 00139 1.3597 )® 127 —0.6319 37917 )0 1T 0 1.0007 ) 1227 0 0.9336 )’

with ¢; = 1.3545, ¢y = 3.9410 x 10%, ¢5 = 1.0007, ¢4 = 1.3118 and c5 = 0.5000. Therefore, according to Corollary
2, the impulsive system is EDS;—S for all 0.3333 > T; > 0. It is easy to check that ¢4 > ¢5 and ¢a (¢4 — ¢5) > c1¢5
hold and then, according to Algorithm 1, the second case for EDE}-S is obtained. When, as in [5], the analysis is
restricted to single quadratic Lyapunov functions linear in 7}, i.e. Pi(7f) = Py(7}), it is possible to show stability
for 0.2400 > T; > 0.

Example 2. Let us consider a system as in (7)-(8) with the following matrices

-1 0 2 1
(05 ) e (V)

For this example the continuous dynamics is stable while the discrete one is unstable, i.e. A¢ is Hurwitz and I
is anti-Schur. Corollary 2 with

TEPi1 + (T — 7}) P2

Pi(7i) = T

, Pa(1i) = Po1 + 73, Paa,

and a bisection algorithm on 7} € [0,7;] can be checked by solving LMIs given by (22). The following results are
obtained:

p . _ ( 33096 0.4527 p _ (06648 0.0963 p, _ (01123 0 p,, _ ( 0-0050 0.0006
=1 04527 14411 )* "2 7\ 00963 0.3941 )’ 21~ 0 0.1123 )’ 22~ \ 0.0006 0.0056 )’

with ¢; = 1.3372, ¢; = 4.1071, ¢3 = 0.1123, ¢4 = 6.05 and ¢5 = 4.58. Therefore, according to Corollary 2, the
impulsive system is ED{,@—S for all T; > 3.3254. It is easy to check that cs4 > ¢5 and ca (¢4 — ¢5) < ¢1¢5 hold and
then, according to Algorithm 1, the first case for EDE}-S is obtained. When, as in [5], the analysis is restricted to
single quadratic Lyapunov functions linear in 7, i.e. Pi(7}) = P(7}), it is possible to show stability for T; > 5.1000.



The previous examples show numerically that when the analysis is restricted to the same class of Lyapunov
functions, i.e. linear with respect to 7}, the vector Lyapunov function approach is less conservative than the scalar
one. Nevertheless, theoretically speaking, it is very difficult to ensure that the proposed method provides, in general,
less conservative results.

The rest of the paper is devoted to the application of the conditions for exponential diagonal &}-stability of
the impulsive systems (7)-(8), by means of the statements given by Corollaries 1 and 2, in order to solve the
sampled-data control problem based on state estimation for system (1)-(3) in a constructive way.

4. Robust Output-Control Design

In this section a particular choice for P; and P, is proposed. Then, by means of the statements given by
Corollaries 1 and 2, the control gain matrix K and the observer gain matrix L will be found to provide a stabilization
of the state dynamics x as well as an estimation Z, i.e. stabilization of the extended state & in (5)-(6), for the ideal
and uncertain case, respectively.

Thus, the following proposition gives a solution to the sampled-data control problem based on state estimation
for the uncertain linear sampled-data system, i.e. f # 0.

Proposition 1. Consider that Py and Py have the following structure for all T,f, €0,T;],i=keN

_ Tlipll + (Tl - Té)Plg

Py(73) T

, Po(1}) = Pa1 + 7} Paa,

where Py, = diag(P ", Pp®, P, PR®), Py = diag(PR", PR®,61,,61,), with a ficed § > 0, P =
(Pl(lq))T >0, and Py = PJ > 0, for | = 1,2, and ¢ = 1,3. If there exist matrices Pl(‘f), Py = P} >0, Yk
and L, for 1 = 1,2, and ¢ = 1,3, such that the following matriz inequalities

611(©)+1, 0 BYx —BYx O o PP Py 0 0 0 0
* —Ri+1, 0 0 0 0 0 o PP p® 0 0
* * $3(0) 0 I, 0 0 0 0 o P® 0
* * * —Rs 0 I, 0 0 0 0 o P®
* * * * —A3 0 0 0 0 0 0 0
* * * * * —Ay 0 0 0 0 0 0 <0 (23)
* * * * * * —Q1 0 0 0 0 0 =
* * * * * * * —QIT"O 0 0 0 0
* * * * * * * * —Q2 0 0 0
* * * * * * * * * _217"6 0 0
* * * * * * * * * * —Qs3 0
* * * * * * * * * * * —Qa
$21(©)+1, 0 BYx —BYx 0 o PP pD P
* —R3+1, 0 0 0 0 0 0 0
* $3(©) 0 sP o 0 0 0
* * * —Ry o sP® o 0 0
* * * * —As 0 0 0 0 P
* * * * * —Ay 0 0 0 <0 (24)
* * * * * * —Q1 0 0
* * * * * * * — 21;6 0
* * * * * * * * —@Pﬁ)
* Q
o” pPZ® o of ~Qs 0 0 0 0
o” P2 o7 o7 x  —gm 0 0 0
— 2) T T T — 0
P= o” P2 ] 0 0 , Q= * * —opr® 0 0 ;
o o Pl(f) o? * * * Qs 0
T T T 3 _
0 0 0 P(l) * * * * Q4
3
Ri+¢12(0) = LO—CTLT  In \ _, [ R2+¢3(0) Py 0 (25)
In —Aq = p® _A =
11 1
R3 + ¢22(©) — LC — CTLT I, Ry +¢3(©) PP
X <0, (3) 11 <0, ¢(©) <0, (26)
In —As Py —A



with?

p
on(©) = AP+ PP AT+ P o) s or),
@ , p@ 41, P @ @
(;512(@) = APll +P11 At + ) —2P12 —®P12 s
P
921(0) = AP}, + P AT — =2,
p@
922(0) = AP[) + P AT — =2,
3)
P. 3 eI,
93(0) =~ —2P}) + =",

$(©) = I} Pa1I¢ — Po1 — ©P2g + Qs,

hold for the finite open set © € {O7 z—;a}, Q=Q"= diag(Qfl, Q;l, Q3',0Q,",Q5) >0, A= AT = diag(I,,, I,,, Az, Ay),
some Ay = AT >0, R; >0, forl=1,2, and j = 1,4, respectively, and |f(z)|> < folz|*; and the constraints (16)-
(17) also hold with Cc1 = )\min(Pll); Coy = )\maX(PIQ)y C3 = )\min(P21)7 Cq = )\max(PQI + TmaXPQQ) and Cy = )\min(Q);
then the system (7)-(8) is ED&,-S for any sequence {Ti},cy such that T; € (0, g—ia} with K = YKPl_l(S) and L
solution of (23)-(26).

Now, the following proposition gives a solution to the sampled-data control problem based on state estimation
for the ideal linear sampled-data system, i.e. f = 0.

