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1 Introduction

Recently, B. Basso and L. Dixon obtained an elegant explicit expression for a specific,
conformal planar Feynman graph of fishnet type [1], having N rows and L columns, and
thus (N +1)(L+1)—4 loops. This graph is presented on figure 1. It has four external fixed
coordinates and, similarly to the conformal 4-point functions, has a non-trivial dependence
on two cross-ratios u,v. This Basso-Dixon (BD) formula takes the form of an N x N
determinant of explicitly known “ladder” integrals [2, 3]. It is one of very few examples of
explicit results for Feynman graphs with arbitrary many loops.

The BD formula appeared in the context of its application to the four dimensional
conformal theory which emerged as a specific double scaling limit of v-deformed N = 4
SYM theory combining weak coupling and strong imaginary ~-twists [4, 5]. In particular,
in one-coupling reduction of this theory — the so called bi-scalar, or “fishnet” CFT —
the BD integral represents indeed a particular single-trace correlation function (described



below). In general, the bulk structure of planar graphs in fishnet CFT is that of the
regular square lattice of massless propagators. Such a graph represents an integrable two-
dimensional statistical mechanical system [6] which can be studied via integrable quantum
spin chain with the symmetry of 4D conformal group SU(2,2) [4, 5, 7, §].

Two of the current authors recently proposed the D-dimensional generalization of bi-
scalar fishnet theory [9]. Its action is given in terms of two interacting complex N, x N,
matrix scalar fields X (z), Z(x):

S= Nc/de tr (XT(—(?"@M)D/‘”“’X + Z1(=0r9,)P/Az + (47r)2§2XTZTXZ> . (1.1)

where w is an arbitrary “anisotropy” parameter producing different powers of propaga-
tors along two axis of the fishnet square lattice and & is the coupling constant.! At
D = 4, w = 0 it reduces to the local bi-scalar action following from the double scaling
limit of N' = 4 SYM [4]. The BD-type integral corresponds to the following single-trace
correlation function:

ILB’]]DV(ZO, 21, W, wy) = <tr <XL(20)ZN(zl)XTL(wO)ZTN(w1)>> : (1.2)

It is easy to see that, due to the chiral nature of interaction of two scalars, this correlation
function is given in the planar limit by a single, fishnet-type planar graph of BD-type drawn
in figure 1. Explicitly, this Feynman graph is given by expression

1
fng,lzjv(Zo, 21, Wo, W) =/ H dPz., H D/ (1.3)
( n

Zlnm—1 — %
In)elr N (Im)eLL, N+1 | tin—1 L

1
x H D/2—2w

Z]— — Z
(l7n)6£L+l,N| I—1n ln

This integral was computed explicitly in D = 4, for “isotropic” case w = 0, in [1]. The
derivation is based on certain assumptions, typical for the S-matrix bootstrap methods
inherited from the integrability of planar N’ =4 SYM [15]. It would be important to derive
this formula from the first principles, based on the conformal spin chain interpretation of
fishnet graphs, but in four dimensions such a derivation is so far missing.

In this paper, we will derive from the first principles the explicit expression for the two-
dimensional analogue, D = 2, of Basso-Dixon formula for the “fishnet” Feynman integral®

1
7R (20, 21, wo, wr) Z/ H d”z H I — (1.4)
(

Zin—1— Zinl|Y
l,n)EﬁL,N (l,n)ELL7N+1 [ l7n 1 l7n]

X H ! )

1—
(I,m)eLry1,N [Zlil’n - Zl,n] !

Strictly speaking, to tune this theory to the conformal point at any & one should add to this action the
double-trace interactions with specific £-dependent coefficients [7, 10-14].

*Here and in the following we adopt the notation [z — w]® = (z — w)*(z* — w*)® for propagators, see
appendix A for details.
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Figure 1. Basso-Dixon type Feynman diagram for N = 4, L = 3. The propagators have the form
[w— 2]~ where @ = 1/2 4+ w for vertical and horizontal lines, respectively.
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Figure 2. Basso-Dixon type diagram ILBBV(zO,zl,wo,wl) (on the left), its reduction Gp, n(z|w)
(in the middle) and generalization Dy, n(z|w) (on the right) described in section 2. We integrate
only the coordinates in the vertices marked by black blobs. Sending wy — oo in the original Basso-
Dixon type diagram, we remove the upper row of propagators and obtain the reduced diagram (in
the middle). Using conformal invariance of the original graph (on the left), we can always restore
it from the graph on the right, by inversion and shift of coordinates wi, z1,29. Further on, we
generalize the middle diagram by splitting the end point coordinates of left and right columns of
external propagators, to separate coordinates z; — (21, 22,...,2n) and w1 — (wy,we,...,wWN),
and then add at the left a column of vertical propagators [z; — z;41] 7, thus getting the generalized
configuration (on the right).

where the coordinates (zg, z1,wp,w1) are defined as after the eq. (1.3). We took here
propagators transforming in the spinless complementary series of representations (5 =
v € (0,1)) under SL(2,C) group action (3.1). The propagators for D = 2, w = v — 1/2
are [w — z]71/?F  where T is chosen for vertical and horizontal lines, i.e. for the fields
X, Z, respectively.



Our derivation is based on integrable SL(2, C) spin chain methods worked out in [16—
18], using the Sklyanin separation of variables (SoV) method [19-21]. The result can be
presented in explicit form, in terms of N x N determinant of a matrix with the elements
which are explicitly computed in terms of hypergeometric functions of cross-ratios.® Our
main formula looks as follows:

[21 — Zo](w_l)N[wl — wo]('y_l)N y—1
[20 — wo] - DN+7L ] NB(LW,EV (n) (1.5)

IEE])V(ZOv z21,Wo, wl) —

where
() — —-N_—N? i—1/=a \k=17(7) -
By (mm) = (2m) e det | (ndy)" ()" I ()]
p= 0 TLATT0 (1.6)
w1 — Wy 20 — 21
and
M+1 M
W - 2 ' (v)
Iy (n,n) = = X
sl ) (M —1)! )= T (1 —7)
_ M1 —y—e)TM(14¢),
X 8?4 1‘520 ](\/[ i) M( )[77] : (1.7)
IM(y+e) TM(1-—¢)

l—-y—¢e---1=v—-¢1
l1—¢ -+ 1-¢

2
y n) ]
Formula (1.6) is also generalized in sections 4, 5 to the principal series representations of
SL(2,C), see (3.1).
In the next section, we will define the basic building blocks for construction of the

M1 Eym (

Basso-Dixon configuration in operatorial way. In section 3, we will introduce the generalized
“graph-building” operator related to the transfer-matrix of the integrable open SL(2, ()
quantum spin chain. We will diagonalize there this operator by means of the SoV method
and describe the full system of its eigenfunctions. In section 4 the result for 2d Basso-
Dixon-like N x L graph will be presented in terms of an N x N determinant of the matrix
constructed from 1 x M such graph called the ladder graph. In section 5, the ladder graph
will be computed explicitly, in terms of the hypergeometric functions and their derivatives,
thus completing the explicit result for the full two-dimensional Basso-Dixon-like N x L
graph presented above. The ladder graph is employed to compute the so-called simple
wheel graph in two dimensions. A particular case of N = L = 1 (the two-dimensional
“cross” graph) will be explicitly given in terms of the elliptic functions of the cross ratio.

