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The cubic Schrédinger regime of the Landau-Lifshitz equation
with a strong easy-axis anisotropy

André de Laire! and Philippe Gravejat?

December 13, 2018

Abstract

We pursue our work on the asymptotic regimes of the Landau-Lifshitz equation for bi-
axial ferromagnets. We put the focus on the cubic Schrédinger equation, which is known
to describe the dynamics in a regime of strong easy-axis anisotropy. In any dimension, we
rigorously prove this claim for solutions with sufficient regularity. In this regime, we addi-
tionally classify the one-dimensional solitons of the Landau-Lifshitz equation and quantify
their convergence towards the solitons of the one-dimensional cubic Schrédinger equation.

Keywords and phrases. Landau-Lifshitz equation, nonlinear Schrédinger equation, asymp-
totic regimes.
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1 Introduction

Introduced by Landau and Lifshitz in [20], the Landau-Lifshitz equation
dm+mx (Am — J(m)) =0, (LL)

describes the macroscopical dynamics of the magnetization m = (m1, mo,m3) : RV x R — §? in
a ferromagnetic material. The possible anisotropy of the material is taken into account by the
diagonal matrix J := diag(Jy, Jo, J3), but dissipation is neglected (see e.g. [19]). The dynamics
is Hamiltonian and the corresponding Hamiltonian is the Landau-Lifshitz energy

Ern(m) = ;/ (\Vm|2 +Am? + )\3m§).
RN
The characteristic numbers \; := Js — J; and A3 := Js — J3 give account of the anisotropy since
they determine the preferential orientations of the magnetization with respect to the canonical
axes. For biaxial ferromagnets, all the numbers J;, Jo and Js3 are different, so that A\; # A3 and
A1A3 # 0. Uniaxial ferromagnets are characterized by the property that only two of the numbers
Ji, Jo and Js3 are equal. For instance, let us fix J; = Ja, which corresponds to Ay = 0 and A3 # 0,
so that the material has a uniaxial anisotropy in the direction corresponding to the unit vector
es = (0,0,1). In this case, the ferromagnet owns an easy-axis anisotropy along the vector es if
A3 < 0, while the anisotropy is easy-plane along the plane x3 = 0 if A3 > 0. In the isotropic case
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A1 = A3 = 0, the Landau-Lifshitz equation reduces to the well-known Schrodinger map equation
(see e.g. [13, 26, 8, 1| and the references therein).

In dimension one, the Landau-Lifshitz equation is completely integrable by means of the
inverse scattering method (see e.g. [14]). In this setting, it is considered as a universal model from
which it is possible to derive other completely integrable equations. Sklyanin highlighted this
property in [24] by deriving two asymptotic regimes corresponding to the Sine-Gordon equation
and the cubic Schrédinger equation.

In a previous work [12]|, we provided a rigorous derivation of the Sine-Gordon regime in any
dimension N > 1. This equation appears in a regime of a biaxial material with strong easy-plane
anisotropy, where the anisotropy parameters are given by

1
A =o0e, and A3= -

Here and in the sequel, ¢ refers as usual to a small positive number, and ¢ is a fixed positive
constant. More precisely, we introduced a hydrodynamic formulation of the Landau-Lifshitz
equation for which the solutions m write as

m = ((1—u?)7 sin(¢), (1 — u?)2 cos(¢), u),
and we established that the rescaled functions (U, ®.) given by
w(z,t) = eUl(c2 z,t), and o(z,t) = B.(c2 z,t),
satisfy the Sine-Gordon system

oU = AP — §sin(29),
0@ =0,

in the limit € — 0 (under suitable smoothness assumptions on the initial datum). We refer to [12]
for more details.

We now focus on the cubic Schrédinger equation, which is obtained in a regime of strong easy-
axis anisotropy. For this purpose, we consider a uniaxial material in the direction corresponding
to the vector es = (0, 1,0) and we fix the anisotropy parameters as

1
A=Az =—.
9

For this choice, the complex map m = mj +img and the function my corresponding to a solution
m to the Landau-Lifshitz equation satisfy !

{i@tm + maAri — 1AMy — marn = 0, O

Oyma — (ith, Amm)c = 0.
Let us introduce the complex-valued function W, given by

U.(z,t) = e 2rn(a, t)e . 2)

'Here as in the sequel, the notation (#1, 22)c stands for the canonical real scalar product of the two complex
numbers z; and z2, which is given by

(21, 22)c = Re(z1) Re(22) + Im(21) Im(22) = Re(z122).



This function is of order 1 in the regime where the map m is of order 2. When ¢ is small
enough, the function ms does not vanish in this regime, since the solution m is valued into the
sphere S?. Assuming that mg is everywhere positive, it is given by the formula

my = (1 —e[W.2))2,

and the function W, is solution to the nonlinear Schréodinger equation

2
00, + (1 — g\qzeﬁ)%me + |2l ~W, +ediv (M)mg =0. (NLS.)
L+ (1—elW[?)2 (1 —elP.[?)?

As ¢ — 0, the formal limit equation is the focusing cubic Schrédinger equation
1
iU+ AV + 5|x11|2\1; =0. (CS)
Our main goal in the sequel is to justify rigorously this cubic Schrédinger regime of the Landau-

Lifshitz equation.

We first recall some useful facts about the Cauchy problems for the Landau-Lifshitz and cubic
Schrodinger equations. Concerning this latter equation, we refer to [7] for an extended review
of the corresponding Cauchy problem. In the sequel, our derivation of the cubic Schrodinger
equation requires additional smoothness, so that we are mainly interested in smooth solutions
for which a fixed-point argument provides the following classical result.

Theorem ([7]). Let k € N, with k > N/2. Given any function ¥° ¢ HF¥RN), there exist a
positive number Tpax and a unique solution W € C°([0, Tnax ), H¥(RN)) to the cubic Schrédinger
equation with initial datum U°, which satisfies the following statements.

(7) If the mazximal time of existence Tyax is finite, then

lim [ 9(,6) g = 00, and Timsup [, ]| = oo.
Tmax t—Tmax

(ii) The flow map VO — W is well-defined and Lipschitz continuous from H*(RN) to C°([0,T],
HE(RN)) for any number 0 < T < Tiax.

(iii) When ¥° € HY(RN), with £ > k, the solution U lies in C°([0, T], H*(RN)) for any number
0 <T < Tmax-

(iv) The L?>-mass My and the cubic Schrédinger energy Ecs given by

1 1
My(¥) = / WP, and Bos(¥) = - / v L / o,
]RN 2 ]RN 4 ]RN

are conserved along the flow.

The Cauchy problem for the Landau-Lifshitz equation is much more involved. In view of the
definition of the Landau-Lifshitz energy, it is natural to solve it in the energy set defined as

ERY) = {ve Li (RN,S?): Vo € L*(RY) and (vy,v3) € LQ(RN)Q}.
This set appears as a subset of the vector space
Z'RY) = {v € Lip (R, R%) : Vo € L*(RY),vp € L®(RY) and (v1,v3) € L*(RY)?},

which is naturally endowed with the norm

(ST

lollz2 := (Ilorll7 + o2l Zoe + (V020172 + llusllFn) 2



To our knowledge, the well-posedness of the Landau-Lifshitz equation for general initial data in
E(RYN) remains an open question. This difficulty is related to the fact that the Landau-Lifshitz
equation is an anisotropic perturbation of the Schrédinger map equation, and the Cauchy problem
for this class of equations is well-known to be intrinsically difficult due to their geometric nature
(see e.g. [1] and the references therein).

On the other hand, our derivation of the cubic Schrodinger equation requires additional
smoothness, so that in the sequel, we do not address the Cauchy problem for the Landau-
Lifshitz equation in &(RY). Instead, we focus on the well-posedness for smooth solutions. Given
an integer k > 1, we set

EFRN) = {v e ERY): Vv € HFY(RY)},

and we endow this set with the metric structure provided by the norm

N

[0l z& == (HU1||12qk + [JallZee + V0231 + [losll7w) 2,
of the vector space
ZFRN) = {v e L (RN, R?) : (v1,v3) € L2 (RY)?, 05 € L®(RY) and Vv € H*1(RM)}. (3)

Observe that the energy set £(RY) then identifies with £1(RY).

When k is large enough, local well-posedness of the Landau-Lifshitz equation in the set
EF(RY) follows from the next statement of [12].

Theorem 1 ([12]). Let Ay and A3 be non-negative numbers, and k € N, with k > N/2 + 1.
Given any function m® € Ek(RN), there exist a positive number Tiax and a unique solution
m : RN x [0, Tmax) — S? to the Landau-Lifshitz equation with initial datum mP, which satisfies
the following statements.

