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Abstract
This work is devoted to a non-intrusive experimental approach, based on Laser Multi-reflection technique, in the investigation of
thickness distribution variations and wave’s dynamics of a liquid film flowing over an inclined plane. This investigation was first
founded on the needs of quantifying the liquid film thickness and on minimizing, as much as possible, some drawbacks pointed
out, in the literature, throughout the experimental techniques available. Moreover, the technique could be applied to transparent,
opaque as well as particle laden liquid films. The technique is validated and evaluated using two approaches according to the flow
case: stable or instable. In case of stable flow, the comparison was made using Spectroscopic Ellipsometry and theoretical
prediction established by the Nusselt model. For a wavy interface a setup, especially devoted to that purpose, was used to
validate the accuracy of the measurements. In both cases the uncertainties were within 5%. The experiments are discussed
hereafter including the accuracy of the results. Some experimental data, for plane inclination ranging from 1° to 10°, are reported.
The data takes into account the film thickness at various positions. The instability threshold is also reported.

Keywords Liquid-film . Inclined . Laser . Reflection . Instability . Thickness measurement

Nomenclature
A Wave amplitude
E Solid samples thickness [mm]
ES.E Solid samples thickness measured by S. E

[mm]
f Wave’s frequency [Hz]
fc Camera’s acquisition frequency [Hz]
fmax Highest frequency present in the flow [Hz]
g = 9.81m/s2 Gravity
h Liquid film thickness [mm]
h0 Mean liquid film thickness [mm]
hn Film thickness from Nusselt expression [mm]
hmax Maximum liquid film thickness [mm]
ℓ Distance separating on the screen the reflected

spot of the upper plate and the reflected spot of
the liquid free surface.

L Channel height (distance (in Bmm^) separating
both plates).

P Laser’s power [W]
Q Flow rate per unit width [m2/s]
Re ¼ ρ U h0

μ Reynolds number
t Time [s]
X 1 , … , 6 =
19 cm,
26 cm, 31 cm,
35 cm, 39 cm
and 43 cm

Measurements positions [cm]

x,y,z Space- coordinates
λ Wave’s length [cm]
ρ Water density [998.2 Kg/m3]
σ Surface tension at water-air interface [0.072N/m]
μ Water dynamic viscosity [1.002 10−3 Pa s]
τ Plate thickness

Introduction

Liquid films are academically and industrially important for
their different applications including coating, lubrication,
cooling, photo-bioreactors, turbines, Ocean Thermal Energy
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Conversion (OTEC) systems, crude oil transport, evaporators,
chemical reactors, nuclear stations, food industry instal-
lations. They account for a basic case of open channel-
flow studies. Film liquid is generally characterized by
the presence of instabilities, adding more complexity to
its thickness measurements.

The techniques devoted to falling film thickness measure-
ments should have two essential qualities: precision and sen-
sitivity to variations. The latter would increase the results ac-
curacy since ripples may appear on the liquid free surface.
Several experimental methods based on various physics phe-
nomena were developed including electrical properties varia-
tions (resistivity and capacitance), light reflection and refrac-
tion, photography, acoustic waves reflection and absorption of
rays (gamma and x-rays).

Pioneer work, reported by Kapitza and Kapitza [1], had
used photography of shadows to avoid light reflection effects,
caused by liquid interface on image acquisition, to study var-
ious wavy flow regimes on the surface of a liquid film falling
over an inclined plane. Özgü et al. [2] developed a method
based on electrical capacitor variations to measure the liquid
thickness in presence of a bubble in a vertical tube with
2.94 cm of inner diameter. The authors didn’t take into ac-
count the temperature impact, on the liquid electrical conduc-
tivity and the metallic probe, as well as the bubble effect
which could affect the measured thickness. Fukano [3] point-
ed out that the technique based on electrical properties varia-
tions presents another flaw with the existence of signal satu-
ration during acquisition causing then a loss of information.
For that purpose, Seleghim and Hervieu [4] proposed to use a
high frequency signal at the entrance to minimize the imped-
ance of the liquid around the probes. Therefore, in order to
solve the above cited problems, Klausner et al. [5] developed a
liquid deepnessmeasurement method, deduced from electrical
capacitor. The authors proposed a correlation including tem-
perature effect on measured thickness within a range of 20 °C
to 200 °C. In addition, they used their technique to study
evaporation of a liquid film of R113 in rectangular cavity.

