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Decay of the Local Energy for the Charged
Klein-Gordon Equation in the Exterior De
Sitter-Reissner-Nordstrom Spacetime

Nicolas BESSET

Abstract

We show decay of the local energy of solutions of the charged Klein-Gordon equation in the exterior De
Sitter-Reissner-Nordstrom spacetime by means of a resonance expansion of the local propagator.

1 Introduction

There has been enormous progress in our understanding of scattering properties of solutions of hy-
perbolic equations on black hole type backgrounds over the last years. The aim of such studies is
multifold. First of all these equations and thus their scattering properties are very important in their
own right. Secondly, the understanding of dispersive properties of the solutions of these equations
is a first step in the understanding of stability properties of the underlying spacetime. Eventually
understanding the classical equation is also a first step in understanding the quantization of the field.
The most important spacetime in this context is the (De Sitter) Kerr spacetime, which is conjectured
to be the unique solution of the Einstein equations describing a rotating black hole (for uniqueness
results see [1] and references therein, and also [17] for the charged case). In the case of positive cos-
mological constant, nonlinear stability of the De Sitter Kerr spacetime is now known thanks to the
seminal result of Hintz and Vasy [18]. The case of zero cosmological constant is still open, but see [19]
for recent progress in this direction. Scattering theories for classical equations are also at the origin of
many results in quantum field theory, see e.g. the mathematically rigorous description of the Hawking
effect in [15].

When studying linear waves on a black hole type spacetime, one encounters several difficulties.
The first is linked to trapping and it is already present in the case of the (De Sitter) Schwarzschild
spacetime, which describes spherically symmetric black holes. The second is superradiance, which
means that there is no positive conserved quantity for spin 1 equations on the (De Sitter) Kerr metric.
Whereas this difficulty is not present for the wave equation on the (De Sitter) Schwarzschild metric, it
also appears when one considers a charged Klein Gordon field on the (De Sitter) Reissner-Nordstrom
metric which describes a spherically symmetric charged black hole. In this context the phenomenon is
linked to the charge of the black hole and the test particle and thus different from the Kerr case, where
it is linked to the geometry of the spacetime. Superradiance already appears in flat spacetime when
one considers a charged Klein-Gordon field which evolves in a strong electric field. In this context the
natural setting seems to be the one of Krein spaces, see e.g. [9]. This setting however is not available
in the context of black holes, see [10].

In the present paper we show a resonance expansion for the solutions of the charged Klein-Gordon
equation on the De Sitter Reissner-Norstrom metric. As a corollary we obtain exponential decay of
the local energy for these solutions. We restrict our study to the case where the product of charges is
small. Such a resonance expansion for the solutions of the wave equation has been obtained first by
Bony-Héfner for the wave equation on the De Sitter Schwarzschild metric [5]. This result has been
generalized to much more complicated situations which include perturbations of the De Sitter Kerr
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metric by Vasy [30]. This last paper has developed new methods including a Fredholm theory for non
elliptic problems. These methods could probably also be applied to the present case. In the present
paper however we use the more elementary methods of Bony-Héfner [5] and Georgescu-Gérard-Héafner
[10].

The results of this paper hold if the product of the charges of the field and the black hole is
sufficiently small. This allows at many places of the paper to use perturbation arguments with respect
to the non charged case. As far as we are aware the absence of growing modes for the present system
is not known for general charge products. In contrast to that absence of growing modes is known for
the wave equation on the Kerr metric for general angular momentum of the black hole, see [31]. The
question of the existence or not of such modes is a very subtle question and growing modes appear
for example for the Klein-Gordon equation on the Kerr metric, see [25].

Let us also mention that it is crucial for our results that the cosmological constant is strictly
positive in order to define resonances as the poles of the meromorphic extension of the weighted
resolvent. The low frequency behaviour is more complicated in the zero cosmological constant case
and only polynomial decay of the local energy is expected in this case.

The paper is organized as follows. In Section 2 we give an introduction to the De Sitter Reissner-
Nordstrém metric and the charged Klein-Gordon equation on it. In Section 3, a meromorphic extension
result is shown for the cut-off resolvent and resonances are introduced. The resonance expansion is
presented in Section 4. Suitable resolvent-type estimates are obtained in Section 5. In section 6 we
prove the main theorem by a suitable contour deformation and using the resolvent-type estimates of
Section 5. The appendix contains a semiclassical limiting absorption principle for a class of generalized
resolvents which might have some independent interest.

Notations. The set {z € C | Sz = 0} will be denoted by C*. For any complex number A € C, we

will write (A) :=4/1+ \)\\2, D()\, R) will be the disc centered at A\ € C of radius R > 0 and D(A, R)E
its complementary set. For all w = |w|el’ € C\] — 00,0], # € R, we will use the branch of the square
root defined by v/w := /|w|e!?/2.

The notation C* will be used to denote the space of compactly supported C* functions. Also, the
Schwartz space on R will be noted .. If V, W are complex vector spaces, then £(V, W) will denote
the space of bounded linear operators V. — W. All the scalar products (-,-) will be linear in the
second component. For any function f, the range (respectively the support) of f will be noted Ran f
(respectively Supp f). If A is an operator, we will note & (L) its domain, o (A) its spectrum and p (A)
its resolvent set.

Now we define the symbol classes on R??

57 i= {a € C¥(®,C) | V(@ B) € N*,3Cap > 0,08 alx, )| < Cas€)™ (@) P1}
for any (m,n) € Z??. We then define the semiclassical pseudodifferential operators classes

= {a"(x,hD) | a € S™"}, Yo = m g
meZ

with a%(x, hD) the Weyl quantization of the symbol a. For any ¢ > 0, the notation P € ¢¥"™ means
that P € ¥™"™ and the norm of P is bounded by a positive multiple of c.

2 Functional framework

2.1 The charged Klein-Gordon equation on the De Sitter-Reissner-Nordstrom
metric

Let



with M > 0 the mass of the black hole, @ € R\ {0} its electric charge and A > 0 the cosmological
constant. We assume that the parameters

_1\k
A :=1—4AQ?, my = 1_‘_(23\)\/5’ My = my — %Ami

satisfy for any k € {1,2} the relations
4NQ% < 1, My < M < M, (1)

so that F has four distinct zeros —oo < r,, <0 < r. <r_ < ry < 4oo and is positive for all r € Jr_,ry|
(see [23], Proposition 1 with A replaced by A/3 in our setting). We also assume that 9AM? < 1 so
that we can use the work of Bony-Hiifner [5] (the condition (1) only ensures that 9AM? < 2). The
exterior De Sitter-Reissner-Nordstrom spacetime is the lorentzian manifold (M, g) with

M =Ry xJr_,ri [, x S, g=F(r)d? = F (r) " dr? — r2dw?

where dw? is the standard metric on the three-dimensional unit sphere S2.
Let A* :=(Q/r,0,0,0). Then the charged wave operator on (M, g) is

. . 1 Q) _F F
A, = (V, —igA,) (VF* —igA*) = ya ((@ - 17’) - T—Z(?TTQF(?T - 7°2AS2>

and the corresponding charged Klein-Gordon equation reads

Hou+mPu=0 m > 0.
We set s := ¢@ € R the charge product (which appears in the perturbation term of the standard wave
operator), X :=Jr_,r.[ x S and V (r) := r~! so that the above equation reads
(8 —isV)?u+ Pu=0 (2)
with

2F | oF

A F 2 F 2 202 F 2
P:—T—Q&n(r F@T)—ﬁAgz—i—m F=-F“0;—F . + 5 OT—T—zAS2+mF (3)

defined on 2(P) := {ue L?* (X, F~'ridrdw) | Pu e L2 (X, F~'r?drdw) } (this is the spatial operator
in [5] with the additional mass term m?F). It turns out that the positive mass makes the study of
the equation easier. Besides the fact that massless charged particles do not exist in physics, it is not
excluded that the resonance 0 for the case s = 0 (see [5]) can lift up to C™.

2.2 The Regge-Wheeler coordinate
We introduce the Regge-Wheeler coordinate = = z () defined by the differential relation

dx 1
T F@ )

Using the four roots r, of F', a € I := {n,c,—,+}, we can write

1 3r2 A,

F(r) A

r—r
a€cl a

where Aq = [gep a3 (ra — rg)~ ! for all a € I, and £A1 > 0. Integrating (4) then yields

r

x(r)= f% ZAari In

ael

_T‘a
T—Tq



with ¢ := <3M +OM? — 8Q2) (we will explain this choice below); note that |Q| < %M if (1)
holds (see the discussion below (17) in [23]). Therefore, we have

—A5r2/(Aar§)
T—T s A
’T—Ta‘:‘t—ra‘ H ﬁ eXp <—Wx) vae[
Bel\{a} g oo
which entails the asymptotic behaviours
A
F(r(z))+|r(z)—re| Sexp | —5——5 2 z — Fo0. (6)
3A:|:’I”:|:
Note here that
A
S =2 7

where kK_ > 0 is the surface gravity at the event horizon and x4 < 0 is the surface gravity at the
cosmological horizon. Recall that k4 is defined by the relation

XNV, X" = —2k4 XV X =9,

where the above equation is to be considered at the corresponding horizon.
In the appendix A, we follow Proposition IV.2 in [4] to show the extension result :

Proposition 2.1. There exists a constant o/ > 0 such that the function x +— r(x) extends analytically
to{\e C| R\ > }.

On L? (X, dzdw), define the operator P := rPr~!, given in the coordinates (x,w) by the expression

P=—rto20,r ! - FT(;)ASQ +m?F (r) = =02 — WoAg2 + W)
where
Wo (x) := W, Wi (z) := F(T;(Ua;))aﬁf (r (x)) + m%F (r ().

It will happen in the sequel that we write F'(z) for F (r (z)) and also V (z) for V (r (z)). Observe
that the potentials Wy and W; satisfy the same estimate as in (6).

As
dWy  2F(r)

= F(r) W = (3Mr—2Q2—r2),

dW,y
dx

we see that the maximum of Wy occurs when = 0, which corresponds to v = % <3M +/IM? — 8Q2> .

We stress here that the radius v has a geometrical meaning. Indeed, consider v = (¢,r,w) a null
geodesic. We can assume that  satisfies the equatorial initial conditions so that the motion lies in
the plane defined by § = /2 (see [22]|, Chapter 13, Proposition 11). Because 0; and 04 are Killing
vector fields for the metric g, Noether’s theorem implies that

g(%,0) =F(r)t=E €R, g(%,0) =r*¢=LeR
where the constants F and L are respectively the energy and the angular momentum of the null
geodesic. Then the mass equation g (7,%) = 0 yields the relation
LZ

E?2=/4+F(r)=
T+ (7“)7ﬂ2



which is equivalent to

1dr)? L F0) 1

r2d¢ r2 b2
where b = |L/F| is the impact parameter of the null geodesic. A trivial solution is given by r = t,
since the quantity

d r 1 (1 rF ’(r))

dr/F(r)  VF() \ 2 F()
cancels if and only if 7 = v. Observe that this solution corresponds to the energy E = Wy(0) = @
The sphere in R? centered at 0 with radius t is called the photon sphere : it is an unstable equilibrium

of the potential Wy, describing closed null geodesic. In [23], it is shown this is the only trapping orbit
for null geodesics in the exterior De Sitter-Reissner-Nordstrom spacetime.

Wo(x)

+— Black hole horizon Cosmological horizon —

Figure 1: The potential Wy in the Regge-Wheeler coordinates.

2.3 The charge Klein-Gordon operator
Taking advantage of the spherical symmetry, we write
L? (R x §?,devdw) ~ @D (L* (R,dz) ® Y;) = P Ve
LeN LeN

where for all ¢ € N, Y; is the (2¢ + 1)-dimensional eigenspace of the operator (—Agz, H*(S?, dw))
associated to the eigenvalue ¢ (¢ 4+ 1). On each V;, we define P, as the restriction of P onto V; which
will be identified with an operator acting on L?(R,dz), i.e.