Proposition 2. Consider that Py and P> have the following structure for all 7} € [0,T;], i = k € N

_ TPy + (T — 71) Pia
T;

Pi(1}) , Py(1}) = Por + 7} Poo,

where Py = diag(P", Pn®, PR PR, Py = diag(PR", P®, 61,,61,), with a ficed § > 0, P =
(Pl(lq))T >0, and Py = PL > 0, for 1 = 1,2, and ¢ = 1,3. If there exist matrices Pl(’f), Py = P} >0, Yk
and L, for 1 = 1,2, and g = 1,3, such that the following matriz inequalities

$11(8) 0 BYx -BYx P 0 0 0
x —Ri 0 0 o PP o 0
* x  ¢3(©) 0 0 o PP o
* * * —Ro 0 0 0 Pl(?) <0, (27)
* * * * —-Q1 0 0 0
* * * * * —Q2 0 0
* * * * * * —-Q3 0
* * * * * * * —Q4
$21(0) 0  BYx —BYx PY P3 0 0 0 0
« —Ry 0 0 0 0 SO 0 0
* x  $3(®) 0 0 0 0 0 P 0
* * * ~Ry O 0 0 0 o P
* * * * 7Q1 0 0 0 0 0 S 0, (28)
* * * * * 76P1(i) 0 0 0 0
* * * * * * —Q2 0 0 0
* * * * * * * —GPS) 0 0
* * * * * * * * —Q3 0
* * * * * * * * * —Q4
( Ri+¢12(0) —LC—CTLT I, ) o, ( Rz +¢3(0) P > o, 29)
n =S R

2The variables are PV, P2 p3) p() p@ p,, P,y Yk and L. The matrices Qi,Ag, Ay and Ry, for i = 1,5, k = 3,4, [ = 1,2,
and i = 1,4, respectively, can be declared as variables or fixed values.



T[T (3)

( R3 +¢>22(@); Le-ctL _IXQ ) <o, < Ratoa(@) P > <0, ¢(©) <0, (30)
n 2

with?

)
P
$11(0) = AP + PP AT ¢ - - 2Py +oPy,

(2)
P,
$12(0) = AP} + P[P AT + - 2P(3 — OP3,

(1)
P
921(0) = APy, + PR AT — 2,
(2)
P
022(€) = AP[;) + P3lAT — =2,
(3)
P 3y Ol
93(0) = =2 —2P))) + =",

$(©) = If ParI¢ — Pa1 — ©Pas + Qs,
hold for the finite open set © € {O, i—;a}, Q=Q" =diag(Q;,Q5%,Q54,Q,1,Q5) > 0, some Ay = A,T >0, R; >
0, for 1 =1,2, and j = 1,4, respectively, and constraints (16)-(17) also hold with ¢; = Apin(P11), ¢2 = Amax(P12),
3 = Amin(P21), ¢4 = Amax(P21 + TmaxP2) and cs = Anin(Q); then the system (7)-(8) is EDEL-S for any sequence
{Ti};cn such that T; € (07 g—ia} with K = YKPl_l(g) and L solution of (27)-(30).

Remark 2. Propositions 1 and 2 provide a particular way to solve the proposed problem, i.e. find the control gain
matriz K and the gain matriz L such that the system (5)-(6) is exponentially stable for the ideal case and also for
the uncertain case.

Numerical Aspects: In order to solve the matrix inequalities provided by Propositions 1 and 2, one may use
a bisection-like approach using SeDuMi solver among YALMIP in Matlab (see e.g. [20] and [30]) on the variable
(GRS {0, z—ga}. Providing some initialization values, the bisection method is used to establish the maximum value of
O that satisfies the corresponding matrix inequalities, and in turn, compute the constants c1, ca, c3, ¢4 and c5 that

hold constraints (16)-(17). Note that for fixed O, § and fy, the matrix inequalities given by Propositions 1 and 2
become LMIs.

Note that a different selection for P;(7}) and P»(7}), even for Lyapunov functions with non-quadratic structure,
may decrease the conservatism. More complex tools like sum-of-squares [3], looped-functional approach [5], or
convex characterizations [4], may be applied to improve the application of this method.

5. Simulation Results

5.1. Ideal Case
Let us consider system (1)-(2) with f = 0 and

A:(Sé),B:(?),C:(loy

This example represents a double-integrator that has a wide range of applications. Proposition 2 is applied
together with a bisection-like approach using SeDuMi solver among YALMIP in Matlab to find a solution for the
LMIs, and the corresponding control and observer gains. The simulations have been done in Matlab with the Euler
discretization method, sample time equal to 0.001, and initial conditions z(0) = (—1,1)T and 2(0) = (0,0)7.

Based on Proposition 2, it is possible to show that the impulsive system (5)-(6), with f = 0, is ED¢;-S for all
2.55 > T; > 0, i.e. for any sequence {7}, y such that T; € (0,2.55] = (Twin, Timax], there is a set of feasible control

3The variables are P(l)7 P(Q), P(s), P(l), p? P51, Py, Yi and L. The matrices Q;, A; and R;, for i =1,5, k= 3,4, =1,2, and
11 11 11 12 12 J

i = 1,4, respectively, can be declared as variables or fixed values.




and observer gains. The following feasible results are obtained by fixing different constant values of T; € (0, 2.55],
foralli=0,1,2,...:

T; =05
p() _ (0.0029 0.0065 p@ _ ( 0.0078 0.0072 p@ _ ( 01854 0
11 =\ 0.0065 0.0570 )’ “11 ~ \ 0.0072 0.3891 )’ “11 = 0 0.0139 )’
p(h) _ (0.0954  0.3702 p@ _ ( 00095 0.0082 P
12 0.3702 1.6643 )’ "12 0.0082 0.0708 )’ ’
349.9877 —0.0226 —0.0228 —0.0274 —125.3336 0.0003 0.0044 0.0033
* 349.9973 —0.0236 —0.0289 0.0040 —125.3278 0.0023 0.0027
* * 349.9921  —0.0243 0.0037 0.0003 —125.3216 0.0009
Py — * * * 349.9936 0.0021 0.0023 —0.0001  —125.3348
21 = * * * * 234.3587 0.0027 —0.0011 0.0006 ’
* * * * * 234.3513 0.0006 0.0012
* * * * * * 234.3518 0.0019
* * * * * * * 234.3589
581.5497 —0.0112 —0.0188 —0.0164 118.6709  0.0067 0.0032 0.0036
* 581.5659 —0.0187 —0.0145  0.0089  118.6656  0.0036 0.0010
* * 581.5730 —0.0201  0.0076 0.0032  118.6649  0.0064
P — * * * 581.5502  0.0061 0.0029 0.0040  118.6759
22 = * * * * 378.7268  0.0040  —0.0033  0.0037 ’
* * * * * 378.7241  0.0003 0.0023
* * * * * * 378.7310 0.0028
* * * * * * * 0.0028
254.4294
Yi = ( —0.0062 —0.0062 ), L= ( 33 8006 ) K=( —0.0352 —0.4698 ),
T, =1.0
p() _ ( 0.0104 0.0036 p(2 _ ( 0.0204 0.0035 p@ _ ( 0.0991 0
117\ 0.0036 0.0309 )’ “11 T\ 0.0035 0.1299 )’ “11 = 0 0.0074 )’
p() _ (0.0672 0.0803 p@ _ (00382 0.0038 P
12 0.0803 0.2420 )’ “12 0.0038 0.0522 )’ ’
70.0528 —0.0047 —0.0046 —0.0044 —17.5110  0.0006 0.0008 0.0011
* 70.0528 —0.0059 —0.0051  0.0011  —17.5122  0.0013 0.0007
* * 70.0521 —0.0042  0.0006 0.0015 —17.5132  0.0006
Py * * * 70.0531  0.0009 0.0009 0.0013  —17.5134
21 = * * * * 50.8534  —0.0090 —0.0089  —0.0088 |’
* * * * * 50.8526 —0.0092 —0.0087
* * * * * * 50.8557 —0.0088
* * * * * * * 50.8532
112.1137 —0.0019 —0.0027 —0.0020 11.6581 0.0130  0.0124  0.0123
* 112.1119  —0.0023 —0.0022 0.0115 11.6589 0.0122  0.0126
* * 112.1162 —0.0024 0.0125 0.0112 11.6591 0.0126
P * * * 112.1113 0.0117  0.0126  0.0111 11.6583
22 = * * * * 69.9258  0.0207  0.0203  0.0200 |
* * * * * 69.9272 0.0205 0.0202
* * * * * * 69.9231  0.0201
* * * * * * * 69.9274
50.1074
Y = ( —0.0079 —0.0079 ), L= ( 21 1055 ) K= —0.0796 —1.0652 ),
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1 0.0158
P1(1) = (
(
P12)
57.8022
*
*
*
Py = .
*
*
*
72.0850
*
*
*
Pag = .
*
*
*

0.0014
0.0014 0.0281

2
). r?

T, = 2.0
B ( 0.0308

—0.0011

—0.0011

0.0698

_ ( 0.0777  0.0994 ) p@ _ (

T\ 0.0994 06250 ) 12 T
0.0073  0.0074  0.0067 —3.9894
57.8024 0.0070  0.0065  0.0019

* 57.8024  0.0065  0.0020

* * 57.8027  0.0021

* * * 45.6053

* * * *

* * * *

* * * *
0.0095  0.0094  0.0094  1.4037
72.0859  0.0087  0.0096  0.0088

* 72.0879  0.0093  0.0087

* * 72.0864  0.0085

* * * 42.9554

* * * *

* * * *

* * * *
Yx = ( —0.0065 —0.0065 ), L = ( f?:;gg

The trajectories of the system, the state estimation error and the control signal for different values of T; are
depicted in Figures 1-4. From Fig. 1 it is clear that the trajectories and the estimation worsen whenever the
sampling interval increases. However, the proposed approach is capable of stabilizing !, for a reasonable sampling
interval equal to 2 seconds. For the aperiodic case, from Fig. 2 it is clear that the proposed approach is able to deal
also with the aperiodic case and the behavior is very similar with any of the values in the set of feasible control and
observer gains for the same sequence of T;. The state estimation error for the ideal case is depicted in Fig. 3 where
the estimation error worsens whenever the sampling interval increases. However, the proposed approach is capable
of stabilizing ! for a reasonable sampling interval equal to 2 seconds. Finally, the control signals are shown in Fig.

4.

5.2. Uncertain Case

Let us consider system (1)-(2) with

A:(g é) B:(?), c=(10), f(x)zO.l(

This example represents an uncertain double-integrator where f(x) is a Lipschitz function with fo = 0.1.
Proposition 1 is applied together with a bisection-like approach using SeDuMi solver among YALMIP in Matlab to
find a solution for the LMIs, and the corresponding control and observer gains. The simulations have been done
in Matlab with the Euler discretization method, sample time equal to 0.001, and initial conditions 2(0) = (—1,1)T

and £(0) = (0,0)7.

Based on Proposition 1, it is possible to show that the impulsive system (5)-(6) is EDE}-S for all 0.30 > T; > 0 i.e.
for any sequence {T}},y such that T; € (0,0.30] = (Tin, Timax], there is a set of feasible control and observer gains.

11

3
). P

0.0448 0.0015
0.0015 0.0570

0.0022
—3.9884
0.0023
0.0022
—0.0002
45.6071
*

*

0.0084
1.4030
0.0084
0.0085
0.0051
42.9547
*
*

B ( 0.1030

0

),5=1,

0.0023
0.0019
—3.9879
0.0027
—0.0002
0.0002
45.6062
*

0.0086
0.0090
1.4027
0.0082
0.0049
0.0049
42.9544
*

0
0.0077 )’

0.0028
0.0024
0.0025
—3.9883
—0.0005 |~
0.0001
0.0000
45.6059

0.0084
0.0084
0.0085
1.4031
0.0052 ’
0.0053
0.0054
42.9544

)7 K =( —0.0627 —0.8393 ).

0
1 +sin(zg) /-



xTo (t) Vs .fz (t)

0

20
21 (t) vs 21(t) 15

10 .
20 5 Time k

Figure 1: Real and estimated trajectories of the ideal sampled-data system for different values of T;

The following feasible results are obtained by fixing different constant values of T; € (0,0.30], for all ¢ =0,1,2,...:
T; =0.1
PO = ( 0.0464 0.0055 ) PE — ( 0.0158 0.0296 ) PO — ( 0.6860  —0.0234 )

0.0055 0.4720 0.0296 4.5343 —0.0234  0.3431

p) _ (05672 00264 \ L) _ (27065 02887 \ o
1227\ 0.0264 04714 ) 712 T\ —0.2887 29879 )’ °7 "

83.0960 0.0266  0.0266  0.0266 —37.5004 —0.0060 —0.0060 —0.0060

* 83.0960 0.0266  0.0266  —0.0060 —37.5004 —0.0060 —0.0060
* * 83.0960 0.0266  —0.0060 —0.0060 —37.5004 —0.0060
P — * * * 83.0960 —0.0060 —0.0060 —0.0060 —37.5004
21 = * * * * 43.8472  —0.0198  —0.0198  —0.0198 ’
* * * * * 43.8472  —0.0198  —0.0198
* * * * * * 43.8472 —0.0198
* * * * * * * 43.8472
127.4672  0.9881 0.9881 0.9881  62.8240  0.8689 0.8689 0.8698
* 127.4672  0.9881 0.9881 0.8688  62.8240  0.8689 0.8689
* * 127.4672  0.9881 0.8689 0.8689  62.8240  0.8689
P — * * * 127.4672  0.8689 0.8689 0.8689  62.8240
22 = * * * * 106.2215  0.7620 0.7619 0.7619 ’
* * * * * 106.2215  0.7619 0.7619
* * * * * * 106.2215 0.7618
* * * * * * * 106.2215
Yk = ( —0.9182 —09521 ), L= ( g%gg ) K =( —1.4364 —2.8729 ),