2 Transformations of Basso-Dixon type graph and L <> N duality

In order to apply powerful methods of SL(2,C) spin chain integrability, such as the sepa-
ration of variables (SoV), we will use the conformal symmetry to reduce the BD graph on

30r alternatively, due to the obvious L <+ N symmetry of the integral, in terms of the (L — 1) x (L — 1)
determinant of the same matrix elements, which will depend only on L + N combination.



figure 1 to a more convenient quantity for our purposes. First of all, we send wy — oo and
drop the corresponding propagators containing this variable:

IPR (20, 21, w0, w1) = [wo] TG N (21, wilz0)
wo—00

L N 1
where Gp n(z1,wil20) = /H H d%z,, H =

[Zl,nfl - Zl,np/ X [Zl,n - 2l+1,n]

=1 n=1 1<I<L
1<n<N
N-1
1
X
ao LZom — zial' Y
where we take {z;0 = 20, 20 = 21, 2041 = w1} for j = 1,...,L and k = 1,...,N.

We can always restore the original quantity IB]]DV(ZQ, 21, wo, w) from G, n(z1,w1|20), pre-
sented on figure 2(middle), using the conformal symmetry of Ililj)v , 1.e. by applying the
inversion+shift transformation and thus getting the original quantity (1.5) (see appendix B
for derivation and examples).

Now we are going to generalize the quantity G, n(z1,wi|20), in order to apply the
integrability techniques. To that end, we introduce a more general quantity drawn on
figure 2(right):

N 1
Dpn(20)(zlw) = / 1T 11 &2 11 ’

— _ 1—
=1 n=1 (l7n)€LL+1,N [Zlfl,’nfl zl*l,n]’y X [Zl,l’n Zl7n] y
(2.1)

where all the external legs on the left and on the right of figure 2(left) have different
coordinates: {zj0 = 20, 20k = 2k, 2L+1k = wg} for j =0,1,..., L and k = 1,...,N.
We introduced in the r.h.s. of (2.1) the vector notations: z = {z1,292,...,2n},w =
{wy,ws,...,wn}. Notice that, after point-splitting, we multiplied, for the future con-
venience, the middle diagram of figure 2 by the vertical propagators on the left, without
altering the essential part of the quantity, since the coordinates in the left column are
exterior and they are not integrated.

The last expression (2.1), representing the diagram on the right of figure 2, is the most
appropriate for the application of integrability methods. Namely, we can represent it as
a consecutive action of a “comb” transfer matrix “building” the graph, as shown on the
figure 3. In the next section, we will define yet a more general transfer matrix Ay (x)(z|w)
depending on a spectral parameter x and diagonalize it by means of eigenfunctions using
separation of variable (SoV) method of Sklyanin. The lattice of propagators can be inho-
mogeneous in L-direction, since each transfer matrix, corresponding to an open spin chain
of length N “building” the BD configuration by L consecutive applications, as on figure 3,
can have its own spectral parameter. Its particular, homogeneous case will give the explicit
formula, for 2D BD graph.*

4Still containing the anisotropy parameter .
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Figure 3. The “comb” transfer matrix for an open spin chain of length N (N = 3 on the picture)
is applied L times to itself as an integral kernel. The resulting structure is a Fishnet of the type of
figure 2(right) with L 4 1 vertical and 3 horizontal lines.

Now we will comment on the obvious L <> N duality of the original BD diagram:
IR (20, 21, wo, wi;y) = INT, (21, wo, 20, w1, 1 — ), (2.2)

where we explicitly introduced among the arguments the anisotropy parameter . It is
useful to represent the same quantity in a more explicitly conformally symmetric way:

_ _ =1 _
IB]])\[(ZO,Zhwmwl;'Y) = [wo — 20] L’y[wl - 2‘1]]\[(7 2 [W]N 21— U]N(l ’Y)B(L’Tj)\f(n>' (2.3)
Then the L <> N duality reads as follows:

— ol _N _
BY(1/n) = 3 NFD=3 (1 — g (NHEEN By, (2.4)

3 “Graph building” operator An(x|zo) and its diagonalization

Our main goal in the rest of this paper is the computation of the quantity ng)v(n) directly

related to the BD integral by (2.3). To that end, we define a more general transfer matrix of
an open SL(2, C) spin chain, building the generalized BD graph. The explicit computations
will be carried out for values of v corresponding to the principal series of representations
of SL(2,C). Then the original quantity (1.4) is obtained by analytic continuation to real
v = % + w in the final result.

First of all, we fix our parameters:

e Definition of the conformal spin:

1 1-—
- —;ns+iV8,§: lts

where ng € Z is the SO(2) spin and vs € R, so that 1 + 2iv; is the scaling dimension

s + vy (3.1)

in the principal series of representations [22].

e Definition of the xg-parameters which will play the role of spin chain inhomogenieties
in spectral parameter, and then also of Sklyanin separated variables:
n n

azk:?—l—iuk , :fk:—?—l—ivk (3.2)

where n; € Z and v, € R.
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Figure 4. The diagrammatic representation for the kernel of Ay (y|zp). The arrow with index «
from z to w stands for [w — z]~*. The indices are given by the following expressions: a =1—s—1y,
B=1—s+y,v=2s—1.

e The spin s and the parameter x (or y) will enter almost everywhere in special com-
binations,? so that for simplicity we shall use the shorthand notations and define the
a, B, y-parameters

Now let us define the integral operator Apn(y|zp) by its explicit action on a function
®(21,...,2n) by the formula

N
[AN(yl20)@] (21, 2v 20) = [ lek — 2e1] 77 % (3.5)
k=1
N
X /d2w1 o dPwn [Tk — 2k) " wr = 21] 7P B(wr, . wn, 20)
k=1

where by definition 241 = 20, and we introduced the symbol [2]* = 2%(2*)® (see the details
for this notation in appendix A). Note that the operator An(y|zo) maps the function of
N variables to the function of N 4 1 variables, but the last variable zy plays some special
role of an external variable. The diagrammatic representation for the kernel of the integral
operator Ay (y|zo) is shown schematically on the figure 4. proof of the commutation relation

AN (y1]20) AN (y2]20) = An(y2]20) An(y1l20) (3.6)

is equivalent to the proof of the corresponding relation for the kernels which is demonstrated
on the figure 5. The proof is presented there diagrammatically, with the help of cross
relation (A.7). In this way, we proved the integrability of our open spin chain since both

5In what follows, we will always use the notation 1,y; when the separated variables appear as spectral
parameters of an operator, while x,z; when they label an eigenfunction. Both notations refer to objects of
the kind (3.2).
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(4) ()