The intrusive techniques may create local perturbation that
will affect the measurements especially in case of a study on
the apparition of natural instability. Hurlburt and Newell [6]
created an optical technique using total light reflection by
liquid interface. They used a monochromatic laser beam split,
by a special coating layer, into two beams giving then two
measuring positions leading to a mean value of wave celerity
along the channel. The film thickness was deduced by mea-
suring the radius variations between the reflected laser beams
(after photographing themwith a video camera). However, the
obtained light points were not totally circular. Thus, by using
the mean radius values, the authors increased the error on the
liquid depth and wave’s velocity. The idea of the reflected
laser beams was interesting though limited to transparent liq-
uids, because the laser was sent from the bottom of the

channel. Furthermore, by taking a mean value of the wave
celerity the variations of the latter were hidden. Another inac-
curacy was noted on the radius measurement on the recorded
images. Shedd and Newell [7] improved the method devel-
oped by Hurlburt and Newell [6] using a specific signal pro-
cessing on the recorded images obtaining a better precision on
the measured liquid film thickness. The same authors [8] used
this method to study two-phase flow in three channels of dif-
ferent shapes (circular, triangular and rectangular). The liquid
deepness results compared well to those obtained by Hurlburt
and Newell [6].

Zhang et al. [9] proposed a method using light absorption
by a liquid film flow in laminar and turbulent regimes. A laser
sheet lighting a liquid layer was used and light intensity was
measured using a photodiode. The liquid film thickness vari-
ations were deduced after processing the electrical signal. The
results were in good agreement with those obtained using the
correlation given by Chang et al. [10] for a thickness ranging
from 0.4 mm to 0.9 mm.

Liu et al. [11] used fluorescence technique to measure film
thickness variations and wave dynamics at the film surface.
The authors confirmed the theory of Benjamin [12] defining a
critical Reynolds number beyond which wavy instabilities
appear on the film surface. De Olivera et al. [13] used an
optical technique based on light attenuation to measure the
liquid film thickness in an open channel flow. This non-
intrusive technique, available for translucent fluid, allowed
recordings with approximately an error of 7%. Wegener and
Drallmeier [14], reported film thickness measurements ac-
compl ished wi th a method cal led BLaser Focus
Displacement^. This technique allowed these authors to fol-
low the time dependent interface oscillations with a good pre-
cision as long as the wavy regime is not too strong.

Tibiriçà et al. [15] gathered, in his article, the most impor-
tant experimental methods in measuring liquid film thickness
variations. The authors classified all these techniques accord-
ing to the physics involved including ultrasonic, laser absor-
bance, x-rays as well as intrusive methods (electrical conduc-
tion, capacitance variations).

According to the literature survey, all the reported measure-
ments were conducted locally at one point with a fairly appre-
ciable precision. In order to record the film thickness distribu-
tion, as well as some dynamical properties of the fluid, it
would be appropriate to make measurements at several posi-
tions instantaneously which constitute the main contribution
of the present work. The method, developed and reported
hereafter, aims to bring some improvements to the drawbacks
pointed out previously. Furthermore, the technique is indepen-
dent of the properties of the fluid with no need to inject particle
or tracing powders. It gives access to thickness variations and
to the most important parameters dealing with wave’s dynam-
ics traveling on liquid interface. The technique is validated, in
case of liquid film with flat interface, by two methods,
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experimental and theoretical as it will be discussed in this
paper. In case of a wavy liquid film, the method is
assessed using an experimental setup developed and de-
voted to such test.

The capabilities of this experimental technique are enlight-
ened through the investigation of a liquid film flowing over an
inclined plane.

Material and Methods

Experimental Loop and Measurement Technique

The experimental method is a non-intrusive technique based
on the reflection of laser beams due to the difference of refrac-
tive index between the studied liquid film and the ambient
medium (air in our case). The experimental loop used is
shown in Fig. 1(a). The liquid film flows over an inclined
plane at a constant mass flow rate. The liquid is introduced
by 8 injectors (Fig. 1(d)) distributed uniformly along the width
of the channel. A gate is put at the inlet (Fig. 1(d)) unifying the
flow level, eliminating the injection effect, inducing then a
gravity driven flow. The channel was sufficiently wide to ne-
glect all the side boundaries effects on the film flow, as it will
beshown at a later stage, and can be considered as a
two-dimensional flow. The liquid is stored in a tank and
injected again in the channel by a pump. A scheme and
a picture of the experimental set-up are shown in Fig.
1(a) and (e) respectively.