(i) The solution m is in the space L*°([0,T],EF(RN)), while its time derivative Oym is in
L=([0,T), H*=2(RN)), for any number 0 < T < Tiax.

(11) If the mazimal time of existence Tyax s finite, then

Tmax
/0 IVm(, )3 dt = oo. (4)

(iii) The flow map m® — m is locally well-defined and Lipschitz continuous from EF(RN) to

CO([0, T), EF=YRN)) for any number 0 < T < Thax.

(iv) When m® € EYRYN), with £ > k, the solution m lies in L>=([0,T],E4RN)), with Oym €
L®([0,T], H2(RN)) for any number 0 < T < Tiax.

(v) The Landau-Lifshitz energy is conserved along the flow.

In other words, there exists a unique local continuous flow corresponding to smooth solutions
of the Landau-Lifshitz equation. The proof of this property is based on combining a priori energy
estimates with a compactness argument. For the Schrodinger map equation, the same result was
first proved in [8] when N =1, and in [21] for N > 2 (see also [28, 26, 13] for the construction of
smooth solutions). In the more general context of hyperbolic systems, a similar result is expected
when &k > N/2 + 1 due to the fact that the critical regularity of the equation is given by the
condition k = N/2 (see e.g. [27, Theorem 1.2]).

Going on with our rigorous derivation of the cubic Schrédinger regime, we now express
the previous statements in terms of the nonlinear Schrédinger equation (NLS,) satisfied by the
rescaled function V..



Corollary 2. Let e be a fized positive number, and k € N, with k > N/2+1. Consider a function
U0 ¢ H*(RN) such that

e |00, < 1. (5)

Then, there exist a positive number T. and a unique solution ¥, : RN x [0,T.) — C to (NLS,)

with initial datum WO, which satisfies the following statements.

(i) The solution V. is in the space L>=([0,T], H*(RN)), while its time derivative 9, V. is in
L>([0,T], H*=2(RY)), for any number 0 < T < Tr.

(13) If the maximal time of existence T; is finite, then
T. ) )
/0 |90l de = o0, or et Jim |00, = 1. (6)

(iii) The flow map VY s V. is locally well-defined and Lipschitz continuous from H*(RN) to
CO([0,T], H*=Y(RN)) for any number 0 < T < T..
(iv) When W9 € HYRN), with £ > k, the solution V. lies in L>([0, T], H*(RN)), with 0,¥. €
L2([0,T], H=2(RN)) for any number 0 < T < Tv.

(v) The nonlinear Schridinger energy €. given by

1

¢ (T,) = / (]\I/5|2 + €|V |? +
RN

e2(V,, V\Ila)%)
2 )

1 —eb?
18 conserved along the flow.
(vi) Set
1
m® = (% Re (90), (1 - ¢[9212) 2,5 Tm ().
The function m : RN x [0,T.] — S? given by

it

m(z,t) = (5% Re (e = U (z,t)), (1 — £|\I/5(x,t)|2)%,€% Im (e*%\Ifa(x,t))) (7)

for any (z,t) € RN x [0, T.], is the unique solution to (LL) with initial datum m° of Theorem 1.

Remark 3. Coming back to the proof of Theorem 1 in [12| and using standard interpolation
theory, one can check that the flow map ¥Y s W, is locally well-defined and continuous from
HFRN) to €O([0, T), H*(RY)) for any number 0 < T < T. and any number s < k.

Corollary 2 also provides the existence of a unique local continuous flow corresponding to
smooth solutions to (NLS;). Its proof relies on the equivalence between the Landau-Lifshitz
equation and the nonlinear Schrédinger equation (NLS.), when condition (5) is satisfied (see
statement (vi) above). We refer to Subsection 3.1 for a detailed proof of this result.

With Corollary 2 at hand, we are now in position to state our main result concerning the
rigorous derivation of the cubic Schrédinger regime of the Landau-Lifshitz equation.

Theorem 4. Let 0 < ¢ < 1 be a positive number, and k € N, with k > N/2 + 2. Consider two
initial conditions WO € HF*(RN) and U2 € HF3(RN), and set

K2 = [0+ [0 e+ <[ V0  + <] A2y

Then, there exists a positive number A, depending only on k, such that, if the initial data ¥° and
WY satisfy the condition

Az K0 <1, (8)



we have the following statements.

(1) There exists a positive number
1
T.> ——— 9
© 2 AwTE 9
such that both the unique solution V. to (NLS.) with initial datum ¥, and the unique solution
WU to (CS) with initial datum U° are well-defined on the time interval [0,T%].

(1) We have the error estimate
(s 8) = D) s < (90 = 0O s + A1+ (D)) ) ACD™, (10)
forany 0 <t <T..

Theorem 4 does not only rigorously state the convergence of the Landau-Lifshitz equation
towards the cubic Schrédinger equation in any dimension. It also quantifies this convergence in
the spirit of what we already proved for the Sine-Gordon regime in [12] (see statement (iv) of [12,
Theorem 1]). The assumptions & > N/2 + 2 in Theorem 4 originates in our choice to quantify
this convergence. They are taylored in order to obtain the e factor in the right-hand side of the
error estimate (10) since we expect this order of convergence to be sharp.

This claim relies on the study of the solitons of the one-dimensional Landau-Lifshitz and
cubic Schrodinger equations. In Appendix A, we classify the solitons m.. with speed ¢ and
angular velocity w of the Landau-Lifshitz equation when A = A\; = A3 (see Theorem A.1). We
then prove that their difference with respect to the corresponding bright solitons ., of the
cubic Schrodinger equation is of exact order € as the error factor in (10) (see Proposition A.3).

It is certainly possible to show only convergence under weaker assumptions by using compact-
ness arguments as for the derivation of similar asymptotic regimes (see e.g. [23, 10, 15| concerning
Schrodinger-like equations).

Observe that smooth solutions for both the Landau-Lifshitz and the cubic Schrédinger equa-
tions are known to exist when the integer k satisfies the condition k£ > N/2 4 1. The additional
assumption k > N/2 + 2 in Theorem 4 is related to the fact that our proof of (10) requires a
uniform control of the difference V. — ¥, which follows from the Sobolev embedding theorem of
HF2(RN) into L>®°(RY).

Similarly, the fact that WY is taken in H*+3(RY) instead of H*+2(RY), which is enough to
define the quantity K2, is related to the loss of one derivative for establishing the flow continuity
in statement (7iz) of Corollary 2.

Finally, the loss of two derivatives in the error estimate (10) can be partially recovered by
combining standard interpolation theory with the estimates in Proposition 2.4 and Lemma 2.5.
Under the assumptions of Theorem 4, the solutions V. converge towards the solution ¥ in
CO([0, 7], H*(R™N)) for any 0 < s < k, when ¥? tends to W0 in H*+2(RV) as ¢ — 0, but the
error term is not necessarily of order € due to the interpolation process.

Note here that condition (8) is not really restrictive in order to analyze such a convergence.
At least when WY tends to WY in H**2(RV) as ¢ — 0, the quantity KO tends to twice the
norm ||UY| g« in the limit e — 0, so that condition (8) is always fulfilled. Moreover, the error
estimate (10) is available on a time interval of order 1/[|®"||2 | which is similar to the minimal
time of existence of the smooth solutions to the cubic Schrédinger equation (see Lemma 2.5
below).

Apart from the intrinsic interest of Theorem 4, it is well-known that deriving asymptotic
regimes is a powerful tool in order to tackle the analysis of intricate equations. In this direction,



we expect that our rigorous derivation of the cubic Schrodinger regime will be a useful tool in
order to describe the dynamical properties of the Landau-Lifshitz equation, in particular the role
played by the solitons in this dynamics (see e.g. |6, 16| where this strategy was developed in
order to prove the asymptotic stability of the dark solitons of the Gross-Pitaevskii equation by
using its link with the Korteweg-de Vries equation [10, 4, 5]).

The rest of the paper is mainly devoted to the proof of Theorem 4. In Section 2, we explain our
strategy for this proof. Section 3 gathers the proof of Corollary 2, as well as the detailed proofs
of the main steps in the proof of Theorem 4. Finally, Appendix A deals with the classification
of the solitons of the Landau-Lifshitz equation when A\ = A1 = A3, and with their convergence
towards the bright solitons of the cubic Schrodinger equation.

