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Optimal time for the controllability of linear hyperbolic systems
in one dimensional space

Jean-Michel Coron * Hoai-Minh Nguyen T

Abstract

We are concerned about the controllability of a general linear hyperbolic system of the
form Oyw(t, x) = B(x)d,w(t, ) + vC(x)w(t, z) (v € R) in one space dimension using bound-
ary controls on one side. More precisely, we establish the optimal time for the null and exact
controllability of the hyperbolic system for generic v. We also present examples which yield
that the generic requirement is necessary. In the case of constant ¥ and of two positive
directions, we prove that the null-controllability is attained for any time greater than the
optimal time for all v € R and for all C' which is analytic if the slowest negative direction
can be alerted by both positive directions. We also show that the null-controllability is at-
tained at the optimal time by a feedback law when C' = 0. Our approach is based on the
backstepping method paying a special attention on the construction of the kernel and the
selection of controls.

Keywords: hyperbolic systems, boundary controls, backstepping, optimal time.
AMS: 35F05, 35F15, 35B37, 58G16, 93C20.

1 Introduction

Linear hyperbolic systems in one dimensional space are frequently used in modelling of
many systems such as traffic flow, heat exchangers, and fluids in open channels. The stability
and boundary stabilization of these hyperbolic systems have been studied intensively in the
literature, see, e.g., [3] and the references therein. In this paper, we are concerned about the
optimal time for the null-controllability and exact controllability of such systems using boundary
controls on one side. More precisely, we consider the system

Orw(t, x) = 3(x)0zw(t, x) + yvC(z)w(t, x) for (t,z) € Ry x (0,1). (1)

Here w = (w1, -+ ,w,)" : Ry x (0,1) = R™ (n >2), v € R, ¥ and C are (n x n) real matrix-
valued functions defined in [0,1]. We assume that for every x € [0,1], X(z) is diagonal with
m > 1 distinct positive eigenvalues and £k = n —m > 1 distinct negative eigenvalues. Using
Riemann coordinates, one might assume that (z) is of the form

Y(x) = diag( —A(x), = Ap(x), Mg (), - - ,)\n(:n)), (2)
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where
—A(@) <o < =(2) <0< Apgr (@) < < Apm(2). (3)

Throughout the paper, we assume that
Ai is Lipschitz on [0,1] for 1 <i <n(=k+m). (4)

We are interested in the following type of boundary conditions and boundary controls. The
boundary conditions at x = 0 are given by

(wla T 7wk)T(t7 0) = B(warla e 7wk+m)T(t7 O) for ¢ > 07 (5)
for some (k x m) real constant matrix B, and the boundary controls at z = 1 are
’U)k+1(t, 1) = Wk+1(t), ey wk+m(t, 1) = Wk+m(t> for ¢ Z O, (6)

where Wii1,..., Wiy, are controls. Our goal is to obtain the optimal time for the null-
controllability and exact controllability of , , and @ Let us recall that the control
system , , and (@ is null-controllable (resp. exactly controllable) at the time 7" > 0 if, for
every initial data wp : (0,1) — R™ in [L?(0,1)]" (resp. for every initial data wp : (0,1) — R™
in [L2(0,1)]" and for every (final) state wr : (0,1) — R™ in [L?(0,1)]"), there is a control
W = (Wis1,. s Wiem) ' 2 (0,T) — R™ in [L?(0,7)]™ such that the solution of (T]), (§), and
(6) satisfying w(0,z) = wo(z) vanishes (resp. reaches wr) at the time T w(T,z) = 0 (resp.
w(T,x) = wp(x)). Set

1
1
T = ——dffor1<i<n 7
' /o Ai(€) @)
and
T max {7—1 +7'm+17~--77—k:+7-m+ka7-k+1} it m Z k? (8)
opt ‘= .
max {Tkﬂ,m + Thal, Tkt2—m + Tha2y -« Tk + Tk+m} ifm < k.

The first result in this paper, which implies in particular that one can reach the null-
controllability of , , and @ at the time T, for generic v (and B), is

Theorem 1. Assume that and hold. We define
B:={Bc¢ RF*™: such that holds for 1 < i < min{k,m — 1}}, (9)

where

the i x i matriz formed from the last i columns and the last i rows of B is invertible. (10)
Then

1. In the case m = 1, there exists a (linear) time independent feedback which yields the
null-controllability at the time Top;.

2. In the case m =2, if B € B, By # 0, ¥ is constant, and (Topt = T + Tht2 = Th—1 + Tht1
if k> 2 and Topy = 11 + 13 = 12 if k = 1), then there exists a non-zero constant matriz C
such that the system is not null-controllable at the time Ty .



3. In the case m > 2, we have i) for each B € B, outside a discrete set of v in R, the control
system , , and @ is null-controllable at the time Top, and i) for each ~y outside a
discrete set in R, outside a set of zero measure of B in B, the control system , , and
@ is null-controllable at the time Top;.

Theorem [T]is proved in Section [} The optimality of T,y is shown in Proposition [Tjfor C' =0
(see also Remark [L1)).

Remark 1. In Proposition [3] in Section [5], we present a null-controllability result, which holds
for all v and B € B, for a time which is larger than T,,; but smaller than 75 defined in for
m > 2.

Concerning the exact controllability, we have the following theorem whose proof is just a
straightforward modification of the one of Theorem [I] (see Remark [10]).

Theorem 2. Assume that m >k > 1, and hold. Define
Be:={B¢ RF*™: such that holds for 1 <i < k}, (11)

Then, i) for each B € Be, outside a discrete set of v in R, the control system , , and @
is exactly controllable at the time Ty, and i) for each vy outside a discrete set in R, outside a
set of zero measure of B in B, the control system , , and @ is exactly controllable at the
time Topt.

Remark 2. In the case kK = m = 1, the result of Theorem [2| holds for all v and B € B, which
was already proved in [23]. Our proof can be modified to obtain this result.

In the case where k > 1, m = 2, ¥ is constant, B € B, and By, # 0, we show that the system
is null-controllable for any time greater than 75, for all v € R and C analytic. More precisely,
we have

Theorem 3. Let k> 1, m =2, and T > Ty,y. Assume that holds, B € B and By; # 0, X
is constant, and C is analytic on [0, L] E| where

Qb2 f k=1

Pk . o Akt1 k=1,
L=2"79 wih p=9g N Aeizy (12)

Pk min { Ming<ji<i<k X, Ny } if k> 2.

Then the system is null-controllable at the time T. Similarly, if in addition that m > k and
B € B, then the system is exactly controllable at the time T.

Theorem [3] is proved in Section [6]
In the case C = 0, we can prove that 7}, is the optimal time for the null-controllability of
the considered system via a linear time independent feedback law. More precisely, we have

'This means that C is analytic in a neighborhood of [0, L].



Proposition 1. Assume that C = 0 and holds for 1 < i < min{k,m — 1}. There exists
a linear time independent feedback which yields the null-controllability at the time Tpy;.
Assume in addition that holds for i = min{k, m}, then, for any T < Ty, there exists an
initial datum such that w(T,-) Z 0 for every control.

Proposition [I] is proved in Section [7}

We now briefly describe the method used in the proofs. Our approach relies on backstepping
due to Miroslav Krstic and his coauthors (see also Remark . More precisely, we make the
following change of variables

u(t,x) = w(t,x) — /: K(z,y)w(t,y)dy

for some kernel K : T = {(a:,y) €(0,1)}0<y< 3:} — R"™. The idea is to choose K in such a
way that the controllability of the target system of u is easier to investigate. In our case, K is
chosen so that holds with K (x,0) having appropriate properties, see in particular and

9)-

The use of backstepping method to obtain the null-controllability for hyperbolic systems in
one dimension was initiated in [10] for the case m = k = 1. This approach has been developed
later on for more general hyperbolic system in [14} [}, [7]. In [10], the optimal time Tj,; is obtained
for the case m = k = 1. In [I4], the authors considered the case where ¥ is constant. They
obtained the null-controllability for the time

m
T = Tk+ZTk+l- (13)
=1
It was later showed in [I} [7] that one can reach the null-controllability at the time
T5 =T + Tga1- (14)

In [14, 1], [7], one does not require any conditions on B and the optimal time in this case is T5.
With the convention , it is clear that

Topt <7y < Tl;

and
To<Tirifm>1 and Ty <Tpifm>1ork>1.

