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1 Introduction 

Oxide crystals such as sapphire or langatate 

(La3Ta0.5Ga5.5O14) are used as raw materials for acusto-

optic-electronic devices. These oxides are usually grown 

by the Czochralski (Cz), Edge-defined Film-fed Growth 

(EFG), Heat Exchanger Method (HEM) or Kyropoulos 

techniques. Crystal cracking and high dislocation density 

are often reported in Cz growth of oxides [1-5]. Numerical 

investigations of thermal stresses in Cz growth of oxide 

crystals have shown that crystal cracking and dislocations 

are related to the temperature field in the furnace and the 

shape of the crystal-melt interface [6-8]. Oxide crystals 

are semi-transparent to the infrared radiation by absorbing 

and emitting the radiative heat. Therefore, the temperature 

field in the crystal and the shape of the growth interface 

are significantly affected by the internal radiative heat 

transfer. Deep convex shapes of the crystal-melt interface 

are experimentally and numerically reported in these sys-

tems [9-12]. Crystal rotation is usually applied to flatten 

the growth interface and to reduce thermal stresses [11-

14]. Recently, Stelian et al. [11,12] revealed by means of 

numerical modeling that applying crystal/crucible rotation 

in some systems results in distorted shapes of the growth 

interface and increased stresses in the ingots.  

           The effect of anisotropic and temperature depend-

ent mechanical properties on thermal stresses distribution 

in oxide crystals was investigated in [10,12]. It was found 

that the anisotropic effect is significant in LiNbO3 crystals 

[10] but less important in the sapphire crystals [12].  

           The objective of the present work is to compare the 

effect of anisotropic mechanical properties on thermal 

Crystal growth of oxides is generally difficult since 

large curvatures of the growth interface in these sys-

tems generate high thermal stress, dislocations and 

crystal cracking. Three-dimensional numerical mod-

eling is applied to investigate thermal stress distribu-

tion in sapphire and langatate La3Ta0.5Ga5.5O14 (LGT) 

semi-transparent crystals grown by Czochralski (Cz) 

and Edge-defined Film-fed Growth (EFG) techniques. 

The analysis of thermal stress distribution in a sap-

phire ingot of 5 cm in diameter grown in a Czochralski 

furnace shows high von Mises stress distributed on 

large areas in the internal part of the crystal. The dis-

tribution of thermal stress is almost axisymmetric, 

which means that the effect of the anisotropic me-

chanical properties of sapphire is low. Thermal stress 

computations for piezoelectric langatate crystals of 5 

cm in diameter grown in a Czochralski configuration 

show non-symmetrical von Mises distribution with 

higher stress on one side of the ingot. These numeri-

cal results are in agreement with experimental re-

sults showing non-symmetrical cracking at the outer 

surface of the crystal. 3D modeling is applied to in-

vestigate thermal stress in a multi-die EFG growth 

system of white sapphire ribbons. Computations 

show that the von Mises stress is almost constant 

with increasing the number of ribbons from 2 to 10. 

Two models are applied to simulate the internal radi-

ative heat transfer in the sapphire crystals: P1 ap-

proximation and the Rosseland radiation model. Nu-

merical results show that applying Rosseland formula 

introduces significant errors in temperature field cal-

culations especially in the case of the EFG configura-

tion.  
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stresses distribution in two oxide crystals (sapphire and 

LGT) grown by the Czochralski method. Thermal stresses 

will be also investigated in the case of sapphire ribbons 

grown in a multi-die EFG system. Finally, the application 

of two models (P1 approximation and Rosseland radiation 

model) to simulate the internal radiative heat transfer in 

sapphire crystals will be discussed.  

2 Model description 

The coupled equations describing the heat transfer, 
momentum and thermal stresses are solved by using 
the finite element software COMSOL Multiphysics: 

 𝜌𝑐𝑃 (
𝜕𝑇

𝜕𝑡
+ �⃗� ∙ ∇𝑇) = 𝑘∇2𝑇 + 𝑄𝑅                                      (1) 

 

𝜌[
𝜕�⃗⃗� 

𝜕𝑡
+ (�⃗� ∙ ∇)�⃗� ] = −∇𝑝 + 𝜇∇2�⃗� − 𝜌𝑔 [𝛽𝑇(𝑇 − 𝑇𝑟𝑒𝑓)](2) 