Figure 5. The proof of commutation relation (3.6) for two operators Anx(y|z0): (1) The diagram
for the kernel of A3(y|zo). (2) The diagram for As(y1]z0) Az(y2]|20): @1 =1—s—y1, as = 1—s—1ys,
B1=1—s+y, B2 =1—5s+ys, v=2s—1. (3) Triangle-star transformations inside the right
column of triangles, leading to As(y2) (4) Movement of the line with index 8y — 51 upstairs using
cross relations. (5) Star-triangle transformations back to As(yz2|z0) As(y1|20)-

operators on each side of the last relation contain different spectral parameter, y; or ys.

k

[Ak(W)®] (21, -, 2k, 2641) = H[Zz — zit1] 7 X (3.7)
=1

i
k

X /d2w1“‘d2wk H[wi — 2] wi — 2] P D(wr, ..., w),
=1

The variable zy1 plays here a special role and the diagrammatic representation for
the kernel of Ax(y) is the same as for An(y|zp) with the evident substitutions N — k
and zp — 2gy1-

3.1 Eigenfunctions of the operator An(y|z0)

The eigenfunctions of the operator Ay (y|z0) are constructed explicitly and they admit the
following representation

\I/(.’IJ’Z) = AN—l (.’131) AN_Q (332) cee 1~\1 (x]v_l) [2’1 — Zo]_s+xN (3.8)
where the operators Ay_y, () differ from the operators Ay_y, (z) by a simple factor
Ani (wr) = [an—k — 20) 5T Py g (@n, Zr) An— (2r) (3.9)

with ry_j defined according to

) F(1—5+2)(1—s+z)\"!
_ . 3.10
i, 2) ( T(s+a)0(5 - 7) (310
and where we introduce a shorthand vector notation for the whole set of variables
n . _ n )
x={x1,..., TN}, mk:(ﬂ?k:;+le7$k:_;+le>
z={z,...,2n}, 2z € C (3.11)



The presence of the pre-factor (3.10) in the definition of Ay _(z) operators (3.9) is crucial
to prove the exchange relation

/N\n(wl) An_l(l'g) = An({L'Q) An_l(:cl) s (3.12)
from which follows that ¥(xz|z) are symmetric functions of the x-variables
U(x|z) = V(z1,... Tky---Thy...,ZN|2) = V(21,... Thy.o - Thy. .., TN|Z). (3.13)

The vector of variables @ is used as quantum numbers (separated variables) to label the
eigenfunction and z is the set of complex coordinates in our initial representation. We will
prove that

AN (ylz0) ¥(z|z) = Ay, 21) - Ay, on) ¥(|2) , (3.14)
where
My, zp) =ma(l —s —y, s+ ap, 1 +y — ap) (—1)BHesl (3.15)

and the function a(a, 8, ) is defined in appendix A. We should note that functions ¥(xz|z)
are generalized eigenfunctions of the operator A + zoB where A, B are standard matrix
elements of the monodromy matrix [21, 23].

Note that the detailed notation for the eigenfunction should be ¥y (x|z) but we shall
skip N almost everywhere for sake of brevity.

In the simplest case N =1 we have

U(x1]z1) = [21 — 20] "1™,

A1 (y|z0) [21 — 20] °T* = My, 21)[21 — 20] ° L. (3.16)

The relation (3.16) can be derived by using the chain integration rule (A.4). The general
proof of the relations (3.14)—(3.15) is based on the exchange relation

An(ylz0) An—1(z1) = Ay, 1) An—1(21) An—1(yl20) (3.17)

The proof of the relation (3.17) for N = 3 is shown in figure 6 and the generalization is
obvious. Notice that after exchange, the operator defining the eigenfunction enters with
the reduced length N of the effective spin chain. Using the exchange relation step by step
it is easy to derive the formula

AN (Yl20)An—1 (1) Ay 2 (z2) -+ Ay (zn-1) (3.18)
= Ay 21) Ay, 22) - Ay, ev—1) An_1 (21) Anv_o (22) - A1 (wv—1) A1(ylz20) -

Then the proof that ¥(x|z) from (3.8) is eigenfunction of the operator Ay (z|zg) with the
eigenvalues given by (3.14) is reduced to the relation (3.16) in the form®

A1(ylzo) [21 — 20) TN = My, zn)[z1 — 20] TN

We will see that these eigenfunctions form the complete orthonormal basis. Using
them, as well as the explicit eigenvalues of An(y|zg) give above, we will compute the
Basso-Dixon type two-dimensional integral.

5This computation, based on uniqueness relation, can also be checked at ny = 0,1 conwith the soft-
ware [24].
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Figure 6. The proof of diagonalization procedure for the operator Ay (y|zo) for N = 3, pushing
the operator through the first row of the eigenfunction: (1) The diagram for As(y|zo) Ag(z1):
a=1-s—y oy =1—-s—a,=1—s+y, fp=1—s+z1,7=2s—1. (2) Star-triangle
transformations inside 112(1‘1) and two lines 8 and 1 — B; ending at 2o joint to the one line (3)
Movement of the line with index 8, — 3 upstairs using cross relations leads to As(z1) As(y|z0), (4).

3.2 Orthogonality and completeness

The functions ¥(x|z) form a complete orthonormal basis in the Hilbert space Hy. Any
function ® € Hy can be expanded w.r.t. this basis as follows

B(z) = / Dy u(@) Clz) U(xz) . (3.19)

The symbol Dyx stands for the measure in the principal series representation of
SL(2,C) group

N 00 00
Dyz =[] ( > / dl/k> . (3.20)
k=1 \ng= o

Depending on the value of spin in the quantum space, ns = s— 3, the sum over nj goes over
all integers (integer ny) or half-integers (half-integer ny). The coefficient function C(x) is
given by the scalar product

C(x) = /dQNz U(x|z) P(z). (3.21)

The weight function p(x)

™ *NW’NQ
) = BT e (3.22)
k<j

is the so-called Sklyanin measure [19, 20]. It is related to the scalar product of the eigen-

functions

/ 2 2 G(@]2) U(a|z) = p— () o (z — o). (3.23)

~10 -



Here the delta function dy(x — ') is defined as follows:
1
on(z —x') = N1 Z d(x1 — m;(l)) 0(ey — :B;(N)) , (3.24)
sESN

where summation goes over all permutations of N elements and we define
Sz —2')=6pd(v—1"). (3.25)

These formulae were obtained in [17, 18] and the corresponding diagrammatic calcula-
tions are discussed at length in these papers. The completeness condition for the functions
U(x|z) has the following form

~N —N?
/DNm H xp — ] U(x|2) U(z]|2)) =

k<j

(3.26)

||’:]2

A similar formula was proven in the case of SL(2,R) Toda spin chain by [25], in the case
of modular XXZ magnet in [26] and for b-Whittaker functions in [27]. It is commonly
believed to work for our SL(2,C) spin chain as well, though the proof is still missing.

4 SoV representation of generalized Basso-Dixon diagrams and
reductions

We have now the necessary instrumentary to reduce the Basso-Dixon type Feynman inte-
grals to the SoV form. First we present the most general, inhomogeneous generalization
of our construction and then reduce it to homogeneous anisotropic, or even isotropic case.
The last one will be the 2D analogue of the standard fishnet graph considered in D = 4
dimensions in [1]. We will suggest for it an explicit determinant representation.

