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Lagrangian-Antidiffusive Remap schemes for non-local
multi-class traffic flow models

FELISIA ANGELA CHIARELLO! PaorAa GoOATIN! Luis MIGUEL VILLADA?

December 11, 2018

Abstract

This paper focuses on the numerical approximation of the solutions of a class of non-
local systems in one space dimension, arising in traffic modeling. We propose alternative
simple schemes by splitting the non-local conservation laws into two different equations,
namely, the Lagrangian and the remap steps. We provide some properties and estimates
recovered by approximating the problem with the L-AR scheme, and we prove the conver-
gence to weak solutions in the scalar case. Finally, we show some numerical simulations
illustrating the efficiency of the L-AR schemes in comparison with classical first and second
order numerical schemes.

1 Introduction

We consider the following class of non-local systems of M conservation laws in one space
dimension, like in [9]:

Opi(t, ) + Oy (pi(t,x)vi((r * wi)(t,x))) =0, 1=1,..., M, (1.1)

where

M

r(t,x) ==Y pi(t ), (1.2)
i=1

vi(§) == 0" P(§), (1.3)

T+n;

(r*w;)(t,x) == / r(t,y)wi(y —x) dy, (1.4)

T

and we assume:

(H1) The convolution kernels w; € C1([0,7;];RT), n; > 0, are non-increasing functions such
that fom wi(y)dy = J;. We set Wy := max;—1,.. a w;i(0).

(H2) v"* are the maximal velocities, with 0 < v]"®* < vf** < ... <o,
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(H3) ¢ :RT — R* is a smooth non-increasing function such that 1(0) = 1 and ¢ (r) = 0 for
r > 1 (for simplicity, we can consider the function ¢ (r) = max{1 — r,0}).

We couple (|1.1)) with an initial datum
pi(0,z) = pd(z), i=1,..., M. (1.5)

Model is obtained generalizing the n-populations model for traffic flow described in [2]
and it is a multi-class version of the one dimensional scalar conservation law with non-local
flux proposed in [3], where p; is the density of vehicles belonging to the i-th class, n; is
proportional to the look-ahead distance and J; is the interaction strength. In our setting, the
non-local dependence of the speed functions v; describes the reaction of drivers that adapt
their velocity to the downstream traffic, assigning greater importance to closer vehicles, see
also [I1], 13]. We consider different anisotropic discontinuous kernels for each equation of
the system, therefore the results in [I] cannot be applied. The model takes into account the
distribution of heterogeneous drivers and vehicles characterized by their maximal speeds and
look-ahead visibility in a traffic stream. One of the limitations of the standard LWR traffic
flow model [15] 16] is the first in first out rule, conversely in multi-class dynamic faster vehicles
can overtake slower ones and slower vehicles slow down the faster ones.

Due to the possible presence of jump discontinuities, solutions to , are intended
in the following weak sense.

Definition 1. A function p = (p1,...,pnm) € (LX N LX)([0, T[xR;RM), T > 0, is a weak
solution of (1.1)), (1.5 uf

[e.o]

T roo
L[ e+ ot xwpong) () dwde+ [ layolo.)de =0
0 J—o0

for all p € CL(] — 0o, T[xR;R), i =1,..., M.

The computation of numerical solutions for is challenging due to the high non-
linearity of the system and the dependence of the flux function on convolution terms. In [9} 1T],
the authors proposed first-order schemes to approximate solutions of , however it is well
known that these schemes are very diffusive. In the scalar case, high-order Discontinuous
Galerkin and Finite Volume WENO schemes were constructed in [§].

The aim of this paper is to present a generalization of the L-AR schemes introduced in
[0, 6], in order to compute approximate solutions of the non-local multi-class model
proposed in [9]. In [5], one step Lagrangian-antidiffusive remap (L-AR) schemes were applied
to multi-class Lighthill- Whitham-Richards (MCLWR) traffic models and in [6] this schemes
were extended to polydisperse sedimentation models. L-AR schemes do not rely on spec-
tral(characteristics) information and their implementation is as easy as that one of first- and
second-order of accuracy schemes introduced in [7]. Nevertheless, the L-AR are more accurate
and efficient.

The paper is organized as follows. Section 2 presents the Lagrangian-Antidiffusive Remap
schemes. We recover some properties of the schemes in both scalar and multi-class cases. In
the scalar case, we obtain uniform L°°, BV estimates on the approximate solutions computed
through the L-AR schemes in order to prove the existence of weak solutions. In Section 3 we
recall classical first-order schemes used to approximate the solutions of the non-local problem
and we show a second-order version of a Godunov type numerical scheme. Finally, in



Section 4 we present some numerical simulations, analyzing the L'-error of the approximate
solutions of ([1.1]) computed with different schemes and considering smooth and discontinuous
initial data.

2 Lagrangian-Antidiffusive Remap (L-AR) schemes

2.1 Discretization

First of all, we extend w;(z) = 0 for z > ;. For j € Z and n € N, let z;,1/, = jAx be
the cells interfaces, ; = (j — 1/2)Ax the cells centers and t" = nAt the time mesh. In the

paper, we will set A = %. We aim at constructing a finite volume approximate solution
Pt = (ple, e ,pff), with p2%(t,x) = py; for (t,x) € C} = [t " X2 j_q jo, 2410 and

1=1,...,M.
To this end, we approximate the initial datum p? for i =1, ..., M with a piece-wise constant
function

o 1 [T .
Wi=as [ A@de, ez (2.1)