 

𝜎𝑖𝑗 = 𝐶𝑖𝑗𝑘𝑙[𝜀𝑘𝑙 − 𝛼𝑘𝑙(𝑇 − 𝑇𝑟𝑒𝑓]                                           (3) 

In the above equations,  𝜌 , 𝑐𝑝 , 𝑘 , 𝑄𝑅 , 𝑝 , 𝜇 , 𝛽𝑇 , 𝑇 , �⃗� , 

𝑔 , 𝜎𝑖𝑗 , 𝜀𝑘𝑙 , 𝐶𝑖𝑗𝑘𝑙 , 𝛼𝑘𝑙  and 𝑇𝑟𝑒𝑓  denotes the density, spe-

cific heat, thermal conductivity, radiative heat source, 
pressure, dynamic viscosity, thermal expansion coeffi-
cient, temperature, flow velocity, gravity vector, stress 
tensor components, strain tensor components, compo-
nents of the elasticity tensor, components of thermal 
expansion tensor and the reference temperature.  
               In the case of Czochralski method, tempera-
tures carried out from 2D-axisymmetric global model-
ing of the furnace are used as boundary conditions for 
three-dimensional (3D) local modeling of the stress 
distribution in the crystal. The EFG multi-die system 
has two orthogonal symmetry planes, so, in this case, 
3D global modeling is applied to compute the temper-
ature field in one fourth of the furnace. Then, 3D local 
modeling is applied to compute the stress distribution 
in the sapphire ribbons.  
 A structured/unstructured combined scheme 
is applied in 2D global modeling of the furnace. The tri-
angular mesh consists of maximum 15000 domain el-
ements. The mesh used in 3D modeling is unstructured 
and contains up to 150000 tetrahedral elements. The 
minimum element size used in 3D thermal stress com-
putations is 0.005 cm.  
 Temperature computations include heat 
transfer by conduction, wall-to-wall radiative ex-
changes and internal radiative heat transfer in the 
semi-transparent crystals. Two models are applied 

(and compared) to simulate the internal radiation ef-
fect in sapphire crystals grown by Cz and EFG meth-
ods: P1 approximation and Rosseland radiation model.  
 P1 approximation model considers a radiative 
heat source 𝑄𝑅  in Eq. (1), which is given by: 
 
 𝑄𝑅 = 𝑎(𝐺 − 4𝑛2𝜎𝑇4)                                                        (4)                         

In the above equation, 𝑎 is the absorption coefficient, 
𝐺 is the incident radiation, 𝑛 is the refractive index and 
𝜎 is the Stefan-Boltzmann constant. The melt was con-
sidered opaque for both sapphire and LGT computa-
tions.  
 The Rosseland radiation model, which is fre-
quently used in numerical modeling of oxides crystals 
growth [15,16], assumes an increased thermal con-
ductivity of the semi-transparent crystal: 
 

𝑘𝑒𝑓𝑓 = 𝑘𝑜𝑝𝑎𝑞𝑢𝑒 +
16𝑛2𝜎𝑇3

3𝑎
                                                 (5) 