When C = 0, Long Hu [I3] established the exact controllability for quasilinear systems, i.e.,
A = A(u), in the case m > k for the time

T3 := max{7g+1, Tk + Tm+1}

under a condition on B, which is equivalent to with ¢ = k in our setting. It is clear in the
case m > k that

Topt <Ts <Ty, Ts=Tyyifk=1, and Toy<Tyifk > 1.



In the linear case, the null controllability was established for the time 75 without any as-
sumption on B and the exact controllability was obtained in the case m = k under a condition
which is different but has some similar features to condition with ¢ = k in [23] Theorem
3.2]. In the quasilinear case with m > k, the exact controllability was derived in [11, Theorem
3.2] (see also [12]) for m > k and for the time 75 under a condition which is equivalent to
with ¢ = k in our setting.

Theorems [If and [2] and Proposition [I| confirm that generically the optimal time to reach the
null-controllability for the system in (L)), (5]), and (6]) is T,p. Condition B € B (resp. B € Be) is
very natural to obtain the null-controllability (resp. exact-controllability) at T, (see Section
for details) which roughly speaking allows to use the [ controls Wi p,—i141, -+ , Witm to control
Up—i41, - ,ug for 1 <1 < min{k,m} (the possibility to implement [ controls corresponding to
the fastest positive speeds to control I components corresponding to the lowest negative speeds).

In comparison with the previous works mentioned above, our analysis contains two new
ingredients. First, after transforming the system into a new one (target system) via backstepping
method as usual, we carefully choose the control varying with respect to time so that the zero
state is reachable at T,,; in the previous works, the zero controls were used for the target system.
Secondly, the boundary conditions of the kernel obtained from the backstepping approach given
in this paper are different from the known ones. Our idea is to explore as much as possible
the boundary conditions of the kernel to make the target system as simple as possible from the
control point of view.

Remark 3. The backstepping method has been also used to stabilize the wave equation [10,
22, 19], the parabolic equations in [20, 2], nonlinear parabolic equations [24]. The standard
backstepping approach relies on the Volterra transform of the second kind. In some situations,
more general transformations are considered as for Korteweg-de Vries equations [5], Kuramoto—
Sivashinsky equations [8], and Schrodinger’s equation [6]. The use of backstepping method to
obtain the null-controllability of the heat equation is given in [9]. A concise introduction of this
method applied to numerous partial differential equations can be found in [17].

The paper is organized as follows. In Section[2], we apply the backstepping approach to derive
the target system and the equations for the kernel. Section [3|is devoted to some properties on
the control systems and the kernel. The proofs of Theorems |1 and |3| are presented in Sections
and [6] respectively. A null-controllability result which holds for all ¥ and B € B is given in
Section ] In Section [7] we present the proof of Proposition

Acknowledgement: The authors are grateful to the Institute for Theoretical Studies, ETH
Ziirich for the hospitality and the support. They are also partially supported by ANR, Finite4SoS
ANR-15-CE23-0007. They thank Amaury Hayat and Long Hu for useful comments.

2 A change of variables via backstepping approach. Systems of
the kernel and the target

In what follows, we assume that v = 1, the general case can be obtained from this case
by replacing C by vC. As in [2 Section 3], [10, Section 4], and [I5, Section 3], without loss of



generality, one can assume that Cy;(x) = 0 for 1 <4 < n. The key idea of backstepping approach
is to make the following change of variables

ult,) = wlt, z) - /0 " K (e, y)wit.y) dy, (15)

for some kernel K : T — R™ " which is chosen in such a way that the system for u is easier to
control. Here
T ={(z,y) € (0,1)}0 <y < z}. (16)

To determine/derive the equations for K, we first compute dyu(t, z) — X(x)0u(t, x). Taking
into account ([15]), we formally haveE|

Owu(t, ) =0w(t,x) — /056 K(z,y)0w(t,y) dy

—oult.) — [ [Klen)(Swyutt.) + Cout)]d by @)
=0yw(t,x) — K(x,2)3(x)w(t, z) + K(x,0)3(0)w(t,0)
+ /0m {ay (K(m,y)E(y))w(t, y) — K(:L“,y)C’(y)w(t,y)] dy (by integrating by parts)
and
Opu(t,x) = Opw(t,x) — /I 0. K (z,y)w(t,y)dy — K(z,z)w(t,x).
0
It follows from that

Buu(t, ) — (x)dpult, z) = (C@;) ~ K(z,2)2(z) + () K (z, a:))w(t, ) + K(z,0)S(0)u(t, 0)

+ [ ok =) + K@= - K@) + S@o.K e ]t dy. (7
We search a kernel K which satisfies the following two conditions
Oy K (z,y)S(y) + X(2)0: K (2,y) + K(z,y)¥(y) — K(z,9)C(y) =0in T (18)

and
C(x) :=C(z) — K(z,z)2(x) + X(z)K(z,z) = 0 for z € (0,1), (19)

so that one formally has

Owu(t, z) = X(z)0yu(t, z) + K(z,0)2(0)u(t,0) for (t,z) € Ry x (0,1). (20)

2We assume here that u, w, and K are smooth enough so that the below computations make sense.



In fact, such a K exists so that holds (see Proposition . We have

the (4,) component of the matrix 0, K (z,y)¥(y) + X(x)0, K (z,y) is

Qg5 (y)ayKij (xa y) + bij (x)aZKlj (l‘, y)7 (21)

where
(= Xi(y),—Ni(z) if1<4,j<k,
(a3 (y). bis(@)) = (N (), —Xi()) ?f 1<i< k < k+1<j<k+m, -
(N (): i) ifk+1<i,j<k+m,
(=X, hi(@)  f1<j<k<k+1<i<k+m.
We denote

Iy = {(x,m);:z: € (0,1)}, Iy = {(:U,O);l’ € (0, 1)}, and I's3= {(1,y);y € (0, 1)}

Remark 4. By the characteristic method, it is possible to impose the following boundary
conditions for K;; when X is constant:

e On Ty if a;j/b; <0, see case a) in Figure i}

e On both I'y and I'y if 0 < a;;/b;j < 1, see case b) in Figure
e OnI'y and I's if a;;/b;; > 1, see case c) in Figure

e On I'y if a;;/b;j = 1, see case d) in Figure

To impose (appropriate) boundary conditions of K on I'y so that the system for w is simple,
we investigate the term K (z,0)3(0)u(t,0). Set

_( % B 23

Here and in what follows, 0; ; denotes the zero matrix of size ¢ x j, and 0; and I; denotes the
zero matrix and the identity matrix of the size ¢ x i for 4, 7 € N. Using the boundary conditions
at z =0 in and the fact that u(t,0) = w(t,0), we obtain

u(t,0) = Qu(t,0).

It follows that
K(2,0)2(0)u(t,0) = K(x,0)2(0)Qu(t,0).

We have, by the definition of @ in ,

0r T_(0)B
by = .
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Figure 1: The characteristic vectors of K;; in the case ¥ is constant: a) in the case a;;/b;; < 0
1<i<k<k+1<j<k+morl<j<k<k+1<i<k+m),b)in thecase0 < a;j/b;; <1
1<i<j<kork+1<j<i<k+m)c)in the case a;/b; >1 (1 <j<i<kor
k+1<i<j<k+m),and d) in the case a;;/bjj =1 (1 <i=j < k+m).

Here and in what follows, we define, for x € [0, 1],

S_(z):=diag (— M (2),...,—\(2)) and X4 (z) := diag (Art1(2), ..., Aegm(@)).