2 Strategy of the proof of Theorem 4

The proof relies on the consistency between the Schrodinger equations (NLS;) and (CS) in the
limit € — 0. Indeed, we can recast (NLS;) as

1
10V, + AV, + 5\\11512\115 = eR., (2.1)
where the remainder term R. is given by

] 2
RE = ‘ 6’ lA\IIE_ 1
14 (1 —e|P.]?)2 2(14 (1 —|P.]?2)z)?

| W[4 T di (U, VV.)¢ v
—div ( ————— ) V.. (2.2)

) 1— &[0, 2)2

In order to establish the convergence towards the cubic Schrodinger equation, our main goal is
to control the remainder term R. on a time interval [0, T;] as long as possible. In particular, we
have to show that the maximal time 7. for this control does not vanish in the limit € — 0.

The strategy for reaching this goal is reminiscent from a series of papers concerning the
rigorous derivation of long-wave regimes for various Schrédinger-like equations (see [23, 3, 4,
10, 5, 2, 9, 15, 12| and the references therein). The main argument is to perform suitable
energy estimates on the solutions ¥, to (NLS,). These estimates provide Sobolev bounds for the
remainder term R., which are used to control the differences u. := ¥, — ¥ with respect to the
solutions ¥ to (CS). This further control is also derived from energy estimates.

Concerning the estimates of the solutions W., we rely on the equivalence with the solutions m
to (LL) in Corollary 2. Using this equivalence, we can go back to the computations made in [12]
for the derivation of the Sine-Gordon regime of the Landau-Lifshitz equation. More precisely,
given a positive number 7' and a sufficiently smooth solution m : RV x [0,7] — S? to (LL), we
define the energy E’fL of order k > 2 as

1
EfL(t) = §(H3tm(',t)quH HIAMC, s + A+ A3) (IVma ()

(2.3)
+ 1 Vms (- )1 F2) + Mg ([lma (- 012 + ||m3(-,t)||§-{k72))7

for any t € [0,T]. In the regime A\; = A3 = 1/&, we can prove the following improvement of the
computations made in [12, Proposition 1].

Proposition 2.1. Let 0 < e < 1, and k € N, with k > N/2+ 1. Assume that

Al = A3 =

1
= (2.4)



and that m is a solution to (LL) in C°([0,T], EFT4(RN)), with oym € C°([0,T], HF2(RN)).
Given any integer 2 < £ < k + 2, the energies EI{L are of class C* on [0,T), and there exists a
positive number Cy, depending possibly on k, but not on €, such that their derivatives satisfy

(B @) < D (im0 e + s, O+ [19mC 013 ) () + B D), (25)

for any t € [0,T). For £ —1 =1, the quantity EL, (t) in this ezpression is equal to the Landau-
Lifshitz energy Ery,(m(-,t)).

As for the proof of [12, Proposition 1], the estimates in Proposition 2.1 rely on the following
identity. Under assumption (2.4), we derive from (LL) the second-order equation

1
Bum + Am — = (Amlel + Amgeg) +5 (mlel + mgeg) = F.(m), (2.6)
where

- ¥ (a 2(0m, Oym)gadym — |0;m[20;m) — 2aij(<aim,ajm>R3m))

1<i,5<N

1
—- ((m% + 3m§)Am161 + (3m% + m%)Amgeg —2mimg(Amyes + Amsey) (2.7)

+ (m% + m%)Amgeg — |Vm\2(m161 + mges) + V(m% + m%) . Vm)

+€l2 ((m% +m3)(mye; + mgeg)).
Note here that the computation of this formula uses the pointwise identities
(m, Oim)gs = (m, dym)gs + |O;m|* = (m, Oyyym)rs + 2(0;m, Dijm)gs + (9;m, Oym)ps = 0,
which hold for any 1 < 7,7 < N, due to the property that m is valued into the sphere S?.

Since A; = A3, the expression of the function F.(m) in (2.7) is simpler than the one that was
computed in [12]. In contrast with the formula in [12, Proposition 1|, the multiplicative factor in
the right-hand side of (2.5) now only depends on the uniform norms of the functions mi, ms and
Vm. This property is crucial in order to use these estimates in the cubic Schrédinger regime.

The next step of the proof is indeed to express the quantities E’ﬁL in terms of the functions
.. Assume that these functions . : RV x [0,7] — C are smooth enough. In view of (2)
and (NLS,), it is natural to set

k)= (100l ) Dl
2.8
+e(Hat<1 — U ()P [[Gae + [AQ = Ol ) )2 [ Gua + 2 VO )]y 2))

for any £ > 2 and any ¢ € [0,7]. Combining the local well-posedness result of Corollary 2 and
the computations in Proposition 2.1, we obtain

Corollary 2.2. Let 0 < ¢ < 1, and k € N, with k > N/2 + 1. Consider a function ¥ €
HF5(RNY satisfying condition (5), and let U, : RN x [0,T.) — C be the corresponding solution
o (NLS;) given by Corollary 2. Given any integer 2 < £ < k+ 2 and any number 0 < T < T,
the energies @ﬁ are of class C* on [0,T), and there exists a positive number Cy,, depending possibly
on k, but not on €, such that their derivatives sa,tz'sfy

1), V(- )><cH
1_g,q/< DD

€)' < Ck<||\1fa(-7t)||%oo+HW () et 22 ) (€L(t)+em2el (1),

(2.9)



for any t € [0,T]. For £ —1 =1, the quantity €L(t) in this expression is equal to the nonlinear
Schrodinger energy (V. (-,1)).

In order to gain a control on the solutions ¥, to (NLS,) from inequality (2.9), we now have
to characterize the Sobolev norms, which are controlled by the energies €. In this direction, we
show

Lemma 2.3. Let 0 < e < 1, T > 0 and k € N, with k > N/2+ 1. Consider a solution
U, € CO([0,T], H**(R™N)) to (NLS.) such that

or =7 max ||¥.(,, <1 (2.10)

t€[0,T] )HLm

There exists a positive number C, depending possibly on o and k, but not on &, such that

1
5 (1D ez + 2l VLD Fyes + 2 AL, 1) [
< €l(t) < O WD + | VLD + 2 A0, 1)),
(2.11)
forany 2 <€ <k+2 and any t € [0,T]. Moreover, we also have
1
5 (1G5 + el Vet 07:) < €t < O([[e=t. 05 +el Vet o)), (212)

for any t € [0,T].

With Corollary 2.2 and Lemma 2.3 at hand, we are now in position to provide the following
control on the solutions ¥, to (NLS;).

Proposition 2.4. Let 0 < e <1, 0< 0 <1 and k € N, with k > N/2 + 1. There exists a
positive number Cy, depending possibly on o and k, but not on €, such that if an initial datum
U0 ¢ HF3(RN) satisfies

Cuet (|92 o + <3 [V 0 e + £ A0 o) <1 (213)

then there exists a positive time

1
Cu([[ 0| g+ 2| VL | e+ ALY 1)

such that the unique solution V. to (NLS.) with initial condition WO satisfies the uniform bound

ex[| W ()|, <0

as well as the energy estimate

190 g+ €21V L) o+ ] A )]

*(H‘PSHm + 23| V8 0+ AW ).

Dle (2.14)

forany 0 <t <T,.



An important feature of Proposition 2.4 lies in the fact that the solutions W, are controlled
uniformly with respect to the small parameter € up to a loss of three derivatives. This loss is
usual in the context of asymptotic regimes for Schrodinger-like equations (see e.g |4, 5| and the
references therein). It is related to the property that the energies EI’fL naturally scale according
to the right-hand side of (2.14) in the limit ¢ — 0. This property is the origin of a loss of two
derivatives. The extra loss is due to the requirement to use the continuity of the (NLS;) flow
with respect to the initial datum in order to prove Proposition 2.4, and this continuity holds
with a loss of one derivative 2 in view of statement (iii) in Corollary 2.

We now turn to our ultimate goal, which is to estimate the error between a solution W,
to (NLS;) and a solution ¥ to (CS). Going back to (2.1), we check that their difference u. :=
V. — ¥ satisfies the equation

1
10pue + Aug + §(|u‘E + U2 (ue + ) — |U)?T) = eR.. (2.15)
In view of (2.2), we can invoke Proposition 2.4 in order to bound the remainder term R. in
suitable Sobolev norms. On the other hand, we also have to provide a Sobolev control of the
solution ¥ to (CS) on a time interval as long as possible. In this direction, we can show the

following classical result (see e.g. [7]), by performing standard energy estimates on the H*-norms
of the solution V.

Lemma 2.5. Let k € N, with k > N/2, and ¥° € H¥(RN). There exists a positive number Cy,
depending possibly on k, such that there exists a positive time

1

T 2 =55
: CkH\IIOHék

for which the unique solution ¥ to (CS) with initial condition W° satisfies the energy estimate
1G] < Ol 20 e

for any 0 <t <T,.