12



T, € [0.5,2.0] T, € [0.5,2.0]

x2(t) vs Ta2(t)
xa(t) vs To(t)

50

20

2 9 10 Time k
T; € 10.5,2.0]
o 2
b &1
20 @
E ~ 0
52 =
4 8
5
2
50
PN 40 ! 4 50
.’L’](t) VS .’E](t) 20 30 ) Il(t) Vs Il(t) 5 g 10 20 3‘0
2 9 10 Time k Time

Figure 2: Real and estimated trajectories of the ideal sampled-data system for the aperiodic case T; € [0.5,2.0] and
different values of K and L. For a fixed sequence in T;, four different matrix gains, in the set of feasible solutions,
for K and L were used, i.e. K = (—0.0352,-0.4698), L = (254.4294,33.8006)7 - left top; K = (—0.0796, —1.0652),
L = (50.1074, 21.1055)T - right top; K = (—0.0771, —1.0328), L = (41.5574, 17.6644)7 - left bottom; K = (—0.0627,—0.8393),
L = (46.7717,17.7768)" - right bottom.

3 T T | T T T T | T

0 5 10 15 20 25 30 35 40 45 50

Figure 3: State estimation error of the ideal sampled-data system for different values of T; including the aperiodic case.

For the aperiodic case the gains were K = (—0.0627,—0.8393), L = (46.7717, 17.7768)T corresponding to T; = 2.0.
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Figure 4: Control signal of the ideal sampled-data system for different values of T; including the aperiodic case.

the aperiodic case the gains were K = (—0.0627, —0.8393), L = (46.7717,17.7768)” corresponding to T; = 2.0.

T, = 0.2
p) _ ( 0.8291  —0.1799 ) p@ _ ( 0.0416  0.0238 ) PO _ ( 0.3826  —0.0076 )
117\ —0.1799 09342 /> "1 T\ 0.0238 5.7885 /> 11 T \ —0.0076 0.1913 )’
p _ ( 2.7765  —0.1098 ) p@ _ ( 4.3625  —0.1738 ) S—1
12 —0.1098  2.1288 ) 12 —0.1738  5.7290 )’ ’
77.3837  0.0084  0.0084  0.0084 —34.3973  0.0002 0.0002 0.0002
* 77.3837  0.0084  0.0084 0.0002  —34.3973  0.0002 0.0002
* * 77.3837  0.0084 0.0002 0.0002  —34.3973  0.0002
P — * * * 77.3837  0.0002 0.0002 0.0002  —34.3973
21 = * * * * 44.4824  —0.0124 —0.0124 —0.0124 ’
* * * * * 44.4824  —0.0124 —0.0124
* * * * * * 44.4824 —0.0124
* * * * * * * 44.4824
123.7642  0.8964 0.8964 0.8964  51.1589 0.7385  0.7385  0.7385
* 123.7642  0.8964 0.8964  0.7385 51.1589 0.7385  0.7385
* * 123.7642  0.8964  0.7385  0.7385 51.1589  0.7385
P — * * * 123.7642 0.7385  0.7385  0.7385 51.1589
22 = * * * * 93.4763 0.6062  0.6062  0.6062
* * * * * 93.4763  0.6062  0.6062
* * * * * * 93.4763  0.6062
* * * * * * * 93.4763
2.5540

Yi = ( —0.1032

—0.1054 ), L = (

3.1337

14

), K =( —0.2810 —0.5620 ),



T; =0.3

p _ ( 0.7794 0.1081 > P _ ( 0.0358 0.0284 ) p@ _ < 0.3749  —0.0046 )
117\ 01081 1.3372 ) T T\ 0.0284 24736 )’ "1 T\ —0.0046 0.3749 )
p _ ( 2.8366  —0.2920 ) p@ _ ( 2.7932  —0.0059 ) S—1
127\ —0.2920 25168 /)’ 12 — \ —0.0059 3.6565 )@ ° T 7
73.0348  0.0024  0.0024  0.0024 —31.3059 —0.0001  —0.0001  —0.0001
* 73.0348  0.0024  0.0024  —0.0001 —31.3059 —0.0001  —0.0001
* * 73.0348 0.0024 —0.0001  —0.0001 —31.3059 —0.0001
P * * * 73.0348  —0.0001  —0.0001  —0.0001 —31.3059
21 = * * * * 44.3482 0.0003 0.0003 0.0003 )
* * * * * 44.3482 0.0003 0.0003
* * * * * * 44.3482 0.0003
* * * * * * * 44.3482
118.7790  0.0300 0.0300 0.0300  40.8381 0.0198  0.0198  0.0198
* 118.7790  0.0300 0.0300  0.0198 40.8381 0.0198  0.0198
* * 118.7790  0.0300  0.0198  0.0198 40.8381 0.0198
P — * * * 118.7790 0.0198  0.0198  0.0198  40.8381
22 = * * * * 83.9838 0.0132  0.0132 0.0132 |
* * * * * 83.9838  0.0132 0.0132
* * * * * * 83.9838  0.0132
* * * * * * * 83.9838
2.5714

Y = ( —0.1136 —0.2315 ), L = ( L9137

), K =( —0.3107 —0.6213 ).

The trajectories of the system, the state estimation error and the control signal for different values of T; are depicted
in Figures 5-8. From Fig. 5 it is clear that for the uncertain case, the trajectories deteriorate, more than the ideal
case, whenever the sampling interval increases. The proposed approach is capable of stabilizing ¢}, for a sampling
interval less than or equal to 0.30 seconds. For the aperiodic case, from Fig. 6 it is clear that the proposed approach
is able to deal also with the aperiodic case and the behavior is very similar with any of the values in the set of
feasible control and observer gains for the same sequence of T; but the sampling interval has decreased with respect
to the ideal case. The state estimation error for the ideal case is depicted in Fig. 7 where the estimation error
deteriorates, more than the ideal case, whenever the sampling interval increases. The proposed approach is capable
of stabilizing &, for a sampling interval less than or equal to 0.30 seconds. Finally, the control signals are shown in
Fig. 8.