Tj-1/2

Similarly, for the kernel, we set

) 1 k Az
wj = —— wi(z)dz, k e N¥, (2.2)
o Ax /(k—l)m '
so that Az 3wk = ["w;(z)da = J; (the sum is indeed finite since w¥ = 0 for k > N;
M
sufficiently large). Moreover, we set g = Zpﬁj 4 for k € N and
i=1
+o0
Vi =0y [ Axy wirf |, i=1,...,M, jEL (2.3)
k=1
We formally rewrite (1.1]) as
Opi + piOe(vi(r*xw;i)) +vi(r*w;)0zp; =0, i=1,..., M. (2.4)

L-AR schemes are obtained splitting (2.4) into two different equations, which are solved
successively for each time iteration. To advance the solution from time ¢ to t + At, we first
apply a Lagrangian method [14] to solve

Opi + piOe(vi(r * w;)) = 0, (2.5)

and we use this solution, evolved over a time interval of length At, as initial condition for
solving in a second step the transport equation [4]

atpi + ’Ui(’l“ * wz)&gpl =0, (26)

whose solution, again evolved over a time interval of length At, provides the sought approxi-
mate solution of ([1.1)) valid for ¢ + At.



2.2 Discretization of the Lagrangian step.

We observe that, defining 7; := 1/p;, one obtains from (2.5)) the conservation mass equation
in Lagrangian coordinates

piam — 890(1)@-(7“ * wl)) =0. (27)
In other words, solving (|2 , or equivalently -, means solving the original equation (11.1)
on a moving referential mesh with velocity v;. Assume now that {p} ]GZa =1,....Misa
approximate solution of ((1.1)) in the sense of finite volume methods | . at time t = t",

then a numerical solutlon {pz J "~ }jez of the equation at time At can be naturally
computed by

P TIAT + (Vg = Vi ) A = Azplly, i=1,...,M, jeZ, (2.8)

2,

since (2.8]) expresses that the initial mass in the cell [x Ti_1/2,Tj41 /2] at time t" equals the

mass in the modified cell [z,_ 1/25 ]+1/2] at time At, where T /9 = zj11/2 + V”H/QAt are
the new interface positions for all j. We have the following properties.
Lemma 1. Assume that the time step satisfies the following condition:
-1
At < (oI Wo) (2.9)

If{ = }jez denotes the numerical solution computed by the scheme (2.8)), then the follow-
mg bounds hold:

(1) If pi; = 0 for all j € Z, thenan >0 forall j € 7.

(i) In the scalar case M = 1, the following maximum property holds:
min{py, ..., pJ N} < p "H < max{p},...pjpn} Vi€LZL (2.10)

Proof. (i) Suppose that pj'; > 0 for all j € Z and i = 1,..., M. From (2.8 we have

7
Pt = Pig . (2.11)
LA (Vg = Vioage)
If Vz]+1/2 > V” 1/2 then it is clear that ij 1= > 0. Consider now the case V i1/ <
i1/2" We can compute
+oo +o00
Vz‘Z‘—l/Q - Vz‘Z‘+1/2 = _U]z'maxd’/(fi,j)Ax warﬁk - waT?-i-k—l
k=1 k=1
+oo
<~y (g ) A | (k- — ol
k=1

v DaWo[¢'|| "l

Wy ]+k
[min{a, b}, max{a,b}|. Therefore p"*~ > 0 under (2.9).

for some &;; € T (Am S wfrgﬂrk L AT S when ), where we have set Z(a,b) =



(79) Assume M = 1 and set Vi = Wity Wk = Wl and v™aX = YPaX Let us

prove the upper bound, the lower one resulting from a symmetric procedure. Define
pj = max{p}l, ceey p;-"‘+N}. Consider first the case VﬁH/Z > V}’il/Q. Then it is clear that
el Py

J n n
1+A (Vj+1/2 —Vitij

>§p]7

Consider now the case Vj” <yvr We note that

+1/2 = Vji-1/2
P}

A (Vi = Vit

j <y == 0+ 5 (Vg = Vitag) 2 0.

According with (i), we have the estimation

+o0

ijn_l/Q o ‘/}11/2 _ _Umax¢/(£j)A$ Z (wk _ wk’-l—l) p?+k o wlp;;
k=1

< UmaXHw/HooAx (wlﬁj _ wlpj>
< oWl A (95— ps) Wo

Finally we obtain that
pj =P} = APj (Vﬂyz - jT«LH/z) > (pj = P§) (1 - AtvmaXﬁJHWHooWO =0

holds if At < (vmaXHWHOOHp"HOOWO)_1_
O

Remark 1. Due to the lack of uniform L estimates on approzimate solutions [9], the time
step should in principle be recomputed at each iteration to comply with . In practice,
since the computed solutions stay uniformly bounded in time, it is possible to choose a fixed
time step, as we did in Section[]]. Moreover, we remark that, in the particular case M = 1,
the mazimum principle (2.10) guarantees that ||p"|| ., < HpOHOO for all n € N*.

2.3 Remap Step: Antidiffusive scheme

After the Lagrangian step, the new value p?jl’_ represents approximate values of the density
of the i-th class on a moved mesh with new cells [Z;_; /2, %;1/2] for all j. To avoid dealing
with moving meshes, a so-called remap step is necessary to define the new approximations
p?“ on the uniform mesh with cells [7;_; /9, 7;41/2]. This averaging step can equivalently be
reformulated by using the solution of the transport equation with initial data defined

1,— . . : .
by p?;r " on each cell [x;_1/9,%j41/9], i.e. we consider a numerical scheme in the form

+1 _ ntl— v +1,— +1,- P — ]
pij = p:-fj = ViiA <p2j+1/2 — 'OZj—l/Q) , i=1,....M je€Z. (2.12)

Here, X_/Z”j is a velocity value, defined in terms of available density, which will be chosen in
such a way that the complete scheme (2.5 plus (2.12]) is conservative with respect to (1.1)).