4.1 SoV representation for general inhomogeneous lattice
Using the completeness (3.26) and the relation (3.14) we can represent the most general

“graph-generating” kernel, operator

B(yl) Y2, YL, YL+15 ZO) = AN(Z/l’ZO) AN(y2|Z0) T AN(yL+1|ZO)7 (41)

which “builds” a lattice formed by a repeated action of the operator (3.5). The integral
kernel of the operator (4.1) in coordinate representation looks as follows

B(y1, 92, YL, Yr+1; 20)(2|w)

N _N2 N L+1 -
_ /WH%_%H Ay, zi) ¥(2|z) U(@w)  (42)

k<j k=1 1=1

The graphical representation for the left hand side (4.2) for this general case is given in
the left picture on figure 7. This operator is represented there in the form of a lattice
with inhomogeneities defined by spectral parameters y1,ys,...,yr+1. Later in this section

- 11 -
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Figure 7. (1) The diagram for As(y1|2z0)As(y2|2z0)As(ys|z0)As(yalz0): ar = 1—s—yg, Bx = 1—s+yx,
v =2s — 1. (2) Reduction of the diagram for y, — s — 1, or 8 — 0.

we will perform the reduction of this formula to the homogeneous lattice of propagators
as in the Basso-Dixon integral (1.3) by taking equal spectral parameters in each column:
Y1 =Y2 = --- = Yr+1 = Y, Or even a more particular case of homogeneous but anisotropic
lattice of propagators (different powers in two directions), putting y = s — 1. But so far
we consider the most general configuration.

First, we have to perform amputation of the most left vertical lines, then the reduction
of all z; — 21 in the function ¥(x|z) and finally the reduction of all wy, — w; in the function
U(z|w) in the right hand side of (4.2). We will see that such a reduction leads to a
significant simplification of the eq. (4.2), allowing to perform at the end all the integrations
and summations over separated variables explicitly.

Let us start from the function ¥ (z1,x2...xx|2). All the needed steps are illustrated
in the figure 8 for N = 3. Before the reduction z; — z; we have to perform the amputation
of the factors

[Z() — Zl]f’y [21 — 2’2]77 cee [ZN—l — Z]\]]f’y .
After amputation and reduction z; — 21 we obtain the diagram for the action of the

operator Ay (z) for z = s—1 on the function ¥®V—1)(

x9,x3...xN|2). It is an eigenfunction
for this operator, with the eigenvalue A(y1,22) A(y1,23) - AM(y1,2n). The next step is
similar but for a reduced chain N — N — 1 and we obtain the next eigenvalue which is
AMy2, x3) A(y2,x4) - - - A(y2, zN) , etc.
After all these manipulations we obtain the following formula for the reduction of the
amputated eigenfunction
N-1

T G2k = 2ka] W(@]2) = [20 = 2]~ =78 [y rvgpa (or, Z1) Alwr)F1, (4.3)
k=0

where we introduced
Aay) = ma(2 — 28, s + 23, 5 — xp) (—1)EF] (4.4)
and used the factor r,(zk, k) defined in (3.10).
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1— B L=y 1-5
—————

20

)+ ag +ag
ay + g

oy + g

20

(3) (4) (5) (6)

Figure 8. Amputation of propagators from the eigenfunction W(x1,za, 23|21, 29, 23) and then
reduction in the limit z; — z; to the simple power [zg — 21]~*~*2 7%, We perform amputation of
[21 — 22] and [z9 — z3] lines in (1), then (2) we reduce the first row 29, 23 — 27 leading to (3). We can
open the triangle in (3) to a star, so that integrations in upper-left, and then lower-left vertex are
performed using chain relation and star-triangle relation. At the next step (4) we join propagators
with coinciding coordinates on the left, and performing the last integration (5) via chain relation,
the eigenfunction is reduced to a simple line (6).

(2) (3) (4) (5)

Figure 9. Reduction of the eigenfunction W(x1,za, x3]21, 22, 23) in the limit z; — 21 to simple
power [zg — z]#11#2+Ps=3 Dashed lines stand for §(?)(z), see also (A.5). We reduce z3, 20 — 2z in
(1). By applying triangle-star relations to the first row of triangles (1) we obtain ¢ function kernels.
We integrate out ¢ functions (2) and we open the triangle in (3) to a a star and put together
the points z; obtaining (4). The § function is integrated (4), leading to the full reduction of the
eigenfunction to a simple line (5).

The reduction z; — z; for the eigenfunction ¥(x|z) without amputations of the lines
is shown step by step in the figure 9. First of all we use the star-triangle relation and
reduce the triangle to the corresponding delta-function. This elementary reduction

is shown on the right in figure 2. Using this elementary reduction it is possible to reduce
the first layer of the diagram for the general eigenfunction ¥(x|z) to the product of the

corresponding delta-functions and [zg — 21]%*~! with the coefficient (—;’—; /\(9161)> . After
integrations in the corresponding vertices in the second layer all delta-functions disappear

so that it is possible to repeat the same procedure. After all iterations one obtains the
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following expression for the reduced eigenfunction

al 7 1 Nk
U(zlz) =[] (TNkH(JCk) <_7’Y>\(:vk)> > [z — 2]t BN =N

k=1

Note that we have to perform such reduction also in the function ¥(z|w) so that it remains
to perform the complex conjugation and evident substitution z — w. Using the rules of
the complex conjugation

S*:l—g, (.’Ek) = Tk ;
o =1-a, gr=1-28, v =5 (4.5)
* — * _ " 7 1
ri(on)” = rulen) s (127) = Y@= =225
and substituting z — w we obtain
N
U(zlw) = [ [ (AN_k(xk) /TN—k+1(iL“k)> (20 — wn] TPV (4.6)

k=1
Finally, as a result of amputation-reduction on ¥(x|z) and reduction of ¥(x|w), by the
use of (4.3) and (4.6) the projector ¥(x|z)¥(x|w) is transformed into

N
TT AN (k) 20 — 2] ™70 [z — wy] == (4.7)
k=1

We point out that the way we reduce the N coordinates z = {z;} to a single point in

the functions ¥(x|z) and ¥(x|z) can be alternatively obtained by inserting the complete
basis (3.26) between two A-kernels in (4.1), and repeating their diagonalization after the
reduction of the last kernel An(yr+1|z0) and the amputation and reduction of the first
AN (y1]20).-

From formula (4.7) we obtain the following representation for the two-dimensional
analogue of generalized Basso-Dixon diagram:

~N —N? N L+1
G (21, w1, 20) = /DNJ? H T — ] H (AN H H /\(yl,l‘k))
k=1 I=1

k<j
X[Z() — Zl]fali”'iaN [Zo — wl]fﬁli”'iﬁN . (48)
We recall that a, =1 —s—xp, fp =1— s+ x, and x = %—H’l/k , Tp = —%’“4—1’1%.