6. Conclusions

In this paper a vector Lyapunov function-based approach, derived by means of a 2D time domain equivalence,
for stability of impulsive systems is used for designing a robust output-feedback control for linear sampled-data
systems. This approach provides a stability analysis based on LMIs for linear impulsive dynamical systems. Then,
it is possible to show that the sampled-data control problem based on state estimation may turn into one of
finding conditions for the exponential stability of impulsive systems. Thus, the proposed vector Lyapunov function
approach is applied for obtaining stability conditions of the impulsive system, and then, a solution to the robust
output-feedback control design problem is derived and expressed in terms of LMIs. Some numerical examples
illustrate the feasibility of the proposed approach. The analysis of uncertain sampled-data nonlinear systems is in
the scope of the future research.
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Figure 5: Real and estimated trajectories of the uncertain sampled-data system for different values of T;
Appendix
Proof of Theorem 1: From the divergence definition and inequalities (13), (14) and (15), it follows that
dVi(z;) t; t t
L) < a2k + 12 ) — VaGed) + Vae ),
ti ti
< -6V (zltc) + )“/Q(Zk )= V2(zk++i)a (31)

where A = 1 — <& and 3 = £. By means of the comparison principle, with respect to the time ¢, from (31), for all

4 C2
t € [ti,tiy1), it is obtained that

t
Vi (Z]tc) < efﬁ(titi)vl(zli‘i) +/ e~ B(-T7) |:>\‘/2(Z’ii+l) _ Vz(ziﬁ)} dr,
t;
= e PRIV () 4 pi(O)(AVa (2 ) = Va(z1), (32)
where p;(t) = %ZU_” > 0, for all t € [t;,t;41). In order to fulfill the statements given by Definition 1 it is
necessary to prove convergence and boundedness. Thus, let us prove each one separately.

1. Convergence. Evaluating (32) for t = t;11, it gives

Vl(th:H) <e PTivi(2p) + Pi(fi+1))\V2(Z;ii+l) - Pi(ti—&-l)VQ(zliii)v (33)
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Figure 6: Real and estimated trajectories of the ideal sampled-data system for the aperiodic case 7; € [0.1,0.3] and
different values of K and L. For a fixed sequence in T;, four different matrix gains, in the set of feasible solutions, for K and

L were used, i.e. K = (—1.4364,—2.8729), L = (2.6175,3.7852)7 - left top; K = (—0.2810, —0.5620), L = (2.5540, 3.1337)%
- right top; K = (—0.1013, —0.2025), L = (2.5453,4.7680)7 - left bottom; K = (—0.3107, —0.6213), L = (2.5714,1.9137)7 -
right bottom.

2 T T I T T
—le(t)l, T; = 0.1
- le), =02
----- le(t)], T; =0.3
==le(t)], T; € 0.1,0.3]
S
L
05 ! ! l ! !
0 5 10 15 20 25 30

Time ¢ [3]

Figure 7: State estimation error of the uncertain sampled-data system for different values of 7; including the aperiodic

case. For the aperiodic case the gains were K = (—0.3107, —0.6213), L = (2.5714,1.9137)7 corresponding to T; = 0.3.
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Figure 8: Control signal of the uncertain sampled-data system for different values of T; including the aperiodic case.

For the aperiodic case the gains were K = (—0.3107, —0.6213), L = (2.5714,1.9137)7 corresponding to T; = 0.3.

with p;(tiy1) = kefgwi > 0, for all T; > 0. From the inequalities (13) and (14), it follows that Vi = k € N
Vo (2 V12
2(2) < &P < 1(2k)7 Vp =t iy (34)
Cq C1
Vi (2 Vo (2
e [SARR 2(k) vy, = tistign- (35)
C2

From (34), it is given that %Vg(z,t;“) <V (z,t;“), and therefore from (33), it is obtained that

i X . C .
piltiv)Va(zfy) < e PTiVa(zy) + <Pz‘(tz‘+1)/\ - cj;) V(). (36)

Let us consider that ¢4 > c5, i.e. A € (0,1). Thus, from (35) and (36) it follows that

—BT; (ts ))\ _a
coe " pi(tiv1 c tit1
V22t+1§7v22’+ ———= | V(g ). 37

( k+1) C3pi(ti+1) ( k ) pi(ti+1) ( k ) ( )
Note that if the constraint p;(t;+1)A < & holds, then the term depending on Vg(z,t;“) can be disregarded. In

- —e BT
cs 167, the

this sense, in order to satisfy such a constraint, recalling that g = 2—2, A=1-— o and p;(ti11) =
following condition is founded

Co (1 — e_ﬂTi) (cg — ¢c5) < cq05,

1— —BT:\ <« C16Gs )
( ¢ ) ~ ca(ca—cs)
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Then, it is clear that if c3 (¢4 — ¢5) < c1¢5 holds then p;(t;4+1)A < i—i is trivially satisfied. Otherwise

- ca(eg —c5) —cre c
675T1 Z 2( 4 5) 165 PN E S j()(7
c2 (c4 — c5) cs
where a = —In [%] > 0, for all ¢3 (¢4 — ¢5) > c1c5. Note that these two possibilities, i.e. ¢a (¢4 — ¢5) <

cics or T < Z—ga, are represented by (16) in Theorem 1. Therefore, if one of them is satisfied, from (37) it is
obtained that
026—5Ti

Va(z5)) < Va(zp).

c3pi(tizt)
Then, by induction, it follows that

— BTy k+1
tit c2e ' 0
Va (Zk+1) < 703&‘(?2‘“) Va(zg)- (38)

Hence, (38) decreases if the following condition holds

—BT;
Co€
2 <1l-—¢,

c3pi(tiva)
cse Pl < ¢y (1—-¢) (1 — e_BTi) ,

i o _G3(1—¢)

e
T cestes(l—e)

e T > 2y,
C5
which is the same that (17), with v = —1In [%} Then, from (34), (35), and (38) , it follows that
Vi=keN
ti
€ 1 < eny G,
with ¢ = z—‘; >0and 0 < k1 = ﬁ < 1 — ¢, for some small positive €. Thus, the trajectories of system
(7)-(8) are convergent under the constraints ¢4 > 5, 2 (ca —¢5) < cie5 or Ty < 2a, and T; > 27, d.e. eq.
(9) from Definition 1 is obtained. Now, let us take into account that c¢5 > ¢4, i.e. A < 0. Therefore, from
(36), it follows that the term depended on Vg(z,tc”l) can be disregarded, then one gets (38) and just under
condition T; > £+ convergence is obtained. Thus, it is concluded that the trajectories of system (7)-(8) are
convergent under constraints (16)-(17) if ¢4 > ¢5, or only under (17) if ¢5 > ¢4 holds. In order to complete
the proof, let us prove boundedness between the impulses, i.e. |£f]? < ko|&7|? for all ¢ € [t;, t;41).

. Boundedness. From (32), it is given that
Vi(eh) < e POV £ piltis)AVa(2E ). (39)

Let us consider the case c5 > ¢4, i.e. A < 0. Therefore, from (39), it follows that V;(zf) < e ¢tV (2]1),
Vi = k € N, and boundedness is given, i.e.