Finally, we can perform standard energy estimates in order to control the difference u. ac-
cording to the following statement.

Proposition 2.6. Let 0 < e <1,0< o0 <1 and k € N, with k > N/2 + 2. Given an initial
condition W0 € HFT3(RN), assume that the unique corresponding solution ¥, to (NLS.) is well-
defined on a time interval [0,T] for some positive number T, and that it satisfies the uniform

bound )
e2 || e ( 1) poe < 0, (2.16)

for any t € [0,T). Assume similarly that the solution U to (CS) with initial datum ¥° € H*(RN)
is well-defined on [0,T]. Set u. := ¥, — V¥ and

1
Ke(T) = (|2l cogory.ey + 1 ¥elleo oy zrey + €2 1V elleo o my vy + EllATe oo o7, 21)-

Then there exists a positive number Cy, depending possibly on o and k, but not on €, such that
e Bl < (Ol g+ K (T (14 Ko (D)?)) RO (1)

for any t € [0,T].

2In view of Remark 3, continuity actually holds with any positive loss of fractional derivatives, which translates
by a loss of at least one classical derivative.
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We are now in position to conclude the proof of Theorem 4.

Proof of Theorem 4. Under the assumptions of Theorem 4, we can apply Proposition 2.4 (with
o = 1/2 for instance) and Lemma 2.5. They provide the existence of a positive number Cf,
depending only on k, and a corresponding number 7, with

1
T > —
© T 1K)

such that, under assumption (8) (with A replaced by C1), the solution ¥, to (NLS,) with initial
datum WY, and the solution ¥ to (CS) with initial datum ¥° are well-defined on the time
interval [0, 7;]. Moreover, the function W, satisfies condition (2.16) with 0 = 1/2 on [0, 7], and
the quantity IC.(7¢) in Proposition 2.6 is controlled by

K.(T.) < C1K°. (2.18)

As a consequence, we can invoke Proposition 2.6 with ¢ = 1/2, which gives the existence of
another positive number Cy, depending only on k, such that

) = WD) ges < ([0 =0 s + Ko (1) (1 + Ko(T2)?) ) €O,

for any t € [0,7]. Statement (i) in Theorem 4 follows, with A = max{C;,C{, C?Cy}. This
completes the proof of Theorem 4. O

3 Details of the proofs

3.1 Proof of Corollary 2

The proof essentially reduces to translate the statements in Theorem 1 in terms of the nonlinear
Schrodinger equation (NLS.). Indeed, consider an initial datum ¥0 € H*(RY) satisfying the
assumptions of Corollary 2. Coming back to the scaling in (2), we set

m{ = €2 Re (\I/g) and mg =2 Im (\Ilg),

while we can define the function

md = (1 - e[W2)2, (3.1)

due to condition (5). The initial datum m® = (m{,m9, m9) then lies in E¥(RY). Hence, there
exists a positive number T, and a unique solution m to (LL) with initial datum m?, which
satisfies the five statements in Theorem 1. As in (2), we then set

U (z,t) = e"2et (ma(z,t) + ims(z,1)).

In view of statement (i7i) in Theorem 1, the Sobolev embedding theorem guarantees that the
function W, belongs to C°([0, Tmax), Cy (RY)). In particular, we are able to define the number

T :=sup {T € [0, Tyax) such that e [o(-, )|l Lo < 1 for any ¢ < T} < Trnax,
and this number is positive due to condition (5). Note here that either T, = Tjyax, or

1
£2 tlifi [T, t)|| e = 1.

11



With these definitions at hand, statements (i), (ii) and (iv) of Corollary 2 literally follow
from the same statements in Theorem 1. Moreover, the function msy is continuous on R x [0, T%)
by statement (#4¢) in Theorem 1, and it does not vanish on this set by definition of the number
T. due to the fact that m is valued in S?. Therefore, we deduce from (3.1) that

mo = (1— e|\118\2)%, (3.2)

on RY x [0,T.). Recall here that the map m is solution to (LL). Since this equation holds
with m € L®([0, Tmax), EFRY)) and oym € L¥([0, Tinax), H*2(RY)), we can check that the
functions 7 and mg solve (1), and it is enough to apply the chain rule theorem to mg in order to
derive that the function W, is solution to (NLS.) with initial datum W2. A direct computation
then provides the identity

1 2(W,,VU,)2
|Vm|* + g<m% —l—mg) = |V |? +e|VI|* + e (¥, Vo)

_— 3.3
TR (3:3)

and the conservation of the energy €. in statement (v) follows from the same statement in
Theorem 1. Note finally that this construction of solution ¥. to (NLS.) guarantees the local
Lipschitz continuity of the flow map in statement (iv) of Corollary 2 due to the same property
in Theorem 1.

Concerning uniqueness, the argument is similar. Given another possible solution 0. to (NLS;)
with initial data ¥? as in Corollary 2, we set

m(x,t) = (6% Re (e_i?t\ilg(x,t)), (1- €|\T/€(l‘,t)|2)%,€% Im (e_%ﬁlg(:n,t))),

and we check that the maps m are solutions to (LL) and that they satisfy the statements
in Theorem 1 (on time intervals of the form [0,7.)). In view of the uniqueness statement in
Theorem 1, and of the previous construction of the solution ¥. to (NLS.), we obtain that
U, = U_, that is the uniqueness of the solution W.. Statement (vi) follows from the same
argument. This concludes the proof of Corollary 2. O

3.2 Proof of Proposition 2.1

Let us first recall the Moser estimates

105 £1052 fo -+ 0 fill o < Cie poax 1T M1l oo il (34)
T m#d

which hold for any integers (j,¢) € N2, any a = (a1,...,qa;) € N/, with Z?:l a; = £, and
any functions (f1,..., f;) € L¥(RN) 0 HY(RN)/ (sce e.g. [22, 18]). Under the assumptions of
Proposition 2.1, we derive from these estimates that the second-order derivative dym belongs to
CO([0,T], H*(R™)). Hence, the energies EY| are of class C! on [0, 7]. Moreover, in view of (2.6),
integrating by parts provides the formula

[Efd/(t):<8tm(-,t),Fe(m)(-,t)>m,2: Z / <8t8§‘m(x,t),8§‘F5(m)(x,t)>R3dx, (3.5)
la|—t—2/BY

for any ¢ € [0, T]. In order to obtain (2.5), we now have to control the derivatives 9 F;(m) with
respect to the various terms in the quantities EIl:L and Eﬁil. Here, we face the difficulty that the
derivative 02 F.(m) contains partial derivatives of order ¢ + 1 of the function m, which cannot
be bounded with respect to the quantities EfL and Eﬁil In order to by-pass this difficulty,

12



we bring to light a hidden geometric cancellation in the scalar product in the right-hand side

of (3.5).

Let us decompose the derivative 09 F.(m) as

1 1
GﬁFg(m) = -2 Z 8”(<8lm, 8jm>R3)m + Gl (m) — gGQ(m) + ?Gg(m), (36)
1<i,j<N

according to the definition of F(m) in (2.7). By the Leibniz formula, the quantity G(m) is here
given by

Gi(m) = Y (agai(2<aim,ajm>R3ajm—\ajm\2a,-m)
1<i,j<N
&\ o

—2 >ag ?(Dm, Dym)ps) O )

0<B<&,B70 <ﬂ

where 02 := 020;;. As a consequence, we directly infer from the Leibniz formula and the Moser
estimates (3.4) that
|G (m)| 12 < CrlIVmlTe [Vml| e (3.7)

Here as in the sequel, the notation C}, refers to a positive number depending only on k. Observe
that the uniform boundedness of the gradient Vm is a consequence of the Sobolev embedding
theorem and the assumption & > N/2 4 1. Similarly, we have

1Ga(m)|| 2 < ck(nwum_l (I3 + lImsl3) + 193 (Iallges + s e—s)

(3.8)
+ [Vl Lo [Vl gre-z (Imallze + Hm3HLoo)>7
for the quantity
Ga(m) :z&ﬁ‘((mf +3m2)Amyer + (3m? +m3)Amzes — 2mimz(Amyes + Amzer)

+ (m? 4+ m3)Amaes — |Vm|?(mye; + maes) + V(m% + mg) . Vm),

and
2 2

|G3(m)|| > < Cr(llmallZe + [ImsllZee) (IImall ez + Imal go-2), (3.9)

where

G3(m) == 0% ((m] + m3)(mie1 + mses)).