The quantities p"++11 /2 i+l and will
2

be chosen such that the scheme has certain stability and consistency properties. In

particular the choice pZ j—il o = i i for all j € Z produces a diffusive and stable scheme,

are numerical fluxes associated with the cell interfaces x

while p” +1 /2 = p; J +1 yields an antidiffusive but unstable scheme. For this reason, we
proceed as in [4, [10] and we choose pnt}l /o a3 close to the anti-diffusive value p?jﬁ’f as
possible, subject to the following consistency condition
+1,—  n+l, +1, +1,—  n+l,
7j+1/2 - mln{pn 7p7:]+1 } < ,0?3_,'_1/2 < M,j+1/2 - max{p" ,p?3+1 } (213)
and maximum principle
m 12 < PPN < Mgy, (2.14)

which resume the properties of the scheme defined by (| -
Let us now define

n+1,— n+1,—
bt M Pi = M; 112 Bt . Pij — My 5+1/2
b ig+1/2 % max{v? ol |2 g | Mig+1/2 max{v? v I2)
ij—1/20 Vij+1/2 ij—1/20 Vij+1/2
and

= + — +
;12 = max{bim 1ok, Ajjyi = max{B;, M; )0}

In the next lemma, which is a slight modification of Lemma 4.1 in [5], we summarize the
existence and properties of the scheme defined by (2.12)).

Lemma 2. Assume that the following CFL condition holds

A
At< —=2 (2.15)
(vl (L

Then a; j41/2 < p?j L=< A jy1/2 for all j € Z, and for any numerical flux that satisfies

Pnﬁl/g @i j41/2> Aijray2],  for all j € Z, (2.16)

the scheme (2.12)) is L°-stable, that is
Pl e (o T o), forall j € Z, (2.17)

and TVD, i.e.,

+1,— +1,—
Z Pijti — Pig ‘ < Z Pij+1 — Pij|- (2.18)
Jez JEL
In particular, for each j € Z, there exist numbers o j € [0,1] such that
+1,— +1,— +1,—
Pig = ugp gt (L= ig)p) L (2.19)



2.4 Choice of numerical flux

In this subsection, we explain how to compute p. for the scalar case M = 1, the procedure

i j+1 / 2
can be applied component-wise in the multi-class case M > 1. We here proceed as in [5] and
consider the so-called U-Bee method proposed in [I0] for linear transport equation, which is

defined by

n+1,— n+1,— 1- 5‘ n+1,— n+1,—
Piije =0T+ ey =), (2.20)
_ _ pn+1 — pn+1 —
where Aj = Amax{V[" | », VI, o}, ;= @(R;, Aj), with R; := W and
J J
_ - 2 2

Similarly, the so-called N-Bee method described, in [4], corresponds to a second-order scheme
in space and it is more diffusive that the U-Bee scheme. It is defined as in ([2.20]) with

©(R,\) := ¢"B(R, ) := max {0, min {1, 2?} , min {R, 1_%}} . (2.22)

It is proved in [4] that the numerical flux (2.20]) for U-Bee and N-Bee methods satisfies the
assumptions of Lemma

2.5 Lagrangian-Antidiffusive Remap scheme

Assume that p” = (p’f, el p%) approximates the solution of ((1.1)) at time ¢t = ¢" and we wish
to advance this solution to t"*! = " 4 At. To this end, two steps are performed successively:

1. Lagrangian step. Consider that p™ are initial data for (2.5)). First, we define the in-

termediate velocities v” +1/2 by using (2.3), then we compute the numerical solution
n+1

Pi; of equation after an evolution over a time interval of length At, using

scheme (2.8).

2. Antidiffusive remap step. Solve (2.6) with initial data ,02;1’_ using an antidiffusive

scheme ([2.12)) for a specific choice of VZ’;, obtaining a numerical solution p"*! which

approximates the solution of (L.I)) a time ¢"*!.

In the next theorem, the choice of V’; is motivated by the ex1stence of a classical conser-
vative update formula for the whole L-AR scheme ({2.5)) plus (2

Theorem 1. Under the stability conditions (2.9) and (2.15)), there exists a definition of
V” € Z(v? ij1/2 %J+1/2) such that the complete Lagmngian—Antz’diﬁusz’ve remap scheme can
be wmtten in the conservative form

11 n+1, n+1,— .
Pij = Pij— /\< ”+1/2V; J+1/2 P” 1/2V” 1/2) JjEZ. (2.23)

Proof. Let {ijl’_}jez, be a solution of (2.5) obtained by scheme (2.8]). Using this solution
we solve ([2.6) by the scheme , where the value V”- still needs to be determined in such

a way that the resulting scheme is conservative. Replacmg anr " in (2.12)) we obtain
+1 __ +1 [/ +17_ +17_
Pij = Pij— A (fojﬂ/z — Vii- 1/2> P~ VigA (”Zjﬂ/z - ij—1/2> ' (2.24)

7



As p;l;llﬁ satisfies the assumptions of Lemma there exist o ; € [0, 1] satisfying (2.19).
L

Setting ‘7Z” : a”V it (1-— O‘iJ)Vz‘Z‘Hﬂ in (2.24)), we obtain ([2.23]). O
Note that in the scheme (2.23)), the numerlcal flux F Y12 ,0?;:&1 /QVU 4172 is consistent

with the flux f;(p) = piv(r*w;) due to (2.13). As a consequence of Lemmas [1] and [2] we have
the following property.

Lemma 3. (Positivity) For any T > 0, under the stability conditions (2.9) and (2.15)), the
scheme (2.23)) is positivity preserving on [0,T] x R.

Moreover, in the scalar case, we have the following estimates.