A 1 mW laser source, of 632.8 nm wave-length, was used.
Semi-reflective mirrors split the laser beam into six rays. The
measurement technique was based on the reflection of a laser
beam by the liquid surface. Each beam crossed a diaphragm,
eliminating residual rays, and a converging lens to impinge
the top of a very thin Plexiglas plate as shown in Fig. 1(c). The
ray was reflected, partly by the plate (first light spot), and by
the liquid interface giving second bright spot on the screen.
The second light spot will follow the liquid interface displace-
ments (Fig. 1(b)). The size of the laser spots recovered by
image processing was found to have a maximum value of
0.1 mm. The liquid film thickness was deduced from the dis-
tance separating both spots. The motion of the six laser spots
was recorded with a camera controlled by a computer. The
acquisition frequency, according to the work of Shkadov
[16] obeys the Nyquist–Shannon [17] sampling theorem (i-e:
fc > 2 fmax). The processed videos lead to the film thickness
evolution at six positions. A raw image sample for an instable
flow case is provided in Fig. 1(b).

The oscillations of a light spot were caused by the presence
of waves in case of unstable flow regime. It should be men-
tioned that natural waves, on liquid film surface, have very
small amplitude compared to the wave length (according to
the results of Kapitza and Kapitza [1], Shkadov [16] and Liu

et al. [11].)). For that purpose, the surface was taken flat
neglecting the local curvature. The liquid film thickness was
deduced from the distance between the two laser spots for
both stable and instable flow regimes (flat and wavy inter-
face). The incidence angle (i) was fixed before starting mea-
surements. Noting in Fig. 1(c) that the two points E and F, on
the screen, are recorded and shown in Fig. 1(b) and the dis-
tance EF is then measured and related to the thickness of the
film as follows:

h x; tð Þ ¼ L−BC ð1Þ
L is the distance (in Bmm^) separating both plates (that is
between the lower surface of the upper plate and the upper
face of the lower plate).Taking into account that the measured
distance EF is given by:

EF ¼ E1C ¼ E1E2 þ E2Bþ BC ¼ E1E2 þ τ þ BC ð2Þ

where τ is the thickness of the upper plate. Noting that: tan ið Þ
¼ AE2

E1E2
and AE2 can be expressed as:

AE2 ¼ AA
0 þ A

0
E2 ¼ τ � tan rð Þ þ BC � tan ið Þ ð3Þ

We deduce E1E2 as:

E1E2 ¼ AE2

tan ið Þ ¼ τ � tan rð Þ
tan ið Þ þ BC

� �
ð4Þ

Substituting equation (4) into equation (2) yields:

EF ¼ τ 1þ tan rð Þ
tan ið Þ

� �
þ 2� BC ð5Þ

Recall:

n1 � Sin ið Þ ¼ n2 � Sin rð Þ ð6Þ
i is the incident angle while r is the refracted angle, n1 and n2
are the reflective indices of the air and the plate respectively.
From equation (6) we get:

tan rð Þ ¼
n1
n2

� sin ið Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1− n1

n2
� sin ið Þ

� �2
r →

tan rð Þ
tan ið Þ

¼
n1
n2

� cos ið Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1− n1

n2
� sin ið Þ

� �2
r ð7Þ
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Substituting equation (7) into equation (5) and setting EF = ℓ
we can obtain an expression for BC the distance between the
surface of the liquid and the lower surface of the upper plate
as:

BC ¼ 1

2
ℓ x; tð Þ−τ 1þ

n1
n2

� Cos ið Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1− n1

n2
� Sin ið Þ

� �2
r

0
BB@

1
CCA

8>><
>>:

9>>=
>>;