Denote %
o) ( _(¢) K_i(a) ) |
Ky (z) Kiq(x)
where K__, K_,, K, and K, are matrices of size k X k, k x m, m X k, and m x m,
respectively. Set
S(z) = K(2,0)2(0)Q. (24)

We have
0 K__(2)X_(0)B+ K_(x)24(0) 0 S_4(x)
S(z) = ( I - i . (25)
Omp Ky (2)X-(0)B + Ky (2)54(0) Omk S+ ()
We impose boundary conditions for K;; on I't, I'9, and I's as follows:
BCh) For (i,7) with 1 <@ # j < k+m, we impose the boundary condition for K;; on I'y in such
a way that C;j(z) = 0 (recall that C is define in (19))). More precisely, we have, noting that

aij 7 bij,
K;j(z,z) = Cyj(x)/ (aij(x) — bi(x)) for z € (0,1). (26)

BCQ) Set
J={(,j); 1<i<j<kork+1<j<i<k+m},

Note that if (i # j and (i,5) € J) then 0 < a;;(0)/b;;(0) < 1 and the characteristic
trajectory passing (0,0) is inside 7 as in case b) in Figure Using and , we

8



BCs)

can impose the boundary condition of Kj; on I'y with (z,j) € J in such a way that, for
z € (0,1),
Kij(z,0)=0for 1 <i<j<k (27)

and
(S44)pg(z) =0for 1 < g <p<m. (28)

These imposed conditions can be written under the form, for (i,5) € J,
Kij(2,0) = Y cijrs(B)Kps(,0) for 2 € (0, 1), (29)
(r,s)¢J

for some c¢;jr(B) which is linear with respect to B. Indeed, can be written under the
form of with ¢jjrs = 0 and for 1 < ¢ <p <m, K, 4 can be written under the form of
since the (p, ¢) component of S = Ky (2)X_(0)B 4+ K14 (z)24(0) is 0.

For (i,7) with either 1 < j <i<kork+1<i<j<k+m, weimpose the zero boundary
condition of Kj;; on I's, i.e.,

Kij(1,y) =0 for y € (0,1). (30)

(Note that in this case a;;(1)/b;;(1) > 1 and hence the characteristic trajectory passing
(1,1) is in 7 as in case c) in Figure [1).

Below are the form of S(= S§*™) when BC») is taken into account for some pairs (k,m):

0 0 *x % =x 0 0 0 x =

0 0 x % =x 00 0 % =«
§23z)=10 0 0 % = |, and S**2)=| 0 0 0 % x |[. (31)

0 0 0 0 = 0 0 0 0 =

00 0 0O 00 00O

Here and in what follows, in a matrix, * means that this part of that matrix can be whatever.

Remark 5. We here impose on I'; and on I's. These choices are just for the simplicity
of presentation. We later modify these in the proof of Theorem

3 Properties of the control systems and the kernel

In this section, we establish the well-posedness of u, w, and K and the unique determination
of w from u. For notational ease, we assume that 7 = 1 (except in Lemma [2| and its proof),
the general case follows easily. We first investigate the well-posedness of w and u under the
boundary conditions and the controls considered. We consider a more general control system,



for T > 0,

Owu(t,x) = E(x)0zv(t, z) + C(x)v(t, ) + D(z)v(t,0) + f(t,z) for (t,z) € (0,T) x (0,1),
v_(t,0) = Buy(t,0) + g(t) for t € (0,7),
R 1
ve(t, 1) = ZAT(t)v(t, ) —l—/o M(t,y)v(t,y)dy + h(t) for t € (0,7),
\ T = 0,2) = voa) for z € (0,1),
(32)
where v_ = (vy,--- ,vg)" and vy = (Vgg1, -, Vksm) . Here REN, C,D : [0,1] — R™" A, :

0,7] = R™", 2z, € [0,1] (1 <r < R), M:[0,T] x [0,1] = R™", fe [L>®((0,T) x (0,1))]",
g € [L*°(0,T))*, and h € [L>(0,T)]™. We make the following assumptions for this system

xy < ¢ < 1 for some constant c, (33)

C,D € [L>(0,1)]™", A, € [L®(0,T)]™*™, and M € [L>((0,T) x (0,1))]™™.  (34)

We are interested in bounded broad solutions of whose definition is as follows. Extend \;
in R by A\;(0) for x < 0 and A;(1) for z > 1. For (s,§) € [0,T] x [0, 1], define z;(t, s,€) for t € R
by

d
&xi(t)své) = )\Z(LIZl(t,S,f)) and Ii(S,S,f) = 5 if 1 <i< ]{3, (35)
and J
pri zi(t,s,8) = =Xi(wi(t,s,€)) and z(s,8,) =€ ifk+1<i<k+m. (36)
The following definition of broad solutions for is used in this paper

Definition 1. A function v = (vy,...,Vkem) : (0,T) x (0,1) = R*¥*™ js called a broad solution
of if v € [L>®((0,T) x (0,1))]*™ n[C([o, T] L2(0,1)))*™ 0 [C([0,1]; L*(0,T))*™ and
if, for almost every (7,€) € (0,T) x (0,1), we have

1. Fork+1<i<k+m,

(1,€) / Cij ml 8,7, f))v] (s xi(s, T, f)) +Dij($i(s,7,§))vj(s,0) + fi(s,xi(s,T, f))) ds

+ZZA”J U]tg;T / ZMlJtl'U]t$)d$+h() (37)

r=1 j=1

if £;(0,7,&) > 1 and t is such that z;(t,7,&) =1, and
T € / 2] xz S, T, §))U](S .Z'Z(S T, g)) +Dij(xi(s777€))vj(370)
+ fi (S’ 357;(57 T, f))) ds + V0, (331(0, T, g))? (38)
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if 2:(0,7,€) < 1.
2 For1<i<k,

n

0 = [ 3 (Cutai(o 7 )0y 54057, 0) + Dy, )y (5,0)

=1

+ fi(s, xi(s, T, 5))) ds + Y Bijvjpk(t, 0) + gi(t), (39)

j=1
if £;(0,7,&) <0 and t is such that x;(t,7,§) = 0 where v;j;,(t,0) is defined by the RHS of
or with (1,§) = (t,O), and

Tf / zg wz 8, T, 5))”](3 (s, T, 5)) +Dij(xi(3a7->§))vj(s70)

+fi(57xi(557-75))) dS"‘UO,i(xi(OvT? 5))7 (40)

if l’Z(O, T,f) > 0.

Here and in what follows, v; denotes the i-th component of v, v; o denotes the i-th component
of vg, and A, ;; denotes the (7, j) component of A,.

Classical solutions are smooth broad solutions. Conversely, smooth broad solutions are
classical solutions. This is a consequence of the following lemma on the well-posedness of :

Lemma 1. Let vy € [L*=(0,1)]", f € [L>((0,T) x (0,1))]", g € [L>=(0,T)]¥, and
h € [L*>(0,T)]™, and assume and (34). Then has a unique broad solution v.

Proof. The proof is based on a fixed point argument. To this end, define F from ) :=
[L>°((0,T) x (0,1))]" n [C([0,T]; L*(0,1))]" N [C([0,1]; L2(0,T))]" into itself as follows, for
Ueyandfor(Tg)E( T) % (0,1),

(F(v)),(7,€) is the RHS of or or or

under the corresponding conditions. (41)
Set

R
= |Bllze= + [Cllze + 1Dl zoe + | M][zee + D | Arl|ze.
r=1
We claim that there exist two constants L1, Lo > 1 depending only on ¢, N, and ¥ such that
F is a contraction map for the norm

o]l :== Sup €85 SUP (r)e cor)x01)€ T ui(T, €] (42)
<i<n

We first consider the case where (F (v)),(7,€) is given by the RHS of or (40). We claim
that, for v, v € Y,

eI (F ), (7,6) = (F(@),(r )] < llo — 8/(10m), (13)
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if Lo is large enough and L; is much larger than Ly. Indeed, we have, with V = v — 0,
[(F(©)),(r,6) = (F(2)),(r,€)| SN/O (IV(s,2i(s,7,€))| + [V (s,0)|) ds

<2VnN LYV ||e iz,

which implies .
We next consider the case where (F(v)) (7,€) is given by the RHS of (37). We have

i

T 1
(F(o) - F0)), (. €)] <N ( | (st n o)l + V.0 ds+ Vit + [ \V(t,:cﬂdx)

