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Two non-conforming bodies are brought into contact. They touch over a plane surface of extent size compared 
with the dimensions of the solids. Then they are subjected to a tangential force until gross sliding is observed at 
the contact interface. Under certain circumstances, this phenomemom is preceeded by local slidings over part of 
the contact area, named as "sliding waves". They are similar to the Schallamach waves. Relations between 
these instabilities and the stick limit and the friction conditions on one hand and with the body compliance on 
the other hand must be investigated as they generate vibratory phenomena like for instance judder. 
Progri et al. [l] have identified the experimental conditions for reproducing these phenomena. A two-body 
contact is established between a rectangular polyurethane slab (L = 80mm, I = lOmm, h = 40mm, Young 
modulus E = 7 MPa, Poisson's ratio v=0.48) and an araldite flat, considered as rigid comparatively. 
Phenomenological description of these phenomena was performed. Mouwakeh et al [2] performed a 
quantitative analysis and show that the energy dissipated during sliding was comparable with the energy 
associated with the propagation of a shearing mode interface crack. Numerical simulations based on variational 
formulations were proposed by numerous authors, and more particularly by Raous [3]. The friction law used is 
the Coulomb's law. Sliding waves are observed experimentally at one edge of the contact area, sweep through it 
first partially, then entirely and lead finally to gross sliding. Correct modelling of all stages of the sliding 
evolution from rest up to gross sliding is still not performed: a central slip zone is predicted, based on the 
assumption of a friction coefficient equal to the ratio of the tangential load corresponding to the gross sliding 
over the normal load. 
This study deals with these differences. Thus: 

- modelling of interface behaviours based on the Coulomb's law were listed. The numerical model is based 
on a combination of the finite element technique, the interfacial crack theory and the unilateral contact 
analysis with friction. Geometrical dimensions of the slab and the friction coefficient value have a great 
influence on the way the sliding stages progress. 

- tests were realised to give an accurate phenomenological description of the sliding waves. The influence of 
both the geometrical dimensions of the slab and the friction coefficient value have been verified. Further 
both load and displacement variations when the sliding waves sweep through the contact area, partially or 
totally, were performed. Particularly, informations on the influence of the loading speed on sliding were 
obtained. 

For the configuration studied, incipient slidings are highly dependent on the parameters mentionned above. 
These results can't be extrapolated directly to industrial configurations due to the difference in material, a very 
compliant one in tests, rigid ones in industry. But this device is of a great help for local frictional behaviour 
analysis. Comparisons between experimental and theoretical results and the behaviours noted from the 
parametric study lead to the conclusion that a parameter adjustement will allow to model sliding stages with a 
Coulomb law type. 
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I. INTRODUCTION

A theoretical approach of friction and sliding 
phenomena between two frictional contacting bodies 
is presented in this paper. Progri et al [ 1] and 
Mouwakeh et al (2) have previously studied
experimentally these phenomena and identified 
conditions leading to "sliding waves" resembling 
"Schallamach waves" [4] between two contacting 
bodies. A two-body contact is formed between a 
rectangular polyurethane slab and an araldite rigid 
flat (cf. figure I). The slab is first pressed against 
the flat, then a tangential load is imposed until 
gross sliding is detected. Sliding is due to successive 
pertubations or waves located at the interface and 
wich travel through it. These pertubations are 
associated to the propagation of a shearing mode 
interface crack, as the energy dissipated during 
sliding and the energy dissipated during the 
propagation of an interface crack are comparable 
[2]. 
Numerical simulations of these experiment based on 
variational formulations were proposed by Raous (3) 
(finite element method) and Deshoullieres (5] 
(boundary integral equations). These simulations 
are based on the Coulomb's law with static and 
dynamic friction coefficients: a static coefficient of 
friction fs defines the "stick limit", ( I crntl < fs * 

I crnn l ), a dynamic coefficient of friction fd -
equal to the ratio of the limiting value of the 

tangential load leading to gross sliding over the 

normal load- defines the shear stress <I crnt l = fd
* j crnn l ). The stick and slip zone evolutions in
the contact are modelled. But the evolution of the 
state of the contact is still different numerically 
from the one observed experimentally [1,2]. Further 
a stress field singularity associated to the sliding 
zone extension is numerically obtained, but less 
marked than in the experimental case. The 
Coulomb's friction law and the experimental 
observations of the contact phenomena disagree. 
This study aims at : 

- listing the different behaviours described by 
the Coulomb's law. The influence of the 
coefficient of friction and the slab dimensions 
will be studied with a parametric study. 
Location of initial slidings and the direction of 
extension of the sliding zones will be 
particularly observed. 