Pr=-0?+0(L+1)Wy+ Wy (8)

and we set 2 (P;) := H?(R,dz) so that P is self-adjoint. In the sequel, we will use the following
(self-adjoint) realization of the total operator P:

P=@PPr 7 (P) = {u=(w)ien e PV | WEN, us € 7(P)}.
£eN ¢eN

Now the charged Klein-Gordon equation reads

(8; —isV)*u+ Pu = 0. (9)
The point is to see that if u is a solution of (9), then v := (u, —i0;u — sVu) solves the first order
equation
—idv = K(s)v (10)
where
K (s) = <3]‘D/ 3) (11)



is the charge Klein-Gordon operator. Conversely, if v = (vp,v1) solves (10), then vo solves (9). We
also define K, = K,(s)" with P, in place of P for any ¢ € N. Following [10], we realize K, with the
domain

DKy = {u e P, \PIA(R, dz) @ LA(R,dz) | Kpu € P, 'PLA(R, da) & LQ(R,dx)}

and realize the operator K as the direct sum on N 3 ¢ of the K.
Let & be the completion of P[l/sz(R, dx) @ L*(R,dx) for the norm?

2

L2 @do) u = (ug,u1) € &

HuHiZ := (ug, Prug) + [Jur — sVug |

L2(R,dx)
and define (&, ||.||¢) as the direct sum of the spaces &. Lemma 3.19 of [10] shows that K, generates a

continuous one-parameter group (e_itkf)teR on (&, ||. HSE ). We similarly construct the spaces (&, |[|.||¢,)

and (&, ||.||¢) with (P) instead of P;. Let us mention here that for any n € R the quantity

(v|v)p := (v1 — Ny, v1 — NYg) + (P = (sV = n)?)ug, uo)

L2(R,dx) L2 (R,dx)

is formally conserved if v = (u, —idyu) with u solution of (9) and is continuous with respect to the
norm ||.|l¢. However, it is in general not positive nor continuous with respect to the norm |.||¢ (see
paragraph 3.4.3 in [10] for more details) : this is superradiance. When A = 0 (that is, when the
cosmological horizon is at infinity), the natural energy (.|.)sy_ is positive for s small enough and it
can be used to define a Hilbert framework.

An important observation is the fact that the norms ||||€z and |[.[|, are locally equivalent, meaning

that for any v € £ and any cut-off x € C (R,R), we have

Ixvlly < lxvlle < lIxll,- (12)
The first inequality is obvious, and the second one is established with the Hardy type estimate
Ixvll,, < ||Pl/2v||L2 (see Lemma 9.5 in [10]; the validity of this result in our setting is discuted

in the subsection 3.4 below).

2.4 The quadratic pencil
Let u be a solution of (9). If we look for u of the form u = e'**v with z € C for some v, then v satisfies
the equation (P — (z — sV)?)v = 0. We define the harmonic quadratic pencil

pe(z,8) =P — (2= sV)?, D(pe(z,9)) := (P) ' L*(R, da) = H*(R, dx)
and realize the total quadratic pencil as

p(Z,S) = @pé (275)7

leN

D(p(z,s)) := {u = (ug)gen € @Vz |Vl eN, up € D(pi(z,5)), Z |pe(z, S)WHW < —l—oo}.
LeN £eN

Proposition 3.15 in [10] sets the useful relations

p(Kg)NC\R={2€ C\R|p(2,5): H(R,dz) — L*(R,dx) is bijective} (13)
and
5 (5 o) e (B (s} — =1 — p(z,5)7" (z—sV) p(zs)""
R(z8) = (K(s) —2)7 = <Id +(z=sV)p(z,8) H(z—sV) (z—sV)p(z, 5)1> (14)

for all z € p(K;) N C\ R. In comparison, the relation (1.7) in [5] involves the resolvent of Py, which
corresponds to the case s = 0 for us. Proposition 3.12 in [10] shows that (14) is valid for z € p(Ky) NR;
by using the local equivalence (12) of the norms ||H£[ and .||, we can use (14) for z € p(K¢) NR

if we consider the cut-off resolvent xR (z,s) x with x € C2° (R, R). In the sequel, we will simply call
pe(z, ) the quadratic pencil when ¢ € N will be fixed.

We will often drop the dependance in s.
2Note that the norm HHi is conserved if [P, sV] = 0; it is the case if s = 0.
(4

6



3 Meromorphic extension and resonances

In this Section, we are concerned with some meromorphic extension results as well as analyticity near
0 of weighted resolvents associated to K (s). Using [10], we first define asymptotic hamiltonians which
are somehow comparable to the well-known case of s = 0 studied in [5]. From there, we ”glue” together
the asymptotic operators in order to construct a meromorphic extension for the charge Klein-Gordon
operator. We then deduce the existence of a meromorphic extension for the cut-off inverse of the
quadratic pencil.

3.1 Notations

We introduce some notations following Section 2.1 in [10]. First observe that if u solves (2), then

tu satisfies

L1
vi=e ¥+

(02 — 2is(V —r 10y — 82 (V —r1)2 + P)v = 0.

We can therefore work with the potential V :=V — V, = O,_,, . (r4 — ) in this Section. In order not

to overload notations, we will still denote V by V.
Let us define H := L? (X, drdw) and

. F
P =rF PP P = L FY20,02 RO, Y2 — S Age + mPF (15)
T

with P given by (3). Since u r~1FY2y is an unitary isomorphism from H to L2 (X, F‘1r2drdw),
the results obtained below on & will also apply to P (and thus to P). Observe that the space
& has been defined in our setting with the operator P which is rPr1 expressed with the Regge-
Wheeler coordinate, and P is equivalent to & as explained above; in the sequel, we will denote by
& the completion of 2 Y2H @& H for the norm H(anul)Hi = (ug, Pug),, + |lu1 — sVuOHi. Let
it,j+ € C®(Jr—_,r+[,R) such that )

i+ = j+ = 0 close to r, i+ = j+ = 1 close to r4,
2 +it =1, ixjr=jx, ijp=iyj =0
We then define the operators

ke =s(VFi2rch),  Pr=P2 -k, P_o=P—(sr2' k)

We now define the isomorphism on & (see comments above Lemma 3.13 in [10])

B(sV) = C{i 1?1)

and we introduce the energy Klein-Gordon operator

H(s) = ®(sV)K (s)0 (sV) = ( oy ;;;)

with domain

9(l(s) = {ue 2 PHOH| As)ue 27 H o U]

and the asymptotic hamiltonians

- 0 Id
Hi(s) = <<@i 2ki>



with domains
g — (712 -1 ~1/2
P(Hy(s)) = (‘@Jr HOZ, H) ©(Py) N,
() = 0(sr=1) (710 F1H) @ (5) 2,

These operators are self-adjoint on the following spaces (see the beginning of the paragraph 5.2 in
[10]) :

& =2 P HoH,

& = d(sr7h) (9_1/2?—[ ® 7-[)

In the sequel, we will also use the spaces &1 defined as above but with the operators (£ ) instead of
P, Finally, we define the weight w(r) := /(r —r_)(ry — ).

3.2 Abstract setting

Meromorphic extensions in our setting follow from the works of Mazzeo-Melrose [21] and Guillarmou
[13], as stated in Proposition 5.3 of [10]. The abstract setting in which this result can be used is
recalled in this paragraph.

We first recall for the reader convenience the Abstract assumptions (A1)-(A3), the Meromorphic
Extensions assumptions (ME1)-(ME2) as well as the ”Two Ends” assumptions (TE1)-(TE3) of [10] :

Z >0, (A1)
sV e B(Z~12L2) > 0,
if z # R then (z — sV)~ € B(2~Y/2L?) and there exists n > 0
such that ||(z — SV)ilHB(?}’—l/ZLQ) < Sz, ; (A2)
there exists ¢ > 0 such that ||(z — SV)_1||B(971/2L2) < Hz| - ||SV||L00’

Lf [2] = ellsV]] o
(a) wVw e L™,
(b) [V,w] =0
(¢) (Z — s2V2)12[(2 — s2V?), wJw/? € B(L?) for all 0 < e < 1, : (ME1)
(d) if € > 0 then [[w™ul| , S (& 82V2)1/2uHL2 for all u € (2 — s2V?)~1/2L2,
(e) w™H{(2 — s2V?2))~! € B(L?) is compact
For all € there exists . > 0 such that w=¢(Z — 22 — s2V?)~lw ¢ extends from C*
to {z € C| Sz > —d.} as a finite meromorphic function with values ,  (ME2)
in compact operators acting on L?
[z,sV] =0,
z— w(z) € C°(R,R), ’ (TE1)
X1(x)Px2(x) =0 for all x1, x2 € C°(R,R) bounded with all their derivatives
and such that Supp x1 N Supp x2 = 0

There exists £_ € R such that (2, k) and (Z_, (k_ — £_)) satisfy (A2), (TE2)



(a) wiysVigw,wi_(sV —0_)i_w € L*>,
(b) [ — s2V?2,is] = i[P — s?V?,iy]i for some i € C°(]—2,2[,R) such that E\[,M] =1
(¢) (P4, ky,w) and (27—, (k— — (_),w) fulfill (ME1) and (ME2),
() 2 1/2 1/2 P2, P12 ¢ B(L?), . (TE3)
(e) [( —52v2) isJwP P w[( P — V), iJwP 2 (P - $2V2), ik 2L,
(P — 2V?),ip| 212 212wt P)w are bounded operators on L2,
(e) if € > 0 then [[w™cul| , < H@l/zuH , for all w € 2~1/2L2

Section 9 in [10] shows that all the above hypotheses actually follow from some geometric assump-
tions (the assumptions (G1)-(G7) of the paragraph 2.1.1 in [10]). We show here that the charged
Klein-Gordon equation in the exterior De Sitter-Reissner-Nordstom spacetime can be dealt within
this geometric setting :

(G1) The operator P in [10] is —Age for us, and satisfies of course [Agz,dg] = 0.
(G2) The operator hg s in [10] is & for us, that is a1 (r) = az(r) = v~ F(r)'/2, ag(r) = rF(r)"/? and
ay(r) = mF(r)'/2. These last coefficients are clearly smooth in 7. Furthermore, since we can

write F(r) = g(r)w(r)? with g(r) = 3%(7" —1rp)(r—re) 2 1 forall r € Jr_,ry[, it comes for all
j€{1,2,3,4} asr — ry

a;(r) —w(r) (L(r) o +iy(r) aj) = w(r) (g(r)1/2 — ozji) = Orry (w(r)Q),

1 A —I'n —lec
R W (o )
+
I \/A(ri — 1) (re — 1)
o, = ,
3
£ m Are —rp)(re —7e)
T4 3
Also, we clearly have o(r) 2 w(r). Direct computations show that

aman (aj —w (L aj +is aj)) (r) = Op g (w(r)>2™)
for all m,n € N.

(G3) The operator kg in [10] is sV (r) for us, so ks = ks, and ks, = 0. We have V(1) = Opp, (r4 —
r) = Orsry (w(r)Q) (recall the discussion at the beginning of Subsection 3.1), V(r) — r=! =
Oryr (r—r_)=0pr_ (w(r)Q) and 9;"9;V(r) is bounded for any m,n € N.

(G4) The perturbation k in [10] is simply & = ks = sV for us, so that this assumption is trivially
verified.

(G5) The operator hg in [10] is simply hg = hg s = & for us, and we have
P = —ay(r)0w(r)?r?g(r)Oran (1) — a1 (r)? Agz + ay(r)*m?r?
= a(r) (—er(r)Qrgg(r)& — Ag2 + m2r2) aq(r)
> ai(r) (—8rw(7“)2(97« — Ag2 + 1) aq(r).
(G6) This assumption is trivial in our setting.

(G7) We check that (2, ky ) and (Z_, k_—sr~1) satisfy (G5). Since a1 (r), k1 (r) = Opyry (Jre —7]),

we can write for |s| < mr_

Py = =1 (r)0w(r)®r’g(r)dran (r) — a1 (r)?Age + ar(r)’m®r® — ki (r)?

)2
= ay(r) <—6y~w(7“)27“2g(1")3r — Ag2 +m?r? — Zﬁér;) aq(r)
2 ag(r) (farw(r)%?r — Ag2 + 1) aq(r).




Ask_(r) —sr=t = Oppy (Jre — 7)) too, we get the same conclusion with 7_.