6017 < wal€i 2, VE € [t tig)

with ko = 2. Finally, for the case ¢4 > ¢5, i.e. A € (0,1), from (39) and evaluating ¢ = ¢;11, one gets

C . 3 . .
im;:“) < e TV (2) + piltiv)AVa(2) ),

e~ BT

(% - Pz’(fz'+1)>\)

Va(z, ) <

Vi(zh). (40)

Note that p;(tir1)\ < ¢L has to hold in order to satisfy inequality (40). However, as it was previously
described, if co (¢4 — ¢5) < c1¢5 holds, p;(tiy1)A < (% is trivially satisfied, otherwise T; should be less than or

equal to Z—za, re. T; < 2q with a = —1n [w] > 0, for all ¢z (¢4 — ¢5) > c1¢5. Thus, applying (40)

cs ca(cqa—cs)
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n (39), it is given that

(t. —BT;
Vi(eh) < |e B0t 4 pi(ti+1)Ae Vil
(% - Pi(ti+1)>\>

cs (c1 — capi(tivi)N) + 0204} ¢
< Vi(z").
- { cs (c1 — capi(ti+1)N) 1(z)

(41)

Therefore, from (41), boundedness is obtained, i.e. [£}|? < k2|¢|? for all t € [t;,t;11) and

¢z (c1es5 + caca)

Ko =
? c3es —crea (e —es) (1—e )’

which clearly is also valid for the case c5 > ¢4, i.e. X < 0.

Thus, during each interval between impulses, the trajectories of the system are bounded by a constant value as
n (10), and due to the convergence property given by (9), according to Definition 1, the 2D system described by
(7)-(8) is EDEL-S. O

Proof of Corollary 1: Let us calculate the divergence operator for the quadratic vector Lyapunov function
V(zk,zk’j_’i) given by (18), i.e

dVi(zp)
dt

= ()" <P1(71§)A§ + AL Pi(7f) + > &+ (6T Pu(rf) Def + 7D Pu(r})E;
+ ()T (IgTP2(0)I£ — Po(Ty)) &;.

From the A-inequality (see, for instance, [25]), it follows that

divV (2}, 251) = + Valzy 1) — Valz ™)

dPl( 9

XYT+vXT < XA 'XT +vAYT,

Therefore, the LMI (23) is obtained when all the elements of §3(6) are merged, and it is concluded that if the
set of LMIs (23) and (25) is feasible then (42) holds, i.e. T1(0) < 0. that holds for every X € R"*F Y € R"¥F
and 0 < A = AT € RF¥**. Applied with X = (¢1)TPy(7) and Y = fT DY, it follows that

(&) P Def + f Dngl(Tk)ﬁk ()T PN PU(T)EL + fTDgTADsﬁ
for any 0 < A = AT € R*"*4" Therefore, the divergence can be upper bounded as

vV £ < €7 (R + ATl + DU 4 a6

+ fTDADf + ( tir)T (I P2 (0)I¢ — Po(Ty)) &5,

and since f1f < fozTa < fo(€1)T¢! and DgTDE =2I, — |D€TD§| < 2, it is obtained that

dPy (1}
A e 1) < @7 (P A+ ATAGD) + 4 AT D + 200 )

+ (& T (I Py(0)I¢ — Po(T3)) &
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By Theorem 1, it follows that the divergence must satisfy (15). Thus, it is given that

t
T [ Pu(rf)Ae + AT Pi(rf) + Pl i
§t 1Tk ) Ae k dt 0 13 i
< g PUTA~ P(rt) + 2fo e ) S eIk 16 P),
k 0 IEPy(0)I — Py(Ty) k
Tt

g \T[  PhAc+ATP(r) + D 0 &
( £t¢+1 > +P (AT PL(1E) 4+ 2foA + c5lun ( tit1 ) <0

k 0 1T P2(0)I¢ — Po(T3) + cslan r

By Schur’s complement to the previous inequality, one gets the matrix inequality (21). Then, if (21) is feasible
for all 7} € [0,T;], i = k € N, some P;(r}) = Pl (r}) > 0, continuously differentiable on ¢ and bounded, P»(0) =
PE(0) > 0 and P»(T;) = PL(T;) > 0 satisfying (19)-(20), A = A > 0 and a constant c5 € R>q, the divergence will
satisfy (15).

Thus, based on Theorem 1, if the constraints (16)-(17) are satisfied for the given c;, ¢, c3, ¢4 and c5; then the
system (7)-(8) will be ED¢}-S for any sequence {T}}, .y such that T; € (29, 2al. O

Cs

Proof of Corollary 2: It is straightforward from the proof of Corollary 1. O

Proof of Proposition 1: Due to the linear structure on 7}, given for P; and P, the matrix inequality (21) is
affine in 7/ and its negative definiteness is given by the negativeness over the finite set 7} € {0,7;}.
Therefore, taking into account the structure given by A¢ and Dy, and the fact that Pyq = diag(Pl_l(l)7 Pl_l(Q), P1_1(3)» Pl_l(s)),
Py = diag(sz(l)7 sz(z), 0I,,0I,), with § > 0, after some algebraic manipulations on matrix inequality (21) given
by Corollary 1, it is possible to obtain the following inequalities

T.©="% 4@ 0 |<o (42)
* * —A
22©)] 0 P
T2(0) = * »(O) 0 <0, (43)
* * —A
T .
Where (b(@) = If P21[£ — P21 — @Pzg + Q5, A = dlag(ln,ln, A3,A4), and
—(1) T p—(1)
P A+ AP + 2fol, _ _
liw;l(ltpjllh Lo 0 PRV BK —P YBK
° ' PP A+ ATPL® 12501, .
—(2
01 (0) = * —@)_ -1 0 A el 7
1(©) T 9P12 ) Q;" .
* * (P11 (—)751”) +Q;1 ( 0
—3)_
. . . e ® i) | oo
PP A+ ATPL M 4201, ~ -
1J2r (P1,1<1)_P172(112)) Lo n 0 PV BK —pP,VBK
. 1 PL® A+ ATPLY 4 2f01,, ©
—(2
Q2(0) = * (pm@_p=(y) 0 -rPLe 7
+ 11 5 12 + Q2 1 o
* * (P @*‘”n) +Q;1
—(3) _
* * * “’11&7)‘”") + Q!

that should be satisfied for the finite set © € {Tiin, Tmax}- Let us begin with the inequality (42). Applying the
quadratic non-singular transformation

T = diag(Pl(ll), Pl(f), Ly, Iy Lany, Lan),
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o (42), one gets B B
%\ 0 Py

WO =T@OT = |« 4O o |. (4
* * —A
where
B $11(©) 0 BK BK
-p (H1z THey .
@ ?12(©) 0 Le
_ _ * Y B
2(0) = ~PP Pz —afor, - Q1 PED ’
PI_I(S)—Mn -1
. * e + Q3 L 0
. . N %“”" +Q;

P11y = diag(In, In, P, P,

where ¢11(0) = APY) + PAT + P /© and $12(0) = AP + PP AT + P? /6. From A-inequality, applied with
Y =1, it follows that
X+ XT<XAXT+A7,

which for A=! = @Pl(l) and A~ = @P12 implies that —PJ' P, PW /6 < —2PM + 0P and —P P PP PP /6 <
—2P?) + OP2, respectively. Therefore, the matrix W;(0) in (44) can be upper estimated as W1(0) < W(0),
where W1(0) is defined as

MO 0 Py

Wi(0) = x [¢©) 0 |, (45)
* * —A
and

$11(0) + P\ 2foln + Q7 1P 0 BK _BK
) * $12(0) + P (2foln + Q3 )P} 0 _LC
() = N N P >,6,n e o ,

( )
* * . Py 51n Q4

with ¢11(0) = ¢11(0) — 2P + OPY and ¢12(0©) = ¢12(0) — 2P2 + ©P(?. Then, it is clear that
W1(0) = Wi(0) + PW (2oL, + Q7 )P + PP (2fo 1, + Q3 ) (PP)T, (46)

where (P)T = (P10, ...,0), (PP)T = (0, P?,0,...,0) and W1 (0O) is given by as

- MO 0o Py
W1(0) = * | 6O 0 |, (47)
* * —A
where
$11(O) 0 BK —BK
. * ¢12(0) 0 —LC
2,(0) = N N P Lsfn Lot 0
3
Pu() —51I,

+Q7!