 𝑘𝑒𝑓𝑓  is the effective thermal conductivity of the semi-

transparent crystal and 𝑘𝑜𝑝𝑎𝑞𝑢𝑒  is the thermal conduc-

tivity of the opaque crystal.  
 Heat transfer computations include the latent 
heat released at the growth interface and the effect of 
the crystal translation. The shape of the crystal-melt 
interface is computed by using a deformable mesh 
technique only in 2D-axisymmetric computations. In 
the case of 3D modeling of the EFG multi-die system, 
the shape of the crystal-melt interface was considered 
flat.  
 Flow computations include buoyancy convec-
tion, Marangoni effect and the forced convection gen-
erated by the crystal rotation. The flow is laminar for 
both Cz simulated cases. The Grashof numbers (𝐺𝑟 =
𝑔𝛽𝑇∇𝑇𝑅3𝜌2/𝜇) are:  𝐺𝑟 = 1200 (for sapphire growth) 
and 𝐺𝑟 = 4000 (for LGT growth).  
 Thermal stress calculations are three-dimen-
sional and consider the effect of the anisotropic elastic 
constants. Sapphire is classified as a trigonal class 3�̅� 
crystal with six independent elastic constants: 𝐶11 =
497 𝐺𝑃𝑎 , 𝐶12 = 162.66 𝐺𝑃𝑎 , 𝐶13 = 117.26 𝐺𝑃𝑎 , 𝐶14 =
22.96 𝐺𝑃𝑎 , 𝐶33 = 501.8 𝐺𝑃𝑎 , 𝐶44 = 147.2 𝐺𝑃𝑎 [2].  
LGT is a class 32 crystal and has six independent elas-
tic constants: 𝐶11 = 192 𝐺𝑃𝑎 , 𝐶12 = 111 𝐺𝑃𝑎 , 𝐶13 =
102.9 𝐺𝑃𝑎 , 𝐶14 = 13.8 𝐺𝑃𝑎 , 𝐶33 = 264.1 𝐺𝑃𝑎 , 𝐶44 =
51 𝐺𝑃𝑎 [17]. In the present simulations, the z-axis is 
parallel to the threefold c-axis, and x-axis is parallel to 
the twofold a-axis of the crystals. The effect of temper-
ature dependent elastic constants and the anisotropy 
in the thermal expansion coefficient was discussed in 
a previous work [12]. More details about the numeri-
cal and physical model used to simulate crystal growth 
of oxides are given in [11,12]. The physical properties 
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of sapphire and LGT are taken from [2,18], and respec-
tively [17,19]. 

3 Results and discussion  

3.1 Crystals grown by the Czochralski tech-
nique  
 
Stress distribution in the sapphire crystals 

 
The modeling is performed for sapphire crystals of 
5 𝑐𝑚  in diameter grown along c-axis in an inductive 
Czochralski furnace.  
 Fig.1a shows the temperature and the velocity 
fields carried out from 2D-axisymmetric simulations 
performed at a given stage of the growth process (the 
length of the cylindrical part of the crystal is  𝐿𝑐𝑦𝑙 =

1.6 𝑐𝑚). The shape of the crystal-melt interface was 
computed by using the deformable mesh technique. 
Numerical results reveal a deep convex shape of the 
interface. The computed dimensionless interface de-
flection 𝜏 = 𝑓 𝑅𝐶 = 3.6 𝑐𝑚 2.5 𝑐𝑚 = 1.44⁄⁄  (with 𝑓 - 
interface deflection and 𝑅𝐶- crystal radius) is in agree-
ment with the experimental result 𝜏𝑒𝑥𝑝 =

𝑓 𝑅𝐶 = 6 𝑐𝑚 3.8 𝑐𝑚 = 1.57⁄⁄   of Bruni [3]. The curved 
shape of the isotherms in the crystal indicates large ra-
dial temperature variations that generate high thermal 
stresses in the sapphire ingot. The flow pattern exhib-
its one single vortex, with a maximum velocity of 
𝑢𝑚𝑎𝑥 = 0.03 𝑚/𝑠 at the symmetry axis. The isotherms 
are significantly distorted by the melt flow.  
 Fig.1b shows the von Mises stress distribution 
at the outer surface of the crystal. The results are car-
ried out from 3D thermal stress computations that use 
the temperatures carried out from 2D-axisymmetric 
global modeling of the furnace. High thermal stresses 
are observed at the triple crystal-melt-gas line and at 
the outlet surface of the conical part of the crystal.  
 Fig. 2 shows the contour lines of von Mises 
stress distribution plotted in the longitudinal section 
(x-z plane) and the transversal section (x-y plane at 
𝑧 = 7 𝑐𝑚) of the crystal. The contour lines of the von 
Mises stress are almost axisymmetric in the longitudi-
nal section (Fig. 2a). Large thermal stresses (greater 
than 200 𝑀𝑃𝑎) are observed in almost whole crystal 
volume. The maximum stress value is located at the tri-
ple crystal-melt-gas line (900 𝑀𝑃𝑎), while the mini-
mum value (2.3 𝑀𝑃𝑎) is located in the seed. The stress 
distribution in the transversal section of the crystal re-
veals a slight asymmetry (Fig. 2b). The difference be-
tween the maximum and the minimum values of the 
von Mises stress at the outer surface of the crystal, 