To end this Subsection, we recall from Section 9 of [10] that
(G3) = (A1)-(A3), (G3) = (MEL1), (G3)-(G5) = (TE1)-(TE3)

and (ME2) is satisfied by assumptions (G1), (G2) and (G7) on the form of the operator & using
Mazzeo-Melrose standard result (see paragraph 9.2.2 in [10] and also [21] for the original work of
Mazzeo-Melrose).

3.3 Study of the asymptotic hamiltonians

The aim of this paragraph is to show the existence of a meromorphic continuation of the weighted
resolvent w®(H(s) — 2)'w® form CT into a strip in C~ which is analytic in z in a tight box near 0.
We start with the meromorphic extension.

Lemma 3.1. For all § > 0, there exists 5 > 0 such that, for all s € R, w®(Hi(s) — 2) " w® has a
meromorphic extension from CT to {w € C | Sw > —€5/2} with values in compact operators acting on

.

Proof. Since hypotheses (G) are satisfied, we can apply Lemma 9.3 in [10] which shows that we can
apply Mazzeo-Melrose result : the meromorphic extension of w‘s(e@i — 22)*111)5 exists from CT to a
strip Os. This strip is explicited in the work of Guillarmou (Theorem 1.1 of [13]) :

05:{Z€C|22:>\(3—)\),§R)\>;—5}.

The absence of essential singularity is due to the fact that the metric g is even (see Theorem 1.4 and

also Definition 1.2 in [13]). We have to check that the set Os contains a strip in C~. To see this, write

A=a+iB and z = a +ib with a, 8,a,b € R, b < 0 and 22 = A\(3 — \). Solving for
2 _p2 — (3 — 2

{a a3—a)+p (16)

2ab = (3—2w)p

we find

B = /a2 — 12— 9/4) + §\/(a — 0 — 0/4)? 1 4a2D?
a=5-%
and these expressions make sense since 5 = 0 can happen only if ab = 0, and
i
Vb2 +9/4

If b = 0 then o = 3/2 and 3 solves a® = 9/4 + B2, and conversely o = 3/2 implies b = 0. Hence
a = 3/2 allows all z € R. We may now assume b < 0 (hence « # 0). The condition A = o > 3/2 -6

reads %b < 0, and this condition is trivially satisfied if o > 3/2 since (16) implies that %b <0 <é.

Otherwise, if a < 3/2 then (16) implies that %b > 0 and

p==+ + Ouso(a), B = Oyo(b).

Bls.
a

b>—

We compute

G-
a)  a?

10



where / denotes here the derivative with respect to a, and

,_a (a% —b? — 9/4) + 2b*
b (1 " V(@2 =02 —9/4)2 ¢+ 4a2b2>

so that

B0 e <1+ (a2 — b2 — 9/4) + 22 >:252

V(@% = b2 = 9/4)2 + 4a2D?
— a*(a® — b* — 9/4) + 24%V?
= —(b> +9/4)\/(a? — b2 — 9/4)2 + 4a2b2 + (a® — b — 9/4)? + 4a°b?
— (®+9/4)%*((a® — b* — 9/4)* + 4a*V?) = (b* + 81/16 + a*b* — 9a*/4 + 9b*/2)%.

After some tedious simplifications, we obtain the very simple condition
af — B =0 < 9a*b* = 0.

Thus a = 0 is the only possible extremum of 5 when b < 0. One can check that 3 — 1 as a — +o0,
whence

{zeC|0>Sz>—0} C Os.
From there, we deduce the existence of the meromorphic extension of w’(Hx(s) — z) " w® for
z € {w € C|Sw > —¢5/9} thanks to Lemma 4.3 and Proposition 4.4 of [10]. O

Before proving the analyticity near 0 of the weighted resolvent, we need to prove the following
result :

Lemma 3.2. For all § >0, w®(# — 22)~'w’ has no pole in R.

Proof. We can work with the operator P expressed in the Regge-Wheeler coordinate since P — &2 is
an unitary transform (as explained at the beginning of Subsection 3.1). Applying the arguments of
Subsection 2.1 in [5], we know that there is no eigenvalue on R and only 0 could be a pole.

We introduce then the Jost solutions following [3]. Fix £ € Nand s € R. Let Wy := £({+1)Wo+W.
Recall that x_ > 0 is the surface gravity at the event horizon (cf. (7)). For any a € ]0,2x_],

+o0 _
/ (0= = V(@) 1o )(2) + V(@) g goe) (@) + [Wile)]) 7l < +o0.

—0o0

The convergence of the above integral comes from the exponential decay of r — r4 and Wy at infinity.
For all z € C such that 3z > —k_, Proposition 2.1 in [3] shows that there exist two unique C? functions
x> et (2,2, 5,0), that we will simply write e+ (z) or ex(w, 2), satisfying the Schrodinger equation

(0% 4 (2 — sV)? = Wy(x))ex(z) =0 Vz € R.
with dye+ € L3S (R;,C), and such that if Sz > —k_, then Hey is analytic in z for all 0 < j <1 and
. +i . i
:I:Erfoo (lex(z) — e | + |Opes (z) F ize™**|) = 0. (17)

By checking the formula on C?(R,C) first and then extending it on H?(R,dz) by density, one easily
shows that the kernel K of (P, — 22)~! for 3z > —k_ is given by

K(e.0.2) = 7 (02 (0 20z (029) + €4 012D (2 )0 20(.1)

where W (z) = eq(z)(e~) (x) — (e4) (xz)e_(x) is the wronskian between ey and e_ (independent of
x € R, see the very beginning of the proof of Proposition 2.1 in [3]). In particular, a pole z of order

11



n > 0 for (P —2?)~! with 3z > —k_ is a zero of order n of the wronskian W, and e, (-, 2) and e_ (-, 2)
are then collinear and in L?*(R,dx).

We now reproduce the computation (2.14) in [5]. Assume that z = 0 is a pole. Then for all ¢/ € N,
e (-,0,5,¢) € L*(R,dz). Using that ey solves (P, — s2V?)e; = 0, we can write

Ry
0= / (P — 82V2)€+) erdr
—Ro

Ro Ho

R,
= [rez 0, (r_leJr)]fRO +/ i |1“(‘)x (r_leJr)‘de +0(0+ 1)/ F(r) ‘r_leJr‘de
—Ro —Ro

Ry
+ m2/ F(r) |es]? da.
—Ro

Letting Ry — +o00 and using the decay of the derivative of e in (17) show that e; = 0, a contradiction.
O

We are now ready to prove the analyticity.

Proposition 3.3. Let 0 <6 < k- and R > 0. There exists €9 = €o(5) > 0 such that the extension of
wd(Hy(s) — 2) " w® is holomorphic in (s, z) for s € R sufficiently small and z € |—R, R[ +i]—¢o, 0.

The restriction § < x_ comes from the fact that the extension of (Hx — z)~! depends itself on &
(see formula (18) in the proof).
Proof. Observe that (H_(s)—z)"! = (®(—sr- ) H_(s)®(sr=')—2)"! on &_, so it is sufficient to prove

the announced results for w®(H, (s) — z) " w® and w®(H_(s) — z) " w’ with

~ —1
B (5) = ®(—sr Y H_(s)B(sr~1) = @2— - 15T1> .

Proceeding as in the proof of Proposition 4.4 in [10], we can work on the operators & — (z — k)2
with

I;:_A'_ = k+, I;J_ = k_ — 8T:1

so that ki are now exponentially decaying potentials at infinity (and are polynomial in s).

We reproduce the perturbation argument of Lemma 4.3 in [10]. Choose ¢y € ]0,&5][, €5 as in Lemma
3.1, and pick z € |—R, R[+1]—¢0, o[ so that w®(Z — %)~ w?’ is holomorphic (it is possible since there
is no pole in R by Lemma 3.2) and w®(% — (z — k+)?)~'w’ is meromorphic’ in z. Write then in

w(P — 2w = (P — (2 — l;:i)Q)_lw(S(Id + K+ (s, 2)) (18)
with
Ki(s,z) = w %k+(22 — ki)ww’ (P — 22)"1u®.
K4 (s, 2) is clearly analytic in s € D(0,1) and in z € |- R, R[+1]—¢eq, &o[. Since k=0 100 (w%*)
by (6) (we use here that x_ < |k1]), § < k_ and w®(Z — 22)"'w® is compact by Lemma 3.1, we

see that Ky (s, 2) is compact. By two-dimensional analytic Fredholm theory, there exists a subvariety
S c D(0,1) x (]=R, R[+i]—€o,e0[ ) such that (Id + K4 (s, z))~! exists and is holomorphic in (s, z) €

(D(O, 1) x (]—=R, R[ +i]—eo, 50[)) \ S. We then get the representation formula for the extension :

W (P — (2 — k+)?) "’ = (P — z2)*1w5(Id + Ki(s, z))fl. (19)

3Lemma 3.1 of course applies if we replace k_ by k_.
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We claim that for ¢ > 0 sufficiently small, we have
(D(O,a) X (]—R,R[Jri]—eo,eo[))ﬂS:@. (20)

Otherwise, for every n € N\ {0}, there is a couple (sn,2,) € D(0,1/n) x (]-R, R[ + i]—€o,e0[)
such that Id + K(sp, z,) is not invertible. By compactness, we can assume that (sy, z,) — (0, z0) as
n — oo for some zy € [—R, R| + i[—¢¢,0]. But Id + K(0, 29) = Id is invertible for all z € C, so
Id + K4 (s, 2) must be invertible too for all (s, z) in a small neighbourhood of (0, z9), a contradiction.

Assuming now that s is sufficiently small so that (20) is true, we deduce by (19) that the poles of
w (P — (2 — k+)?) " w® are exactly the poles of w®(P — 22)~"1w’. Since for z € |—R, R[ +1i]—eo, €0,
wd (P — 22)~'w® has no pole, the same conclusion applies for w®( 2 — (z — k4)2) " w?®. O

3.4 Construction of the meromorphic extension of the weighted resolvent

The aim of this paragraph is to show the existence of a meromorphic extension for w®(K(s) — z) " 'w?
in a strip near 0 of width uniform in s. Since the operators K (s) and H(s) are equivalent modulo the
isomorphism ®(sV') (by (3.19) in [10]), we will work with the latter one.

We first need some preliminary results. The starting point is the following result :

Proposition 3.4 (Proposition 5.5 in [10]). There is a finite set Z € C\ R with Z = Z such that
the spectrum of H(s) is included in R U Z and the resolvent has a meromorphic extension to C \ R.
Moreover, the set Z consists in eigenvalues of finite multiplicity of H(s).

An important fact is that Proposition 3.6 in [10] shows that Z = Z(s) is contained in the disc
D(0,C|s]|) for some constant C' > 0.

We will henceforth use the Regge-Wheeler coordinate = introduced in Subsection 2.2 and will
abusively note & and H respectively the operator & expressed in the coordinates (z,w)

P = —F2(r(2)) 0 F(r(x)) — Wo(w) Az + Wi(x)
and the space L2(R x S2, F(r(z))dzdw).
Lemma 3.5. For all § >0, w® sends & into & and & into itself.

Proof. Let u = (ug,u1) € &. We only show that wé C él, the proof of the other statements being
slightly easier. We thus look for v = (vg,v1) € 2~Y*31&H such that (wug, w’ur) = (vo, 573 vo+u1).

Since w?® is bounded on R, w’u; € H. Next, using the facts that (w‘;)/uo, V+w5u0 and le/Qw‘suo are
in H thanks to (ME1) (d) (0 <j < 1), we compute

-1/ _
||9”_/ w5u0||i = <<@w5u0,w5uo>ﬂ — ||s*(r=t = k_)Zw‘suoHi

S22 2uol|2,
and working with the operators & defined as Py (¢ € N), we get

<L@gw5u0,w5u0>ﬂ = H(‘)Iw‘suoﬂi + ((—L( + D)Wy + Wi)w’ug, wug)

H’

S22, 2uol2,
1 ) k) 1/2
190 w012, < 11(w®) uoll?, + w’ul?, < 112, ol

This proves that woug € 95:1/ 294, Hence vg = wlug € @i/ 27—[, and the problem boils down to show

that vy 1= wouq — srjrlvo = wuy — srjrlw‘suo is in H; this is a consequence of (ME1) (d) which implies

that srllw‘suo eH. O

For z € CT and s € R, we introduce for the operator

Q(s,2) = 2 (H-(s) = 2) " + 3 (Hi(s) —2) 7" =Y it (He(s) —2)7".
+
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By Lemma 3.5, Q(s, z)w® is well-defined on &. A direct computation shows that on &

(H(s) — 2)Q(s, 2)w’ = (Id + ) [H(s), i3] (H(s) — z)1> w’
+

whence for z ¢ Z (see Proposition 3.4)

wQ(s, z)w’ = w’(H(s) — z) " tw® (Id + Ki(s, z)). (21)

with

Ko (s,2) = w0 S 1A (), 23] (Ha(s) — 2) 1w
+
Lemma 3.6. The operators on the left and right-hand sides of (21) send & into itself.