Introducing the amputated cross ratio
Zo — W1

=2-" (4.9)

n
|w0—>oo 20 — 21

we rewrite the last expression for inhomogeneous and anisotropic 2D Basso-Dixon type

integral in a concise form

GY (21, w1, 20) = ([0 — 21] [20 — wi]) Y™ BY () (4.10)
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where

(2m) N . V1 TT
By n(n) = —— /DN:?/3 IT (o =e a2 ) T Mwnszw) | [k — -
=1 k<j
(4.11)
and by superscript y we mean the vector of inhomogeneity parameters y = (y1,y2,-..,Yn)-
4.2 Determinant representation

We notice that in (4.11) we deal with the multiple integral of a special type which can be
transformed, similarly to the eigenvalue reduction of the hermitian one-matrix integral [28,
29], to the determinant form

(271' N —N?2

B?LJN(n) /DN:B H T — Zj] H fry(wx) = Nldet M (4.12)
k<j
where we introduced the momenta
My, = /Dx xi_lij_lf{y}(:p) s i,k=1,...,N (4.13)
with the weight function given in our case by the expression
L+1 . L+1
Fry (@) = )" AN H Ayez) =077 " AN 2) T Mus2) (4.14)

=1

where A(z) and A(y, x) are defined in egs. (4.4), (3.15). So for any pair of integers L, N the
problem is reduced to the computation of momenta (4.13), which we will do explicitly in
the section 5 after the reduction to Basso-Dixon configuration of the general formula (4.10).

4.3 Reductions

In particular case, leading to the homogenous Basso-Dixon lattice configuration, we put
y1 = y2 = --- = yr, = y and obtain for the reduced quantity

BY(20)(2[w) [y —yp—-myr—y = B(y; 20)(2[w) = A" (y]z0) (z|w) (4.15)
the following SoV representation:

N N2 N

B(y; z0)(z|w) = /DN:B [Tz = 2] T A (v, 20) ¥(=|2) ¥(z[w). (4.16)
k<j k=1

The further reduction of this expression, 5, — 0, or y = y — s — 1, will lead to

anisotropic Basso-Dixon type D = 2 integral (1.4) with parameters v =2s—1, 7 = 25— 1.

After this reduction we obtain the second diagram in figure 7, with the different propagators

/]2572

[z—2"1172% and [z—2 in vertical and horizontal directions of the lattice. In this case, we

have to substitute into the formula (4.2) representing this diagram the reduced eigenvalues

Ay, a) = ma(l — s —y, s+ ap, 1 +y — ) (~Dbral V=5
— AMag) = ma(2 — 25,8 + xp, s — ) (_1)[s+xk] ) (4.17)
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This leads, after the identification of external coordinates: z, — z1, wy — w1, described
above, to the following representation for the two-dimensional analog of (anisotropic)
Basso-Dixon diagram By, n(7) in terms of the multiple integral over /N separated variables

BL,N(W) N - /DN:IJ H xk}\N+L a:k) H[wk — 1‘j] . (4.18)

k<j

Notice that the parameters of the representation (s,s) can be chosen in the principal
series (3.1), or even in the imaginary strip #(¥) € (—i/2,0) by analytic continuation. With
the choice of parameters n, = 0 and v(*) = —i/4 + iw/2 in (3.1) we describe the 2D

Basso-Dixon type integral with real propagators |z — 2/| 71T

, where + signs corresponds to
two different axis of the square lattice shaped Feynman graph, according to the bi-scalar
Lagrangian (1.1). The isotropy of the lattice is restored at s = § = 3/4, that is w = 0.

The determinant formula (4.12) reads for this reduction as follows

By () = 2m) N det my, (4.19)
where
mip = /m 7 () s i k=1,... N (4.20)
and
fz) = [n]fz)\NJrL(:E) _ nfmﬁfa’c)\N+L(x) (4.21)

where A(x) is defined in eqgs. (4.4).

5 Explicit computation of ladder integral

In this section, we will explicitly compute the momenta m;; given by (4.20) in terms of
hypergeometric functions, which leads to explicit expressions of Basso-Dixon type integrals
via the determinant representation (4.19). Some details of the derivation can be found in
appendix C.

Noticing that

M, = (nan)ifl(ﬁaﬁ)kflfNJrL , where Iy = /Dl’ n*xﬁ*f)\M(:ﬂ) (5.1)
we are led to compute the following sum and integral:”
Iy = [ Don A (o)
= 7M™ (2 — 25)(—1)MI] /Da:a (s+z,s —a) (—1)Mely—25=2

(=
N N = S EIE
— 5 —iw)IM(s+ 5 +iv)

( 1)M n+ns) ﬂ—iuﬁ%—iz/, (52)

nez

"We use here and in the following the notation (—1)!*, see (A.2).
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Figure 10. Structure of poles and zeroes of the integrand in (5.2), at different values of the discrete
variable n, for ng = 0. Superposition of zeroes and poles occurs in such a way that there is only
one semi-infinite series of poles (and zeroes) in upper- and lower- half-planes.

where in the last line we substituted explicit parameters. We can close the integration
contour on the upper/lower half-plane under the condition || < 1, respectively |n| > 1,
ensuring the exponential suppression of the integrand at +ioco. Consider first the case
In| < 1. In the upper half-plane there is one infinite sequence of poles of the order M. After
the change of variables n — —n + ns + 1 in the sum over n and v — v + v, in the integral
over v, the integral (5.2) reads

aMaM (2 — 25)(—1)M
778775—1

+oo FM(Q—Qg—ﬂ—il/)FM(E—{—iy) . o
d 2 2 1 Mn R—jy——2 iy .
XZ/OO Y I'M(2s — 2 4+ i) IM (% — iv) (=)™ 2y (5.3)

Iy =

nez "

We close the contour in the upper half-plane and calculate the v-integral as the sum of
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residues. Due to the mechanism illustrated in figure 10, this is equivalent to take residues

at the points v = % +ik,k=0,1,2,..., ie. the series of the poles created by the function

M (5 +iv). The residue at the point v = % + ik can be represented in the following form

B (5.4)
2 (M —1)! I'M(2s 4+ e)I'M(1 — 25 —¢)

™1 —-2s+n+k—e)TM(2-25+k—¢) ik b

Res

X

I'M(n+Fk—e¢) I'M(1+k—e¢)
Using this formula one obtains the following relation
M .
Z/+Oo 2—28_ b _ZV>]\5 n(% ‘."ZV)(_l)Mnngfiyﬁf%fiu
= — 5 +w)I'M(5 —iv)

2 ) ! MMM —e)

(M —1)! TM(2s + e)TM(1 — 25 —¢)

XTMA - 2s4+n+k—e)TM2-254+k—¢) 1k
DRI g T
I'™M(n+k—e¢) 'M1+Ek—e¢)

neZ k=0

Remarkably enough, since we take derivative at € = 0 the last double sum can be equiva-
lently rewritten in a factorized form, setting p=n+k — 1