We then deal with the remaining term of decomposition (3.6). Coming back to (3.5), we
integrate by parts in order to write
/ <ata§m,a‘;aij(<aim,ajm>R3)m>R3
RY (3.10)
__ / 050, (0, 0y ) (01050, m) o + (D10, Oym)y ).
R

for any 1 < 14,5 < N. Arguing as before, we first obtain

’/RN 920; ((9ym, D;m)gs ) (0:05m, )| < C [V 3eo [Vl es [0:00ml| 2. (3.11)
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On the other hand, it follows from the Landau-Lifshitz equation and the Leibniz formula that
050 ((0ym, 9ym)gs) (0:02 m,m)ps

=— Z < >8a8 ((8im, 0;m)gs) <85m><(9a - (Am—é(m1€1+m3€3)) >R3a

B<a*

where 92" := 920;. The right-hand side of this formula vanishes when 8 = 0. Due to this
cancellation, we can deduce as before from the Leibniz formula and the Moser estimates (3.4)
that

) /RN 8?8]‘ (<8zm,8]m>Rs) <8ta§*m, m>R3

1
< (ITmIE <l + HITml=l Vi oo

% (I1Vmall e (Il s + Imsl o-z) + IVl s (sl = + HmsHLw)))-

We finally collect this estimate with (3.7), (3.8), (3.9) and (3.11) in order to bound the right-
hand side of (3.5). Using definition (2.3), the fact that 0 < ¢ < 1, and the Young inequality
2ab < a® + b?, we obtain (2.5). This completes the proof of Proposition 2.1. O]

3.3 Proof of Corollary 2.2

In order to establish inequality (2.9), we rewrite (2.5) in terms of the function V.. Given
an initial datum W0 € H*¥5(RVN) satisfying (5), the corresponding solution ¥. to (NLS.) is
in C°([0,T:), H***(R™)) by Corollary 2. Here, the characterization of the maximal time 7.
guarantees that

<1,

&2 || W, 1)][ oo

for any 0 <t < T;. In particular, it follows from the continuity properties of the solution ¥, and
the Sobolev embedding theorem that

<1, (3.12)

or 1= €? max |- (, )HLOO

t€[0,T]

forany 0 < T < T..

In another direction, the function m defined by (7) solves (LL) for the corresponding initial
datum m?, and we can prove that it is in C°([0, T, E¥+*(R™N)), with 9;m € C°([0, T], H*2(RY)).
Indeed, the fact that m; and mg belong to C°([0, T], H***(R™)) is a direct consequence of their
definition and of the continuity properties of the function ¥.. Concerning the function me, we
write it as

my = n(e2,). (3.13)

In view of (3.12), the function # in this formula can be chosen as a smooth function such that
n(@) = (1~ [z)2,
when |z| < op, and n(x) = (1 + o7)/2 for |x| close enough to 1. As a consequence, we have
ma(-,t) —ma(,s) =3 /01 0 (23 (1= 1)Wel8) + T, 1) ) (el ) = Well) dr, (314)
for any 0 < s <t <T. By the Sobolev embedding theorem, we infer that

)| oo < 2|0l [ @(ot) = W, )| s
(3.15)

< &3 ||| zoo || We(-, t) — We(

ng(,t) m2 HLoo
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At this stage, let us recall the Moser estimate

[EH gre < Cell £l e [max, I | e (117" (3.16)

which holds for £ > 1, f € L®(RN) N HY(RY), and F € C*(R), with bounded derivatives up to
order ¢ (see e.g. [22, 18|). Applying this estimate, (3.4) and (3.12) to (3.14), we get the existence
of a positive number A, also depending only on k, n and op, such that

9o < A (|9 (0) = Wl 9)] | e

+ eﬁuwemt) 0 8) o (2 e+ 29 1))

ng(‘,t) m2

for any 1 < ¢ < k + 4. Combining with (3.15), we finally deduce that m is continuous on [0, 77,
with values in E¥+4(R”Y). Since this map is solution to (LL), it follows from (3.4) and the Sobolev
embedding theorem that its time derivative 9ym is in C°([0, T], H**2(RN)).

As a consequence, we are in position to apply Proposition 2.1 for the solution m. Coming
back to (7), we express the various terms in inequality (2.5) as

By (t) = €L(t),
forany 2 < /¢ < k+2, and
[ (- )00 + lma (-, ) 1700 + V()17

= (I, 8) 3 + VL) +

8H<‘I/e(-,t),V‘Ifs(-,t)><cH2 )
(1—elWe(,)2)z o=/

Note also that Ef; (t) = €L(¢) by (3.3). In conclusion, the continuous differentiability of the
energies (’Eﬁ, as well as inequality (2.9), readily follow from Proposition 2.1. This completes the
proof of Corollary 2.2. O

3.4 Proof of Lemma 2.3

We first infer from the proof of Corollary 2.2 that the energies ¢¢ are well-defined on [0, 7] for
1 < ¢ < k +2, when the solution ¥, to (NLS.) lies in C°([0, T], H***(R") and satisfies condi-
tion (2.10). We also observe that the left-hand side inequalities in (2.11) and (2.12) are direct
consequences of the definitions of the energies Qfg. Concerning the right-hand side inequalities,
we first deal with (2.12), for which condition (2.10) guarantees that

e2(Ue(z,t), VU (2, 1)) < eo2| VU, (z,t)?
1—e|W.(x,t))? - 1—o2 ’

for any (x,t) € RY x [0,7]. The inequality then follows, with C' = 1/(2 — 202).

We argue similarly for the right-hand side inequality in (2.11). We take advantage of the
uniform bound given by (2.10) in order to control the space derivatives of the function (1 —
e|T.>)Y/2. As in the proof of Corollary 2.2, we introduce a smooth function such that

n(x) = (1 - |z)2,

when |z| < op, and 5(z) = (1+ o7)/2 for |z| close enough to 1. Since (1 —e|¥,|?)1/2 = 77(5%\1'5)
by (2.10), we again deduce from the Moser estimate (3.16) that

HA(1—5|\I/E(-,t)2 §C’52HA\IJ

, max &€ T H\I’

e s m, ol
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where C refers, here as in the sequel, to a positive number depending only on k£ and op (once
the choice of the function 7 is fixed). Condition (2.10) then provides

e A =T, )23

e < C2E(| AR, 1) Fyoa- (3.17)

At this stage, we are left with the estimates of the two terms in (2.8), which depend on the
time derivative of the function ¥.. Concerning the first one, we rewrite (NLS,) as

l\’)\»—l

i€V + e div ((1- E[U.2) 2V, — V(1 — |0, [?)? 0 )+ (1= (1= P)E)w. =0,

so that

Je0we(,8) = i) s < 2| (1= 20, )2 V1) s 1)
1 1 :

+ 5HV(1 - 5|\Ijs('7t)|2) Q\PE("t)HHZ—l + H(l - 8|\If5(~,t)|2)2\115(-,t)HH[_2.
Invoking the Moser estimate (3.4), we have

V\IIE(Vt)Hfﬂfl + HV(I - 5|‘I’€('7t)|2) Q\Ijs(Ht)HHZ*1

< (el g+ e e 1 = <) ),

N

(1 — e[, 1))

so that (2.10) and (3.17) provide

(1= el D)) VL) s + [V (L~ e 8)2) 2 e, 1) | s < O AT

)HH@ 1 HHZ 2

Similarly, we can bound the last term in the right-hand side of (3.18) by || .|| ;- if £ = 2, and
by

SIS

0= ) ) s < Ol Dl s+ e8] (0= D) )

otherwise. Since ¢ — 2 > 1 in this case, we again infer from (2.10) and (3.16) that
e e (2 = 1 0R) ¥ s < ClT D e
Gathering the previous estimates of the right-hand side of (3.18), we finally get
|60y 8) = W) G < C (AT 8)[Freme + 10, 8) [ s ) (3.19)
We now turn to the last term in (2.8). Coming back to (NLS,), we infer that
Oh(1—e|W.?)? = ediv(iV., V),

and we again deduce from (2.10) and (3.4) that

12 2
flon(1 = el Te( )2 |Gy < Wl D2 AT D) 0ms < O AT )] [oa
Combining this inequality with (3.18) and (3.19), we conclude that the energy &.(t) can be
bounded from above according to (2.11). This completes the proof of Lemma 2.3. O
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3.5 Proof of Proposition 2.4

The proof relies on a continuation argument, which is based on the Sobolev control of the solution
W, provided by the energies Qf’g. Assume first that the initial condition W0 lies in H k+5(RN) and
satisfies condition (2.13) for a positive number C, to be fixed later. In this case, Corollary 2 yields
the existence of a maximal time Tjax and of a unique solution ¥. € C°([0, Tinax), H*4(RY))
o (NLS.) with initial datum ¥Y. In particular, we infer from Corollary 2.2 that the quantity