Lemma 4 (L* estimate, case M = 1). Under conditions (2.15)) and (2.9), and as a conse-
quence of (2.10) and (2.17), we have

Pyt e T(pf_y, i) for all j € Z.
Lemma 5 (BV estimates, case M = 1). Assume (2.15) and

1
At < . 2.25
= ,Umade)/HOOHpOHOOVVO ( )

Let pA% be constructed using (2.23). Then for every T > 0 the following discrete space BV
estimate holds

max 0 / " 0
IV (85, ) < ™ Tl 195 1 L LT gy 0

Proof. Setting v(§) := v™**) (&), from ([2.8) we recover

+1,— +1,— n+1,— n n+1,— n
p?+1 - P? = pPji1 — )‘Pg ( j+3/2 V+1/2> + )‘Pj ( 12 =Y 1/2)
We have
n+1,— n n n+1,— n n
- )\PjL <Vj+3/2 - Vj+1/2> + )\Pj+ (Vj+1/2 - V'—1/2> (2.26a)

+o00o
n+1,— n n
= /\PJH (§J+1 JAz Zw (p]+k+1 p]+k> + )\P " (fj)Aw Zwk (pj+k - pj+k71>

k=1 k=1
(2.26b)
“+o00
= At = o () Yo (s — ) (2.26¢)
i
= AT [ (40) = 0 €)] D (P — A (2.26d)
k=1
“+o00 “+o00
- Atﬁ?“’_vl(fj) Zwk<p?+k+1 = Piir) — Zwk(P?Jrk = Piik-1) (2.26e)
k=1 k=1
+o00o
== At [T = o () Yo (s — o) (2.26f)
k=1



+o00o
- Atp"Jrl [/ (&j41) — v'(&5)] Zwk (P?+k+1 - p?—i-k)

k=1
+o0 oo
“l’l:* k k
- Atﬂ? U’(fj) ZW (P?+k+1 - P?+k) - ZW (p?-‘rk - p?+k—1)
k=1 k=1
This implies
+oo
1 - la_
1+ AtV (&41) Zwk (P;L+k+1 - P?Jrk) (P;Ljrrl - p?Jr )
k=1
= P41~ Pf
“+o00
+1,— k
— Atpl T [V (&41) = (€)] D w (P?+k+1 - f’?+k>
k=1
+00 +oo
+1,— k k
= At (&) | D W (o — ) = DR — )
k=1 k=1
Observe that
“+o0
1+ Atv'(&11) Zwk (p?-l—k—&-l - p?+k> z1-At HU’HO@HPOHOOWO
k=1

which is positive if At < (HU’HOOH/)OHOOW()>_1. Moreover, we have that

V' (€j11) — V(&) = V" (G y2) (&G — &),
with (j110 €T (fj,ﬁjﬂ). We can compute

+oo +oo
G —& =002 WFpl+ (1 —0)AzY Wl
k=1 k=1

“+oo
— pAz ZW P — (L= Az wFpl,
k=1

+oo
—ﬂAxZwk 1,0;‘+k+ —ﬁ)AxZwkp?Jrk
k=1

+oo
— MAwakp?+k +(1- u)AxZwk+lp§L+

+o0
:A:cz [ﬁwkil + (1 = 9w — pw® — (1 — p)wh ! Pk

+ Az [(1 —Dw!plyy — ol pfy — (1= pw'plf — (1 - N)WZ/);'LJA] :

(2.26g)

(2.26h)

(2.27a)

(2.27D)

(2.27¢)

(2.27d)

(2.27e)



By monotonicity of w we have
Pt (1 = 9w — p® — (1 — p)*t > 0.
Taking the absolute values we get

€41 — &) < AwHﬂ”HOO io [W’“’l + (1= 0w’ — p — (1 — p)™ | + 30!

—Apr H {ﬁw + (1 — p)w? + 3w }
< Az 5”/) H Wo.
Taking the absolute values in (2.27)) we get

/ 0 n+1,— n+1,—
(1= 2l o) St =]
J
1,— 1,
< |1+ PnJrk £j+1 k)_v(fj )‘ anrk U(ﬁj)(wk_wk—i_l)
J J
1,—
€t | A3 o = o)
J
<

2 0 0]
1+5Ath0HOOW0Hv”H Ay Wk —|—2AtW0HpOHOOHv'HOO 3 \p;ul —p?]
= J

<[ v (2l 451 ] )| - ]
J

which, together with the TVD property of the remap step [4, 5], implies

T

At

L A o (2] + 5110 el )

TV Ax
= Ao e

=
N
S~—

vV (pA:v(Tv )) <

0 (Gl 5 Ll )Ty 0

Next Theorem follows from Theorem [I] and Lemmas and

Theorem 2 (Convergence to weak solutions, case M = 1). Let us consider the Cauchy
problem (L.I)-(L.5) with M =1, p°(z) € BV(R;[0,1]), under the assumptions (H1) - (H3).
If and hold, then the approzimate solution p™® constructed by the scheme
converges to a weak solution of - .

Proof. Under conditions ([2.15) and (2.9)), the approximate solutions p®® constructed by the
numerical scheme ([2.23]) are uniformly bounded and uniformly bounded total variation. The
result follows by standard application of Helly’s Theorem. O

10



3 Two simple schemes for the non-local multi-class traffic flow
model

In Section 4l we consider the following conservative schemes for the multi-class model ([1.1))
in the form

ot = ol = MNFlys = Flysip) s = Lo M. (3.1)

First, we consider the Godunov-type scheme , which was introduced in [12] in the scalar case
and then extended to ((1.1]) in [9], with numerical flux

Fjay2 = Vi (3.2)
We recall that for scheme (3.1))-(3.2)) the positivity is guaranteed if
1

S max :
(vl | /N8

We consider also the approximate solutions constructed via the following adapted Lax-Friedrichs
flux, that was used [3 [I1] in the scalar case and in [9] for system (1.1)):

1 Q
Flipp =35 (p?,j‘/Z;'—l/Q + ij-l-lVZ;’—EI/Q) T3 (P?,j - P?,j+1> : (3.3)

where o > v (||| o, is the viscosity coefficient and Aa < 1 the CFL condition.