+i:"’erf(2—2s+p ZFM2—23+1<:—5),,€
= 'M(1+p 'M(1+4+k—e¢)

and we obtain the following expression for the ladder integral

My e 20 e A =) (=DM (14T (1 —¢)
/D"TA ol = (M= 1)z % oo My + 14 )M (—y —¢)
X[ Py (1=, eln) Fy(1—7,€n) (5.5)

where v = 2s — 1 and the function Fj;(A,e|n) is given by the hypergeometric series

e B 5.6
L\ —eM
= (( €§M X i1y —¢€..., A —¢l—€,...,1—¢€n)

M M
Therefore we can write in a more compact notation, for || < 1:

_ 27TM+1CLM(1 —")/) M—1 CLM(7+€)FM(1+€) —& Y
saRTETEER (R
)

1-4—-¢---1-4—-¢1
l1—¢ -+ 1-¢

where

l—-v—¢e--- 1=v—-¢1

}—X/}’y(%ﬁ’@:MﬂFM( lee oo e

X My1Fm (

77) . (5.7)
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In the opposite case of |n| > 1 the same kind of computation can be repeated picking
residues in the lower half plane. After redefinition n — —n + 2n4 + 2, this is equivalent to

pick the series of poles v = 2is + % —ik,k=0,1,2,..., and the residues are
i . _ M (14 e)IM(1 —¢)
R . in - 28 =25—2 aM 1 € 58
Sompistgoie = qron T 05 le=o p(gs 4 v — 25— 1T (8

X

™M1 —2s+n+k—e)TM2-25+k—¢) _, 1 &
I™M(n+k—e¢) 'M(14+k—e¢) e

It follows from (5.8) that the final expression of the ladder for |n| > 1 is the same as (5.7)

after replacing n with 1/7. For a generic cross-ratio || < 1 the M-ladder is, respectively

oMM ) aM (T (L o)

I
Tt o IM(1—e)

7 3 7 e). (5.9)

and it shows explicitly the invariance under exchange z; < wsi; in fact

Tu(n) = Ing (717) (5.10)

The result (5.9), obtained under the assumption of (s, ) in the principal series of
SL(2,C), can be remarkably extended by analytic continuation to s = 5 € (1/2,1), that is
setting v =4 € (0,1) in (5.9). The direct computation of ladder integrals is more involved
in this last case, since analytic continuation leads to the failure of the cancelation of poles
by zeros presented on figure 10, and integration in (5.2) must be carried out under an
appropriate contour deformation prescription. The explicit result for the particular choice
of weights v =4 = 1/2, corresponding to the isotropic fishnet theory (the case considered
by Basso and Dixon in [1] for D = 4) reads:

aM (% —l—e) I'™M(1+¢)
(1= 2) [7]

1 1

1_ - ... 1_c
n| Mm+1Fu 27 ¢ 27 ¢

l—e---1-¢

Moreover in the isotropic case v = 1 —«, and for the simple “cross” N =1, L = 1 diagram

2 M+1
Ly =——— MY
VST = R

11
Fe .7:]\2/[72 (n:tl’ 77ﬂ:1|€)’

11 L |
F22 7 _ F 2 2
o (071l€) =M M( e 1—g

(computed below in terms of elliptic functions), the duality (2.4) is a mere consequence
of (5.10)

)

B o) = 1 = 17 (1) = 50 (1)

For the sake of duality in the more involved anisotropic case we will need also the relation
between ladders with exchange of v <» 1—+. This relation can be easily checked and looks
as follows

Fil (1) = =) I (),
"

and due to Bﬂ) = Iy) the duality (2.4) is also proved.
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In the simplest particular case M = 1 we can simply put € = 0 everywhere and then
reduce to the simple power

=T +k) T
Fl(A,om)—kZ:O A FRATE

so that

—1 _
Greon=i(z1,w1,20) = (27°) 7 (120 = #1] [20 —wr)) ™= By (1)

= ([20 — 1] [z0 — w1]) T all =7,7)
~ ol T
1

= o= (5.12)

which is precisely the single propagator in the trivial case of the Basso-Dixon type formula,
with no integrations.

In order to get a better feeling of the structure of our result (5.7) at generic N +
L, it is instructive to compute the first non-trivial graph Gr—i n=1(z1, w1, 20) - the two-
dimensional “cross” integral. In four dimensions, the cross integral can be computed in
terms of the Bloch-Wigner function (di-logarithm function) [2]. We will see that in our
two-dimensional case the answer for cross can be expressed through elliptic functions. Since
it involves only N = 1 separated variable, it is simply related to the ladder Io:

-1
Gr=1,n=1(21,w1,20) = (2%2)71([,20 — z1][z0 — wl])%lg(n). (5.13)
For M = 2 the ladder integral (5.7) reads:
2m3a2(1 — ) I2(1+¢)
Il S VA 2 -\~ —€
l—-y—¢e 1—v—-¢1 l—-y—¢e 1—vy—¢1|_
F. F.
x3 2( 1—¢ 1—¢ 77>32( 1—¢ 1—¢ K

Choosing the conformal weights for isotropic fishnets v = 4 = 1/2, the ladder simplifies to

(1 +e)%(1/2 —¢) 1

R T ) ey s LU

1 1
Xo I <25,25;125

1 1
77) 2F1<2€,2E;125

77> . (5.14)

We can recall the expression of the 2D conformal cross integral [30] (e.g. see the formula
(1.7) of [31]); after amputation of one line by sending wq to infinity, we get

Gri= | il
M wn = plMzo — pIMz — PR
_ 2F1(h, 1; 2hln) o Fy (b, h; 217) ]

[wi — z0]" B(1 - h) + (he1=h); (5.15)
_ 27%9(-2j0) T (5 +i0) T (—io) 1
B(h) = m F(zé—w)T(w) o =gt
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In order to compare with (5.13) we should set h = 1/2, that is 0 = 0. Due to the vanishing
of B(1/2), this expression is an ill-defined sum of two divergent terms. The issue is solved
by taking the limit ¢ — 0 in (5.15), which gives the well defined function

T (L 4i0)T (1 - i0)?
T (3 —i0)’T (1 +i0)?

™

[ F (aln) F(al) + (0 ¢ —0)]|

)

and reproduces the result of plugging (5.14) into (5.13). The problem reduces to computing

———————; 11m
2|w1 —Zo| o—0

1 1
where F(o|x) = oF) <2 + o, 3 +i0;1 + 2io

F (o]n) and Oy |s=0F (o|n) which reduce to elliptic integrals. Then the cross integral can
be presented in explicit form:

d*p
|20 = pllwo = pllz1 = pllwi = p|

= AR+ K@K ), ol <1
wy — 21||wo — 20|
(5.16)

IPP (20, 21, w0, w1) = /

where here:

20 — W1 21 — Wo

7]:
w1 — W 20 — 21

and K (z) is the elliptic K integral:

! dt
Kie) = /o JO-B)(—zt)

This result for the cross integral suggests that even for any L, N the formula for

two-dimensional Basso-Dixon integral can be presented in terms elliptic poly-logarithms
encountered [32] in various Feynman graph calculations.