¥E+2 defined by
k+2

2k+2 Z @

is well-defined and of class C' on [0, Thhax). On the other hand, we can invoke the Sobolev
embedding theorem so as to find a positive number C, depending only on k, such that

1 1
e2 ||| o < e2C[| W2 s
Assuming that condition (2.13) holds for a number C, such that cC, > 2C7, we obtain
C

1 1 g
ez||w? < =< -
e, < &< 9
As a consequence of the continuity properties of the quantity E§+2 and of the solution ¥., we
deduce that the stopping time

T, := sup {t € [0, Tmax) : aéH\llE( 7-)HLOo < o and ¥52(7) < 2852(0) for any 7 € [O,t]},
(3.20)
is positive.
At this stage, we go back to inequality (2.9) in order to find a further positive number Co,

also depending only on k, such that

S0 < 0 (190Dl + IV O+ TLDTEBE ) son

for any 0 <t < Ty. Due to the definition of T, we observe that

H 1%@ ()|?§‘CH;§1_102Hwe<-,t>u%m-

Combining these inequalities with the Sobolev embedding theorem, we are led to

[Z/;-i-Q]/(t) C C2 Zk+2( )

1-02
Setting
1—o0?
= 3.21
ST 2020,3F2(0) (3.21)
and integrating the previous inequality, we infer that
1— 2 2k+2 0
SEH2(4) < (L=o)%(0) 25k +2(0), (3.22)

T 102 - C20o2E2 (0t T

for any ¢t < T.. Invoking once again the Sobolev embedding theorem and the definition of the
quantity ¥¥2 we also get

E3 (| W (-, )| oo < Cre3FH2(1)2 < V20122 BH2(0)3,
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In view of Lemma 2.3, we infer the existence of a positive number C5, depending only on k£ and
o, such that

1 1 1
H W 1)l < VACIC33 (|02 o 22| VR s+ €l| AT ).
again when t < T.. Enlarging C, so that V20,05 < oCy, we deduce that
1
ez ||W.(-,t)||pe < o. (3.23)

In view of (3.22), a continuation argument then guarantees that either T, < T, < Tax, or
T, = Tiax < T-. In this latter case, it results from the conditions in (6) and from (3.23) that

TII]aX
/0 V(1) dt = oo (3.24)

On the other hand, as a further consequence of the Sobolev embedding theorem, of Lemma 2.3
and of (3.22), we have

Tmax Tmax
/ V(0|2 dt < 012/ (1) dt < ACTSEF2(0) T
0 0

When Thyax < T¢, definition (3.21) yields

2 — 202
Co

< 00,

Tmax
[ v ol e <

which contradicts (3.24). As a conclusion, the stopping time T} is at least equal to T, and we
derive from Lemma 2.3 and from (3.22) that

12 )Gy + IV T )| [ + 2| AT 8) G
H H H

< 25k *2 (1) < 4TE2(0) < 403 ([0 G + 2] VREI G + <2 2023 )
for any 0 < ¢ < T.. Similarly, we derive from (3.21) that

1
T. > .
" 2070 (9017, + el VOO, + eI ARY1%,)

It then remains to again enlarge the number C, so that C, > 4C32 and Cy > 201202032 in order to
complete the proof of Proposition 2.4, provided that W? € H**5(RV). In view of the continuity
of the (NLS.) flow with respect to the initial datum in Corollary 2, we can extend this result
to arbitrary initial conditions W? € H¥*3(RY) by a standard density argument. This ends the
proof of Proposition 2.4. O

3.6 Proof of Lemma 2.5

Assume first that the initial condition WO belongs to H*T2(RY) and consider the correspond-
ing solution ¥ € C%([0, Tinax), H**2(RY)) to (CS). In this case, the derivative 0;¥ is in
CO([0, Trmax), H*(RN)), so that the quantity

1
() = [0 C, 1)
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is well-defined and of class C! on the interval [0, Tinax). In view of (CS), its derivative is equal to

Sh(1) = (= AW 1) — U, OPUC, 1), 1)

I

Hk
for any 0 <t < Thax. Since we have
—(AW(, 1), 80 (1)) e = (VE(, 1), iV (-, 1)) 1p = O,

by integration by parts, we can combine the Moser estimates in (3.4) and the Sobolev embedding
theorem in order to get

S4(t) < 5| OPC D) e [0 e < LD [2C D < CuS100

Here, the positive number CY, possibly changing from inequality to inequality, only depends on

k. Setting
1 1

T, = = , 3.25
20,6 (0) CkH\IIOH?{k (329)
we conclude that &4(0)
k 0112
H< —— 2 <9 0) =||lw 3.26

as long as t < T,. Invoking again the Sobolev embedding theorem, we also have
1

and a continuation argument as in the proof of Proposition 2.4 guarantees that the maximal
time of existence Thax is greater than 7. In view of (3.25) and (3.26), this completes the proof
of Lemma 2.5 when U9 ¢ H**2(RV). Using the uniform lower bound on the maximal time
of existence provided by T, we can finally perform a standard density argument to extend this
lemma to any arbitrary initial datum W € H*(R™). This concludes the proof of Lemma 2.5. [

3.7 Proof of Proposition 2.6

Set )
2
6k72(t) - EHUE('at)HHk—m
for any ¢ € [0,7]. Under the assumptions of Proposition 2.6, the functions u. and Jyu. lie in

C°([0,T), H*) and in C°([0,T], H*~2), respectively. Hence, the function G_s is of class C' on
[0,T]. In view of (2.15), its derivative is given by

2—2(75) = < — Auc(,t) — Ge(+t) + 5R5('at)aiu5('vt)>[_]k—27

where we denote

G: = = (Jue + U (ue + V) — |U|?T).

| =

Integrating by parts, we see that

<Au5, iu5> —<Vu5, iVu€>Hk,2 =0,

Hk—2 =

so that the Cauchy-Schwarz inequality leads to

S5a(8)] < V2GS o(t)? ([|G (1) s + R, 1) | e (3.27)
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At this point, we notice that
1
G. = 5(’”5’2%& + |Ua|2\1’ + 2(“67 \I’>C(ua + \Ij) + ‘\I"Qua)v

and we invoke the Moser estimates (3.4), as well as the Young inequality 2ab < a? + b%, in order
to obtain

1Ge s < Co(lluelzmies (luellFoe + 1 F) + 19 s el oo (clizoe + [@]122) ),

Here as in the sequel, the notation Cj refers to a positive number depending only on k. Due to
the assumption k > N/2 + 2, the Sobolev embedding of H*~2(RY) into L>(RY) then leads to

|G-, )| spoe < Cr Spa(t)? K(T)2. (3.28)

We now turn to the remainder term R, which we decompose as R. := Rc1 — Re2 — Re 3
according to the three terms in the right-hand side of (2.2). We introduce a smooth function x

such that )

L (1—2?)2

when |z| < o, and we use (2.16) to recast R, as

(z) :

1
Ren = |V > AV, x(e2 U,).
We next apply the Moser estimate (3.16) and invoke again (2.16) to obtain

Hx(aé )| e < Croll el e,

when 1 < ¢/ < k — 2. Here as in the sequel, the notation Cj , refers to a positive number
depending only on k£ and o. In view of (3.4), this gives

[Retllire < CroollWellzoe (I ATellzoo (14 19 o) [ell o + 19219 e ).

Since
Rl 2 < IWellTool| el o

due to (2.16), we deduce from the condition £ > N/2 + 2 and the Sobolev embedding theorem
that
HR‘EJ HHk—Q < Ck:,O'ICS(T)g (1 + ]Ca(T)> .

We argue similarly for the term
1 1 2
Re,Q = 5‘\:[/6’4X(€2 \Ije) \I/a

which we bound as

HRE’QHHIc% < Ck,a,CS(T>5 (1 + ICE(T)>-

Concerning the term R, 3, we introduce a further smooth function p such that

1
ST

when |z| < o, and we write

Res = ((<\If€, AT )¢ + [VE|?) p(ed W) + 22 (T, V)¢ - VI, o/ (c2 \115))\115.

20



Arguing as for the function y, we have

10022 Wo)|| e + 110/ (€% Ol e < Croor |l e

for 1 < /¢ <k — 2, and we infer as before that

[Resll ez < CrokelT)? (14 K(T)).

We conclude that
[Rell s < CrokeT)? (14 K(T)?).

Coming back to (3.27) and using (3.28), as well as the Young inequality, we obtain
(D) < o Ko (T)?(S(t) + 2K (T)2 (1 + Ko(T)°)).