ð8Þ

ℓ expresses the recorded distance between E and F on the
screen given in millimeters; in fact ℓ is a function of space

and time: ℓ = f(x, t). The thickness of the upper plate τ is also
measured in Bmm^. Finally, the film thickness (equation (1)) is
computed as follows:

h x; tð Þ ¼ L−
1

2
ℓ x; tð Þ−e 1þ

n1
n2

� Cos ið Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1− n1

n2
� Sin ið Þ

� �2
r

0
BB@

1
CCA

8>><
>>:

9>>=
>>;
ð9Þ

Fig. 1 Experimental set-up
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The incidence angle (i) was fixed at 13 degrees with an accu-
racy of 0.1° and readjusted at each new value of the inclination
angle θ. The reflective index of the plate was measured and
found to be equals to n2 = 1.493 while the reflective index of
air is taken as n1 = 1. The upper plate thickness was also mea-
sured and yields to τ = 0.406 ± 0.006 mm. Thus equation (9)
was then expressed in Bmm^ as:

h x; tð Þ ¼ L−
1

2
ℓ x; tð Þ−0:674f g ð10Þ

‘The recorded videos are treated using a series of software,
they are transformed to series of images using BXnConvert^
software as a first step (a sample image is given on Fig. 1(b)),
where The grey level is plotted on each single image of the
obtained series using BimageJ’ software which allows to detect
laser spots position very precisely. This processing presents
two sources of errors: espot and escale. The image processing
generates an error on spot position related to video-camera
resolution. The error on the film thickness measurements
could be affected by the scaling (escale), the sensor (esensor)
and the image resolution (espot) that is:

etot ¼ esensor þ espot þ escale ð11Þ

The scaling required was achieved by a micrometric system
measurement leading to an error of escale = 2 μm. The number
of pixels on the camera’s CCD sensor led to an error of 4 μm
evaluated as follows:

esensor ¼ Pixels number on y axes of sensor

sensor0s real size along}yaxes}
ð12Þ

Additionally, the images processing induced, by the camera
resolution, an error on a spot position espot = PSZ = 32 μm
equals to a pixel’s size, computed as:

Psz ¼ Pixels number on}y axes}

Image real length along}yaxes}
ð13Þ

Where Psz represents the real size (length) of one pixel on the
treated images, this size depends on the camera resolution
(pixels number on ‘yy’ axis’) and the total real length of the
image on the By^ axis.

Finally, taking into account the uncertainty on the plate
thickness an absolute error of 44 μm accuracy is obtained
which, in fact, appears to be fairly acceptable for a one milli-
meter liquid film thickness. Based on several pioneer works
[1, 10–12, 14] and other applications including plane
photo-bioreactors, food industry, oil transport and some
chemical reactors this accuracy is judged to be

acceptable. It should be mentioned this accuracy is re-
lated to pixels number calculated for a standard video
camera (1280 × 720 pixels). This can be minimized
using a camera with a higher number of pixels.

Alternative Methods and Assessment

The measurements, obtained with the laser reflection tech-
nique, were assessed with the Spectroscopic Ellipsometry
(S.E.) Woollam et al. [18], in case of stable film (flat interface)
and by an additional optical setup called here after expansion
method in case of unstable film.

The stable liquid film flow, characterized by a flat interface
with a constant local thickness Bh^, can be assimilated to a
solid sheet with a uniform thickness. For that purpose, the
Spectroscopic Ellipsometry (S.E.) technique was used to
check the accuracy of the experimental data. Furthermore,
the S.E. technique presents a Nano-scale error.

The Spectroscopic Ellipsometry (S.E.) is an optical mea-
surement technique that characterizes light reflection (or trans-
mission) from samples. The key feature is the measure of
changes on polarized light upon light reflection or transmis-
sion by a sample. Ellipsometry measures the amplitude ratio
ψand phase difference Δbetween light waves known as -p-
and -s- polarized light waves (Fig. 2). In S.E. spectra (ψ and
Δ) are measured by changing the wavelength of light. In gen-
eral, the spectroscopic ellipsometry measurement is carried
out in the ultraviolet visible region, but measurements in the
infrared region have also been performed widely [18].

The steps required to make S.E. measurements can be sum-
marized as follows: a glass plate is deposited on a silicon
wafer; the analyzer and the detector are positioned at an angle
of 75 °; then the sample position is adjusted to collect the
maximum reflected light intensity, whose polarization is ellip-
tical. The data giving the variations of tan(ψ), cos(θ) and other
parameters, depending on the wavelength, are recorded and
analyzed with the SEA 1.2.44 software.