Proof. For the left-hand side of (21), we successively use Lemma 3.5, the facts that (Hi(s) — z)~!
sends &4 into @(ﬁi( ) C &y and iy sends & into & (by Lemma 5.4 of [10]), and again Lemma 3.5.

We now deal with the right-hand side of (21). By Lemma 3.5, we only have to show that
wOH (s),i+](Hy(s)—2z) " sends & into &. Let u € &+ and write v = (v, v1) : (Hx(s)—2) " u € &x.
We have

w9, )6 = ) = (Y o) = (s ) = (s i suig)

Since w’&: C &+, we can use (TE3) (e) to conclude that the second component is in #, whence
wO[H (s),i+](Hi(s) — 2)"'éL € & (when + = —, we use that 2125~ "% is bounded on H). O

Lemma 3.7. Let 0 < § < k— and R > Ry. Id + ICi(s,z) is a holomorphic family of Fredholm
operators acting on & for (s,z) € D(0,0) x (]—R,R[+ i]—eo,eo[), with o > 0 sufficiently small and
€g > 0 as in Proposition 5.5.

Proof. Write

Kx(s,2) =Y w [H(s), it Jw w’ (Hs(s) — 2) " u.
+

By Lemma 3.1, w‘s(ﬁi(s) — 2)" 1w’ is compact on &: and Proposition 3.3 shows that the extension is
holomorphic in (s, z). Furthermore,

R R A

is bounded on & (as a consequence of (TE3) (e), see the end of the proof of Lemma 3.6). Hence
K (s, z) is compact and thus Id + K (s, z) is Fredholm. O

We are now ready to construct the meromorphic extension of the weighted resolvent. We keep in
mind that Proposition 3.4 and the remark below show that for |s| < sg, so > 0 fixed, and R > Ry :=
2C'sg, we have Z C D(0, R/2).

Theorem 3.8. Let 0 < 0 < K_.

1. For all s € R, w®(H(s) — z) " w’ has a meromorphic extension from C*\ Z to {w € C | Sw >
—55/2} with values in compact operators acting on &, with €5/ > 0 as in Lemma 5.1.

2. For all R > Ry and s € |—so, so| sufficiently small, the extension of w®(H(s)—z)"'w’ is analytic
in z € |-R, R[+1i]—¢o,e0[ with eg > 0 as in Proposition 3.5.

14



Proof. Our strategy is to compare H (s) with the assymptotic hamiltonians ﬁi(s) in order to invert
Id + K+(s, 2) in formula (21) by analytic Fredholm theory (the argument is similar to the one used
for Proposition 3.3).

We first show Part 1. Fix s € R and let z € |- R, R[—i—i] —€5/2:€5/2 [ with €5/5 > 0 as in Propositon
3.3. Since H(0) = H(0), we observe that K4 (0, z) = 0 and Q(0, z) = (H(0)—z)~. Hence the operator
Id + K+(0,z) = Id is invertible for all z € C. Finally, Lemma 3.1 shows that w®(Hx(s) — z)~'w’ i
meromorphic in z. We can therefore use the meromorphic Fredholm theory to invert Id 4 ICi(s, z) on
&. Using (21) to write the representation formula

wl(H(s) — 2) " 'w® = w’Q(s, 2)w’ (1d + Ki(s, 2)) " (22)

which valid for z € |—R, R[ + i]—€5/2,55/2 [. This shows that w®(H(s) — z)~' has a meromorphic
extension in this strip and Part 1 is settled.

Let us show Part 2. of the theorem. We pick this time (s, z) € D(0,0) x (]—R, R[ +i]—€o, 0| ).
Lemma 3.7 shows that, if o is small enough, Id + I@i(s,z) is a holomorphic family of Fredholm
operators acting on &. We can thus use the two-dimensional analytic Fredholm theory which implies
that there is a meromorphic extension D(0,0) x (]—R, R[+i]—¢0,&0[) 2 (s,2) — (Id+ K (s, z))fl,
and (22) is valid for (s, 2) € D(0,0) x (]-R, R[+i]— 50,50[) with o small. This shows that the poles
of w’(H(s) — z) " w® are the poles of (Id+ K+ (s, 2))~! and w’Q(s, z)w’, the last ones being the poles
of wl(Hy(s) — 2)~ 1 w?.

The multidimensional analytic Fredholm theory also implies that there exists a (possibly empty)
subvariety S C D(0,0) x (]—R, R[+1]—¢0,£0[ ) such that Id + K(s,z) is invertible for (s,z) ¢ S. We
claim that we can take ¢ > 0 small enough so that

(D(O,a)x(] R R[+i]- eo,eo[))mszw.

Otherwise, for every n € N\ {0}, there is a couple (sn,2,) € D(0,1/n) x (]-R, R[ + i]—e¢,0[)
such that Id + K(sp, z,) is not invertible. By compactness, we can assume that (s,, z,) — (0, z0) as
n — 4oo for some zy € [—R, R] + i[—ep,g0]. But Id + K(0,20) = Id is invertible for all z € C, so
Id + K+ (s, z) must be invertible too for all (s, z) in a small neighbourhood of (0, zp), a contradiction.
We now assume s small enough so that Id + K (s, z) is invertible on & for z € | =R, R[+1i]—¢o, £o].
Using then the formula (22), we conclude that the poles of wd(H(s) — z)'w’ are precisely the poles
of w9Q(s, z)w’, which are the poles of wd(H(s) — z) 'w’. We then use Proposition 3.3 to conclude
that there is no pole for z € |-R, R[4+ i]—¢¢, eo[. This completes the proof. O

As a first consequence, we deduce a holomorphy result for the resolvent.

Corollary 3.9. Let s € R such that |s| < s with Csy < eo. The resolvent (H(s)—z)~" is holomorphic
in z € CT for s € R small enough.

Proof. We know by Theorem 3.8 that the weighted resolvent w®(H(s) — z)~'w? is holomorphic
in z € (]-R,R[+1i]—e0,e0]) N C* < D(0,R/2) C C" if we assume s sufficiently small.
By Proposition3.4, (H(s) — z)~! is holomorphic in C* \ Z. Assume then that 2o € C* N Z is a

pole of order mp € N : there exist some finite rank operators Ay,..., A, : H — H such that
mo A
(H(s)—2)"' = Z —2 1 holomorphic term Vz € C* near z.
= (2= 20)

Since R > Ry, ZNC* € D(0,R/2) NC* and then

N <X w®A;
W (H(s) —2) " w’ = Z w - + holomorphic term.

(z — 20)7
is holomorphic in z near z;, so that A; = ... = A,,, = 0 and (H(s)—z)~"'is holomorphicin z € C*. [
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We finally deduce the existence of the cut-off inverse of the quadratic pencil and define resonances.

Corollary 3.10. The operator xp(z,s)~'x : L*(R,dz) — H?(R,dx) defines for any x € C° (R,R) a
meromorphic function of z € {w € C | Sw > —¢, /2} and analytic if Sz > —eo, with €,_ 3,60 > 0
given in Lemma 5.1 (for § = k_) and Proposition 3.5 respectively.

The poles z of this extension are exactly the poles of the cut-off resolvent X(I:I(s) — 2)"x and are
independent of the choice of x. We call them resonances of p and write z € Res(p). Similarly, we
define Res(py) as the poles of xpe(z,8) Ly for all £ € N.

Proof. Let R > 0 and let z € C with —R < Rz < R and 32 > —¢,_ /3. The meromorphic extension
w(H(s) — z)'w : & — & entails the meromorphic extension w(K (s) — z)'w : & — & since H(s) and
K (s) are equivalent on & modulo the isomorphism ®(sV) introduced in Subsection 3.1. Since w(z) is
exponentially decaying by (6), the operator X(f( (s) —2)~'x : &€ = £ has a meromorphic continuation
in a strip in C~ for any cut-off x € C° (R, R).

By formula (14) and the discussion below, we see that we can define the operator xp(z,s) 'y :
L*(R,dx) — H?(R,dz) for any y € C® (R,R) as a meromorphic function of z, and its poles are
precisely the poles of x(K(s) — z)"'x.

To conclude the proof, it remains to prove the analyticity in the whole strip {%z > —50} : this
follows from Theorem 4.1 below. O

4 Resonance expansion for the charged Klein-Gordon equation

We present in this section the main result of this paper which is an extension of Theorem 1.3 in [5].

By using the formula (13) and (14) as well as (3.21) in [10] and the local equivalence (12) of the norms
H'Hsl and ||.||,, if = € R, we can define for 3z > —¢; (1 as in Theorem 3.5) the meromorphic extension

of the cut-off resolvent R, ¢(z) := x(K; — z)~'x. For all resonance zy € Res(py), denote by m(zo) € N
its multiplicity and set

—i)k .
v 1 (=) Ry o(2)(z — zo)kdz

j?k T

2mi Ay k“

defined for all integer k > —(m(20) + 1) with  a small positively oriented circle enclosing zo and no
other resonance. We will denote by R +(z) and IT¥ i the cut-off resolvent of the full operator K and the
corresponding generalized projector, respectlvely Recall that Res(p) is introduced in Corollary 3.10

We first introduce the set of pseudo-poles of P whose points approximate high frequency resonances.
The proof is given in Appendix B.

Theorem 4.1. There exist K > 0 and 6 > 0 such that, for any C > 0, there exists an injective map

b:T — Res(p) with
() 1 Q i 1
r— tt (iN\{O}izi 1 —2\/’3— <N+2>>.

V F(r)

the set of pseudo-poles, such that all the poles in

12M  10Q?
R
T

Qc={AeC |\ > K, 3\ > —max{C,0|RA[}}
are in the image of b. Furthermore, if p € T and b(p) € Q¢, then

lim (b(u) — p) = 0.

|1l =00

If R = m(

plicity 20 + 1.

> for € € N\ {0}, then the corresponding pole b(1) has multi-

F

We can now state our main result :
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Theorem 4.2. Let x € C° (R, R).

(i) Let v >0 such that v ¢ T' (T is the set of pseudo-poles as in Theorem /.1), v <€, 9 (€,_/2 as
in Theorem 3.8) and Res(p) N {\ € C | I\ = —v} = 0. There exists N > 0 such that, for all
u € € with (—Ag)Nu € € and s small enough, we have

o m(z;) )
ve Byu= 3 S eI+ B(t)u (23)

zjERes(p) k=0
Sz;>—v

for t > 0 sufficiently large, with
IE(t)ully S e " I{(=Ag) ul,

and the sum is absolutely convergent in the sense that

m(zj)
DY M (—Ag) N, < +oo.

zj€Res(p) k=0
%Zj >—v

(i) There ezists € > 0 such that, for any increasing positive function g with limg_, 4~ g(z) = 400
and g(z) < x for x >0, for all u € € with g(—Ag2)u € £ and s small enough, we have

Ixe ™ xulls < (9(e)) " Hlg(—Ag)ullg
for t > 0 sufficiently large.

Remark 4.3. 1. Formula (23) provides a physical interpretation of resonances : they are the fre-
quencies and dumping rates of charged Klein-Gordon field in presence of the charged black hole
(see Chapter 4.35 in [1] for a discussion on the interpretation of resonances).

2. Part (i) of Theorem /.2 shows that a logarithmic derivative loss in the angular direction (In(—Agz))*u €
E with o > 1 entails the integrability of the local energy :

+00 N
/ et E=2) y dt
0

&

- S [I(n{=Ag2))7]

£

3. When Q@ = A =0, t=3M and k— = 1/4M. Denote by T the set of pseudo-poles of Theorem
4.1 for @ = A = 0. For any pseudo-pole \ € T with negative imaginary part, |SA| > ﬁ\/g By
Theorem 5.8, we have a meromorphic extension of the weighted charge Klein-Gordon operator
for X > =5, Thus, if M < %, then TN{w € C| Sw > —k_/2} # 0. Since F is a smooth
function, this holds true with I" when Q and A are small and in this case the resonance expansion
(23) is not only an exponential decay of solutions.