§2\/EN(L1_1€L1T+L2”V||+eL1t+L20HV||+L2_16L1t+L2HV”)‘
§4\/EN(L1_1€L1T+L2HVH+L2_16L1t+L2HV”)7

if Lo is large enough since ¢ < 1. Since 7 —t > C(1 — &) for some positive constant depending
only on X, k, and m by the definitions of x; and ¢, it follows that

e*LlT*Lr‘f‘ (F(v) — F(0)),(, Ol <vI/2, (44)

if Ly is large and L is much larger than Ls.
We finally consider the case where (F(v)).(7,&) is given by the RHS of (39). We have

i

k+m

(F0) = FO) O < A [ (Vessnls,m )|+ V0 ds+ > [15(2.0)
t j=k+1
k+m
< 2N (LB V] 3 Vi 0)]). (45)
j=k+1

From and , as in the previous cases, we have
Nelze Iyt 0)] < [|[V]/(10n)  for k+1<j <k+m,
if Ly is large and L is much larger than Ls. We derive from that
e MTRE(F(0)),(1,€) — (F(0)),(r.O)] < IVII/2, (46)

if Ly is large enough and L; is much larger than L.

Combining , , and yields, for v,0 € Y,
[F(v) = F@) < llv—o[|/2.

Thus F is a contraction mapping. By the Banach fixed-point theorem, there exists a unique
v € ) such that
F(v) = .

The proof is complete. ]
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Concerning K, we have the following result:

Lemma 2. Assume and . There exists a unique broad bounded solution K : T — R"*™
of system (18), 6), @9), and (B0). Moreover, (v,B) € R x R¥>™ y K € [L®(T)]™™ is

analytic.

Remark 6. The broad solution meaning of K is understood via the characteristic approach
similar to Definition [} The continuity assumptions in Definition [T] are replaced by the assump-
tion that K(-,y) € L?([0,1]) is continuous w.r.t. to y € [0,1) where K(x,y) = K((1 —y)z,¥)
and similar facts for x and = + y variables.

Proof. Using similar approach, one can establish the existence and uniqueness of K. The real
analytic with respect to each component of B can be proved by showing that K is holomorphic
with respect to each component of B. In fact, for notational ease, assuming again that v = 1,

one can prove that

0K =KinT
0Byq

(the derivative is understood for a complex variable), where K is the bounded broad solution of

).

Kij(z,z) =0 for z € (0,1), 1 <i#j <k +m,
Kij(Ly)=0fory e (0,1),1<i<j<kork+1<j<i<k+m,
(which are derived from (26)), and (30)) and for (i,j) € J,

< 2 8Ci'TS(B)
Ki(,0) = 3 cins(B)RKns(w, 0)+ 3 S22
(re)eJ (ro)gg M

K,s(x,0) for z € (0,1), (47)

which is obtained from . The existence and uniqueness of K can be established as in the
proof of Lemma [l| where the second term in the RHS of plays a role as the one of g in
Lemma [I, The details of the proof are left to the reader.
The analyticity with respect to v can be proved by showing that K is holomorphic with
respect to «y. In fact, one can prove that
oK

W:KIHT,

(the derivative is understood for a complex variable) where K is the bounded broad solution of
0,K(2,9)S(y) + (2)0:K (2, y) + K(z,9)5'(y) — 7K (2, 9)C(y) = K(z.9)C(y) in T, (48)

by (18), o
Kij(z,z) = _ Gyle)
aij(x) = bij(z)
Kij(l,z)=0forz € (0,1),1<i<j<kork+1<j<i<k+m,

forz e (0,1),1<i#j<k+m, (49)
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by , and , and

Kij(x70) = Z CijTS(B)KTS(x?O) for z € (Oa 1)7 (Z7]) eJ (50)
(r,)¢T

by (29 . Here K (x,y) denotes the solution corresponding to fixed v and B. Note that v does
not appear in the boundary conditions of K. The details are omitted. O

A connection between w and wu is given in the following proposition.

Proposition 2. Let wy € L*((0,1)) and let w € L>((0,T) x (0,1)). Define ug and u from wo

and w by respectively and let S be given by . Assume and . We have, if w is
a broad solution of the system

dw(t,z) = X(x)0,w(t,z) + C(x)w(t, ) for (t,z) € (0,T) x (0,1),
w_(t x =0) = Bwi(t,z =0) fort e (0,T),
(51)
ZA u(t, z,) / M(t,y)u(t,y)dy forte (0,T),
w(t = 0)(x) = wo(x) for z €(0,1),
then u is a broad solution of the system
Ou(t, x) = X(x)0u(t, z) + S(x)u(t,0) for (t,z) € (0,T) x (0,1),
u—(t, :U:O):Bu+(t,x:0) forte (0,T),
(52)

ZA u(t, z) Mty) (t,y)dy forte (0,T),
u(tzO,x):uo( ) for z € (0,1).

Remark 7. In the two sides of the third condition in , u is given by . Therefore, this
condition is understood as a condition on w. By Lemma |1} there exist a unique broad solution
w of and a unique broad solution u of .

Proof. We first assume in addition that C and ¥ are smooth on [0, 1]. Let K, be a C'!- solution

of and such that

| Knllzooery <M and K, — K in L'(T), (53)

where M is a positive constant independent of n. Such a K, can be obtained by considering

the solution of , , and

K ij(z,0) = Z Cijrs(B)Knrs(2,0) + gn(x,0) for z € (0,1)
()T

and
Kn,ij(lyx) = hn(x) for x € (07 1)
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instead of and respectively where (g, ), (hy) are chosen such that (g,) and (h,,) are
bounded in L*°(0,1), (gn), (hn) — 0 in L}(0,1), and the compatibility conditions hold for K,
at (0,0) and (1,1) ﬂ Set, for sufficiently small positive ¢,

1 t+e
we(t, x) = 25/1& w(s,z)ds in (¢, —¢) x (0,1).
—e

Then w, € Wh((e,T —¢€) x (0,1)) and
Owe(t, z) = () 0pwe(t, ) + C(x)we(t, x) in (¢, T —e) x (0,1).

Define .
ety ) = we (b, 7) — / Kol y)we(t,y) dy in (e,T — &) x (0,1)
0

and
up(t,z) = w(t,x) — /0 Ky (z,y)w(t,y)dy in (0,7) x (0,1).

As in , we have
Optin e (t, ) = X(2)Opunc(t, ) + Kp(z,0)2(0)un(t,0) in (¢,T —€) x (0,1).
By letting ¢ — 0, we obtain
Opun (t, ) = X(x)dpun(t, x) + Ky (x,0)2(0)u,(t,0) for (¢,2) € (0,T) x (0,1).
By letting n — +o00 and using , we derive that
Owu(t, z) = X(x)0zu(t, z) + K(x,0)2(0)u(t,0) for (¢t,x) € (0,T) x (0,1).

This yields the first equation of . The other parts of are clear from the definition of wq
and w.

We next consider the general case, in which no further additional smooth assumption on X
and C' is required. The proof in the case can be derived from the previous case by approximating
3 and C by smooth functions. The details are omitted. O

The fact that w is uniquely determined from u is a consequence of the following standard re-
sult on the Volterra equation of the second kind whose proof is omitted; this implies in particular
that w(t,-) =01in (0,1) if u(t,-) =0 in (0, 1).

Lemma 3. Let d € N, 7,72 € R be such that 1 < 1o and let G : {(t,s) < s <t<
7'2} — R4 pe bounded measurable. For every F' € [LOO(Tl, Tg)]d, there exists a unique solution
U e [LOO(Tl,TQ)]d of the following equation

U(t)=F(t) + /t G(t,s)U(s)ds  fort e (11,T2).

30ne needs to establish the stability for L'-norm for the system of K. This can be done as in [4].
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T, Tyl
to = Topt to = Topt B
1 // /// ///
tlZTOpt—fTI tl // //
li—1 = Topt - )\7 li—1 ///
l—]l ’
t = Topt - )\7[ ty |
1
ly = T’optL - )\714
0 a) 1 0 b) 1

Figure 2: The definition of ¢; is given in a) and the definition of z;; is given in b) where dashed
lines have the same slope for constant X.