3.1 A second-order Godunov scheme

Schemes (3.1))-(3.2)) and (3.1)-(3.3)) being only first-order accurate, we propose here a second-

order accuracy scheme, constructed using MUSCL-type variable extrapolation and Runge-
Kutta temporal differencing. To implement it, we approximate p;(z,t™) by a piecewise linear
functions in each cell, i.e. p;;(x,t") = P+ JZJ»(:J: — xj), where the slopes o;; are calculated
via the generalized minmod limiter, i.e.

1 . 1
Uffj = Hmmmod(ﬂ(pzj - ijfl)v 5(/7?,341 - p?,jfl)a ﬁ(ijJrl - ij))v

where ¥ € [1,2] and

minmod(a, b, ¢) := otherwise

{sgn(a) min{Jal, B], |c|}  if sgn(c) = sgn(b) = sgn(a)
This extrapolation enables one to define left and right values at the cell interfaces respectively
by
piL,jJrl/Q, = ﬁi,j(xj + A$/2, tn) = PZ]‘ + O—Zij/Zv
p,f'j_l/z = pij(z; — Ax/2,t") = p'; — 07 ; Az /2.
In order to define the corresponding velocity approximations, we set
M
Pk = Zﬁﬁﬁk =1 + 07 (2 — 2j4n),
i=1

11



M
where ©7,, = Za{fﬂk, and

+oo +oo
Vz’Z’—l—l/Q =i ((F = w;) (", $j+1/2)) =" | Az szkr?-&-k + Az Z@f,j@?}k (3.4)
k=1 k=1

Az/2

A2 ywi(y + (k — 1/2)Az)dy. The MUSCL

fori=1,...,M, j € Z, Wherew”::Axf
version of the i-th flux component thus reads

n . L %0
fi,j+1/2 = pi,j+1/2vi,j+1/2'

To achieve formal second-order accuracy also in time, we use second-order RungeKutta (RK)
time stepping. More precisely, if we write our scheme with first-order Euler time differencing
and second-order spatial differencing formally as

P;L—H = P}l — AL;j(p") = P? —A <F?+1/2 - F?fl/Z) ) (3.5)
then the RK version takes the following two-step form

(1) _

1 1 :
Pt = %(p? +p) = 3L,(p}")
Lemma 6. For any T > 0, under the CFL condition
Ax
At < ) (3.7)
20519l o

the scheme (3.6) is positivity preserving on R x [0,T].

Proof. Let us assume that pi’; > 0 for j € Z and ¢ = 1,..., M. The positivity of the
reconstructed values p i1/ and p” +1/2 is guaranteed by the positivity preserving property
of the chosen limiter [17, 18]. It suffices to prove that p”Jrl > 0 in (3.5). Due to P =
%(pf‘j_l/z + p£j+1/2), the i-th term in can be written in the form

1 1
1
p?;r §'Ow 12+ ( )\VJ'H/Q) pw+1/2+)‘pw 1/2VJ 1220,

under the CFL condition (3.7). O

4 Numerical results

In the following numerical tests, we solve numerically in the intervals x € [—1,1] and
t € [0, T, for values of T specified later. We propose several test cases in order to illustrate
the behaviour of the Lagrangian- Antidiffusive remap (L-AR) scheme in comparison with first-
order Lax-Friedrichs and Godunov schemes and the second-order Godunov scheme .
For each integration, we set At to satisfy the most restrictive CFL condition .

12



Figure 1: Test 1: Comparison of the numerical solutions at 7' = 0.1 corresponding to the initial
condition (4.1)), computed with 1/Az = 80 and different kernel functions. (a) w(z) = 1/n,

(b) w(@) = 2(n —)/n?, (c) w(x) = 3(n* — 2%)/(2n°).

Since we cannot compute the exact solution explicitly, we use the second-order Godunov
scheme with a refined mesh to obtain a reference solution. The L!-error for the cell average
is given by

N
L'(Az) = Z Z!pm 7l

=1

where p; ; and pref are the cell averages of the numerical approximation and the reference
solution respectlvely. The Experimental Order of Accuracy (E.O.A.) is naturally defined by

v(Az) = log, <L1(Ax) /Ll(Am/2)> .

4.1 Test 1, scalar case

We consider the problem for M = 1, with initial datum
pol) = {? 173 <z <2/3 (4.1)
3, otherwise,

for x € [0,1], with absorbing boundary conditions, and different non-increasing kernel func-
tions with n = 0.1. In Figure [I} we display the numerical approximations obtained with
the schemes presented in the previous sections, computed with 1/Az = 80 at T = 0.1.
Fig. show the result for w(z) = 1/n, Fig. for w(z) = 2(n — z)/n? and Fig. |Id| for
w(z) = 3(n* — 22)/(2n3). The reference solution is computed with 1/Az = 10240. The
numerical solutions obtained with L-UBee and L-NBee approximate adequately shocks and
rarefaction waves according to the theoretical results of Theorem [2| In particular, concerning
the shock waves, L-AR schemes capture the reference solution better than the second-order
Godunov scheme, whereas the solutions computed with Lax-Friedrichs and Godunov schemes
are more diffusive. In the presence of rarefaction waves, L-UBee scheme produces “stair-
caising” due to the particular choice of the antidiffusive scheme. We can observe the same