5 Estimates for the cut-off inverse of the quadratic pencil

In this section, we show some estimates on the cut-off inverse of the quadratic pencil. We can work
with £ € N fixed but our estimates have to be uniform in ¢. Since (Xp(—z + 25V, s)x)* = xp(z, 9)x,
we can restrict ourselves to consider z € C with Rz > —2s¢||V|| ,« for some fixed s9 > 0 such that
0 < |s| < so. In the following, we are simply denoting by L? the space L?(R,dz). For some real
numbers R, Cp,C7 > 0 (determined by Theorem 5.1 below), we define the

e zone I as [-R, R] +1i[—Cy, Cy],
e zone Il as [R,{/R] 4+ i[—Cy, Cy],
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Figure 2: The four zones.

e zone T as [(/R, R{]| +1[—Cy, Co],
e zone IV as ([Rl, +oo[ +1i]—00,Cp]) N{A € C| IA > —Cp — C1In(N\) } N Q.

with Q. == {w € C|Sw > —¢} and e = €_/2 > 0 (see Part 1. of Theorem 3.8.
We quote here all the estimates that we are going to show in this chapter in the following theorem,
which is similar to Theorem 2.1 in [5].

Theorem 5.1. Let x € C° (R,R), s € R and €, Q. as above. If s is small enough, then the following
estimates hold uniformly in £ € N :

1. For allR>0,C >0 and 0 < Cy < ¢, Res(p) N ([-R, R] +1[—Cy, C]) = 0 and the operator

xp(z,8)  x: L* = L2 (24)
exists and is bounded uniformly in z € [-R, R] +1[—Cy, C]|. Moreover, we have
1
—1 -1
Ixpe (2, 8) XHLQ*,LQ <lxp(z,s) X”LzﬁLz S H ‘Z—Z| (25)
z;E€Res(p) J
|Z]'|<2R

2. There exist R > 0 and 0 < Cy < € such that there is no resonance in [R,{/R] + i[—Cp, Cp).
Furthermore, for all z € [R,¢/R] 4+ i[—Cy, Cy], we have
_ 1
||ng(2’, 8) 1X||L2—>L2 5 W (26)

3. Let R > 0 and 0 < Cy < ¢ be fixed and suppose that £ > 0. The number of resonances of py
in [(/R, Rl) + i[—Cy, Co] is bounded uniformly in ¢ and there exists C > 0 such that, for all
z € [l/R, Rl] +i[—Cy, Co],

e s) Xl o S 2¢ I — (27)

2 — 2]
zj€Res(pr)
|z—z;|<1

Furthermore, there exists € > 0 such that there is no resonance in [{/R, Rl] + i[—¢,0] and we
have for all z € [¢/R, Rl| + i]—¢, 0]

— In{z Szl In(z
ez, 0 S L 0O, (28)

4. Let R> 0, Cy >0 and C7 > 0. Set
Qg = ([RE, +OO[+i] - OO,CO]) N {/\ eC | SAN> —Cy—C1 ln()\)} N Q..
There is no resonance in Qp and there exists C > 0 such that for all z in this set,

Ixpe(z,8) "Xl 2,0 < O(2) 1, (29)

18



Remark 5.2. High frequency resonances of the zone III (i.e. resonances whose real part are of order
> 0) are localized in Theorem /. 1.

The announced estimate in the zone I is a direct application of results of Section 3 (see Theorem
3.8). We thus show the estimates for the zones II, IIT and IV.

5.1 Estimates in the zone 11

We prove part 2. of Theorem 5.1 using the complex scaling introduced in Section 4 of [33]. Observe
that the zone IT does not exist if £ = 0, so that we can assume that ¢ > 1. Let z € [R,¢/R]+i[—C), Cp]
and choose N € [R,{¢/R)] such that z € [N,2N]+i[—Cp, Cp]. We introduce the semiclassical parameter

h:=N"!
and the new spectral parameter
A= h22% € [1/4,4] +i[—4Coh, 4Coh) .
In this setting, we define the operator

(VA 8) = hPpy (z,8) = —h20% + &®Wp (z) =\ + h2Wy (z) + 2hVAsV () — h2s*V (z)?

—Q —:Ry(N)

where a := h((¢ 4+ 1))'/2 > 24/ > 0, o/ as in Proposition 2.1.
We now use the (a-dependent) contour I'y := 'y UT for 0 < § < /2, with'

F;t = {m —|—if9i(l',ln(géto)/lii) |z € Ri}
where (using estimate (6) for W)

+ . li 2K+
= 1im e LL xr
9o " 0( )

and
fo (2, 8) == {9@ —B/2) if |z| > B/2+ Cy

with constants C,Cy > 0 as in (4.4) in Section 4 of [33] (see Figure 3 for the behaviour of I'g). Define
next L?(I'y) and H?(Ty) as the associated Lebesgue and Sobolev spaces. Using the analytic extension
of x — r(z) on the set ¥ := {n € C| |Rn| > o}, we extend V, Wy and W; on ¥ (and still denote
them V', Wy and W7). We then define the distorted operators

Pro(VA, 8) = pn(VA, ) Iry, Qno = Qn Iy, Rpp(N) =R (N I, -

If gn ¢ denotes the symbol of Qp ¢, then Lemma 4.3 in [33] shows that there exists 0 < ¢ < 1 and
0y > 0 such that

lano (2,€) = Al Z 6((6)* + €"+7(a)?) +r>0

provided that R(A) > 0, S(A) < cand 0 < 6 < Oy (recall that £k < 0). For h small enough (that is
R large enough), we can apply Proposition 4.1 in [33] to get

H(Qh79 - A)_1||L2(F6)HH2(F9) = 0(9_1)

In order to invert the distorted quadratic pencil, we use a Neumann series argument by showing
that Rpp(\) = Opz2(r,)(h) (as a multiplication operator). In view of the form of Ry in (5.1) and

AThe factor 1/k+ in the second argument of fei comes from the fact that kpymaz for us corresponds to Zworski’s
variable 7.
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ln(g;ol)/2n,

of In(g) /2l |

Figure 3: The contour I'y.

because the extension of r is analytic, it is enough to bound z + r(z +if; (z)) below and above for
|z| > 247. By Lagrange inversion formula (41), we can write

temix

+o0
r(z +ify () —rel <Y e o
k=1

for some coefficients ¢ > 0 (recall from Subsection 2.2 that 2k = and the series converges

L)
SAi’r:zt ’
(because (41) converges uniformly when |Rxz| > ). Since the sum is decreasing with respect to z,
we deduce r < +00 on I'y. On the other hand,

2
_ Anry Acrd Azry

Ir—ra|=Clr—ry) %% (r—r,) % |r — 7‘;|7Af":2t e2rET

with C' € R. Since no terms on the right-hand side can blow up when restricted on I'y and since the
exponential goes to zero when |z| — 400, it follows that r — r3 > 0 as * — +o0o. We therefore
conclude that the restriction of r on T'y N D(0, RO)E is bounded from below and above for Ry > 0,
giving Rhﬂ()\) = OLQ(FQ)(h)' Thus,

~ _ _ -1 _

Pro(VA, )t = (14 (Qno — M) "Rro(N) ™ (Qno—A) "

We finally choose x € C* (R,R) and increase if necessary the value of the number o/ so that
Suppy C [, .4/]. From Lemma 3.5 in [28], we have in the L? sense

XPro (VA 8) 1 = xpn(VA, 8) " x
whence

HXp€<zvs)_1XHL2%L2 = thXﬁh(\/Xv 3)_1XHL2HL2 S <z>_2'

5.2 Estimates in the zone II1
We turn to the proof of part 3. of Theorem 5.1. We define the semiclassical parameter
hi=(£(0+1))7/?

with again ¢ > 0 since the zone does not exist for £ = 0. For z € [¢/R, Rl] 4+ i[—Cl, Cp|, we define a
new spectral parameter
1
Ai=h%2 e [W, RQ] +i[—V/2CoRh, V2 CoRR] C [a,b] + i[—ch, ch]
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for some 0 < a < b and ¢ > 0. Finally, we set
Py, := h*P; = —h20? + Wy + W1, Ph(VA, 8) := P, — (VA — hsV)?

and write Py and py for the corresponding distorted operators on the contour I'y as we did in the
paragraph 5.1. We are still using the subscript L? when we work with the distorted operators.
As Wy admits a non-degenerate maximum at x = 0 (see Section 2, Figure 1), (x,&) = (0,0) is a

trivial solution of the Hamilton equations associated to the principal symbol of P, :

{x’ =2
§ = -Wix)

Therefore the energy level €y := W(0) is trapping. For this reason, the zone III is called the trapping
zone.
We first show an adaptation of Lemma 6.5 of [6] to our setting.

Proposition 5.3. For § = Nh with N > 0 large enough and s € R sufficiently small, there exist
C=C(N)>0 and e > 0 such that, for all E € [€y —e,Ey+¢€]| and |A — E| < 0/2, it holds

s B B h

[Py = (A= hsV)) Moo =007 T s
AjERes(p) J
IA—X;|<eb

Proof. The announced estimate is known for the resolvent (Py — A\)~' = pg(v/X,0)~! corresponding
to the case s = 0. The argument can be found in [29] which uses techniques developed in [27], and
the authors of [6] adapted it for the one dimensional case of a non degenerate trapping energy level
&y. More precisely, for 6 = Nh with N > 0 large enough, one can construct a bounded operator
KecL (L?,L?) (see (6.15) in [6]) satisfying the following properties :

(@) K] =0(1),

L2512
(i1) r:=rank K < O(Ah~'In(1/6)),
(797) for h small enough, there exists € > 0 such that, for all E € [€y—¢, €y+¢] and A € [E—cb, E+¢b)],

1(By — 10K = X)) ,, ., <O, 9 = D (Pp).
In [28] Lemma 3.2, it is shown that Py — )\ is a Fredholm operator from its domain 2 to L2, so we
can construct a well-posed Grushin problem

Pp—X R
P(N) ::( 9R+ 0

where R_ and R, are constructed with Py — 0K — X (see [27], page 401, below (6.12) for the con-
struction).

Now consider s # 0. If s is small enough, (Py — K — (VA — hsV)?)~! is invertible by pseudodif-
ferential calculus’ as for the case s = 0. By the resolvent identity, one can show that

):@@Cr—w?@c* (30)

Cr—Cr

1(Pp — 16K — (VA= hsV)%) ™ o, < OO7") + O(hls|)II(Py — 0K — (VA —hsV)!) ), 067
since |A| < h(|Rz| + |Sz]) < O(1) + O(h). Hence for s sufficiently small, we have
[(Py —i0K — (VA—hsV)>) 7|, <007 A€ [E—eb,E +eb).

®See the definition of the operator K at the beginning of the proof of Lemma 6.5 in [6].
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Because the quadratic pencil remains a Fredholm operator provided that ||hsV||,. is sufficiently
small®, we can write a new well-posed Grushin problem

P()\) — (ﬁ9(§7 S) OR—

where this time R, and R_ are constructed with Py — i0K — (VA — hsV)2. If we note

):@EB(CT%LQEB(CT.