*
For the aperiodic case the gains were K = (—0.3107, —0.6213), L = (2.5714, 1.9137)T corresponding to T; = 0.3.
By Schur’s complement to (46), it is obtained that W;(©) < 0 is equivalent to W2(0) < 0, where W5(0) is
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defined by

wi(e) | PO pO | p@  pE)
x | —Q1 0 0 0
W,(0) = * x =3 0 0
* * * —Q2 0

* * * x = 2’};

In an analogous manner, applying the equivalent transformation

7-2 = diag(InvjnaPl(f)vpff)7[4n7]4naj4n)v

to the matrix W5(©), it is obtained

I (0) pLn  pm | p@
* _Ql 0 0
E1(0)=TWo(O)T = | * | * —32| 0
* * * —Q2
* * * *
where
$11(©) 0 BKP®
@] o p ) #12(9) o
—(3)
(e —< l* ‘ 3(0) 011 ) 01(0) = * * P <Pll#—“n+@;1> P
* * —A

with Pyy = diag(Iy, In, In, In). By A-inequality, it follows that (P} — c
#3(©) . Therefore, the matrix Z;(0©) is upper estimated as Z;(0) < Z1(0), where =; (6) is glven by

*

—6P®1,P

T (©) P pm | p@  p@
* _Ql 0 0
Z1(0) = * * 2% 0
* * * —Q2
* * * *
0
where
(3)
. - fie | o Py : B ¢11*(®) ¢10(®) BKéDu
A U A A $15(0) + Py P
* *

Then, it is given that B
21(0) = £1(6) + PO)Q;

where (P®)T = (0,0,PY .0, ...,0), (P4)T = (0,0,0, P, 0, ...

(P (3)) + P(4)Q
,0) and Z;(©) defined by

(P,

0
¢3(0) + Py Q' P

m,(e) | PO  pL | p&  pQR)
* _Ql 0 0
E@)=| * | * —3:] 0
* * * —Q2
* * * x5
0
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(49)

— 2P +0l,/6 =

(52)



where

_ _ $11(©) 0 BYx  —-BYg
1, (©) ‘ 0 Py B . (3)
I, (©) = ( * ‘ #(©) 0 ) , T (©) = : ¢12*(O) %(()e) ch(‘)Pu )
* * A * * * $3(©)

with Yg = K Pl(f). Then, applying Schur’s complement to (51), it is obtained that Z;(©) < 0 is equivalent to
E2(0) <0, where Z5(0) is defined as

Z.(0) | P® | P®
2,(0) = x | -Qs| 0o |. (53)
* —Q4

Then, the bilinear term fLC'Pl(f) is simplified as follows. By A-inequality with
T
XT:(O oo Py o - o) ,Y=(0 —-LC 0 --- 0),

the matrix Z5(©) can be upper estimated as Z(0) < Z5(0), where Z5(0) is defined by

w,(0) | PO | PW

E2(0) = x | -Q3| 0 |, (54)
* * —Q4
where
T, (0) | PO pO | PO pe
* Q1 © 0 0 B 2(0)]| 0 Pu
T, (0) = * *  —a| 0 0 , U1(0) = * |¢©) 0 |,
* * * —Q2 0 * * —A
* * * * —217710
and
$11(0) 0 BYx —BYx
* ¢12(@) 0 0
©1(0) = * * ¢3(0) 0 ’
* * * $3(0)
with

$12(0) = ¢12(©)+LCA,CT LT,
$3(0) = ¢3(0) + PV AT P,
for any A = I_XIT > 0. Let Ry, Ry > 0 be new matrix variables. Then, applying A-inequality to ¢ it follows that
$12(0)+LCACTLT < ¢12(0) — LC — CTL" + A7' < Ry,
$5(0) + P{{'A ' Py < — Ry,

and applying Schur’s complement one gets the LMIs (25), i.e.

I, —A

_ ATy T (3)
( Ri+¢12(0) —LC-CTLT I, ) <o, < R2+£j(@) Pry ) <0.
1 Py Ay

Thus the term ®; is upper estimated as ®1(0) < ®;(0), where ®(0) is defined by
(

$11(0) 0 BYx —BYg
= _ * —R1 0 0
1(0) = * *  ¢3(0) 0
* * * —Rs
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Therefore, the matrix Z5(©) can be upper estimated as Z3(0) < Z3(0), where Z3(0), is defined by

~

U, (0) | P® | PV

53(@) = * ‘ *Qg ‘ 0 3
* ‘ * ‘ —Q4
where
(@) | PO pW | p@  p@)
~ x | -Q O 0 0 \ 3,(0) | Py
U, (0) = * *  —a| 0 0 , U,(0) = * #©) 0 .
* * * —Q2 0 *
In
* * * * —35

—A

(55)

Therefore, the LMI (23) is obtained when all the elements of Z35(©) are merged, and it is concluded that if the

set of LMIs (23) and (25) is feasible then (42) holds, i.e. YTy (

) < 0.

To conclude the proof, it is clear that a similar method may be used to obtain the LMIs (24) and (26) by means
of inequality (43), and prove that if the set of LMIs (24) and (26) is feasible then (42) also holds, i.e. T5(©) < 0.
This procedure is omitted for the sake of brevity. Thus, the theorem is proven.

O

Proof of Proposition 2: Due to the linear structure on 7}, given for Py and P, the matrix inequality (21) is affine
in 7/ and its negative definiteness is given by the negativeness over the finite set 7/ € {0, T;}.