“staircaising” phenomena also for the linear advection and other equations [4} [5].
Table shows the approximate L'(Ax)-errors and the numerical orders of accuracy y(Ax)
for the different schemes. We computed numerical approximations with 1/Az = 40 x 29 for

13



Scheme w(z) =1/n w(@) =2 —a)/n* | w(x) =30 —2")/(2n°)
1/Az | L¥—error | v(Az) | L'—error [ y(Az) | LT— error ~v(Azx)
Godunov 80 1.81e-02 - 1.62e-02 - 1.64e-02 -
160 1.12e-02 6.98e-01 7.73e-0.3 1.06 8.72e-03 9.11e-01
320 7.85e-03 | 5.10e-01 | 6.15e-03 | 3.29e-01 | 6.53e-03 4.19e-01
640 5.33e-03 | 5.58e-01 | 3.43e-03 | 8.43e-01 | 4.01e-03 7.04e-01
1280 3.62e-03 5.58e-01 2.51e-0.3 | 4.50e-01 2.76e-03 5.39e-01
Lax-F 80 3.48e-02 - 2.89e-02 - 2.94e-02 -
160 2.50e-02 4.81e-01 1.72e-02 7.50e-01 1.91e-02 6.23e-01
320 1.86e-02 | 4.24e-01 | 1.35e-02 | 3.46e-01 | 1.48e-02 3.67e-01
640 1.29e-02 5.28e-01 8.94e-03 5.7e-01 1.02e-02 5.38e-01
1280 8.72e-03 5.64e-01 | 6.670e-03 | 4.23e-01 7.30e-03 4.70e-01

L-NBee 80 9.30e-03 - 8.93e-03 - 9.24e-03 -
160 4.29e-03 1.11 4.78e-03 9.01e-01 4.50e-03 1.03e-01
320 2.51e-03 7.47e-01 2.52e-03 9.27e-01 2.37e-03 9.25e-01
640 1.58e-03 1.11 1.15e-03 1.13 1.08e-03 1.13
1280 6.57e-04 8.17e-01 6.46e-04 8.31e-01 6.19e-04 8.05e-01
L-UBee 80 1.00e-02 - 8.90e-03 - 9.09e-03 -
160 4.58e-03 1.13 4.40e-03 1.02 4.82e-03 9.16e-01
320 2.7e-03 7.62e-01 2.87e-03 6.61e-01 2.62e-03 8.80e-01
640 1.15e-03 1.23 1.38e-03 1.05 1.37e-03 9.30e-01
1280 9.48e-04 2.76e-01 9.69e-04 5.13e-01 9.00e-04 6.11e-01
Godunov2 80 1.20e-02 - 1.08e-02 - 1.01e-02 -

160 6.54e-03 8.70e-01 5.5e-03 9.71e-01 5.96e-03 8.86e-01
320 3.82e-03 7.73e-01 3.35e-03 7.17e-01 3.51e-03 7.64e-01
640 2.29e-03 7.42e-01 1.76e-03 9.25e-01 1.94e-03 8.53e-01
1280 1.23e-03 8.89e-01 1.02e-03 7.87e-01 1.08e-03 8.42e-01

Table 1: Test 1. Approximate Ll-error and E.O.A. v for different numerical schemes and
with different kernel functions and n = 0.1 corresonding to the initial condition (4.1]).

qg=1,2,...,5. Clearly, the error of the L.-AR schemes decreases when the mesh is refined and
we observe that for each level of refinement, the L-error of the L-AR schemes is smaller
than the respective errors of Lax-Friedrichs and Godunov schemes. In conclusion, when the
solution presents discontinuities, we can compare the performances of the L-AR schemes with
those of a second-order scheme.
Now, in order to determine the correct order of accuracy of the L-AR schemes, we consider
a smooth initial datum
po(z) = 0.5+ 0.4 sin(nz) (4.2)

for x € [—1, 1], with periodic boundary conditions and compute the numerical approximation
at T' = 0.15 for different kernel functions with n = 0.1. The reference solution is computed
with 1/Axz = 10240. In Table [2| and Figure [3| we compute the L!-error and E.O.A. v(Ax).
We recover the correct order of accuracy for the second-order Godunov scheme. Instead, we
obtain just first-order accuracy for L-AR schemes. However, it is worth underlying that the
Ll-error of the L-NBee scheme is smaller than the corresponding error for Lax-Friedrichs and
Godunov schemes. For the L-UBee scheme, we obtain first order accuracy and the L'-error
for each level of refinement is bigger than the error of the other first order numerical schemes,
due to the antidiffusive property of the UBee scheme.
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Figure 2: Test 1. Initial condition (4.1)). Approximate L!-error for different numerical schemes
with: (a) constant kernel function w(x) = 1/n, (b) decreasing kernel function w(z) = 2(n —
x)/n?, (c) concave kernel function w(x) = 3(n? — x2)/(2n3).

—e—Godunov - —o—Godunov - [—o—Godunov -
——Godunov2 ——Godunov2 —+—Godunov2
107 —+—Lax-Friedrichs 107 —s—Lax-Friedrichs 107 —— Lax-Friedrichs
——L-NBee ——L-NBee ——L-NBee
L-UBee L-UBee L-UBee

1 2 3 4 5 1 2 3 4 5 1 2 3 4 5

(a) (b) ()

Figure 3: Test 1. Initial condition (4.2)). Approximate L!-error for different numerical schemes
with: (a) constant kernel function w(x) = 1/n, (b) decreasing kernel function w(z) = 2(n —
x)/n?, concave kernel function w(x) = 3(n? — 22)/(2n?) (c).