- an accurate experimental observation of "the 
sliding wave" phenomenom. 

This model combines numerical and analytical 
methods. The stress and displacement fields are 
calculated and the stick, slip and open zones at the 
contact interface are determined. Further the 
different behaviours at the contact interface 
depending on the Coulomb's law are identified and 
listed. This theoretical study is undertaken jointly 
with an experimental one. A loading frame was 
developed which allows us to perform accurate 
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Figure l : Experimental device. Mechanical Properties and geometrical dimensions of the contacting bodies 
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analysis of the contact evolution during a load cycle. 
Both loads and displacements are measured 
continuously and their variations are studied in 
relation with sliding wave travelling. 

2. MODELLING 

The simplicity of the geometrical shapes of the 
solids, of their law of behaviour, of the cinematic 
conditions characterise the experimental 
configuration. Therefore the following simplifying 
assumptions are retained for the theoretical 
modelling: 

- steady-state sliding as the sliding speeds are 
small, 

- elastic linearity : the deformable material of 
the slab behaves homogeneously and 
isotropically according to Hooke's law, 

- two-dimensional and particularly plane strain: 
the specimens are assumed to be of infinite 
width compared with the contact dimensions, 

- displacements are allowed accross the 
boundary of the two specimens. 

The two-body sliding contact behaviour is 
particularly difficult to model. A gross sliding event 
is often preceeded by partial slips over part of the 
contact surface, causing: 

- tangential displacement discontinuities within 
slip zones, 

- normal and tangential displacement 
discontinuities within open zones, 

- continuous normal and tangential 
displacements within stick zones. 

The slip and open zone distribution (number and 
location) is unknown at priori and changes during 
loading. This model uses the previous works of 
Comninou [6] and Dubourg [7]. It is based on the 
method of continuous distributions of dislocations 
for modelling the displacement discontinuities at 
the contact interface and the contact solution for 
determining the slip and open zone distribution as a 
unilateral contact problem with friction. The 
resultant stress and displacement fields are obtained 
by superposing the continuous and the crack 

responses to the load. The continuous field ( crC )
corresponds to sticking at the contact interface, i.e 
continuity of the normal and tangential 

displacements, and respects the interface 
equilibrium. The finite element method is used to 

calculate this field. The crack field (crF),
corresponding to displacement discontinuities like 
slip and opening at the contact interface is a 
corrector field, added when the boundary conditions 

are no more respected. The resultant field (cr) 
satisfies the boundary conditions listed underneath 
(7-10). Analytical expressions for the crack field
exist in the literature [8]. The coordinate system 
(o,x,y) is introduced. x is the inner normal at the 
body 1 contacting interface, y is the tangential 
component (cf. fig. 1). 

( ) k1 (1-A)+l-B J'J ( ) u1 s1 = ( ) 
L bx r; dr 4 k1 + 1 -I 

u (s )=- k1 (l+A)+l+B L J_'J1 bx(r;)dr2 J 4(k. +l) 

( ) k1 (1-A)+l-B J'J v1 s. = ( ) L by(rJdr J 4 k1 + 1 -I 

v (s )=- k1 (l+A)+I+B L J_'11 by(r;)dr2 J 4 (kl + 1) 

with 

A= 1-f 
l+rk1

ki = 3 -4 Vi 
ki 

= (3 - Vi) I (1 +vi)
plane deformation 

plane stress 

(1) 

(2) 

(3) 

(4) 

(5) 

(6) 

where the indices 1 and 2 correspond respectively to
the flat and the slab, L is the contact width, bx and 
by are the Burgers vectors corresponding to open 
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and slip. Integration and observation points ri and Sj 
are given by: 

ri = cos ( 2 i - 1 
p
)

2n+l 

2' 
s. = cos ---1£.... J 2n + 1 

i = 1 ,  n 

j = 1, n

where n is the number of discretisation points. 