£ = P! = <§_((AA>) %&;) 26C 5 JaC,

then the relations E(A)P(A) = P(AN)E(N) = Id as well as the following estimate (which results of
properties (i) and (iii) above)

(Py —i0K — (VX — hsV)2)"H(Py — (VX — hsV)?) = O(1)

imply as in [6] that [EN)|,,_,,. [E-(M > .. = 0071 and [Ex(N]er o, [Eo(N) e er = O(1).
Applying formula (8.11) in [27], we obtain
(Pp— (VA=hsV)*)™ = E(\) — Ex (N Eo(\) ' E-(\)
which implies
1(Po — (VA= hsV)) M| oy, = OO DA+ 1BV lerer).
as in Lemma 6.5 of [6], and we then follow the end of its proof to conclude. O

We can now follow the arguments below Lemma 2.2 in [5]. The set of pseudo-poles (2.28) and the
injective map (2.29) in this reference exist in our setting by Theorem 4.1 (but are quite different).
This implies there is no resonance in Q(h) := [a/2,2b] 4 i[—¢h, ch] provided that h and s are small
enough. As a result, (27) holds true. As for the estimate (28), we use Burq’s Lemma :

Lemma 5.4 (Lemma 2.3 in [5]). Suppose that f(\ h) is a family of holomorphic functions defined
for 0 < h <1 in a neighbourhood of Q(h) := [a/2,2b] + i[—ch, ch] with 0 < a < b and ¢ > 0, such that

h=C  in Q(h)

FORIZ] Lo ner

S|
Then, there exists hg , C > 0 such that, for any 0 < h < hg and any A € [a,b] + i[—ch, 0],

FOLR)| < o h}ih|ecm|mh|/h'

We apply this result to the function f(\,h) := ||x(P, — (VX — hsV)?)~'x||, observing that for all
A € Q(h) NC™T the resolvent identity gives

O(hls) _ 1

AL [SA

[Py~ (VA= hsV)D) | < e+ 1By — (VA - hsV)?) |

R2Y

because ||(P, — (VA — hsV)2)~Y| is uniformly bounded on this set for i and s small enough.

SRecall that the set of Fredholm operators in L(2, LQ) is open for the norm topology.
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5.3 Estimates in the zone IV

This last paragraph is devoted to the proof of part 4. of Theorem 5.1. For z € ([R{, +oo[ + i]—00, Co])N
{AeC |3\ > —Ch— CyIn(N\)}, there exists a number N > R{ > 0 such that z € [N,2N]+i[-C'In N, Cp].

We introduce the semiclassical parameters
1
h:= R po=1L(0+1)h? v = h2
Observe that these parameters are very small when N > 0. Moreover, we can consider that h < 1
even if £ = 0, simply by taking R > 1 in the zone I if it was not the case (R as in Theorem 5.1). We
then define a new spectral parameter

A= 22h? € [1,2] +i[Chlnh,Coh] C [a,b] +i[—ch|Inh|,ch]
where 0 < a <1< 2<b< 400 and max {C,Cy} < ¢ < +00 (observe that a and b do not depend on
h). Let J := [a,b] and set
Ti={neCh|RMn) e J}.
Define then
Py, = h*Py = —h20? + uWy + vW1, pr(VA, s) := h%py (2, 5) = B, — (VA — hsV)2.

Semiclassical limiting absorption principle for the quadratic pencil. As in [5], we first get
a control until the real line by using a semiclassical limiting absorption principle for the semiclassical
quadratic pencil. The appendix C provides a proof, close to the idea developed by Gérard [11], of
such a result for a class of perturbed resolvents, so we only have to check if the required abstract
assumptions are satisfied.

Introduce the generator of dilations A := —ih (20, + 0,x) with domain 2 (A) := {u € L? | Au € L?}.
We then pick p € C° (R, [0, 1]) such that Supp p C [a/3,3b] and p =1 on I := [a/2, 2b], and we define
A as the closure of the operator p(P)Ap(P). In this setting, p(P)Ap(P) is well-defined on Z(4), A
is self-adjoint and we have P € C? (A) (see [5], Section 2.4) so that (I) holds. A direct computation
shows that

ih [P, Al = 4P — 4uWy — oWy — 2uaW} — vz W]
so that, for p and v sufficiently small, we get the Mourre estimate (M) (uniform in p, v)
1;(P)[P,iA]1;(P) > ahl;(P).

Since V' € B(Z(P),L?) it is clear that V € L2 (P,). Moreover, assumption (C) is fulfilled for
f(z,B) := (/z — sB).

It remains to show that assumption (A) is satisfied for B = hV. Observe that this abstract assump-
tion is particularly well adapted to semiclassical pseudodifferential calculus framework, especially the
commutator estimate which provides the supplementary term h. In [14], it is shown that A € U1
(A is the operator ¢y in [14], see above Lemma 3.3). We are going to use it to show the following
result :

Lemma 5.5. For all0 <o <1,V € B(2({A)?)
Proof. Let © :=[0,1] +iR and let z € . On Z(

Q:(,0) == (VIA) o (A)0) Ve, € Z((A)?).
By functional calculus, Q. is well-defined and analytic in z € Q. When z € {0} +iR, |(1+ A2)*/?| =1
for all A € R so that functional calculus first applied to (A4)?* and then to (A)~2% gives
1Q:(, )| < V(A ™0, 9)]
= {(A) "¢, V)|
< [{e, Vi)
<Vl llell 2 1112 -

and [V, x(Py)] € hB(Z((A)7)).
A)?) x P({A)?), we define the sesquilinear form

)
{
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When z = 1, pseudodifferential calculus shows that (A)2V (A)~2 € ¥%0, so that for all z € {1} + iR
(using again functional calculus for (A4)*219%)

|Q:(p, )| < [((A?V (A) 72 (A) 2%, )]
APV 1A 220 119
AV 2, el 2 10,

By the maximum principle, there exists a constant C' > 0 such that ), is bounded by C for all

0 < Rz < 1. In particular, we can extend @,/ on L? x 2({A)?) as a bounded sesquilinear form and
for o € [0,1] and ¢ € L?, we have

IA A

Qo /20, ) < Cllgll o 1901l -

This means that the map Z((A)?) 3 ¥ — (V(A)"%¢p, (A)?¢) is continuous. By definition of the
adjoint operator and because (A) is self-adjoint, this implies that V(A) =7 € 2((A)?) for all ¢ € L2
Consider now the sesquilinear form

Q:(p, ) = ([Vix(B)l(A) 0, (A)%0) Vo, 9 € D((A)?).

By semiclassical pseudodifferential calculus, we have (see e.g. (4.4.19) in [34])

VX(P)] = "V (@), (€ + iWo(z) + IV (@)} + HOW—=0
— h 00— + h3\I,—OO,0

because V(z) € U0, V/(z) € B0~ and x(P,) € =0, Despite the fact that the error term above
looks less regular than the main term, it is in fact more regular as it can be shown using expansion
(4.4.15) in [34] (but we will not need such a regularity). Now we can proceed as above with @, and
V' to conclude. O

Now that all assumptions in appendix C have been checked, we can use Theorem C.1 as well as
the fact that ||(z)~7(A)?|| <1 forall o <17 : for o €]1/2,1] and h small enough, we have uniformly
in p,v

(@)~ (VA 8) " a) ™7 (A) 7B (VX 8)TH(A) 7

sup
AeJt

< [ty ( sup

AeJ+

) 1647 (@)~ < .

Estimates below the real axis. Next, we can use the work of Martinez [20] to get a bound
under the real line. Indeed, Section 4 of the last reference applies in our setting because ﬁh(\f)\, s)
is a differential operator (so that Proposition 3.1 and Corollary 3.2 of [20] apply) and because (A —
hsV (z))? € [\ — 6, A+ 3] +i[chInh,0] for all X in the zone IV and all z € R if s is small enough (so
that the estimate (4.6) in [20] still holds). It follows that equation (4.13) holds with py,(v/), s) instead
of Py — p°. In our setting, this reads

IxBr(VA, s) x| < Ch™° (31)

for some C' > 0.
To get (29), we reproduce the argument at the end of the proof of Lemma 2.4 in [5]. Choose f
holomorphic satisfying the following conditions :

lfl <1 for A € [a/2,2b] 4 i[chInh, 0],
|f|>1  for A € [a,b] +1i[chInh,0],
If| <hC for X\ € [a/2,2b] \ [2a/3,3b/2] + i[chInh, 0]

"We show it using the sesquilinear form (p,v) — {((z)"7(A)7¢,) first well-defined on 2(A%) x 2(A?) because
(x)72 € ¥¥ 2 and then extended to L? x L? by maximum principle.
8We can in fact insert any pseudodifferential operator here provided that hypotheses of Section 2 in [20] are verified.
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where C' > 0 is the constant in (31). Since f is holomorphic, the function

_ _ C
9 = |[XB(VA )Xo, + I FON] + pral

is subharmonic. We can check that g(\) < In(h™!) on the boundary of [a/2,2b] + i[chIn h,0]. By the
maximum principle, this estimate holds for all A € [a/2, 2] + i[chIn h, 0], whence

N — 1 C
IxBr (VA 8) x| < hleSISN.

L2102 ~

The desired estimate (29) then follows.

6 Proof of the main theorem

We prove in this section Theorem 4.2. The resonance expansion (23) follows from the theory of
resonances as presented in Section 3 of [5], and we can follow the proof of this paper. We only have
to adapt the estimate for the first order operator :

Proposition 6.1 (Proposition 3.1 in [5]). Let ¢ € N and let x € C° (R,R). There exists x € C° (R, R)
satisfying Xx = x such that for all z € C\ Res(p¢), the cut-off resolvent x(K; — 2)~tx is a bounded
operator on & and satisfies uniformly in ¢

1B, e, S 7P 9) " Ko
Proof. Since the norms |||, and ||| g, ATC locally equivalent thanks to the Hardy type estimate

x| 5 < HPZ/Q.HL2 uniformly in ¢ (see Lemma 9.5 in [10]), we can work on (&, |.[[¢, ). For (uo,u1) € &,

L2 ~
we have

C(w) e 8)x((z — VYo + )
Balz) (u> - (x(l (2 — sV )pele, )L — sV))xuo + (2 — sV )xpe(e, s>-1xul) (32

and since it holds
1(z = sV)xpe(z,8) " xun |, < (L I8V oo ) (2D IxDe(2, )Xo, o lunll

the E-norm of (32) can be bounded if we show the following estimates :

1/2 _ ~ 1 ~ 1/2
1P, xpe(z,8) " X(z — sV)uoll o < Cal2)Xpe(z,8) % oo 1P w0l o (33a)
1/2 _ ~ 1~
1P xpe(z, )" xunl L, < Cul) | R0e(z:8) 'K oo lun],os (33b)
_ ~ 1~ 1/2
IX(L+ (2 = sV)pe(z,8) " (= = sV))xuol,, < Cel)lIXpe(z,9) 7 Koo 1B o]l - (33c)

We use complex interpolation.

Estimate (33a). Let us define
Na(0) = (2) 7P/ xpu(z, )y

By functional calculus, A, is analytic from [0, 1] + iR to £(L?, L?) because P, > 0 and (z) > 0. We
want to show that

1Aa(1/2)ull,. < Callxpe(z, ) 7' X 2, o ]2 Vu € L?

L2 —
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for some C, > 0. By the maximum principle, it is sufficient to bound A,(#) for § € {0,1} + iR, and
since Py is self-adjoint, it is sufficient by functional calculus to restrict ourselves to 6 = 0. If § = 0,
there is nothing to do. Now for § = 1, we put u = (z — sV)ug and try to show that

|1 Poxpe(z,8) " xull 5o < Cal2)IXpe(z,8) X oo | Peull - (34)
Write
Pyxpe(z,8) " x = [Po, X]pe(z, 8) " x + xPepe(z,8) ' x . (35)
- —B

We first deal with A. Pick zp € p(K;) N C* so that py(zo,s)~! exists (¢f. (13)). Then
[Pe, x]pe(z,8) ™" = pe(z0, 8) " [pe(20. 5), [Po. X] [ pe(2,8) ™1 + pelz0,8) ™ [Poy x]pe(20, 8)pe(z, 8) ™
with
[Pe,x] = —x0: — X,
o 1a2 / 1" / 2 /
[pe(20,8), [Po, x]] = 2X'0; + (X' + X")0z + 220sV'x — 25°VV'x.
By pseudodifferential calculus, we get :
pe(z0,8) 1 € U2, [Py, x] € Wb, [pe(20,5), [P, x]] € ¥>°.