4.2 Test 2. Cars and trucks mixed traffic

In this test case, we consider a stretch of road populated by cars and trucks as in the example
proposed in [9, Section 4.2]. The space domain is given by the interval [—1, 1] and we impose
absorbing conditions at the boundaries. The dynamics is described by the equation with
M = 2, and the following initial conditions and parameter values

2 T
p1(0,2) = 0.5x[_06,—0.4)(®), wi(z)=— (1 - ) ;o m =03, v = 0.8,

2 x
p2(0,7) = 0.5x|—0.9,—0.6)(¥), wa(r)=— (1 - ) ,  m2=0.1, vy =1.3.
2 2

In this setting, p1(f, ) and pa2(z,t) describe the density of trucks and cars respectively. We
have a red traffic light located at x = —0.1, which turns green at the initial time ¢ = 0.
In Figure 4} we display the reference solution of equation with initial conditions and
parameters , computed with with 1/Ax = 5120 at increasing time instants (7" = 0.25 in
Fig.[dal T'= 0.5 in Fig. fb]and T' = 1 in Fig.

In Figure[5] we display separately the two density components of the approximate solutions
computed using all the considered schemes with 1/Ax = 80, compared to the reference
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Scheme w(z) =1/n w(@) =2 —a)/n* | w(x) =30 —2")/(2n°)
1/Az | L¥—error | v(Az) | L'—error [ y(Az) | LT— error ~v(Azx)
Godunov 80 1.28e-03 - 1.33e-03 - 1.33e-03 -
160 6.44e-04 9.88e-01 6.73e-0.4 9.95e-01 6.68e-04 9.94e-01
320 3.23e-04 | 9.94e-01 | 3.38¢-04 | 9.97e-01 | 3.34e-04 9.97e-01
640 1.62e-04 9.97e-01 1.69e-04 9.99e-01 1.67e-04 9.98e-01
1280 8.11e-05 9.98e-01 8.47e-0.5 9.99e-01 8.38e-05 9.99e-01
Lax-F 80 1.58e-03 - 1.92e-03 - 1.76e-03 -
160 7.24e-04 1.12 8.14e-04 1.24 7.73e-04 1.18
320 3.46e-04 1.07 3.70e-04 1.14 3.59e-04 1.10
640 1.69e-04 1.03 1.77e-04 1.06 1.74e-04 1.05
1280 8.35e-05 1.02 8.67e-04 1.03 8.55e-05 1.02
L-NBee 80 4.55e-04 - 4.30e-04 - 4.36e-04 -
160 2.23e-04 1.02 2.24e-04 9.43e-01 2.24e-04 9.65e-01
320 1.10e-04 1.01 1.14e-04 9.72e-01 1.13e-04 9.83e-01
640 5.49e-04 1.01 5.76e-05 | 9.86e-01 | 5.69e-05 9.92e-01
1280 2.74e-05 1.00 2.89e-05 9.93e-01 2.85e-05 9.96e-01
L-UBee 80 2.30e-03 - 2.14e-03 - 2.16e-03 -
160 1.75e-03 3.96e-01 1.23e-03 7.97e-01 1.26e-03 7.72e-01
320 1.48e-03 | 2.49e-01 | 1.18e-03 | 5.59e-02 | 1.20e-03 8.05e-02
640 9.82e-04 5.89e-01 8.39e-04 4.98e-01 8.41e-04 5.09e-01
1280 5.06e-04 9.56e-01 4.53e-04 8.88e-01 4.63e-04 8.61e-01
Godunov2 80 2.86e-05 - 2.89e-05 - 2.89e-05 -
160 6.80e-06 2.07 6.74e-06 2.10 6.76e-06 2.09
320 1.53e-06 2.15 1.53e-06 2.14 1.53e-06 2.14
640 3.42e-07 2.16 3.42e-07 2.16 3.41e-07 2.16
1280 7.72e-08 2.15 7.75e-08 2.14 7.73e-08 2.14

Table 2: Test 1. Approximate L1-error and E.O.A. v, with smooth initial condition (4.2]) and

different kernels function with n = 0.1.

solution of Figure [dl The numerical tests indicate that for M > 1, the L-AR solutions are
anti-diffusive for each class and they keep this anti-diffusive behavior for the whole simulation
time. We observe that the L-NBee solution approaches very well the reference solution for
each class at different times. Instead, the L-UBee solution shows “stairs” in the presence of

rarefaction-waves.

In Table 3| and Figure @ we compute the approximate L!-error and the E.O.A at time
T = 0.5. We observe that the performance of L-AR schemes are comparable with those of
the second order Godunov scheme. In particular, we have that the L-NBee L!-error is the

smallest for each level of refinement.

1/Az Godunov Lax-F L-NBee L-UBee Godunov2

1/Az | Li-err | v(Az) | Li-err | v(Az) | L¥:-er | v(Az) | Li-err | ~v(Az) | L¥:-err | y(Ax)
80 2.7e-02 - 4.8e-02 - 5.2e-03 - 1.6e-02 - 8.5e-03 -
160 1.9e-02 0.53 3.4e-02 0.52 2.9e-03 0.83 5.8e-03 1.5 5.5e-03 0.64
320 1.3e-02 0.57 2.3e-02 0.55 1.2e-03 1.3 2.4e-03 1.2 3.0e-03 0.84
640 8.6e-03 0.58 1.6e-02 0.57 5.1e-04 1.3 1.4e-03 0.74 1.7e-03 0.87
1280 | 5.7e-03 0.59 1.0e-02 0.58 3.6e-04 0.51 9.4e-04 0.63 8.0e-04 1.0

Table 3: Test 2. Non-local multi-class LWR model. Initial condition (4.3]), with decreasing

kernel functions, final time 7" = 0.5. The reference solution is computed with 1/Axz = 5120.
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density at time t=0.250000 density at time=0.500000 density at time t=1.000000

-0.85 -0.55 -0.25 0.05 0.3 -0.6 -0.4 -0.2 0 0.2 0.4 -0.6 -0.4 -0.2 0 0.2 0.4 0.6 0.8

Figure 4: Test 2: Density profiles corresponding to (|1.1))-(4.3), computed by second-order
Godunov scheme with 1/Az = 5120, at different times.