4 Null-controllability for generic v and B - Proof of Theorem

4.1 Proof of part 1) of Theorem
Choose uj+1(t,1) =0 for t > 0. Since S;4 = 0 by (28)), we have

up41(t,0) =0fort > 1y and g1 (Topr, ) = 0 for z € (0, 1).

This implies, by ,
ui(t,0) =0 for t > 1311,1 < i < k.

We derive from that
wi(Topt, x) = 0 for x € (0,1),1 <i < k.
The null-controllability at the time T, is attained for u and hence for w by Lemma

4.2 Proof of part 3) of Theorem

We here establish part 3) of Theorem [1] even for m > 1. We hence assume that m > 1 in
this section. Set
to=Topt, t1=1to—7T1,---, tp="1o— T, (54)

and, for 1 <[ <k,
2oy =0 and x;; = x(to,t;,0), forl<i<L (55)

Recall that z; is defined in for 1 <1 <k. (See Figure [2[in the case where ¥ is constant.)

In the next two sections, we deal with the case m > k and m < k respectively.
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4.2.1 On the case m >k

The idea of the proof is to derive sufficient conditions to be able to steer the control system
from the initial data to 0 at the time T;,;. These conditions will be written under the form
U+ KU = F (see (66)) where K is an analytic, compact operator with respect to A and F
depending on the initial data. We then apply the Fredholm theory to obtain the conclusion. We
now proceed the proof.

We begin with deriving conditions for controls to reach the null-controllability at the time
Topt- First, if m > k, choose the control

w(t,1) =0for 0 <t <Tp —mand k+1<1<m. (56)

Note that in the case T, = 77, one does not impose any condition for v; in (56). Second, choose
the control, for 1 <i <k,

Ueri(t, 1) =0for 0 <t< Topt — Ti — Tm+i- (57)

Note that in the case Ty = Tyn4i + 7;, one does not impose any condition for u,; in .

Requiring and is just a preparation step, other choices are possible. The main
part in the construction of the controls is to choose the control w,,1;(t,1) for t € (Top — 7 —
Tm+i> Lopt — 7i) and for 1 <4 < k such that the following k conditions hold:

al)

g (Topt, ) =0 for z € (xop,x1%), -+, wi(Topt,x) =0forz € (zo1,21,1).
az)

wp(Topt, ) =0 for x € (X1 4, 22k), -+, u2(Topt,x) =0 for z € (x12,222).
a)

u(Topt, x) = 0 for = € (xp_1 4, Tik)-
Set
X i= L%(t1,to) x L*(ta, tg) x --- x L*(ty, to) (58)
and denote .
Uj(t) = (Um—i-j(t, 0)7 T aum+k(t70)) for 1 <j<k

and

Vj(t) = (uk+1(t,0),...,uj(t,0))T form<j<m+k,

We determine N
(uerl('a 0)7 e ,Um—l—k(', 0)) Sl

via the conditions in a1), a2), ..., ai). Let us now find necessary and sufficient conditions on

(tm+1(-,0), - ,um+k(-,0))T € X so that ai), ..., ai) hold. These are analysed in by), ..., by)
below respectively.
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b1) From and , using the characteristic method and the fact that S;; = 0for 1 <1i,j <k,
one can write the conditions in a;) under the form

to
(ug,--- ,uk)T(t, 0) + Li(t,s)(ups1,--- ,uk+m)T(s,0) ds=0 fort; <t<tg,
t

for some L € [LOO((t, st <t <s< to)]kxm. Using with ¢ = k provided m > k, one can
write the above equation under the form
to to

Ui(t) = AiVin(t) + Gi(t, s)Vim(s)ds + Hy(t,s)Ui(s)ds for t; <t <ty, (59)
t t

for some G € [L®({(t,s); t1 <t < s <to}))**"*) and H; € [L®({(t,s); t1 <t < s < to})]**
depending only on S, B, and ¥, and some matrix A; € RF*(m=F) depending only on B. In the
case m = k, one chooses H; = 0 (there are not A; and G; in this case by the convention) Since
K is analytic with respect to (v, B), one can check that £; is analytic with respect to (v, B).
In fact, £1 depends linearly on S and so analytically on (v, B), and if v = 0 then £; = 0. This
implies that G; and H; are analytic with respect to (v, B). It is also clear that A; is analytic
with respect to (v, B) as well.

Remark 8. In the case m =k, Uy(t) = 0 for t; <t < ty. This fact will be used to deal with
the case m < k.

by) Similar to (59), the conditions in as) is equivalent to

to to
U, (t) = AQVm_H(t) + Go (t, S)Vm-i-l (S) ds + Hg(t, S)UQ(S) ds forty <t <ty (60)
t t

for some constant matrix A and some bounded functions Go and Hs defined in {(s, t);te <t <
s < to} which depend only on S, B, and . Moreover, As, Gy and Hy are analytic with respect
to (v, B).

by,) Similar to (59), the condition in ay) is equivalent to

to to
U(t) = AkVigr—1(t) + | Gi(t, $)Vigr—1(s)ds + | Hi(t,s)Ug(s)ds  for tj <t <tp_1,

t t (61)
for some constant matrix Ay and some bounded functions G and Hy defined in {(s,t); tr <
t<s< tg} which depends only on S, B, and X. Moreover, A, G and Hj are analytic with
respect to (v, B).

We are next concerned about the relations between the components of u(t,0). We have, by

the property of S; 4 in (28]) and the form of S in , and and ,

Um+k(8,0) = Frpx(s) for 0 < s < t, (62)
S

Upm4k—1(8,0) = Frpgr—1(s) +/ Omak—1,mik(§)Umk(§,0)dE for 0 < s <1,  (63)
0
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tm(,0) =Fipspa(s) + /0 Gz (€ )t (€, 0)

+/ Gmtk—2,m+k—1(§)Umr—1(&,0) d€ for 0 < s < tp_o, (64)
0
g k+m
Up11(8,0) = Figq1(s) +/ D Gri1(§)uy(€,0)dg for 0 < s <y, (65)
0 j=k+2

where G; ; depends only on S and ¥ and is analytic with respect to (v, B), and F; depends only
on the initial data. Here we also use and .
Using ((62165]), one can write the equations in b1), ..., bg) under the form

U+K(U)=Fin X. (66)

where N
U - (Um+1('7 0)7 e ,Um+k(',0))

and K is a Hilbert-Schmidt operator, therefore a compact operator, and it is analytic with
respect to (v, B).

By the theory of analytic compact theory (see, e.g., [I8 Theorem 8.92]), for each B € B,
I + K is invertible outside a discrete set of v in R since ||K]| is small if 7 is small.

Using this fact, since B has a finite number of connected components, there exists a discrete
subset of R such that outside this set, I 4 K is invertible for almost every B € B by the Fredholm
theory for analytic compact operator.