On the other hand, we have

pe(20,8)pe(z,8) " = (pg(z, s) + (22 — zg) —2(z — zo)sV))pg(z, s)~1

=14 pe(z,8) 71 (22 = 28) — 2(2 — 20)sVpe(z,5)"
= pe(2,8) NPy — (22 — 228V + 5°V?)) — 2(2 — 20)sVpe(z,5) L. (36)

1

Using the identity
xpe(z,8) " Pox = xpe(z,8) " [Po, x] + xpe(z,8) " 'X P
and the uniform bound in ¢
X'l 2 S Ixavll o + Ixeu”ll,, x; € C°(R,R), Supp x; = Supp x, (37)

we obtain from (35)
1Aull,, < Cale)lIXpe(z, )7 Kl o, e el (38)

where the constant C, only depends on z, s, V., V', x, X', X", x1 and yo.
We now turn to B. Using again (36), we see that

IxPepe(z,8) " xull , < lIxpe(z0, 8)pe(z, )" xull
+ Ix(25 — 2208V + $*V)pi(z,5) " xull
< xpe(z,8) "1 (Pr = (25 = 228V + s°V2)xull , +2(12] + [20]) [8/[V]] oo [IxPe(2, )~ xull
+ (1201 + 2l 20llsl 1V [l oo + $*IVI1Z ) IxPe(2,8) xull
< |Ixpe(z,5) " Poxoll .,
+2(|z0] + 21V [l oo Y (2D IxPe (2, 8) X o o ] .-

n

Commuting P, with y and using (37), we get (34) with C, = max {C~’a, 1+ C:'a}
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Estimate (33b). Let us define
An(0) = (2) " P xpe(z,8) "' x 0 c0,1] +iR.

Ay, is analytic from [0, 1] +iR to £(L?, L?). As the above estimate, it is sufficient to show a bound on
Ay (1), the imaginary part of 6 playing no role and the case 6 = 0 being trivial. We get (33b) if we
show that

1Pexpe(z,8) xull 2 < Col2)?(IXpe(z, 8) 7 X2 llull . Vu € L2 (39)
for some C}, > 0. Using the identity (35) and the estimate (38), we obtain
1Pexpe(z: )" xull o < Cale)IXpe(2,8) 7 Xl oo llull o + Ixpe(z,8) ™ Pexal]
but this time we ask for L? norm of u. Hence, we use that
pe(z,8) TPy =14 py(z,5) 7 (2 — sV)?

which yields (39) with Ci, = max {Ca, 2(s||V| . )}

Estimate (33c). Let us define
Ac(0) == (2O (1 + (2 = (V) )pe(z,8) 7 (z = 227 V) )Py O
Once again, A. is analytic from [0, 1] + iR to £(L?, L?) and (dropping the imaginary part)
1A 2y pe < @+ IV o) IxPe(2, ) o e
We then get a bound on A.(1) : we prove
(14 2pe(z,9) (= = 25V )l o < Cellfpe(e,9) R Prull,e Ve L2

L2 —

We have
IX(L+ pe(z,8) 7 2(2 = 25V))xull o < [IX(L+ pez,8) 7 (2 = sV)2)ull o + Ixpe(z, 8) 7 sVl
and
X(L+pe(z,8)7H(z = sV)?)x = xpe(z,8) 7 Prx
Commuting P, with x and using (37) gives us
Ixpe(z,8) " 2(2 — 25V )xvll L, < CellXpe(z, ) X o (P,
with Ce = max {(1+ [s[[[V]] oo ), X/ oo X111 oo + [IX2] 1oc }- H

The proof is now straightforward. For v > 0 fixed and for £ € N, we define LZ(R, &) as the
class of functions t + v () with values in & such that t — e v(t) € L*(R,&). For u € &, the
componentwise defined function

e—itKey  for ¢ >0
v(t) = .
0 fort <0

is in L2(R, &) if v is sufficiently large. For all ¢ > 0, this means that

. 1 +oo+iv ) R
e Ry = o / e K, — 2) ludz.
T J —cotiv

in the L2(R, &) sense. We then use the following result
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Lemma 6.2 (Lemma 3.2 in [5]). Let N € N, x € C°(R,R) and define for all j € N the spaces
&7 = (Kg —1)7&. Then for all k € {0,..., N}, there exist bounded operators Bj € L’(é.’[k,é.’[k_])
and B € L’(S[k,ég_k_N_l) such that

~

) N B; BRg(2)x
RX:Z(Z) = Z(:) (Z — i(l/ n 1))j+1 + (Z — i(l/ + 1))N+1

j
for some x € C°(R,R) satisfying xx = X.-

Now define

1

. . Bj
R(z) = Ry(z) = JZ::O (z —i(v + 1))i 1

with B; € E(Sg,é[j) as in Lemma 6.2. We can show that

—itK, |
e "Mxu = — e 'Ry udz (40)

X = :
2mi —oo+iv

and the integral absolutely converges in E(&,SZQ). On the other hand, if we integrate e_iZtRX’gu

iR
,,,,,,,,,,,,,,,,,, v
f —RL RY :
5 } f } R
— K 'K
" L
Sz = —In(|Rz] — RO) — i}

Figure 4: The contour used for the derivation of the resonance expansion.

other the contour described in Figure 4 (defined for K, > 0), then letting K — 400 and using
residue theorem as well as estimates collected in Theorem 5.1 yield the equality between (410) and the
resonance expansion of Theorem 4.2 in the space &. We refer to [5] Section 3.2 for more details.
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A Analytic extension of the coordinate r

In this appendix, we prove Proposition 2.1 which is the equivalent to Proposition IV.2 in [4]. Let
r € |r_,r4+[. By equation (5), we have

Aarg

Airi

A r—Tq
exp <_3 Airi@) -1I
Call the left-hand side z and the right-hand side g4 (7). Observe that g4(ry) = 0. Since r — x(r) is

0. S )i
increasing and analytic, we can apply the Lagrange’s inversion theorem (see for example [8], paragraph
2.2 and reference therein) to write

+oo P 0—1 14
d r—1Try
r—ri—i-zgl [drel< (7’))]
r=r4

Let us introduce Kronecker’s symbol

T —Tqg

(41)

5 1 fa=4
+ 1=

@ 0 otherwise
and the notation

Observe that B_ _ = B, , = 0. We then have

=t r—ry Z_ H e — 7o B d!
drit \ ga(r) ) *

) o
e |
a€l\{£} acl\{+}
We now fix £ = + (the conclusion will not be changed if we choose + = —). Then
dé—l s dé k1 B
-1 H (T’—Ta) Bia | Z Cy K1 ko (d —F ( Tn) fB-&-,n) >
acl\{+} 0<ko<ki <l
dk:1 ko B dkz B
X <drk1k2 (r—re) £B+‘c> <dr’f2 (r—r-) ZB*)
where
(! k1
con- ()
Direct computation shows that

— SP(UB1 ) (B +1) o (B +p— D — 1) Boo .
If we let
K== [ (—ra)f, By = max {|Bial}
acl\{+}
then it follows that

d <T_”>g K'Y ST Cupyaa(—1)'x

A4—1 = 0,k ko \ —

dr g+(r) 0<ky<ki <t
< (0By) By +1) ... (EByy + (£ — k) — 1)(
X (£B+,C)(€B+,C + 1) A (£B+7c + (kl
x ((By._)((By._ +1).

r— Tn)_éE;*’"_(e_kl) X

— ko) —1)(r — rc)*EBJr,c*(kl*kz) %
6By +ky—1)(r — o) B
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and thus

dé1 r—ry ¢
drt=1 \ g4(r)

l

Kf[f B+—|—1 T+—T’a) B+’a X
ocef\{+}

XY Crgugalre =) T (rp = )T () The
0<ko<ki1</t
V4 a4
= KZEZ B + 1 H T‘+ — ra)_BvHa Z (7,.+ _ ,ra)—l
ael\{+} a€l\{+}

!
= KB +1) [ s —ra) P Y (g —ra)t| £
a€l\{+} acl\{+}

= K'".

Therefore, the convergence of the original series is absolute for z € C if

(I2]¢5)*

< E*(l+€)
4

for any e > 0. Using Stirling approximation #! ~ /27£¢t1/2 for large values of ¢, we see that it is
sufficient to have

~ o—(1/2+e) Int/e
Klz| < ———— < 1.
v 2T

and this condition is fulfilled if
SA_A'_Ti

Rr > nK.

B Localization of high frequency resonances

We provide in this section an asymptotic approximation of resonances near the maximal energy
Wp(0) = max,er{Wo(z)} as h — 0. This a generalization of the main Theorem in [24] to the
case @@ # 0. More precisely, we show that the resonances associated to the meromorphic extension
of p(z,5)~! are close to the ones associated with the extension of (P — z?)~!, provided that @ is
sufficiently small. This is a direct consequence of the fact that the extra term hsV in the semiclassical
quadratic pencil is O(hs).

As in the paragraph 5.2, we set h := (£(¢ + 1))~'/2 with £ > 0 and consider z € [(/R, R{] +
i[~Cp, Co]. We then define the spectral parameter A := h%22 and also P, the semicalssical operator

2 9M?Z
Wo(0) = F(r)/t? with our definition of the Regge-Wheeler coordinate z (see (5)).

associated to P;. Recall also that v = 3M (1 +4/1— 8Q2> is the radius of the photon sphere and

Theorem B.1. Let
To(h) = {WO(O) +h <2\/W(0)3V(0) +i /Wl (0)/2 (k: + ;)) | ke N} .

For all Co > 0 such that 9D(Wy(0), Coh) NTg(h) = 0, there is a bijection b = b(h) from T'o(h) onto
the set of resonances of Py, in D(Wy(0), Coh) (counted with their natural multiplicity) such that

b(h)(1) — = op—o(h) uniformly for u € T'g(h).
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Proof. This is a direct application of the results of S& Barreto-Zworski [24] which are based on the work
of Sjostrand [26] (see Theorem 0.1), the latter dealing with resonances generated by non-degenerate
critical points when the trapping set is reduced to a single point (the difference for us is Wy(0) # 0).

We recall that in the zone III the symbol of the semiclassical quadratic pencil is the function
(z,€) = €2+ Wo(z) + R2Wi(z) — (VA — hsV ()% =: p(x, &) — A. We also recall the hypothesis in [26]
for the case of a Schrodinger operator of the form (0.1) in the reference:

e The trapping set is reduced to the point {(0,0)} ((0.3) in [26]),

e 0 is a non-degenerate critical point ((0.4) in [26], which implies in the Schrodinger case the more
general assumptions (0.7) and (0.9) in the reference).

Although the symbol p depends on J, its principal part pg and subprincipal part p_; do not : indeed,
for A € D (Wy(0), Coh) with Cp > 0, we can write when h < 1

p(x, &) = &2 + Wo(x) +h2y/Wy(0)sV () + lower order terms in h.

po(:ﬂ,ﬁ) p71(1‘7§)
This is enough to apply [26], Theorem 0.1 : using formula (0.14) in the reference, we get the result
for the set
1
{po(0,0) +h (p_l(0,0) +i_1\/W6’(0)/2 <k: + 2)) | k€ N}
which is T'o(h). O

Approximation of high frequency resonances T'g(h) > 2% = A\/h? is obtained as in [24], by taking
the square root of any element of I'g(h) and using Taylor expansion for 0 < h < 1 (corresponding to
¢>> 0) as well as symmetry with respect to the imaginary axis (for the choice of the sign of the square
root). In our setting, we obtain the set I" of Theorem 4.1.

Remark B.2. 1. Let T'pgs be the set of pseudo-poles in the De Sitter-Schwarzschild case (see the
Theorem at the end of [24]). Then I'psg is the limit of I' as Q — 0 in the sense of the sets,
i.e. for all z € T', there exists zg € I'pgs such that z — z9 as Q@ — 0. In particular, the set of
pseudo-poles does not depend on the only Klein-Gordon field’s charge q.

2. The pseudo-poles in the charged case are shifted with respect to the uncharged case. If the Klein-
Gordon field charge and the black hole one have the same sign (that is if qQQ > 0), then all
the pseudo-poles go to infinity with a real part which never vanishes. However, if the charges
have opposite sign (qQ < 0), then all the pseudo-poles real part cancels precisely when qQ =
—(k+1/2)\/F(x), k € N\ {0}, before going to infinity. Notice that no pseudo-pole goes to CT
as |s| = +o0.

3. We can provide a physical interpretation of the set of pseudo-poles. First observe that \/F(t)/t
is nothing but the inverse of the impact parameter b = |E/L| of trapped null geodesics (see the
end of the paragraph 2.2). Theorem /.1 shows that resonances near the real line in the zone
111 are qQ)-dependent multiples of this quantity : they thus correspond to impact parameters of
trapped photons with high energy and angular momentum. This is in adequation with the first
remark above.