4.3 Test 3. Autonomous and human-driven mixed traffic

The aim of this test is to study the possible impact of the presence of Connected Autonomous
Vehicles (CAVs) on road traffic performances, as proposed in [11], Section 4.2]. Let us consider
a circular road modeled by the space interval [—1,1] with periodic boundary conditions at
x = +1. Autonomous and non-autonomous vehicles have the same maximal speed, but the
interaction radius of CAVs is much grater than the one of human-driven cars. Moreover, we
can assign a constant convolution kernel to CAVs, since we assume that the degree of accuracy
on information they about surrounding traffic is transmitted through wireless connections and
does not depend on distance. We consider the following initial data and parameters

1
p1(0,z) = B(0.5 + 0.3 sin(bmx)), wi(x) = m’ nm =10, " =1,
1
2
p2(07$) = (1 — ﬁ) (05 + 0.3 sin(57mc)), w2($) = n— (1 — ;) , Ny = 0057 ,Uénax — 17
2 2

(4.4)

where p; is the density of autonomous vehicles and ps the density of human-driven vehicles.
The parameter 5 € [0, 1] gives the penetration rate of autonomous vehicle.

Figure |7] displays the reference solution of — with 8 = 0.9, computed by the
second-order Godunov scheme with 1/Az = 10240 at times 7" = 1.5 in Fig.

In Figure 8] we display separately the two classes and we compare the approximate solu-
tions computed by all the considered schemes with 1/Axz = 320, and the reference solution.
Again, the numerical solutions obtained using the L.-AR schemes are more anti-diffusive than
those produced by first-order schemes. We observe a good behavior of the L-NBee scheme.
Instead, the L-UBee scheme approaches the reference solution very well in the presence of
shock-waves. On the other hand, the usual “stairs” appear in presence of rarefaction-waves.

In Table 4| and Figure we compute the approximate Ll-error and the E.O.A at time
T = 1.5. We observe that the performances of L-NBee schemes are comparable with those
of the second order Godunov scheme. It is worth pointing out that despite the ”staircaising”
phenomenon the L-UBee Ll-error is still smaller than the L-error of the other first-order
schemes.
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density at time=0.500000 density at time t=0.500000

07 —+—L-NBee 0.7 —+—L-NBee
--+-Lax-Friedrichs --#--Lax-Friedrichs

0.6 - L-UBee 1 0.6 - L-UBee R
— o -Godunov — & -Godunov
—v—Godunov2 —v—Godunov2

0.5 ——reference solution 0.5 —reference solution

() (d)

density at time t=1.000000 density at time t=1.000000

0.7 —+—L-NBee 0.7 —+—L-NBee
--*-—Lax-Friedrichs s —-»-—Lax-Friedrichs

0.6 L-UBee 1 0.6 [ / —e -Godunov q
—e -Godunov —v—Godunov2
—v—Godunov2 R L-UBee

0.5 r ——reference solution || 0571 3 \ ——reference solution ||

Figure 5: Test 2. (a)-(c)-(e) Profile of p1; (b)-(d)-(f) profile of pa computed with different
numerical schemes at different times and 1/Az = 80.

5 Conclusions

We extended the L-AR schemes proposed in [0, [6] to the non-local multi-class traffic flow
model proposed in [9]. We provided some properties of the L-AR scheme and we proved
the convergence to weak solutions in the scalar case. The proposed numerical tests indicate
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Figure 6: Test 2. Approximate total L'-error for different numerical schemes with the de-
creasing kernel functions w(z) = wa(z) = 2(n12 — 93)/77%,27 m =0.3,1m=0.1

Godunov Lax-F L-NBee L-UBee Godunov2
1/Az | Li-err [ v(Az) | Lt-err | v(Az) | Li-err | v(Az) | Ll-err | 4(Az) | Li-err | v(Ax)
320 5.2e-02 - 8.5e-02 - 3.0e-03 - 1.3e-02 - 3.1e-03 -

640 3.1e-02 0.76 5.8e-02 0.56 1.4e-03 1.1 5.7e-03 1.3 1.4e-03 1.1
1280 | 1.7e-02 0.87 3.5e-02 0.73 3.9e-04 1.8 2.8e-03 1.0 3.7e-04 1.9
2560 | 8.9e-03 0.93 1.9e-02 0.85 1.9e-04 1.0 1.4e-03 1.0 2.0e-04 0.84

Table 4: Test 3. Initial condition (4.4)), with different kernel functions, final time 7" = 1.5.
The solutions are computed with 1/Az = 160 x 27 for ¢ =1, ..., 4.

that these schemes are competitive with the first and second-order schemes proposed in the
literature, in particular when more than one class are involved. If the initial datum has jump
discontinuities, the performance of L-AR schemes are comparable with those of the second-
order Godunov scheme. The extension to higher order accuracy is a much more involved issue
to be considered in the near future.
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Figure 7: Test 3. (a) Reference solution of Test 3 computed with 1/Ax = 10240.

Approximate total L-error for different numerical schemes.

0.5 0.25 —e—Godunov
——L-NBee
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Figure 8: Test 3. (a) Profile of p1; (b) profile of p2, computed with different numerical schemes

at time=1.5 and 1/Az = 320.
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