When the interface is slightly wavy the expansion method
is used to assess the data. This technique is based on the
extension of an object by a set of lenses while keeping the
resolution of the acquired image or video by a camera present-
ing a frequency of 30 fps (CFFM= 30 Hz) as shown in Fig. 3.
The lenses were first tested on the image sharpness to avoid
any chromatic aberrations. A zoom effect was first used, to
minimize the size of one pixel which will reduce the error on
the film’s interface position giving a higher accuracy on the
thickness measurement, then a second lens, based on micro-
scope principle, giving an extended image with a good con-
trast. The Laser Multi-Reflection approach is used at the same
time and same position with expansion method in order to
measure the thickness variation in case of wavy liquid film
as shown in Fig. 3(a). A Sample raw image obtained by this
method is provided in Fig. 3(b). Similarly the error associated
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on the thickness (etot) could be affected by the scaling (escale =
2 μm), the sensor (esensor given by equation (12)), that is 4 μm,
and the interface position related to image resolution (e-
interface) = PSZ = 15 μm giving a final error of etot = 21 μm.

Results and Discussion

Data Validation

Experimental validation

Nine (9) solid samples were measured by the three above
described techniques. The Spectroscopic Ellipsometry tech-
nique will be considered as reference scale hereafter. The con-
trol samples had thicknesses ranging from 0.14 mm to
3.17 mm measured by S.E. with a maximum average error
of 0.05%. The accuracy for the reflection and expansion
methods were quantified (see Fig. 4) by computing the rela-

tive errors BeLMRM^ as: eLMRM ¼ 100* ElMRM−ES:E:
ES:E:

with

ELMRM being the measured samples thickness by the Laser
Multi-Reflection Method (LMRM). This relative error is also

calculated for the Expansion Method as: eEX ¼ 100* EEX −ES:E:
ES:E:

,

where EEX and ES. E. are respectively the samples thickness

measured by the Expansion Method and the Spectroscopic
Ellipsometry. Both methods (Fig. 4) present a good accuracy
with a relative error not exceeding 3.5%. This error becomes
negligible as the thickness increases.

The expansion method remains a limited local technique
and doesn’t give access to all parameters dealing with the
interface dynamics. But, as depicted in Fig. 4, its high accu-
racy, on liquid film thickness measurement, makes this tech-
nique an acceptable candidate in the assessment of the Laser
Multi-Reflection approach in case of wavy liquid film. For
that purpose a series of synchronized measurements of the
liquid interface deformation induced by a wave, created arti-
ficially with a wave generator, were made using both experi-
mental techniques at one point BM^ in the channel (Fig. 3).
The mean deviation resulting from measurements, made by
both techniques as seen in Fig. 5, was less than 5% assessing
then the multi-reflection technique accuracy.

Comparison with theoretical prediction

An assessment of the reflection technique was also
made with the Nusselt [19] model giving, for a one-
dimensional gravity driven liquid film flow on an in-
clined plan, a relation between the volume flow rate

(a) Schematic of the setup

(b) Raw image

(c) Experimental stand.

Lase

Measuring 
position “M”   

Scre

Wave 
Generator

Optical 
Lenses

Camera

Fig. 3 The expansion method

Fig. 2 Spectroscopic
Ellipsometry Measurement
System SEMILAB GES-5E
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Qv, the inclination angle θ, the kinematic viscosity ν
and the liquid thickness hn as follows:

hn ¼ 3v
g sinθ

Qv
� �1

3

ð14Þ

Figure 6 shows a very good agreement, for a stable liquid film
at various Reynolds number and inclinations, between theory
and experiments. A maximum relative gap of 4%was recorded.

Highlights on the Multi-Reflection Technique

The laser beams were sent from the top to eliminate
light absorption by the liquid layer. Thus, the present
technique could be used for any liquid film indepen-
dently of its density, whether it is homogeneous and
isotropic or not, which is not the case of the light ab-
sorption methods. Moreover, the two reflected laser
beams, leading to the thickness measurement (equations
(9) or (10)), are clearly distant from each other. This
technique, independent of light intensity variation,
doesn’t require any spot’s mean radius measurement
Hurlburt and Newell [6] that would introduce additional
error. Furthermore, in case of particle laden liquid film
the presence of particles (or surface scattering) may af-
fect the light intensity of the laser Hanrahan [20]; with-
out disturbing the position of the center of the spot.