Δ𝜎𝑀𝑖𝑠𝑒𝑠 = 𝜎𝑀𝑖𝑠𝑒𝑠
𝑚𝑎𝑥 − 𝜎𝑀𝑖𝑠𝑒𝑠

𝑚𝑖𝑛 = 31 𝑀𝑃𝑎  represents only 
7% from the maximum stress value. The radial stress 
distribution along the x-axis in the transversal section 
of the crystal at 𝑧 = 7 𝑐𝑚 is plotted in Fig. 2c. High von 
Mises stress (over 160 𝑀𝑃𝑎) are distributed in a re-
gion of  5 𝑚𝑚 thickness located near the outer surface 
of the crystal. The critical resolved shear stress varies 
between 5 𝑀𝑃𝑎  and 110 𝑀𝑃𝑎  over the temperature 
range computed in the crystal [20]. That explains high 
dislocation densities measured in the sapphire crys-
tals grown by the Czochralski technique.  
  
 

  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Figure 1 Numerical results obtained in the case of Czochralski 

sapphire growth: (a) temperature distribution and isotherms 

(left side), velocity field (right side) carried out from global 2D 

axisymmetric computations. (b) von Mises stress distribution at 

the surface of the crystal carried out from local 3D computations. 

 

(a) 

(b) 
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Stress distribution in LGT crystals 
 

Langatate crystals for piezoelectric applications are 

elaborated in an inductive Cz furnace. Ingots of 5.4 cm 

in diameter are grown along the c-axis from the melt 

contained in an iridium crucible of 9.2 cm in diameter.  

 Numerical results carried out from 2D ax-

isymmetric global modeling of the furnace and 3D lo-

cal modeling of thermal stresses distribution in the 

LGT ingot are shown in Fig. 3. The crystal-melt inter-

face is less curved in this case: 𝜏 =

𝑓 𝑅𝐶 = 3 𝑐𝑚 2.7 𝑐𝑚 = 1.11⁄⁄  (Fig. 3a). The shape of 

the isotherms in the crystal indicates large radial tem-

perature gradients located near the outer surface of 

the cylindrical part of the ingot. The recirculating flow 

is characterized by one single vortex with the liquid 

moving down through the symmetry axis ( 𝑢𝑚𝑎𝑥 =

0.03 𝑚/𝑠). Fig. 3b shows the von Mises stress distribu-

tion at the outer surface of the LGT ingot. The maxi-

mum value  𝜎𝐿𝐺𝑇
𝑚𝑎𝑥 = 511 𝑀𝑃𝑎 is smaller as compared 

to the maximum value computed in the case of sap-

phire ingot  𝜎𝑠𝑎𝑝𝑝ℎ𝑖𝑟𝑒
𝑚𝑎𝑥 = 977 𝑀𝑃𝑎 . High stress values 

are observed at the outer surface of the cylindrical part 

of the ingot.  

 Fig. 4 shows the von Mises stress distribution 

in the longitudinal (x-z plane at 𝑦 = 1𝑐𝑚 ) and the 

transversal (x-y plane at 𝑧 = 6.6 𝑐𝑚) sections of the 

crystal. The transversal section x-y at 𝑧 = 6.6 𝑐𝑚 cor-

responds to the maximum stress value at the outer 

surface of the crystal. Numerical results show non-

symmetrical von Mises stress distribution with higher 

stresses located on one side of the ingot. The differ-

ence between the maximum and the minimum stress 

values at the outer surface of the crystal in the trans-

versal section Δ𝜎𝑀𝑖𝑠𝑒𝑠 = 𝜎𝑀𝑖𝑠𝑒𝑠
𝑚𝑎𝑥 − 𝜎𝑀𝑖𝑠𝑒𝑠

𝑚𝑖𝑛 = 129 𝑀𝑃𝑎 

represents 44% from the maximum stress value (Fig. 

4b). The maximum stress value is reached in a direc-

tion parallel to the y-axis, while the minimum stress 

value is located along the x-axis. The stress distribu-

tion along x-axis in the transversal section at 𝑧 =

6.6 𝑐𝑚 is plotted in Fig. 4c. It can be observed a non-

symmetrical stress profile and a sharp increase of the 

von Mises stress (from 40 𝑀𝑃𝑎  to 270 𝑀𝑃𝑎) in a re-

gion of 1 − 2 𝑚𝑚 thickness near the external surface 

of the crystal. This numerical result could explain the 

non-symmetrical surface cracking observed in experi-

ments.  