Estimate (2.17) finally follows from the Gronwall inequality. O

A Solitons of the Landau-Lifshitz equation

In this appendix, we focus on the correspondence between the solitons of the one-dimensional
Landau-Lifshitz equation and of the one-dimensional cubic Schrodinger equation. Concerning
this latter equation, it is well-known that it owns bright solitons (see e.g. [25]). Up to a space
translation and a phase shift, they are given by

(4w — c2)% eim;t)

cosh (M(m — ct))

Uew(x,t) = wt (A1)

,_
Q

for any (z,t) € R?. In this formula, the speed ¢ € R and the angular velocity w € R satisfy the
condition 4w > ¢%. In the sequel, our goal is to exhibit solitons for the one-dimensional Landau-
Lifshitz equation, which converge towards the bright solitons W, in the cubic Schrédinger regime
that we have derived in Theorem 4.

Going back to the scaling in (2) and to formula (A.1), we look for solitons to (LL) under the
form ‘

Mew(®,t) = Vo (z — )™ and  [meyla(x,t) i= [Veula(z — ct), (A.2)

for any (z,t) € R%. Here, we have set, as before, VCM = [Vewl1 +i[Vew]s. The speed ¢ and the

angular momentum w are real numbers. In order to simplify the analysis, we also assume that

A= A1 = A3 > 0 as in the cubic Schrédinger regime. Using the equivalent formulation of the
one-dimensional Landau-Lifshitz equation given by

m X Oym — Oggm — (\axm|2 + )\(m% + m%))m + )\(mlel + mgeg) =0,

we observe that the functions Vc’w and [V¢ ]2 solve the ordinary differential system

— 0" +ic(vod — vho) — (|JU'2 + |vh]? + N6]|2) 0 + A0 4+ wued = 0,
{ (02 = wy0) — (|0 + o + AoP) (TW,..)

—vf + c(i0,7)c — (|0'] + [vy]* + A|5]*)va — wlof* = 0.

This system appears as a perturbation of the harmonic maps equation, which corresponds to
the case ¢ = A\ = w = 0. It is invariant by translations and by phase shifts (of the function
0). In the energy space £(R), the unique constant solutions to (TW,,,) are the trivial solutions
es = (0,1,0) and —es = (0, —1,0). Moreover, we are able to classify all the non-trivial solutions
in this space according to the possible values of the parameters ¢, A and w.
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Theorem A.1. Let A > 0 and (c,w) € R%. Up to the invariance by translations and phase shifts
(of the map Ve, ), the unique non-trivial solutions Ve, to (TWe,,) in the energy space E(R) are
given by the following formulae :

(1) Forw=c¢=0,

- 1

Vo € R, Voo(z) = ———, and [Voola(x) = §tanh (A2z),
cosh(A2z)
with 6 € {£1}.

(i1) For 0 < —wd < X and ¢ < 4(XA+wd), or for wd >0 and 0 < ¢ < 4(\ + wd),

icdx

- 41 - 2 1
Vo € R,V u(z) = ( (A+6clu) )3 e .
2\ + 6w + (A + w?)z cosh ((4 A+ dw) — 02)537)

2.1

X ((2()\02 + wQ)% + % — 25w> : cosh ((()\ + dw) — %) ix)

+isign(c)(5<2(/\02 + w2)% —2+ 2(5w>é sinh <<()\ + dw) — %) éx)>,

and

AN+ bw) — &
vﬂfeR,m,w]g(x):a(l— Ao : )
2A+ 0w + (Ae? + w?)# cosh ((4(A+ 0w) - ?)ba)

with § € {+1}. Moreover, when ¢ # 0, the map qu can be lifted as Vc,w = |Vc,w|ei‘pc!w, with

2

cdx 2\ + w?)z — ¢ + 20w 5 A\ >
cw(®) = — 4+ sign(c)d arctan tanh Atow)——)"z) ).
Pe(@) 2 an(c) <(2()\02+wz)é + 2 —25w> (<( ) 4> )

Remark A.2. Observe that the numbers § = £1 in this statement give account of the limit
when z — +oo of the function [V, ]o.

Proof. The proof follows the approach developed in [11]. By classical regularity theory (see
e.g. [17]), all the solutions v = (v1, v, v3) to (TW,,,) in £(R) are smooth, and all their derivatives
are bounded. Given a non-trivial solution v in £(R), this implies that

va(£o0) := lim wva(x) € {—1,1}, and lim [v'(z)] =0.

xr—*+00 r—+o0

Taking the complex scalar product of the first equation of (TW,,,) by ¢, multiplying the second
one by v}, and summing the resulting identities, we obtain

(IV']?)" = —2wvh — 2 vav),
due to the fact that |v| = 1. Integrating this expression from either —co or +o0o gives
|v|2 = A1 - v%) — 2w (vg — va(F00)). (A.3)

In particular, we observe that
U2(_Oo) = U2(+Oo)v

except possibly when w = 0. As a consequence, we infer that the energy density
1 2 12
e(v) := §(|v’| + Ao]?)
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is equal to

e(v) = A(1 —v3) — w(ve — va(£00)). (A.4)

Taking the complex scalar product of the first equation of (TW,,,) by v and integrating the
resulting expression leads to
(10,0 )¢c = c(va(£o0) — v2), (A.5)

and we observe that ¢ is also equal to 0 in case va(+00) # v2(—00). Introducing (A.4) and (A.5)
in the second equation of (TW,,,), we finally obtain the second-order differential equation for
the function vo

— vl + (v2 — va(£00)) (2M03 + (2Ava(£00) + 3w)vs — ¢ + va(£o0)w) =0.  (A.6)

At this stage, we split the analysis into two cases according to the values of ve(—00) and
vo(+00). If they are different, we know that ¢ = w = 0, and (A.6) reduces to

—vly — 2\va (1 — v3) = 0.
Multiplying this equation by v} and integrating, we get
—(v§)2 — 205 4+ vy + A = 0.

By the intermediate value theorem, we also know that ve vanishes. Up to a translation, we can
assume that v5(0) = 0. Hence, v5(0) is equal to £A'/2. Coming back to (A.6) and invoking the
Cauchy-Lipshitz theorem, we conclude that there exist only two possible solutions depending on
the value of v4(0). Finally, we check that the functions

va(x) = £ tanh ()\%x), (A.7)

are these two possible solutions. We next go back to the first equation in (TW_,) and use (A.4)
in order to write

— 3"+ A(205 — 1)5 = 0. (A.8)

Again by (A.4), we obtain
17 (0)]* = A1 — v2(0)?) — v5(0)* = 0.

We are now reduced to invoke the Cauchy-Lipshitz theorem as before, and then to solve explic-
itly (A.8), so as to prove the existence of a complex number « such that

3 o

o) = — (A.9)

cosh(A\2z)

for any x € R. Since |9|2> = 1 — v3, we infer that |a| = 1, and up to a phase shift of the function
U, we can assume that @ = 1. Statement (7) in Theorem A.1 then follows from formulae (A.7)

and (A.9).

We now assume that ve(—00) = va(+00) := v3° € {—1,1}. Multiplying (A.6) by v and
integrating, we have

(Ué)Q = (v — v§°)2<)\(v2 + v§°)2 + 2w(v2 4 v5°) — cz>, (A.10)

so that
/\(vg(m)+v§°)2+2w(v2(x)—|—U§°) -2 >0, (A.11)
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for any x € R. Taking the limit x — oo, we obtain the necessary condition
2 <4\ + wv),

for having a non-trivial solution, and we assume this condition to be fulfilled in the sequel.

At this stage, we also know that ve owns a global minimum when v5° = 1, respectively
maximum when v5° = —1. This optimum is different from +1, otherwise it follows from applying
the Cauchy-Lipschitz theorem to (A.6) that the solution v is trivial. Up to a translation, we can
assume that this optimum is attained at x = 0, so that v5(0) = 0, with —1 < v2(0) < 1. In view
of (A.10), this gives

Av2(0) + USO)2 + 2w (v2(0) 4 v5°) — 2 =0.

Using (A.11), we deduce that

03(0) = (u§°(w2 F AN —w— mgO). (A.12)

In particular, the inequality —1 < v2(0) < 1 leads to the strongest necessary conditions

(A.13)

0 < —wvs® < A, and ¢ < 4(X + wvs®),
or
wus® >0, and 0 < 2 < 4(/\+wv§°),

which we assume in the sequel. In view of (A.12), and since v5(0) = 0, applying the Cauchy-
Lipschitz theorem to (A.6) then provides the uniqueness, if existence, of the solution vy. Note
also that, as a further consequence of the Cauchy-Lipschitz theorem, the function vy is even.