Stress and displacement expressions are determined 
from Airy stress functions, and satisfy therefore 
automatically to the compatibility and equilibrium 
equations. Further the stress field singularity at 
crack tip is correctly taken into account. 
The contact interface state is determined 
numerically by solving the unilateral contact 
analysis with friction. The boundary conditions for 
a model using the Coulomb's friction law are the 
following : 

Normal or opening problem (N) 

Contact zone crnn � 0 �u = 0 (7) 
�u = u1-u2

Open zone crnn = 0 �u > 0 (8) 

Tangential problem (T) 

Stick zone (9) 
�v=v1- v2 

Slipzone lcrn1l</d*laMI �v*crnt � 0 (10)

where crnn is the normal stress, crnt the tangential
stress, �u the opening, �v the slip and fs and fd the 
static and dynamic friction coefficients. 
The algorithm for the contact problem solution 
follows the method developed by kalker (9) for two­
body in rolling contact and Dubourg (7) for the 
interfacial crack contact. The contact problem is 
split in two parts, the normal or opening problem 
(N) and the tangential one (T). In the normal
problem, the contact and open zone distribution 
along the interface is determined. The stick and slip 

zone distribution along the contact zone is then 
determined by the tangential contact solution. (N) 
and (T) are solved in tum until convergence is 

reached, i.e when the distribution of open, stick and 
slip zones is stabilized from one iteration to the 
next. 

3. NUMERICAL RESULTS 

The starting point for studying the contact interface 
behaviour is to know the location of the first sliding, 
as this event is determinant for the interface 
behaviour. Location of the first sliding is predicted 
in previous studies [ 11] by the Coulomb's law 
depending on a stick threshold and slab dimensions 
H/L. A normal displacement is first imposed. It 
corresponds to a normal load of about 76 N. Then a 
tangential displacement from the left to the right is 
applied. The terms "left" and the "right" correspond 
to the left and right of the reader. This convention is 
used in the remainder of the paper. The increment 
of the tangential load is constant and equal to 2N 
whatever the ratio H/L is. The sliding zone 
evolutions were analysed for numerous contact 
configurations. The variation range of the 
parameters considered is : 

- friction coefficient: from 0.1 to 1.4, step 0.01 
- ratio H/L from O. l to l ,  step 0.1 
- ratio H/L= 1.2 and l .5 
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Figure 2 : Contact interface behaviour from 
numerical simulation based on Coulomb's friction 
law. 
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Eight zones of behaviour, labelled C l  to CS, are 
obtained from this wide parametric study (1572 
cases) (fig. 2). 
Each zone corresponds to a typical behaviour of the 
interface during the loading, i.e identical succession 
of events (sliding, sticking and opening) takes place 
at the interface. The ZD and ZG behaviour.are 
presented in detail in Figure 3. Tbe other ones are 
described in [12]. ZD is related to a sliding zone 
sweeping through the interface from the right to the 
left, and ZG is related to a sliding zone starting at 
the middle of the interface and sweeping through it 

)o 

to the right. This latter point was described in 
previous numerical studies [4,5]. 
It comes out from this parametric study that the 
Coulomb's law covers a wide range of sliding 
phenomena that depend strongly on parameters non 
directly linked with the interface. The numerical ZD 
behaviour seems to correspond to the experimental 
one on the basis of the analogy between the 
numerical sliding zones and the experimental 
sliding waves. It seems therefore possible to 
reproduce the sliding wave phenomenom by fitting 
the Coulomb's law. 

4. EXPERIMENTALPROCEDURE

An accurate experimental study is neccessary to 
understand friction and sliding phenomena. 
Numerical modelling requires a good knowledge of 
mechanisms, displacement evolution, contact forces 
and generalized forces. The photoelastic bench 
includes 4 functional groups, (cf. Figure 4) 

- 1: the loading frame, is formed of two parts 
holding the test specimens. Displacements in 
two perpendicular directions are feasible. The 
horizontal guide is performed by two ball 
columns, the horizontal one by a gas slider. The 
araldite counterface is mounted on a car 
differential screw. A sensor force T which 
controls the tangential force imposes this 
displacement. 

- 2: the optical photoelastic device, allows the
continuous observation of the isochromatic field. 
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Figure 4 : Photoelastic bench 
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- 3: load and displacement measurement 
system, containing 

- sensors for normal (N) and tangential (T) load
measurements, 

- sensors for flat travel (DT) (sliding and slab 
deflection), for the left edge (DG) and right 
edge (DD) slab sliding measurements 

- 4: measured parameters acquisition and 
treatement: all signals are recorded and 
monitored during tests on an informatic system 
The picture acquisition for numerical treatement 
or continuous recording on video tape is 
performed with the CCD camera. 