 

Figure 2 Numerical results obtained in the case of Czochralski sap-

phire growth: (a) von Mises stress distribution in the longitudinal (x-

z) section of the crystal (maximum and minimum values are shown 

on the figure); (b) von Mises stress distribution in the transversal (x-

y) section of the crystal at  𝑧 = 7 𝑐𝑚 (maximum and minimum values 

are shown at the outer surface of the crystal); (c) von Mises stress 

distribution along the x-axis in the transversal (x-y) section of the 

crystal at  𝑧 = 7 𝑐𝑚. 

(a) 

(b) 

(c) 
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(a) 

(b) 

Figure 3 Numerical results obtained in the case of Czochralski 

LGT growth: (a) temperature distribution and isotherms (left 

side), velocity field (right side) carried out from global 2D axisym-

metric computations. (b) von Mises stress distribution at the sur-

face of the crystal carried out from local 3D computations. 

Figure 4 Numerical results obtained in the case of Czochralski LGT 

growth: (a) von Mises stress distribution in the longitudinal (x-z) sec-

tion at 𝑦 = 1𝑐𝑚 (maximum and minimum values are shown on the 

figure); (b) von Mises stress distribution in the transversal (x-y) sec-

tion of the crystal at  𝑧 = 6.6 𝑐𝑚 (maximum and minimum values 

are shown at the outer surface of the crystal); (c) von Mises stress 

distribution along x-axis in the transversal (x-y) section of the crystal 

at  𝑧 = 6.6 𝑐𝑚. 

(a) 

(b) 

(c) 



6 Author, Author, and Author: Short title 

 

Copyright line will be provided by the publisher 

 Fig. 5a shows that the maximum stress value 
is located at the outer surface of the crystal at ≈
0.25 𝑐𝑚 distance above the triple crystal-melt-gas line 
in the direction parallel to y-axis. The minimum stress 
value at the external surface of the crystal is observed 
along the x-axis. Fig. 5b shows a LGT ingot of 5.4 𝑐𝑚 in 
diameter, which was decanted from the melt in order 
to visualize the shape of the growth interface. The 
crystal exhibits non-symmetrical surface cracking. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

3.2 Sapphire crystals grown by the EFG tech-
nique  

 
Sapphire ribbons of dimensions 0.8 𝑐𝑚 × 4 𝑐𝑚 ×

14.5 𝑐𝑚  are grown in a multi-die EFG system. 3D 

global modeling is firstly applied to compute the tem-

perature field in the furnace. To minimalize the com-

putational time, the modeling is performed only for a 

quarter of the real domain by neglecting the convec-

tion in the melt. The shape of the crystal-melt interface 

is not computed in this case, since 3D computations 

with deformable mesh are too complicated. The me-

niscus height ℎ𝑚 = 0.07 𝑐𝑚 was estimated by apply-

ing the analytical formula proposed in [21]. 

 Fig. 6 shows the temperature field carried out 

from the global modeling of an EFG system with ten 

molybdenum dies. It can be observed a significant 

amount of heat lost by the crystals due to the internal 

radiative effect. The temperatures decrease by Δ𝑇 =

550 𝐾 from the bottom part to the top part of the crys-

tals. Even if the vertical temperature gradients are 

high in this configuration, the horizontal temperature 

gradients (which mainly generate the thermal 

stresses) are minimized due to the heat radiative ex-

changes between the sapphire ribbons, that homoge-

nize the temperatures in the horizontal direction.  

  Temperatures computed for EFG systems 

with 2, 4, 6, 8 and 10 dies are used in the local simula-

tion of the thermal stresses distribution in the sap-

phire ribbons. The results plotted in Fig. 7 show that 

the maximum von Mises stress (≈ 60 𝑀𝑃𝑎) remains 

almost constant with increasing the number of ribbons 

from 2 to 10. The von Mises stress is higher in the vi-

cinity of the crystal-melt interface, and slightly in-

creases from the center to the outer surface of the 

crystal. The present results are comparable to the nu-

merical computations of Théodore et al. [22] showing 

the same von Mises stress distribution map and a max-

imum value of ≈ 16 𝑀𝑃𝑎 in the case of a smaller sap-

phire ribbon. 

 Maximum stress values computed in the EFG 
multi-die system (≈ 60 𝑀𝑃𝑎) are smaller compared to 
results obtained in the case of Cz sapphire ingot, which 
revealed high thermal stresses (over 200 𝑀𝑃𝑎) spread 
in almost whole volume of the crystal. 
 