6 The case of ladders N =1, L > 1 and the simple wheel integral

The computation of 2-dimensional ladders carried out in the previous sections has other
interesting applications in the context of the theory (1.1). The simplest observables in
this theory are single trace operators tr(X')(z), tr(Z')(z). As explained in [4, 9], the
perturbative expansions of their correlators

(tr X'(2) tr (XD (w))  (tr Z(2) tr(Z1) (w)) (6.1)

consist, for [ > 2, of only of the “globe”-shaped fishnet Feynman integrals:

l
1
Fin(z,y) = /H
) i 10 = 2[Rz N = 2 e [T

N 2
d Zng

X
s 142 s 1-2w’
i 7k =z )z — 22
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Figure 11. Simple wheel at [ = 6. The black blobs are integrated over, while the gray blob in the
center of the figure is the external point of F; n(z,w) left over after amputation.
where we set zj0 = 2, zj,v+1 = w, and the expansion itself reads:
o0
Gilz—w) = Y _ &V n(z,w) (6.2)
N=0
For any value of the coupling £2 the correlators (6.1) are conformal, thus it is possible to

define the scaling dimension of the fields X and Z as:

AE) = - tm PEOEZC) L) (63

where the anomalous dimension 7 is an expansion in the log-divergence of Fj n graphs, i.e.
its coefficient of % in dimensional regularization.

2
d Zj,k

1—2w’ (64)

Wi n(z /H 70

we can write
> 1
() = S eNMwy
N=1

where T/Vl( ]\; stands for the 1/e-divergence coefficient in the expansion of the (I, N') wheel in
dimensional regularization.® The simple case N = 1 can be worked out explicitly, since the
integral (6.4) can be regarded as a ladder with periodic boundary conditions and L =1—1,
see figure 11. In the formalism of integral operators (3.5) we can write:

Wia(z / H e T

Z()—Z 25 1[2,’ —Z+1]2 2s

8In general, the following wheel integral has ELN divergency, so one has to extract the subleading % term.
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where 2 = s — 1, s = § = 3/2 —w. We can insert inside the trace in (6.5) a complete
basis (3.23) in order to get an integral over one separated variable:

_2; [ e [ad () w2 T
= 25 (Z /+°°dml )/d%m 2|2)T(@l7). (6.6)

n=—oo

The integration over z is the scalar product of two eigenfunctions with the same weights
x, thus carrying the log-divergence of (6.5), or the % divergence which is the leading one
at N =1 in the e-regularization. We can easily extract it:

—_— La 2
/ A>Tz U (z]2)¥(x|2) = 27T/ 1r = Ia
v o e £

and the resulting I/qu) reads:

(1) I _1
- 5 2/ v M (@) = — 1)l

n=—oo

The L-ladder at n = 1 is a finite quantity only for L =1 —1 > 1, and it isn’t otherwise
possible to close the integration contour in (5.2). Indeed the asymptotic expansion of A
in v is

M (nv) = (—iv)y T ro@w™h).
The divergence of the wheel diagram at [ = L+1 = 2 is in agreement with our expectations:
in order to renormalize correlators (6.1) at [ = 2 the specific double-trace counterterms are
needed [9, 12-14, 33, 34].

More explicitly, fixing the propagators along the frames and spokes to be the same
(w=0), we get:

o 2l d U1+ )T (1 —e) < 124k —e)\
wh) = Z ) (6.7)
k=0

» (I—1)! det=T|__, T{(3/2 + &)} (—1/2 —¢) Tl +k—¢

The quantity (6.7) can be computed numerically and, hopefully, expressed in terms of
Elliptic Multiple Zeta Values.

7 Conclusions and prospects

In this paper, we derived an explicit formula for the two-dimensional analogue of Basso-
Dixon integral given by conformal fishnet Feynman graph represented by regular square
lattice of rectangular L x N shape, presented on figure 1 and figure 2(left). The definition
of this integral and the result are presented at the end of Introduction (section 1). Our
result represents a slightly more general quantity then Basso-Dixon graph: it concerns
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the anisotropic fishnet, i.e. with different powers for vertical and horizontal propagators,
corresponding to arbitrary spins s, § of principal series representation of SL(2, C) group, or
for the analytic continuation to s = s belonging to the real interval (%, 1). The particular
case of isotropic fishnet, a-la Basso-Dixon, corresponds to the case s = § = 3/4. In

two-dimensional case the fishnet graph is built from propagators Such graph is

1

a particular case of single-trace correlators introduced in [35, 36] fgzlr1 tﬁl, study of planar
scalar scattering amplitudes in the bi-scalar fishnet CFT [4, 9]. In the simplest case N =
L =1 (cross integral) we managed to present the result in terms of elliptic functions. It
seems plausible that even for general L, N the result can be expressed in terms of elliptic
functions. A probable full basis of such functions, in terms of which our quantity could
be presented, are the so-called multiple elliptic poly-logarithmic functions (see [37] and
references therein). It would be interesting to obtain it for a few smallest N, L.

Interestingly, in the case s — 1/2 (or, alternatively, s — 1, which is an equivalent
SL(2, C) representation for the graph’s propagators) this fishnet corresponds to one of the
conservation laws of Lipatov integrable (open) spin chain hamiltonian [38, 39] describing
the system of reggeized gluons for the Regge (BFKL) limit of QCD [18, 40-42]. It would
be interesting to understand what kind of BFKL physics it can describe.

The Basso-Dixon type configuration represents only one set of possible physical quan-
tities which can be, in principle, analyzed and computed in the planar bi-scalar fishnet
CFT due to integrability. To fix the OPE rules in such a theory, we have to compute
the spectrum of anomalous dimensions and the structure constants of all local operators.
Some of them have been analyzed and even computed in the literature. In particular, the
so-called wheel graphs, corresponding to operators tr X, have been computed in D = 4
dimensions in [4, 43] up to two wrappings at any L. In [7] they have been computed in
particular cases of L = 2,3 (L = 4 case is to appear [44]) to any reasonable loop order
(for any wrapping there exists an iterative analytic procedure) or numerically with a great
precision, by means of the Quantum Spectral Curve method [45-48]. We think that, to
give a more general result for any L in rather explicit form, we have to employ a powerful
technique of separated variables, similarly to the one we employed here in two dimensions
for Basso-Dixon type graphs. The first step would be to compute the wheel graphs in two
dimensions using the techniques of this paper. To advance to D > 2 dimensions by inte-
grable spin chain methods, we have to understand the construction of separated variables
for higher rank symmetries, such as SU(2,2). Some recent results in this direction might
provide the necessary computational tools [49-54]. It would be also good to generalize
our techniques, at least in two dimensions, to the computation of multi-magnon operators
related to “multi-spiral” Feynman graphs [5].