In order to construct this solution, we set y = 1 —v5°v3. The function y is even, positive and
owns a global maximum at x = 0. Rewriting (A.10) in terms of the function y and taking the
square root of the resulting expression, we deduce that

Y (x) = —y(m)(/\y(x)2 — 2(wvs® + 2A\)y(x) + 4(A + wovs®) — cz)%, (A.14)

for any = > 0. Observe here that the polynomial P(X) = AX?2 —2(wv$® +2X) X +4(A +wvs®) — ¢
owns two distinct roots

1 1
X4 ::2+X<\/w2+)\cg+wv§°) >2> X_ ::2—X<\/w2+)\02—wv§°>,

due to (A.13). Since y(0) = X_ by (A.12) and since y attains its global maximum at z = 0, it
follows that the quantity P(y(x)) in the right-hand side of (A.14) is positive for any z # 0. In
view of (A.13), we are also allowed to write

N|=

bl

d(arcosh (4()\ + wvs®) — ¢ — (Wus® + 2)\)y>> (A wu) = )
dy yvVw? + Ac? yv/P(y)

for any 0 < y < X_. The existence of the solution vy, as well as its expression in Statement (i7)
of Theorem A.1, then follow from combining this formula with (A.14).

We next proceed with the first equation in (TW,,,). Inserting (A.4) in this equation, we
obtain the second-order linear differential equation

— 0" +icvat 4+ (2M3 — dcvh + 3wvs — A — 2wr3®) D = 0. (A.15)

Since |6]? = 1 — v2, the function |9|? owns a global maximum for z = 0, which is given by

2(\ + wovs® w2+02)\%—wv°° — 32\
R
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in view of (A.12). Using the invariance by phase shift of the function 0, we can assume that

N

0(0) = %(2()\ + wvs®) (w? + 62)\)% — wvg®) — 02)\> , (A.16)

By maximality at z = 0, we also know that
(9(0),9'(0))c =0,

while (A.5) provides

Hence, we have

(0) = icW@(O) - icvg‘”(

2\ + wus® — (w? + 02)\)5>§

- (A.17)
(W2 +c2N)2 —wo

In view of (A.16) and (A.17), we deduce as before from the Cauchy-Lipschitz theorem that there
exists at most one solution ¥ to (A.15).

In order to conclude the proof, we are left with the construction of this solution. We split
the analysis into two cases. When ¢ = 0, equation (A.15) reduces to

— 3" + (223 + 3w — A — 2wv3°) v = 0. (A.18)

Taking the real and imaginary parts of this equation, we infer that v; and w3 also solve it.
By (A.16) and (A.17), we have v3(0) = v4(0) = 0. By the Cauchy-Lipschitz theorem once again,
the function vs identically vanishes, and we obtain

803w (A + v5°w) (1 + cosh(2(A + vw) 7))
(2)\ — vé’ow( cosh(2(\ + vgow)%x) — 1))2

v1(2)? =1 —wvy(x)? =

)

for any z € R. Here, we have used the property that |w| = —v5°w due to conditions (A.13).
Since v} (0) = 0 and
2v2

v1(0) = 3 (wvs°A 4+ w?) 2,

D=

by (A.16) and (A.17), we infer that

1

4( = v3PwA — wz)% cosh (A + v3°w) 2 )
2\ — v5°w( cosh(2(X + Ugow)%x) -1)

o(z) =vi(z) =

Y

is the desired solution to (A.15).
We finally turn to the case ¢ # 0. We now compute
(4 4+ v5Pw) — ¢2) (2(/\02 + wz)% cosh ((4(X + v5°w) — 02)%31:) +c? - 2v§°w>

o)) = i |
(2)\ + v3w + (A + w2)% cosh ((4(X + v5°w) — 02)595))

for any x € R. In this case, we observe that the function ¥ does not vanish on R, so that we can
lift it as ¥ = |9]e’¥ with a smooth phase function ¢. Coming back to (A.5), we compute

o
c cvg

, 4\ + v5w) — 2
¥ ((E) ) = 2 1+ 1 1 '
v5° + va() 2(Ac? + w?)z cosh ((4(A + vw) — )2z) + ¢ — 205w
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Since ©(0) > 0 by (A.16), we can also assume that ¢(0) = 0. Checking that

d 2a 1—d\s ay > a®
S — —arctan ((~—=) tanh (2)) ) =
dy <b( )3 arctat <(1 + d> an ( 2 )> b(cosh(ay) + d)’

for any y € R, and any coefficients a > 0, b > 0 and —1 < d < 1, we conclude that the phase
function ¢ is given by the formula in Statement (ii) of Theorem A.1l. Finally, the formula for
the map v follows from the ones for |0| and ¢ using the identities

1
Vz € R, cos(arctan(x)) = ——, and sin(arctan(z)) = v

(1+22)2 (1+a2)s
This concludes the proof of Theorem A.1. O

We now go back to the cubic Schrodinger regime of the Landau-Lifshitz equation. In view
of the classification in Theorem A.1, the solitons W, of (CS) can be obtained in this regime as
the limit of the solitons my, .. of (LL) for the choice of parameters

1 1
cc=c¢ 0:.=1, A==, and w.=w-——. (A.19)
€ 3
Indeed, fix w > 0 and ¢ > 0, with 4w > ¢?, so that the soliton V.. is well-defined. The
assumptions 0 < —w.d. and ¢ < 4(/\E + wedg) then hold for € small enough. By Theorem A.1,
there exist non-trivial solutions V,_ . to (TW,,,) with

icx

- e3 (4w—02)2e2

‘/Csyws(x) = 1 1
14 we + (1 + (2 — 2w)e + w?e?)2 cosh (4w — 02)21:)

X

-

X ((2(1 + (% = 2w)e —|—w252)% + 24 (2 —2w)e ) cosh ((

)

[ SIS

+ isign(c) (2(1 + (¢® — 2w)e + w?e?)

o)
Z)%)).

(A.20)

-5
— 2+ (2w —?)e)? smh((

Coming back to the scaling in (2), we observe that the corresponding function

it
£

w\»—t
w\»—t

To(x,t) :=€ 2, . (z,t)e "2V, . (z — ct)e™, (A.21)

satisfies
YTo(z,t) = Ve, t),

as € — 0. Moreover, we can control the difference between the functions Y. and V., by a factor
of order ¢ as in Theorem 4.

Proposition A.3. Let k€ N, ¢ >0 and w > 0, with 4w > c. Given any number 0 < ¢ < 1/w,
consider the function Y. defined by (A.21), with the choice of pammeters Ce, 0z, Ae and we given
by (A.19). There exists a positive number Cy, depending only on k, ¢ and w, such that

“Ts('vt) - \I’c,w('>t)

for any t € R.
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Proof. Given any real number ¢, we infer from (A.1) and (A.21) that

10 8) — W) e = eV — U (A22)
where we have set seo
Uewo() = Cisie(w)
with a := (w — ¢2/4)Y/2. In view of (A.20), we have
e Vi o () = Ueyo(@) = eWeo(@) + £2Re(2), (A.23)

where the first-order term W, is equal to

Wew(x) == ﬂ ((4@2 — ¢?) cosh(azx) — L“Q + dica sinh(am))
SN 4 cosh(aur)? cosh(ax) ’
whereas the remainder term R. is given by
aelT
R.(z) := W 2(FE ngyg) cosh(ax)? (’yg(w — V) — 2N5) cosh(ax)
+isign(c) sinh(az) (2(K. — veke) cosh(az)? — (w — v:)ke))

(w—ve + 2ve cosh(ozx)Q)2

+2(1 + ev.) cosh(ax)? + e(w — ve)

((2 4 e7¢) cosh(az) + ie sign(c) k. sinh(a:c))) :

In this expression, we have set

2 —2 1 1
Yo = © 5 Y el = 7((2(1 + (S — 2w)e + W) + 2+ (- Ww)e)? — 2),
€
4o — 2)2 1 1
Ke 1= W +eKe = - (2(1 + (¢® — 2w)e + w252)% -2+ (2w — 62)5) ‘)
£
and )
-2 1 1
Ve = ¢ 5 w +eN; := g((l + (02 - 2w)5+w252)2 — 1).
Since
T dwe? — ;4 - 2w27 K. le|(2w — 02;(4w - 02)% Cand N, 02(4w8— 02)7

as € — 0, it follows from the smoothness and the exponential decay of the remainder term R,
that its H*-norm remains bounded as ¢ — 0. In view of (A.23), we deduce that

Hg_%vcs,wa - UC,wHHk o elWewll g

It is then enough to set Cj := ||, (A.22) so as to complete the proof of
Proposition A.3. O
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