Consider (v, B) such that I + K is invertible. Then equation has a unique solution for
all Fin X. One can check that if F' is bounded then U is bounded since KU is bounded. To
obtain the null-controllability at the time 7,,;, in addition to the preparation step, one chooses
Uktm (1,t) for Topr — Thgpm — T <t < Topt — Thtmy - -5 Um1(1,t) for Top — 71 — 11 <t <
Topt — Tm+1 such that (um+1(~, 0),- - Utk 0))T = U (this can be done by the form of S, ;)
and chooses u;(t,1) for Ty — 7 <t < Topy and m+1 < 1 < k+ m in such a way that

w(Topt, ) =0 for z € (0,1). (67)
Requirement is again possible by the property of S; in and by the form of S in .
Remark 9. The above analysis shows that the existence of a bounded solution U of implies

the existence of a control to steer the system from the initial data to 0 in time Ty by the
characteristic method. Moreover, in the case where m = k and

Topt =T1+ Tm+l = = Tk + Ttk

the existence of such a U is necessary.
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Remark 10. We now show how to modify the proof of Theorem (1] in the case m > k > 1
to reach the exact controllability. To obtain the exact controllability with the final state v, the

requirements in ay, ..., ay) become
Cl)

uk(Topt, ©) = vp() for v € (xop,x1k), -5 wi(Topt,x) =vi(x) for x € (201, 21,1)-
c2)

wi(Topt, ) = vi(x) for x € (z1 5, x2k), -, w2(Topt,x) = v2(x) for x € (x1,2,22,2).
Ck)

u(Topt, ©) = vi(x) for x € (Tp—1,k, Thk)-

Equations , , and then become

to to
Ul(t) = Jl(t) + A1Vm<t) + Gl(t, S)Vm<8) ds + Hl(t, s)Ul(s) ds forty <t <ty,
t t
to to
Us(t) = Jo(t) + A2V (t) + Ga(t, s)Viy1(s)ds + Hy(t,s)Us(s)ds  forte <t <ty,
t t
to to

Uk(t) = Jk(t)—i-AkaJrk,l(t)—F ; Gk(t, S)Verk,l(S) ds+ ) Hk(t, s)Uk(s) ds fO?“ te <t <tp_q,

for some functions Jy, Ja, ..., Ji depending on the final state v. Using , one can write
these equations under the form
U+KU)=F inX.

where F' now also depends on Jy,...,Ji. The rest of the proof of the exact controllability is
unchanged.

Remark 11. In the case where m = k and
Topt =TI+ Tm+1 = = Tk T Tm+k)

the above analysis also gives the optimality of 15, for all v such that I+ K is invertible. Indeed,
assume that there exists T' < T, such that one can steer an arbitrary state u(0,-) to 0 at the
time 7. Without loss of generality, one might assume that Ti,; — 7" is small. To simplify the
notations, we assume that ¥ is constant. As mentioned in Remark [ a necessary condition to
have a control is the existence of a solution U € X of

U+ KU =G, (68)

where G now depends on u;(0,z) for 1 <i < kandx € (0,1) and u;(0, z) for k+1 < ¢ < k+m and
x € (0,1—s;) with s; = (Tope —T) /i by (62465). However, for ¢ € (1/Agtm— Topt—T'), 1/ Xktm),

Um+k (ta 0) = uk+m(07 )\k—l—mt)a (69)

the LHS of is uniquely determined by G from and the RHS of can be chosen
independently of G. This yields a contradiction.
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4.2.2 On the case m < k

Set
At x) = (Ukomi1s- - ) | (£2) in (0,T) x (0,1),
2A](‘,E) = dlag (7)\16—771-"-1’ T, 7)\]67 Ak?-‘y—l, e ,)‘m-i-k)(x) in (07 1)7

and denote
S(z) the 2m x 2m matrix formed from the last 2m columns and the last 2m rows of S(z),

and
B the m x m matrix formed from the last m rows of B.

Then @ is a bounded broad solution of the system

A~

vi(t, z) = S(x)dpa(t, z) + S(x)a(t,0), (70)

with the boundary condition at 0 given by (i1, - - -, tm)(t,0)T = B(@mi1,- - -, tiom)(t,0)T. Set

Topt = maX{Tk+m + Tg, o, T+l T Tk+1—m} = Topt‘

Consider the pair (7, B) such that the control constructed in Section for 4 exists. Then,
for this control,
W(Topt, x) = 0 for = € (0,1). (71)

As observed in Remark [8] one has

(Wmt1s - - - s 2m) " (£,0) = 0 for ¢ € [Topt — Th—met1, Topt)-
This yields
(U1, -y Uk—mn) " (Topt, ) = 0 for z € (0,1) (72)
by the form of S given in ([25).
Combining and yields the null-controllability at the time T5,;. O

4.3 Proof of part 2) of Theorem
Fix a # 0 and 8 # 0, and consider

0 0 a(Ae2+ )
3,3 k+2,k+2 Ok—1k—1 Ok—1,3
C>* =10 0 B(Agr2— Akt1) and C(z) = CVT58T2 = for k> 1.

O36-1  C33
0 0 0
(73)
Set
0 0 «
Ok—16-1 Or—13
K¥=]100 8 and  K(z) = KM?2 .= for k> 1. (74)
O3p-1 K>3
0 0 O

21



One can check that KC' = 049 and K is a solution of equation by noting that ¥ is
constant. Moreover, holds by the choice of K and C'. We have, by , that

0 0 Ak+2a
Ok—1k-1 Or-1.3
S(z) = Sk+2.k+2 _ where S>3 = | 0 0 28 |. (75)
03,51 533 i
’ 0 0 0

In what follows, for simplicity of notations, we only consider the case k = 2. The other cases
can be established similarly. Suppose that

uz(t,0) = aus(t,0) + buy(t,0) for t > 0. (76)

Then a # 0 by condition . To obtain the null-controllability at the time T5,,;, one has, from
condition ay),
U3(t, 0) = U4(t, 0) =0forte (tl,to)

and, hence from condition ay) and (75)),
t1
aus(t,0) + buy(t,0) +/ Aoy (s,0)ds = 0 for t € (ta,t1).
t
Since, by , , and ,

t
us(t,0) = / Aafuy(s,0)ds + f(t) for t € (t2, 1),

to
for some f depending on the initial data. By taking S = a/a (a # 0), we have

t1
bug(t,0) + Aaug(s,0)ds = —af(t) for t € (ta,t1). (77)

[
By choosing « such that b+ A\ja(t; —t2) = 0, and integrating from t5 to tq, it follows, since
a # 0, that

t1
f(t)dt = 0. (78)
to
This is impossible for an arbitrary initial data, for example if u4(0,-) = 0 then f(¢) = u3(0, Ast)
and an appropriate choice of u3(0, ) yields that does not hold. In other words, the system
is not null-controllable at the time 7. ]

5 A null-controllability result for all v and B € B

A slight modification of the proof of part 3) of Theorem [1| gives the following result, where
T5 is defined in .

Proposition 3. Let m > 2. Assume that and hold and B € B. There exists 6 > 0
depending only on C, B, %, and vy such that the system is null-controllable at the time To — §.
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Proof. We only consider here the case m > k, the case m < k can be handled as in Section [£.2.2]
The controls are chosen so that

Up1(t,0) =0 for ¢t > 71, ...y Uppm—1(t,0) =0 for t > Tpim—1, (79)

Ug+m (t,0) =0 for (¢t > Ty and ¢t & [T11 — 0, Tht1])s (80)

and Uy, (t,0) is chosen in [Tg+1 — 0, Tk+1] in such a way that
ug(Ty — 6,2) = 0 for x € [z*,1], (81)

where z* = x4 (Th — 6, 7441, 0) (see the definition of z; in (35)). As in by), we derive that, in
[Tkt1 — O, Thr1], is equivalent to

Tk+1

uk+m(t7 O) - / K(ta S)uker(S? O) ds + f(t)v (82)

k+1—0

for some bounded function f defined in [541 — 9, 7k+1] which now depends only on the initial
data. Here K : [rp11 — 6, Tkt1)? — R is a bounded function depending only on C, B, Y, and 7.
Since § is small, one can check that the mapping T : L?([tx41 — 6, Tka1]) — L2([Tha1 — 0, Tha1])
which is given by
Tk+1
T()(t) = / K(t, s)o(s) ds
Tk+1—5

is a contraction. By the contraction mapping theorem, equation is uniquely solvable and
the solution is bounded since f is bounded.

We now show how to construct such a control. Since w,,1x(t,0) for 0 < t < 74 is
uniquely determined by the initial data (by (28)), one derives from that w1 x—1(t,0) for
0<t<Tmik-1, -, upy1 for 0 <t < 741 are uniquely determined from the initial condition
and the requirements on the constructive controls at (¢,0). It follows from again that

® Upim(t,1) for ¢ > 0 is uniquely determined from w,,1x(¢,0) for ¢ > 7,1k,

® Upikp—1(t,1) for ¢ > 0 is uniquely determined from (u,4r—1(¢,0) for ¢ > 7,41%x—1 and
Um+k(t,0) for t > 0),

ey

e upi1(t,1) for t > 0 is uniquely determined from (ugy1(¢,0) for ¢ > 741, ugyo(t,0) for
t>0, ..., untx(t,0) for t > 0).