The computation of structure constants is an even more complicated task. Certain
explicit results for OPE of short protected operators have been obtained for fishnet CFT
in [9, 33, 34] (see also [55, 56] in BFKL limit) using solely the conformal symmetry. The
calculation of more complicated structure constant is a difficult task demanding the most
sophisticated techniques, such as SoV method. Since for the 2D case the SoV formalism
is well developed it would be interesting to apply the methods of the current paper to
computations of more complicated structure constants at least in two dimensions.
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Finally, it would be good to understand the role of separated variables in the non-
perturbative structure of the bi-scalar fishnet CFT. A good beginning would be to under-
stand in terms of SoV the strong coupling limit for long operators of the theory and to
relate it to the classical limit of the dual non-compact sigma model which will probably
arise in two-dimensional case similarly to the one which was observed in four-dimensional
bi-scalar fishnet CFT in [57].
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A Diagram technique

The functions and kernels of integral operators considered in the main body of the paper
are represented in the form of two-dimensional Feynman diagrams. The propagator which
is shown by the arrow directed from w to z and index « attached to it is given by the
following expression

1 1 _ (Z* _ w*)a—a , (Al)

T T Y P L PR e

where the difference o — @ is integer: o —a € Z.% The flip of the arrow in propagator gives
an additional sign factor (—1)*~¢ for which we shall use the shorthand notation

(_1)[04 = (~1)* @ (A2)
so that ) ’
1 _ (fl)a—a B (71) o

[z —w]®  [w—2z2]*  [w—2z’ (A.3)

The evaluation of Feynman diagrams is based on their transformation with the help of the
certain rules, namely:

e Chain relation:

1

1
/de [ZI — w]a[w — zQ]IB = (_1)[7]61(04, B, 'y)m , (A.4)

where vy =2—-a—f,7=2—-a—f.

9Note that the star * is used for the usual complex conjugation whether as the meaning of the bar is
explained in eq. (3.1), (3.2).
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Figure 12. The chain and star-triangle relations, o + 8 + v = 2.

Figure 13. The cross relation, a + 3 = o’ + 3.

e Special case of the chain relation

_ 1)
/ i w]l—al[w T (all 0(21 = 22). (A:5)

e Star—triangle relation:

1 ma(a, B,7)
d? = Ul A6
/ U il — Pl — ol = a e — Pl — e O
where a +3+y=2and a+3+7 = 2.

e Cross relation:

1 2 a(a,’ B,)
[21 — zo]* /d Yo — 2] fw — 22 = [w — 25]P[w — za] 7
1 ) a(a, B)
s — 2P P / o = 27w — mafw — 2P w — =B’

where a+ =o' + .

(A7)

These relations are shown in diagrammatic form in figures 12, 13. Here the notation
ala, B8,7,...) = ala)a(B)a(7) ... is introduced for the product of special function a(«a) for
different values of arguments. The definition of the function a(«) is the following

r(1-a)

a(a) = (o) (A.8)
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Note that this function depends on two parameters o and &, where the difference oo — &
should be integer, but for the sake of simplicity we shall use the shorthand notation a(«).
There are some useful relations for this function

ala —1)lo]
a(l+a) = _o(@)’ a(a)a(l—a) = (=), a1l +a)a(l —a)= ! ali (A.9)

B Reduction and duality

We start from the simplest example N = 1, L = 1, make the reduction by sending wy — oo
and drop the corresponding propagator. We want to reduce the original quantity
1

7BD ’ — /d2 —
1,1 (20, 21, wo, w1) w [w — 21]177[wy — w7V [w — wo)7[20 — W]

1
wy — w20 — w]Y

= Cralen wnfzo) = /d2w [w— 217

We can always restore the original quantity IEP(zo,zl,wo,wl) from G11(21,w1]20) using
its conformal symmetry, i.e. by applying the shift+inversion transformation:

1 1
Gi1 (

21wy

1 d%w 1
ZO) - / (w2 [1/w — 1/21]" 1 /wy — 1/w] " 7[1/z0 — 1/w]Y
1— 1— d%w
= [ ] ol /

[w] z1 — w7 w — w7V w — 2]
= [z1])" V1] " [20]7 IPY (20, 21, 0, w1)

= [21) 7 [w1]' 7 [20]7 ITT (20 + wo, 21 + wo, wo, w1 + W)
or

IPP (20, 21, wo, wy) = [21 — wo]" ™ fwy — wo]" ™ [z0 — wo]

1 1 1
XG171< . w).
0 — Wo

zZ1 — w07 w1 — wWo
Analogously, the formula for the general N, L looks as follows:

IB]]DV(Z(), 21, Wo, wl) = [Zl — wo]N(’y_l) [w1 — ’wo]N(W_l)[Zo — ’U)o]_L’Y

1 1 1 ) | (B.1)

zl—wo’wl—wo Zo0 — Wo

x Gr.N (

where

N
1
ILB,]JDV(Z07zlawOaw1) = /H H 21 H |12

—_ 142w
Z Z Z Z
=1 n=1 (Ln)eLlp n ‘ In l,n-&-l‘ ‘ ln 1+1,

(B.2)
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Taking into account (4.10) and (4.18) and setting:

/ —

/
wy — %

2p = (21 —wo) ™Y, 2= (20—wo)"t, wj=(wy—wy)t, and 7 = o
17 %0

we can give an explicit expression for the last factor in (B.1) in terms of function By, y(n):

—1
Grn (2, wilzh) = ([ — 2z — wi)N 2 B (0)

20 — 21 ('Y_l)N Jo1
([20 —[U?o][% ]— wo]) ()= ¥ B ()

where n is the anharmonic ratio of the graph [ E]?V:

(w1 — 20)(21 — wo)
"= (a1~ 20w — o) (B:3)

By definition (1.3) our graphs should have a duality symmetry, namely:

ILB,]?V(ZOvzlaWOawl) = I]%g(zl,wo,wl,zo) (B.4)

Namely we can rotate the whole diagram anti-clockwise by an angle 5 and repeat our
computation by eigenfunction expansion step by step with some changes:

e L2 N
e v =1 —, so that now horizontal lines have index v and vertical 1 — ~

and we derive a different representation for the same quantity

BD N [wo_zl]_vL[ZO—wl]_WL 2L (1) l
IN 1.(20, 21, w0, w1) = o1 = w [ LH TN 2" By . ; (B.5)

C Details of the derivation of the formula (5.4)

The derivation of the formula (5.4) contains three steps:
e calculate integrand at v = % + 1k —1e

FM(2 —25+k- 5)FM(—]{; + 6) n+k—e-k—e
TM(2s —n—k+e)lM(n+k—e) g

(_1)Mn

e use twice the Euler reflection formula
1(=DFT(1 +e)(1 —¢)

(- _ =

(=k+e) 5 I'l+k—¢) ’

1 _(=1)"PD(25 4 6)T(1 — 25 —¢)
I(2s—n—k+e) MNl-—2s+n+k—e) ’

to transform (C.1) to the form
1 TMI1+eIM1—e)
eMTM (25 +&)I'M(1 —2s —¢)
M1 —2s+n+k—e) TM(2-254+k—¢) ,ip e b
TM(n+k—e) TM(1+k—e) K

e extract the coefficient in front of % and multiply it by (—1).
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