 
 
 

Figure 5 (a) Von Mises stress distribution at the outer surface of 

the LGT crystal. Maximum and minimum stress values are plot-

ted in a transversal section at 0.25 cm distance above the crystal-

melt-gas line; (b) LGT ingot decanted from the melt which exhib-

its non-symmetrical surface cracking.  

(a) 

(b) 
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Figure 6 Temperature field carried out from the global modeling of an EFG system 

with 10 molybdenum dies. Only a quarter of the real domain was simulated.  

Figure 7 Von Mises stress distribution in sapphire ribbons grown in an EFG multi-die system with 2, 4, 6, 8 and 10 dies. 

Red color indicates 50 MPa.  
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3.3 Application of P1 approximation and 
Rosseland model to simulate the inter-
nal radiative heat transfer 

 
Two models are usually applied to simulate the inter-

nal radiative heat transfer in semi-transparent crys-

tals:  P1 approximation and Rosseland radiation 

model. The Rosseland model, which is most frequently 

used to simulate the internal radiative effect in sap-

phire crystals, is based on the artificially enhanced 

thermal conductivity of the crystal, given by Eq. 5. This 

model was used for numerical modeling of heat trans-

fer in participating media in [15,16] but the results for 

the curvature of the growth interface show significant 

deviations from the experimental observations.  

 The P1 approximation model takes into ac-

count an additional heat source term in Eq. 1 that de-

scribes the radiative heat transfer for an absorbing, 

emitting and scattering medium (the scattering effect 

is not considered in the present simulations). Numeri-

cal modeling based on this model has shown that deep 

convex shapes of the crystal-melt interface are ex-

plained by the internal radiative heat exchanges [9, 11, 

23, 24]. Numerical simulations in [11, 23, 24] have 

been validated by comparing the computed shape of 

the growth interface to the experimental results.  

 In the present section, P1 approximation and 

the Rosseland model are applied to simulate the heat 

transfer in Cz and EFG growth of sapphire crystals. 

Fig.8 compares the numerical results carried out from 

Cz simulations which use the Rosseland model (Fig. 

8a) and the P1 approximation (Fig. 8b). The effective 

thermal conductivity of the sapphire crystal (𝑘𝑒𝑓𝑓 ≈

500 𝑊/𝐾 ∙ 𝑚) was estimated by using Eq. 5 (with 𝑎 =

20 𝑚−1  and  𝑛 = 1.77). The shape of the growth inter-

face was computed by using the deformable mesh 

technique. During a transient time (50 − 300 𝑠), the 

mesh is deformed in such way as the surface between 

the crystal and the melt (shown on the figure at time 

= 0 𝑠 ) takes the shape of the solidification isotherm. 

Fig. 8a shows the numerical plot at the beginning ( 𝑡 =

0 𝑠) and the end ( 𝑡 = 300 𝑠) of the transient computa-

tion with deformable mesh. The dimensionless inter-

face deflection 𝜏 = 𝑓 𝑅𝐶 = 2.4 𝑐𝑚 2.5 𝑐𝑚 = 0.96⁄⁄  is 

smaller than observed in experiments [3]. Tempera-

tures in the crystal are homogeneous and close to the 

melting point, which indicate that the amount of heat 

lost by the crystal is very small.  

 The results carried out by applying the P1 ap-

proximation show much curved interface (Fig. 8b). 

The dimensionless interface deflection 𝜏 =

𝑓 𝑅𝐶 = 3.6 𝑐𝑚 2.5 𝑐𝑚 = 1.44⁄⁄ , is much closer to the 

experimental result of Bruni [3]. The temperatures in 

the crystal decrease significantly due to the internal 

radiative effect. That generates large temperature gra-

dients in the crystal, and, consequently, high thermal 

stresses, dislocations and cracking.  