The existence and uniqueness of controls satisfying requirements are established.

It remains to check that the constructive controls give the null-controllability at the time
Ty — ¢ if § is small enough. Indeed, by and , we have

Uk+1(t,0) = -+ = Uy (¢,0) = 0 for ¢ > Tp41. (83)
Since S__ = 0, it follows from that

ui(To — 6,2) =+ =up_1(Ta — d,z) = 0 for z € [0, 1] (84)
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and
up(Ty — 0,z) = 0 for z € [0,z7],

which yields, by ,
up(To — 0,z) =0 for x € [0, 1]. (85)

From and the form of S, we also derive that
Ut (t, ) = -+ = upg1(t, z) for x € [0,1] and t > 754 1;

in particular, if § is small enough,

Uk+m(T2 -9, x) == uk+1(T2 — 0, :C) for x € [O, 1]. (86)
The null-controllability at 75 — 0 now follows from , , and . ]

6 On the case m =2 and By, # 0 - Proof of Theorem

We only establish the null-controllability result. The proof of the exact controllability can
be derived similarly as in the spirit mentioned in Remark and is omitted. Without loss of
generality, one might assume that v = 1 and T' — T, is small. As mentioned in Remark |5| the
choice of K on I's in can be “arbitrary”. In this section, we modify this choice to reach
some analytic property of K. The new K will be defined in 7 which is the triangle formed by
three points (0,0), (1,0), and (L, L), where L is defined in , this triangle contains 7. Since
By # 0, by , one can replace the condition K = 0 in by the condition

(S—+)p =0

while the rest of remains unchanged. The idea of the proof is to show that one can prepare
(T —Topt, -) using the control in the time interval [0, T —T,,] in such a way that is solvable.
In what follows, we present a direct proof for Theorem [3|

We first consider the case k = m (=2). The matrix S then has the form

0 0 % =%
0 0 0 =x
S = (87)
0 0 0 =«
0 0 0 O

We choose a control so that us(t,0) = uy(t,0) =0 for t > T — 71, ua(t,0) =0for 7y <t < T —1y,
and u3z(t,0) =0 for 73 <t <T,,; — 71 (the last two choices are just a preparation step), and as
in ag), ug(t,0) for t € (T — 19, T — 11) is required to ensure that

uz(T,z) =0 for z € [212,1] (88)

(see for the definition of z12). One can verify that the null-controllability is attained at T’
for such a control if it exists. As in the proof of Proposition (3] it suffices to show that is
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solvable for some (bounded) choice of u3(t,1) for t € (T,pt — 71 — 73,7 — 11 — 73). Let xo denote
a characteristic function of a subset O of R. By the form of S in and the fact that B € B,
equation (88)) is equivalent to, for t € (T — 7, T — 11),

t

T—71
g(t — s)uy(s,0)ds + /t f(s—t)ug(s,0)ds,

(89)
where g and f are two functions depending only on K, B, and X, « is a non-zero constant
(since Ba # 0), and h(t) is a function now depends only on B, K, ¥, and the initial condition.
Moreover, f and g are analytic by Lemmabelow. Let Ky : L2(T—19,T—71) — L*(T—719,T—71)
be defined by the RHS of . Then the adjoint operator K% : L*(T — 72, T — 71) — L*(T —
T2, T — 1) is given by

B(t) + wa(t,0) + aus(t, 0)x(z, s rm] = /T
N

T—71 t
Ki(v) = / g(s —t)v(s)ds + / f(t—s)v(s)ds.
t T—1o
Let V be an eigenfunction of K] with respect to the eigenvalue —1. We have, by Lemma
below,
V # 0 in a neighborhood of T — 7. (90)

Since the kernel of I + K7 is of finite dimension, one can prepare the state at the time 7" — T,
(i.e. ug(t,1) for t € (Tppt —m1 — 73,7 — 71 —73)) in such a way that the RHS of is orthogonal
to the kernel of 1+ K. It follows from the Fredholm theory that is solvable and the solution
is bounded.

We next consider the case k > m = 2. The proof in this case follows from the previous one
as in Section We finally consider the case k = 1 and m = 2. The matrix S then has the
form

0 0 =
S=]10 0 % |. (91)
0 00

We choose a control such that ug(t,0) =0 for 73 <t < T — 7y, uz(t,0) =0 for 7o <t < Ty (a
preparation step), us(t,0) = ugz(t,0) = 0 for ¢t > T', and us(¢,0) for t € (T — 71, T) is required to
ensure that

u(T,z) =0 for z € [0,1]. (92)

One can verify that the null-controllability is attained at T for such a control if it exists. As in
the proof of Proposition |3} it suffices to show that is solvable. As before, equation is
equivalent to, for t € (T — 1, T),

t

T
h(t) + us(t,0) + aua(t, 0)X(1,,., 1) = / g(t — s)us(s,0)ds + /t f(s —t)us(s,0)ds,

T—711

where ¢ and f are two functions depending only on K, B, and Y, « is a non-zero constant
(since Bgy # 0), and h(t) is a function now depends only on B, K, ¥, and the initial condition.
Moreover, f and g are analytic by Lemma [5| below. The proof now follows as in the case
k =m = 2 and the details are omitted. U

The following result is used in the proof of Theorem
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Lemma 4. Let T > 0, f,g € C([0,T]) and let V be a continuous function defined in [0,T]
such that

t T
= / ft—1s)V(s) —I—/ g(s —t)V(s)ds fort € [0,T].
0 t
Assume that g is analytic on [0,T] and V =0 in a neighbourhood of 0. Then V =0 on [0,T].
Proof. 1t suffices to prove that V is analytic on [0,7]. We have

T
V(t) = / f'(t=s)V(s)ds—g(0)V(t) — / g (s —t)V(s)ds. (93)
t
Since V' = 0 in a neighborhood of 0, an integration by parts gives
t T
:/nﬂﬁ—®V@%+/ gt — s)V'(s)ds — g(T — )V (T). (04)
0 t
By recurrence, we obtain, for n > 0,
T
VD () = £(0) V™) (1) ‘/f ()@—-mnW%@—/mg@—ﬂwm@ms
t
+ Z(—l)" FgI(T — v (T (95)
k=0
and
T
n+1) / f(t y(nt+1) ( )+/ g(t_s)v(nJrl) dS+Z n k+1 )(T—t)V(k)(T).
¢
(96)

By rescaling, without loss of generality, one might assume that
T=1 and ||VH01([0,T}) =1.
Set
an = [V oy and o = g™ |z (o) + 19" Ve (o.7) + 20 fllorqo.z)-

Using , we obtain

n
apt1 < Zanfkbk- (97)
k=0
We have, by the analyticity of g,
b < Fkl (98)
In this proof, ¢ denotes a constant greater than 1 and independent of k and n. It is clear that
n
D FR T — k) < M(n+ 1)) (99)
k=0
Combining , , and and using a recurrence argument yield
an < c™nl.
The analyticity of V now follows from the definition of a,,. The proof is complete. O
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The second lemma yields the analyticity of g and f in the definition of K7 in the proof of
Theorem [3

Lemma 5. Letl > 4 and y1 < 9 < --- < 7y be such that T1,Ty,T3,T4 # 0, where
i={i: <0}, L={i: 0<y<1}, Ly={i: w=1}, Zy={i: 3 >1}

Denote T the triangle formed by three linesy = x, y =0, and y = vi,® — Vi, where igp = minZy.
Let G : [0,7i,/(Vig — 1)] = R™ ™ be analytic, and denote I' = diag(y1,--- ,y) and

A= {(z,y) € 0Tz =y} = {(2,2); 2 € 0,7,/ (vip — 1)]}-

Let f; (i € 7y UZy) be analytic functions defined in a neighborhood of A and let ¢;; € R for
1 <i,5 <. Assume that v is the unique broad solution of the system