Compared to the methods based on light intensity
variations, this technique doesn’t require any intensity
measurement. Therefore, the error related to light atten-
uation, external noise on photodiodes or the output sig-
nal saturation is eliminated. Compared to LFD (Laser
Focus Displacement) technique used by Lan et al.

[21], the present method doesn’t depend on any oscilla-
tion frequency. In addition, interferences are avoided
since the laser beams doesn’t cross each other (Fig.
1). The methods using PIV or Fluorescence are definite-
ly very useful however, in case of thin liquid film, the
injection of particles or fluorescent powder might affect
the apparition of instability and transition between wavy
regimes at the interface.

Finally splitting the laser source into several beams allows
measuring the film thickness at several locations instanta-
neously in addition to other important parameters dealing with
wave’s dynamics (amplitude, celerity, wave length, form and
class). Other techniques will give a punctual information. For
stable liquid films, the flow mean velocity can be deduced
from the values of thickness at the six measurement points
using Nusselt expression, given then more details about grav-
ity and surface tension effects on film flow.

The liquid thickness is measured with an error of
44 μm which is less than 5% in case of 1 mm film
thickness. The accuracy depends on liquid layer thick-
ness and can be better for thicker films. One of The
most important advantages of the present technique is
the sensitivity to the smallest interface deformations that
may appear the independence on the film temperature.
One should note the high accuracy, obtained after a
specific image processing, on the recordings of the liq-
uid thickness oscillations especially in instable regime.

The present technique can be very applied in various
cases including film thickness distribution and temporal
variation, for plane photo-bioreactors [22]: a critical data
affecting the output of the bioreactor for mass produc-
tion; as well as tracking (in some cases) the interface in
solidification problems.

Fig. 4 Relative errors BeCam and
eReflec^ for the expansion and
laser reflection techniques
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Measurements on the Liquid Film Flow

Film thickness

The influence of the side boundaries was first checked by
measuring the film thickness at four locations (Fig. 7.) One
should note that, for a given x-position, the film thickness
remains roughly the same. Therefore, the channel can be con-
sidered wide enough to neglect the side boundaries effect. The
film was then approximated as being a two-dimensional flow.

The film thickness measurements were then conducted at
six locations for various Reynolds numbers an inclination an-
gles. A sample of the liquid film evolution is shown in
Fig. 8(a) for a Reynolds number of 25.7. The measured, mean
value of the film thickness was then compared to the Nusselt’s
model (equation (9)) giving rise to a relative discrepancy,
called E (equation (10)), as shown in Fig. 7(b).

E %ð Þ ¼ 100*
hmeasured−hn

hn
ð15Þ

The discrepancy (gap) between theory and the experimental
data (Fig. 8(b)) was evaluated for all Reynolds numbers and
inclination angles used in this investigation. The values of E
did not exceed 5% for Re ≤ 27 and θ = 1° and 2° as well as for
Re ≤ 16 and θ = 3°. Figure 8(b) can be used to deduce the
domain of validity of equation (9) with suitable accuracy.
This could be seen as an assessment of the Nusselt’s expres-
sion for a flow with a primary instability. For instance, if a
limit of 10% is selected the prediction would be still adequate
as long as Re ≤ 16 and θ ≤ 10°. However, for Re > 16 the
theoretical prediction would be acceptable for θ ≤ 2°; higher
inclinations would induce errors exceeding 10%. In fact, the
instabilities become significant for Re > 16 and θ > 3° affect-
ing the mean value of the film height.

The average value of the film thickness was plotted for
various Reynolds numbers and inclination angles. As expect-
ed the average liquid film thickness decreases with the incli-
nation angle θ as depicted in Fig. 9.