4. Observe that in Newtonian mechanics, the electric and gravitation effects exerted on chargeless
and massless photons by the black hole’s charge and mass are null. As a consequence, photons
are not deviated and only ones with impact parameter |b| < r_ can “fall in the black hole.
Hence, high frequency resonances in zone III are expected to be multiple of r=t. Asr_ — 0, all
resonances go to infinity : the trajectory are now classical straight lines as there is no obstacle
anymore.
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Figure 5: On the left : a relativistic trapped null geodesic. On the right : classical null geodesic
trajectories.

C Abstract Semiclassical Limiting Absorption Principle for a class
of Generalized Resolvents

We show in this section an abstract semiclassical limiting absorption principle for perturbed resolvents.

Abstract setting. Let (7—[, (,)) be a Hilbert space, J := [a,b] C R, JJ ={weCr| Rw e
J, Sw < p} for some p > 0 fixed and hg > 0. The norm associated to (-,-) will be denoted by || - .
We consider families of self-adjoint operators P = P(h) and A = A(h) acting on H for 0 < h < hg.
We set

L3.(P):={A:H — H linear | Vx € C°(R,R), Vu € Z(P), ||x(P)Au| < +oo}

and |.||, will be the operator norm on B(Z(P),H). We also define the local version of the operator
P:
P, :=7(P)P 7 € C(R,R).
Let then and f : C x Lgg (P) — L. (P) satisying the following continuity type relation near 0, -
Loc
there exist §,  : Ry — R satisfying 6, (r) = 0asr — 0and ¢, : LZ (P) — L7 (P) such that, for
all (z2,A4) € JF x Lg5.(P) with [|A]|,, small,

loc
f(z,4)=2+0,, ([Alp)e,,(A) (©)
We make the following assumptions :
(P — f(z,hA))™! exists for all z € J; and A € Lo (P)if h < hg (1)
P cC%*(A) (P)
1;(P)[P,iA]1;(P) > chl;(P) for some ¢ >0 and J € I :=]a, [ C R (M)
ad;(P) (e,,.(4)) € W B(2(A)) for all k € {0,1}, x € C°(R,R), uniformly in A near OngC(P)' (A)

Recall that P € C% (A) means for all z € C\ o(P) that the map
Rt eitA(P — z)*le*it“4

is C? for the strong topology of L?. Recall also that for all linear operators Li, Lo acting on #,
ad%l(Lg) := Lo and ad’f{l(Lg) = [L1, adlzl(Lg)]. Our goal is to show the following result :

Theorem C.1. Assume hypotheses (C), (1), (P), (M) and (A). Then for all o €]1/2,1],
sup [[(A) "7 (P — f(z,hB)) " (A) 7| S A7 (42)

zEJ[f

In the sequel, we will note R(z,hB) := (P — f(z,hB))~! and call it the generalized resolvent (of
P). Also, since J and p are now fixed, we will simply note J, 6 and ¢ instead of J,,, J, , and ¢, .
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Preliminary results. The purpose of this paragraph is to show preliminary results used to prove
Theorem C.1. We first prove an adapted version of Lemma 2.1 in [11] to our situation.

Lemma C.2. Let 0< o <1, z€ J' and let x € C° (R,R). If h is small enough, then R(z,hB) and
X(P) are bounded on 2({A)?).

Proof. The result is true for (P—z)~! and x(P) by Lemma 2.1 in [11]. Let us show that R(z, hB)Z({A)?) C
Z((A)7) :

I(A)7R(z, hB)(A) ™7 || < [I(A)7 (P = 2) A 7l + [{A)7 (R(2, hB) — (P = 2) 7 ){A) 7|
S1+ {(AR(z, hB) (2 = f(z,hB))(P — 2)7H{A) 7|
and (using that e(hB) € B(Z(.A)) by Assumption (A) for k = 0)
I(A)? R(z, hB)(z — f(2,hB))(P — )~ (A) 7|

< (A7 R(z, hB){(A) T [I(A)7 (2 = f (2, AB) (AT ILA)7 (P = 2)~HA) 7
S O(MIBI) (A7 e(hB) (A ([[[{A) RB(z, hB){A)~7].

We then use the uniformity in assumption (A) for k = 0 to write for h very small

S(h[Bll,)II(A)7e(hB)(A) 7 [[[{A)” B(z, hB){A)~7[| < %H<A>"R(Z7h3)<v4>"’\|-
The proof is complete. O

Corollary C.3. Let 0 <o <1,z€ JT and 7,x € C° (R, [0,1]) such that x =1 on I and 7x = x. If
h is small enough, then (Py— f(z,hB))x(P), (Pr—f(z, hB))X(P)(P—H)_l and (P— f(z,hB))(P+i)~!
preserve Z({(A)7).

Proof. We have
(A)7(Pr = f(z,hB))x(P){A)"7 = (A)7(Pr — 2)x(P){A)™°
+ (A)7(z = (2, hB))(A) "7 (A X (P){A)~7

which is bounded by assumption (A) for & = 0, Lemma C.2 and the fact that Prx(P) = ¢(P) with
¢ € C(R, R) by functional calculus. Next, Lemma 2.1 in [11] implies that (P +1i)~! preserves Z(A),
so we can write

(A (Pr = f(2,hB))X(P)(P +1)"H{A) ™ = (A)7(Pr — f(2, hB))x(P)(A) "7 (A)7 (P + 1)~ {A) ™7
which is clearly bounded thanks to the above computation. Finally,
(A)7(P = f(z,hB))(P+1) A7 = (A)T(P+i—i—z+2z— f(z,hB))(P+1i)"(A)~°
=1Id — (i+2)(A)7(P+1) N A7
+ (A)7 (2 = f (2, hB)){A) "7 (A)7 (P +1) 7 (A) 77
and we again use Lemma 2.1 in [11] and assumption (A) for k = 0. O
The next result is an adaptation of Lemma 3.1 in [11] to our setting.

Lemma C.4. Let 0 < 0 <1 and let T, x € C (R, [0,1]) such that x =1 on I and 7x = x. Consider
the following three statements :

() sup ICA) "7 R(z, hB){A) 77|l S h ™
(ii) For all z € J* and all u € (P +1)"'2({A)?),

1A~ 7ull S hHI(P = f(z, hB))ull + h™H[{(A)7 (P — f(z, hB)x(P)ull
(iii) For all z € J* and all u € 2({A)7),

A" x(P)ull S h™HICAY (Pr — f(z, hB))x(P)ull.
If h is sufficiently small, then (iii) implies (i1) and (ii) implies (i).
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Proof. First of all, observe that (i) makes sense by Lemma (C.2), and (#4), (i74) make sense by Corollary
(.3 and because Px(P) = P-x(P).

e We show that (i7) implies (7). Let u € H and let v := R(z,hB)(A) %u. Then
w:=u— (A (f(z,hB) —1)R(z,hB){A) u € H.

This makes sense if h is small enough because R(z,hB) preserves Z({.A)?) by Lemma C.2 and
because

(A)7(f(z,hB) =){A)"7 = (A)7(f(2,hB) — 2)(A)"7 + (2 — 1)
is bounded by assumption (A) for k = 0. Next, using the resolvent identity (P+i)~!—R(z, hB) =
(P +1)"Y(f(2,hB) —i)R(z,hB), we see that
(P+1)"HA)w= ((P+i)"" = (P+1)"'(f(2,hB) — 1) R(z,hB)){A)u
= R(z,hB)(A) u
so that v € (P +1)712((A)?). Hence, applying (ii) to v yields
I(A) =7 R(z, hB){A)~7ul| = [[(A)~v]|

S WA ull + A (A (P = f(2, hB)X(P)R(z, hB){A)~"u|
S A ™ ull + A (AP — f(z, hB), x(P)|R(z, hB)(A)~ul|
+h (A X (P){A) " ull.

By assumption (A) for k = 1 and Lemma C.2, we have

AP = f(2,hB), x(P)|R(z, hB)(A)"7ul
= [[{A)?[z = f(z,hB), x(P)]R(z, hB){A)"ul

< S(hl[Bp) (A [e(hB), x(P)[(A) 7 [[[{A) B(z, hB){A)"ul|
S ho(hl[Bllp)-

Therefore, (i) follows from (i7) if h is small enough.
e We show that (i) implies (ii). Let ¥ := 1 — x and let u € (P +1)"12 ((A)7). We write
1A Tull < [ICA) ™ x(P)ull + [I[(A) 7 X (P)ull (43)
and (i4i) implies that
KA =7 x(P)ull  h=H (A (P — f(z, hB))x(P)ul

because 7 = 1 on Supp x. In order to control the term involving x(P) in (43), we write y =
Y_ + 14 with ¢y € C* (R, [0, 1]) such that Supp ¢_ C ]—o0,a] and Supp ¥4 C [B,+00]. We
also pick p € C°(R,R) such that pip_ = ¢_. Since B € L35 (P), we have for any v € Z(P)

R{yp_(P 2(f(z,hB) — P)v,v)

=Ry (P)2zv,v> + %<1/),(P)25(h||BHP)6(hB)v,v> - §R<¢7(P)2Pv,v>

> allyp— (P)v]|* = 8(l Bl ) lp(P)e(hB) | o [ (P)ol|* — af|v- (P)*v]®

> o[y (Pl (44)
where c_ > 0 if h is sufficiently small. Using Cauchy-Schwarz inequality, we get |[¢v—(P)(P —

f(z,hB))v| > c_|[v—(P)v|| and thus ||[¢p—(P)R(z, hB)v| < [|[¢—(P)v||. Similarly, one can show
|4+ (P)R(z, hB)v| < ||¢4(P)v]|. These inequalities and x* = (¢ +¢4)% = 92 +1)2 then imply

IX(P)R(z, hB)v[| < [IX(P)o
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which in turn implies for u € Z(P)

O]

Proof of Theorem C.1. We show that the regularity (P) and the Mourre estimate (M) are enough
to establish (42). As pointed out at the beginning of [11], the key point is the following energy estimate:
for any self-adjoint operators H acting on H, u € 2 (H), 7 € C° (R, [0, 1]) and P, := 7(P)P, we have

23(Hu, (P; — f(z,hB))u) = (u, [Pr,iH]u) — 2S(u, f(z, hB)Hu) (45)

where the commutator must be understood as a quadratic form on Z(H).
We follow the proof of Theorem 1 in [11]. Let 7, x € C° (R, [0, 1]) such that x = 1 on I and 7y = x
and let

+oo
F) = - /E GRS

with g € C* (R, [0,1]) satisfying g ({) = 0 for £ > 2 and g(§) = 1 for £ < 1. By Lemma C.4, it is
sufficient to prove the following estimate : for any z € J* and v € 2((A)?),

A" x(P)ull £ k™LA (Pr = f(z, hB))x(P)ull.

As P € C?(A), P and A are self-adjoint and satisfy the Mourre estimate (M) on I, we can apply the
estimate (3.30) in the proof of Theorem 1 in [11] :

X(P)[Pr iF (A)X(P) 2 hx(P){A) " x(P). (46)
Now we apply the identity (45) with H = F(A) : for all u € Z2(A),
23(F(A)u, (Pr — f(z,hB))u) = (u, [Pr,iF (A)]u) + 23(f (2, hB)u, F(A)u).
Since F' < 0 is bounded and Sz > 0, we can write for all h sufficiently small

23(F(A)u, (P — f(z,hB))u)
= (u, [Py, iF (A)]u) — 2(32){u, F(A)u) — 26(h|B||,,)S(u, e(hB)F(A)u)
> (u, [Pr,iF(A)Ju) — 20(h|| Bl ) e (hB)ul|[| F (A)ull

where we used that that ¢(hB) € B(Z(A)) by Assumption (A). It thus follows
23(F(A)u, (Pr — f(z,hB))u) > (u, [Pr,iF (A)]u). (47)

Plugging the estimate (46) into inequality (47) and putting x(P)u instead of u yield
)

Using again the boundedness of F', we get
A" x(P)ul® $ A A" X(Pullll (A (Pr — f(z, hB))x(P)ull

which establishes the point (iii) and thus the point (i) in Lemma C.4.
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