Opv(z,y) + Toyv(z,y) — G(y)v(z,y) =0 in 7',
vi(z,z) = fi(z,z) for (x,x) € A, i €Ty ULy,
vi(2,0) = > ie7,07, G (2, 0) for x € (0,1), i € Io U L.
Then v is analytic in Aiq \ A; for i € Iy where Iy = {i €Ty ori+1€Iy} and A is the open
triangle formed by three lines y = vjx, y =0, and y = viy® — Vi, -
Proof. We first prove by recurrence that, for k£ > 1,
[vllor(a,. nany < CEIfllorery for i € Zo. (100)

In this proof, C' denotes a positive constant independent of k£ and f. Indeed, using the standard
fixed point iteration, one can show that v € C*(A;11 \ A;) (i € Z); moreover,

Ivllor (s, nan < Clfllorry for i € I, (101)

Hence (100) holds for k = 1. Assume that (100)) is valid for some k£ > 1. We prove that it holds
for k 4+ 1. Set

V =0,vin T.
We have A
0.V(x,y) +T0,V(z,y) — G(y)V(z,y) =0in T,
Vi(z,z) = gi(x,z) for (z,y) € A,i € Ty ULy,
Vi= 2 jer,uz, ¢ijVj for z € (0,1), for i € o UTs,
where

(2, 7) = @Ga)ui(e,2) + big [, )

for some positive constant a;,b; € R depending only on I'. This is obtained by considering the
first equation and the derivative with respect to z of the second equation in the system of v. By
the recurrence, one has R

[ullor(as,nan < CPllgllorr for i € .

Using the equation of v, one derives that
k+1 . 5
||u||Ck+1(Ai+1\Ai) <C + Hf”CkJrl(F) for i € Is.

Assertion ((100)) is established.
The conclusion now follows from the analyticity of f. O
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7 On the case ' =0 - Proof of Proposition

Note that S = 0 since C = 0. We first construct a time independent feedback to reach the
null-controllability at the time T,,;. We begin with considering the case m > k. Condition ay)
can be written under the form

Uk (t,0) = My (w1, s Umsk—1) ' (£,0)  for ¢ € (t, ty—1), (102)

for some constant matrix My, of size 1 x (m — 1) by considering with ¢ = 1. Condition ag_1)
can be written under the form (102]) and

um+k_1(t, O) = Mk_l(uk+1, s ,um+k_2)T(t, 0) for t € (tk, tk_l), (103)

for some constant matrix Mj_q of size 1 x (m — 2) by applying with ¢ = 2 and using the
Gaussian elimination method, etc. Finally, condition a1) can be written under the form ((102)),

(103), ..., and
Upg1 (£,0) = My (uppr, - um) ' (£,0)  for t € (tg, tr1), (104)

for some constant matrix My of size 1 x (m — k) by applying with ¢ = k and using the
Gaussian elimination method if m > k; this condition is replaced by the one u;,+1 = 0 in the
case m = k. The matrices My, --- , M} can be obtained via the Gaussian elimination method
starting with M; using condition with ¢ = 1, and then with Ms using condition with
1 =2, ---, and finally with M} using condition with ¢ = k.

We now choose the following feedback law

um+k<t7 1) = Mk <uk+1 (ta karl(_Terk; 07 0))7 <o Uk4m—1 (tv xk‘+mfl<_’rm+k7 07 0))) ) (105)

U k—1(t,1) = My_1 (Uk+1 (t, Tkt (= Tmsk=1,0,0)), - .- Urm—2 (£, Thgm—2(—Tmtk—1,0, 0))),
(106)
Um+1 (t) 1) = Ml (uk+1 (t) $k+1(_Tm+17 07 0))7 ey Um (tu xm+1(_7—m+1u 07 0))) (107)

(this condition is replaced by the one up,+1(¢,1) = 0 in the case k = m), and
Upt1(t, 1) = - =up(t,1) = 0. (108)

Let us point out that, by Lemma [I the closed-loop system of w given by dyu = ¥d,u and
the boundary conditions (1057108)) is well-posed in the sense of Definition |1 With this law of
feedback, conditions ay), ..., ai) hold. It follows that

ul(Topt, ) = - -+ = ug(Topt, ) = 0 in (0, 1). (109)
We also derive from ([108]) using the characteristic method and the fact C' = 0 that
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and from (L05H107]) (see also (102H104])) that
Up+1(t,0) = -+ = Uy (£,0) = 0 for ¢ > Tpps.

We then obtain
W1 (Topt, ) = -+ = g (Topt, ) = 0 for z € (0,1). (110)

The null-controllability attained at the optimal time 75,,; now follows from and .

We next deal with the case m < k. The construction of a time independent feedback yielding
a null-state at the time ¢t = T,,; in this case is based on the construction given in the case m = k
obtained previously. Set

Wt x) = (Wemity - - Uppm) | () in (0,T) x (0, 1),

i:(x) - dlag (_/\k7m+17 Ty _)‘ka )‘k+1, o 7)\m+k>(x) in (07 1)7
and )
B is the matrix formed from the last m rows of B.

Then 4 is a bounded broad solution of the system
dyu(t,z) = B(x)d,u(t, ),

with the boundary condition at 0 given by (@, - - , @ )(t,0)T = B(tims1, - - -, iom)(t,0)T. Con-
sider the time dependent feedback for @ constructed previously. Then, as in Section the
null-controllability is attained at 75, for this feedback. The details are omitted.

We next establish the second part of Proposition [1| by contradiction. We only deal with the
case m > k. We first consider the case Ty = maxj<j<p{Ti+Titm}. FixT € (maxlgigk Titms Topt)
and let 1 < ip < k be such that 7, + Tjo4+m = Tope- Consider an initial datum u such that
ui(t = 0,z) = 0 for z € (0,1) and for 1 < i # ig +m < k+ m and ujy4m(t = 0,2) = 1 for
x € (0,1). Assume that the null-controllability is attained at 7. By the convention of \;, one
has, for some € > 0 depending on 3,

Uio (t,0) = wjg41(t,0) = -+ = ug(¢t,0) =0 for t € (T — 73,, T — 73y + €).
As in , , and , we obtain, for t € (T — 7;,, T — 7, + €),
Uk (£,0) = My (ugs1, -+ s Umik—1) (£,0),
U k1 (t,0) = My_1 (1, 5 Umik—2)" (£,0),
Untio (t,0) = Mig (1, tmig—1) " (¢,0). (111)
Since u1(0,-) = -+ = Um4ig—1(0, -) = 0, it follows form that
Ui (£,0) = 0 for t € (T' — 7y, T — T3y + €). (112)

On the other hand, by using the characteristic method and the fact 7' < 7;, + Ti;+m, one has,
for € small enough,
Uig+m (t,0) =1 for t € (T — 7, T — Tiy + €).
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This contradicts (112). The second part of Proposition [1|is proved in this case.
We next consider the case Tpps > maxi<ij<k{7 + Titm}. Then T, = 7441 and m > k. The
conclusion follows by considering u;(0,z) =1 for 1 <i# k+ 1 <k+m and ug1(0,2) = 1. O

In what follows, we present two concrete examples on the feedback form used in the context
of Proposition [1] We first consider the case where k =1, m = 2,

¥4+ =diag(1,2) and B=(2,1).
One can check that has the form
ug(t,0) = —2us(t,0).
The feedback is then given by
ug(t,1) = —2us(t,1/2) and wa(t,1) =0 for t > 0.

We next consider the case where k = 3, m = 3,

2 0 1
¥4+ = diag(1,2,4) and the matrix formed from the last two rows of B is ( ) .
-1 -1 1

One can check that has the form (by imposing the condition wug(t,0) = 0)
ug(t,0) = us(t,0) + ug(t, 0),
has the form (by imposing the condition ug(t,0) = ua(t,0) = 0)
us(t,0) = —3uy(t,0).
The feedback is then given by
ue(t,1) = us(t,1/2) + ua(t, 1/4), wus(t,1) = —3ua(t,1/2), and wu4(t,1) =0 fort > 0.

One can verify directly that the null-controllability is reached for these feedbacks.
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