Instability threshold

The instability threshold and the wave dynamics depends on
the inclination angle and Reynolds number for a gravity driv-
en liquid film. Measurements (Fig. 10) were conducted within
the same range of inclination angles considered by Liu et al.
[11]. The critical Reynolds number values, obtained were
slightly higher than those measured by the latter and those
predicted by Benjamin [12] and those measured by Liu et al.
[11]. The theoretical analysis considered in the works of
Benjamin [12], Gjevik [23] and other similar articles, used
linear stability analysis. The latter introduced some approxi-
mations and the equations could be solved with linear analysis
or weakly non-linear method. However, the results led to a
similar formulation of Benjamin [12].

The experimental technique used in the present work has
the advantage of being non-intrusive which means that there

Fig. 5 Validation test for the film
thickness measurements given by
both techniques

Fig. 6 Comparison between the Nusselt’s model and experiments for
stable liquid film flow
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(a) Film  thickness time evolution for an inclination of 5 degrees at position X = 19cm, 26 cm, 31 cm, 35 cm,
39 cm and 43cm for Re = 25.7.  

(b) Discrepancy, on the film thickness, between theory and experiment.

Fig. 8 Liquid film distribution
along the inclined plane

(a) (b)

(x1, z1) (x1, z2)

(x2,z2)(x2,z1)

z

x

Fig. 7 Boundary effect on the
film thickness distribution. (a)
measuring locations; (b) film
thickness
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are no mechanical or thermal noises related to its use.
Furthermore, the technique is very sensitive to the
smallest interface movements. To ascertain the hydrody-
namic origin of the detected instabilities the experimen-
tal loop was placed in an isolated chamber to avoid
external mechanical noise. Furthermore, the measure-
ments were conducted during a period of time with no
significant temperature variation. For a given inclination
angle, the volume flow rate was gradually increased
(allowing the flow to stabilize at every variation) up
to detection of oscillation which should correspond to
the detected threshold value of instability. The recorded
volume flow rate was then converted into a critical val-
ue of the Reynolds number. For each degree of inclina-
tion, the same procedure was repeated up to an angle of
10 degrees. All the recorded values for 0< θ < 10, are
reported in Fig. 10. The critical Reynolds numbers, for

the present experimental data results, seem to be well
captured by a single function of θ that is cot(θ); the
instability threshold is then expressed as:

Rec ¼ cotθ for 0 < θ≤10 ð16Þ
This empirical expression confirms the result of
Prokopiou et al. [24]. The difference between our result
and the one given by Liu et al. [11] is about 25%.

Concluding Remarks

An experimental approach, based on light reflection, is pro-
posed tomeasure the thickness of a liquid film flowing over an
inclined plane at several positions instantaneously. The tech-
nique was first validated for a stable liquid film with flat in-
terface using Spectroscopic Ellispsometry. In case of wavy
liquid film, a set up was build-up to validate the reflection
technique within the range investigated. The reflection tech-
nique showed a good agreement in both cases with a maxi-
mum relative error less than 3.5% for flat surface liquid film
and a mean deviation less than 5% for a wavy interface. An
additional assessment was made, for a flat stable interface, by
comparing the measured thickness with theoretical results ob-
tained throughout the Nusselt’s model.

The technique is independent of the properties of the fluid
and doesn’t require the injection of particles or tracing pow-
ders. It gives access to thickness variations and to the most
important parameters dealing with wave’s dynamics traveling
on liquid interface with a good accuracy (less than 45 μm).

As an example some experimental data, on the hydrody-
namics of a gravity driven liquid film flow, were reported for
an inclination ranging from 1° to 10° and a Reynolds number

Fig. 9 Liquid film thickness at x = 26 cm downstream as function of the
inclination angle

Fig. 10 Critical Reynolds number
for gravity driven liquid film flow
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of 25.7 using LMRT (Laser Multi-Relection Technique). The
sensitivity of the latter allowed detecting the smallest interface
deformation that could appear leading to a correlation for the
critical Reynolds number. Furthermore, data was generated
(Fig. 8(b)) that would allow a user quantify the confidence
level on using the Nusselt’s model for unstable flow regime.
This technique could deal with the variations of the most im-
portant parameters controlling the dynamics of the film flow
including film thickness at various positions, wave velocity as
well as wavelength.

The present technique can be of interest for generating data
for modelling purposes and could be applied in various cases
including film thickness distribution and temporal variation,
for plane photo-bioreactors.
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