 Numerical results obtained by applying the 
Rosseland and P1 approximation models in the case of 
EFG growth of 10 sapphire ribbons are plotted in Fig. 
9a and, respectively, Fig. 9b. The crystal-melt interface 
was considered plane in these simulations. The power 
in the furnace was varied until the melting point is 
reached in the liquid meniscus corresponding to the 
die 6, which is nearest from the symmetry plane (cen-
tral dies are labeled as 5 and 6). Fig. 9a shows the tem-
perature distribution in the vertical (x-z) section at the 
center of the dies (symmetry plane). The red line rep-
resents the solidification isotherm. It can be observed 
that the temperatures decrease significantly in the 
horizontal direction (from the ribbon 10 to the ribbon 
6). The solidification isotherm is located in the liquid 
meniscus only for the dies 6-8, then deviates far from 
the liquid meniscus for the dies 9 and 10. That should 
make impossible the simultaneous growth of 10 rib-
bons, which is in contradiction with our experimental 
results. Fig. 9b shows more realistic results carried out 
from simulations which use the P1 approximation. In 
this case, the temperatures decrease on the vertical di-
rection, from the bottom part to the top part of the rib-
bons. The solidification isotherm is located near the 
crystal-melt interfaces for all the ribbons. 

4 Conclusions  

Three-dimensional numerical simulations were per-

formed to investigate the effect of the anisotropic elas-

tic constant on thermal stresses distribution in sap-

phire and piezoelectric langatate crystals grown by the 

Chochralski and EFG techniques.  

 The modeling performed in the case of sap-

phire crystals grown in an inductive Cz configuration 

shows large thermal stresses distributed almost sym-

metrically in the whole volume of the crystal. This re-

sult could explain high dislocation densities measured 

in the sapphire crystals grown by this technique.  
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(a) 

Figure 8 Temperature and velocity fields computed at the beginning (t=0 s) and the end (t=300 s, t=50 s) of transient simulations with 

deformable mesh carried out for a Czochralski sapphire growth system by applying: (a) Rosseland radiation model; (b) P1 approximation. 

The blue line represents the solidification isotherm.   

(b) 
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 The computations performed in the case of 

langatate crystals grown in a Cz configuration show 

non-symmetrical stress distribution with maximum 

stress located at one side of the crystal. The von Mises 

stresses are relatively small in the internal part of the 

crystal, but increase significantly in a thin region of 1-

2 mm located near the outer surface of the crystal. This 

explains non-symmetrical cracks experimentally ob-

served at the external surface of the crystal. Large tem-

perature gradients at the outer surface of the crystal 

could be generated by the additional thermal shields 

inserted around the crystal in this configuration.  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 Thermal stress computations performed in 

the case of a multi-die EFG system show that the dis-

tribution and the maximum von Mises values are al-

most unchanged with increasing number of ribbons 

from 2 to 10. This is explained by the radiative heat ex-

changes between the ribbons that homogenize the 

temperatures in the horizontal direction. The maxi-

mum stress values are smaller as compared to the case 

of Cz sapphire growth, which predicts lower disloca-

tion densities in sapphire ribbons grown by the EFG 

technique.    

 The application of two models (P1 approxima-

tion and Rosseland model) to simulate the internal ra-

diative heat transfer was investigated in the case of 

sapphire crystals grown by Cz and EFG techniques. 

Figure 9 Temperatures computed in the case of EFG growth of 10 sapphire ribbons by applying: (a) Rosseland 

radiation model; (b) P1 approximation. The red line represents the solidification isotherm.   

 

(a) (b) 
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The present results show that the Rosseland model in-

troduces significant errors in heat transfer computa-

tions, especially in the case of the EFG system. It is 

found that the interface curvatures are generally un-

derestimated when the Rosseland model is applied to 

simulate Cz growth of sapphire. EFG thermal compu-

tations using the Rosseland model give unrealistic re-

sults for temperatures distribution and the position of 

the solidification isotherm. On the other hand, the ap-

plication of P1 approximation model give more realis-

tic results, which are validated by comparison to ex-

periments. It is concluded that the Rosseland model, 

which is still frequently used in numerical works, is 

not appropriate to simulate the internal radiative ef-

fect in semi-transparent crystals. 
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Modeling of Czochralski growth of sapphire 
crystals shows large thermal stresses distrib-
uted symmetrically in the whole volume of the 
crystal. That could explain high dislocation 
densities measured in the sapphire ingots. 
Computations performed in the case of langa-
tate crystals show non-symmetrical stress dis-
tribution, with maximum stress located at one 
side of the crystal. That explains non-symmet-
rical surface cracking observed in the experi-
ments. Numerical results show that the Rosse-
land model is not appropriate to simulate the 
internal radiative effect in semi-transparent 
crystals. 
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