Thus, given the structure of As and Dy, and the fact that Pi; = diag(Pl_l(l),Pl_l(Q),Pl_l(?’),Pl_l(?’)), Py =
diag(PfQ(l),PfQ@),éIn,(Hn), with § > 0, after some algebraic manipulations on matrix inequality (22) given by

Corollary 2, it is possible to obtain the following inequality

T.(0) = <Ql(@)0 <0
0 [¢©) )7
Th0) = (2O ] 0 )
U 0 Jee) )77
where ¢(9) = IgPQIIE - P21 - 9P22 + Q5 and
—(1) T p—(1)
P A+ AP _
(poM_po(y 0 PLYBK
NERSET - 12 +Qf1
—(2 —(2
N P 2)A+AZTP11( ) o
21(0) = +<P1—1( ) _p (@) oot
- e 2
—(3)_
" . (P S 5In) +Q3T1
* * *
—(1) T p—(1)
P, A+ AP
(o) _pm(1)y 0 P,V BK
EERSE & R 1> +Qf1
P1;<2)A+ATP1;(2)
_ — — 0
0:(0) = * en®—rp®) | o
° ’ (P1_1(3)*5In) —1
* * - e + Q3

*

*

*

5P —s1,)
)

-pP,YBK
-P® Lo

0

3 _s51,)

Py

ﬁ""QZl

-PLVBK
-PLPLC

0
+Q;"

that should hold for the finite set © € {Tiin, Tmax }. Let us begin with the inequality (56). Applying the quadratic

non-singular transformation

to (56), one gets

W(0) = Tits (8)TF = (

where

Ti = diag(PY, P&, I, I,, I,,),
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_ —(1)
$11(0) — PV (Pg— — QP 0 BK _BK

_ p=(2 B
Ql(@) _ * ¢12(@) - Pl(%)(% - Q2 1)P1(f) @ 0 —-LC
* * tLTRELLINa T 0
(3)
* * * 7%1 —00n + Q7!

where ¢11(0) = AP + P{P AT 4+ P /© and ¢12(0) = AP + PP AT + P /0. From A-inequality, it follows that
—Pl(ll)PfQ(l)Pﬁ)/G < 72P1(11) + 6P1<21> and fPf?PfQ(?)ﬁf)/@ < —2P1(2+ @PS), respectively. Therefore, the matrix
W1(0) in (58) can be upper estimated as W1(©) < W1(0), where W1(0) is defined as

o M@©)| o )
W.(0) = , 59
and
¢11(0) + P PP 0 BK _BK
i * $12(0) + PP Q; ' PP 0 -LC
01(0) = p;® sr, 1 ;
* * e tQs o
* * * M Q4

with ¢11(0) = $11(0) — 2P + OPY) and ¢12(0) = $12(0) — 2P + ©P2. Then, it is clear that
W1(©) = W1(©) + PUQ (PM)T + POQ; (P)T, (60)

where (P)T = (PL,0,...,0), (PP)T = (0,P?,0,...,0) and W1 () is given by as

= t©)| o )
Wi(©) = , 61
where
¢11(@) 0 BK —BK
. * $12(0) 0 —_LC
0,(0) = N N Pu( )_s1, Lot 0
3
* * * 7P“(LM" +Q;!

Then, by Schur’s complement to (60) twice, it is obtained that W1(©) < 0 is equivalent to W5(0) < 0, where
W5(©) is defined as
Wl(@) P | p@
W3(©) = * -Q1| O . (62)
* * —Q2

In a similar way, applying the equivalent transformation

To = diag(Ly, In, Py, P I, Lin, 1),

to the matrix W5(0), it is obtained

ry(e)| Py | p@
E1(0) = LW2(0)T = * |=@1| O ) (63)
* * —Q2
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where

$11(©) 0 BKPS) _BKPS)
5 * $12(0) 0 —rcpr)
©)| o - ® (P >,51 (3)
Fl(e) 0 ¢(9) ) Ql(e) = * * P ( =+ Qg ) P11
* *

0
*

) )
Js (g +o; ) P
By A-inequality, it follows that (P& —sP& 1, P®)/0 < PP /6 —2PP) 101, /5 = $3(0)
Z1(O) is upper estimated as Z1(0) < Z;(0), where Z;(0) is given by

. Therefore, the matrix

B ri(e) | PO | P
=,(0) = x =0, 0 |, (64)
* —Q2
where
$11(0) 0 BK P —BKP)
<oy (T1©) ] 0 ) P o) — x $12(8) 0 ~LCPY
rie) = () 1i®) . £ 610+ PP P o
* * * #3(©) + P Q4 1P1(§)
Then, it is given that B _ _
E1(0) = £1(0) + PO (P)T + PWQH (PU)T, (65)
where (P@)T = (0,0,PY 0, ...,0), (PW)T = (0,0,0, P 0,...,0) and El(@) defined by
~ my(e) | PV | PO
20)=|_x [=@&[ 0 |, (66)
x| ox [ Q2
where

BYy

) ¢11(®) 0
_(u©) ] 0 Y ;
m(ep( T ),m(e)

—BYg

o —rcP
* * #3(0) 0 ’
* * * ¢3(©)
with Y = K P11) Thus, applying Schur’s complement to (66), it is obtained that Z;(0) < 0 is equivalent to
E2(0) <0, where 25(0) is defined as
2,0) | P® | pW
E2(0) = * | —Qs| O (67)
* * —Q4
Then, the bilinear term LCPl(f) is simplified as follows. By A-inequality with

X7 = (ooop(‘”o

T
0) . Y=(0 -LC 0
the matrix Z2(©) can be upper estimated as Z2(0)

... 0 ) ,
< E5(0), where Z5(0) is defined by
- w,(0) | P® | P
52(0) = * | =Qs| 0 |, (68)
* —Q4
where Fu(0) | PO @
(A P P
o () e (24)
* * —Q2
and

27



$12(0) 0 0
®, (6) - : * ¢3 (@) B 0 ’
* * ?3(0)

with
$12(0) = ¢12(0)+LCACT LT,
$3(0) = ¢3(©) + PV AT PY,
for any A; = AT > 0. Let Ry, Ry > 0 be new matrix variables. Then, applying A-inequality to ¢1» it follows that
$12(0)+LCACTLT < ¢12(0) — LC — CTLT + A{' < —Ry,
62(0) + Piy'A; Pl < —Ro,

and applying Schur’s complement one gets the LMIs (29), i.e.

(R1+¢12(®)—LC—CTLT I, )<0 <Rz+¢3(9) Pf?)
1 _— b

I, —A Pﬁ” -\

Thus the term ®; is upper estimated as ®;(0) < ®,(0), where ®;(0) is defined by
(

$11(0) 0 BYx —BYgk
= _ * *Rl 0 0
©1(0) = * * ¢3(0) 0
* * * —Rs

Therefore, the matrix Z5(©) can be upper estimated as Z5(0) < Z3(0), where Z3(0), is defined by

U, (0) | P® | p@
E5(0) = * | -Qs3] 0 |, (69)
* * —Q4

where

R ¥,(0) | PO | P®
| ol

=0, 0 ),ifﬂ@)—(él(@) 0 )

* * —Q2

Therefore, the LMI (27) is obtained when all the elements of gg(@) are merged, and one conclude that if the
set of LMIs (27) and (29) is feasible then Y;(©) < 0.

To conclude the proof, it is clear that a similar method may be used to obtain the LMIs (28) and (30) by
means of inequality T2(0) < 0. However, this procedure is omitted for the sake of brevity. Hence, the theorem is
proven. O
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