4.1 Analysis of a typical test 

Recordings of the normal and tangential loads, the 
lateral edge displacements DG and DD of the slab 
and the counterface displacement DT are presented 
figure 5. Several steps are noted during this test: 

- Step 1: loading t0 :::; t:::; t1• The normal load 

increases from zero to Nd= - 85 N. The tangential 
load is nil and the tangential displacement DT is 
unchanged. A stick zone holds at the contact 
interface: there is no difference between the 
tangential displacements of the slab and the flat. 
Consequently the shape of the slab is changed into a 
barrel and the displacement of the lateral edges of 
the slab DG and DD increase. Note that the 
displacement sensors are situated 5 mm above the 
contact surface. The isochromatic field changes 
continuously and is symmetric. 

- Step 2: complete sticking t1 st st2. The

normal displacement and thus the normal load are 
kept constant until the end of the test. A tangential 
displacement is imposed to the right at constant 
speed V. The tangential load increases progressively 
and continuously. The interface is still sticking. The 
flat shift causes defections of the lateral edges of the 
slab. Theses deflections modify the displacements 
DD and DG. Continuous evolution of the 
isochromatic field through the whole slab is 
observed, due to shearing. 

- Step 3: opening - sliding t2 st st3. An

open zone is situated at the right edge of the slab. 
At t=t2 , a sliding wave starts at the right side of the
slab and sweeps entirely through the contact (cf. 
figure 6). Tangential load drop is measured as the 
sliding wave comes out of the interface. The gross 
sliding is clearly identified by the large variations of 
the displacements DD and DG. The travel of the 
sliding wave from one side of the contact to the 
other is in the opposit direction to those of the 
imposed tangential displacement. After this event, 
the interface is again fully adherent. The tangential 
displacement and therefore the tangential load 
continue to increase. Three other sweeps are 
recorded that correspond also to gross slidings. 
Resulting tangential unloadings and displacement 
DD and DG variations increase with the number of 
sweeps. The normal load evolution is similar to 
those of the tangential load. 

Figure 6 : Sliding wave 

- Step 4: partial sliding t3 st st4: At t = t4,

a sliding wave travels partially through the contact 
interface, but without coming out. A short 
unloading, weaker than one corresponding to a 
gross sliding, is recorded. This is confirmed by the 
displacement DD and DG measurements. 

Similar steps are observed up to the end of the test. 
The maximum tangential load does not vary any 
more. The tangential load over normal load ratio 
corresponding to the gross slidings is roughly 
constant and equal to 1. 
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The interface contact behaviour is summarized in 
three steps: 

- the stick step: during normal loading and for 
small tangential loads, the interface is 
completely sticking. There is no energy 
dissipation and no hysteresis. 

- the partial slip and stick step: increasing the 
tangential load causes sliding waves or 
Schallamach waves at the contact interface. No 
gross slidings are observed. This transient step is 
the connection between the stick step, 
corresponding to a bulk deformation, and the 
next step, corresponding to shearing at the 
interface. Energy is dissipated during this step, 
which is irreversible. 

- the gross sliding step: the sliding waves travel 
entirely through the contact interface in the 
opposite direction of the imposed displacement. 
Gross slidings are observed. A tangential load 
drop and sticking at the interface are associated 
to each gross sliding. The stress field in the slab 
is different before and after this event. 

4.2 Influence of the flat nature 

The sticking conditions and friction at the interface, 
characterized by a mean friction coefficient, are 
changed here. Therefore physical and 
microgeometrical parameters thought influent have 
been modified. This control is obviously not very 
accurate as this tribological problem is very 
complex [10). 

Different manufacturings of the surface conditions 
of the rigid flat were realised. The contact evolution 
is similar to those described above. The influence of 
the surface conditions is therefore small on the TIN 
ratio. 

Then different coatings or lubricants were employed 
to modify the sticking and frictional proporties o the 
counterface. For instance the flat was coated with 
paraffin. This third body changes completely the 
beheviour observed during previous tests. No travel 
of sliding waves is observed at the contact 
interface. The speed accomodation was performed 

within the paraffin layer and not at the interface 
paraffin/polyurethane. 

5. COMPARISON. CONCLUSION 

The contact evolution during cyclic loading was 
analysed accurately. The interface behaviour 
depends on numerous parameters. Their importance 
and role are sometimes still misunderstood. Two 
kinds of contact evolution, characterized by the 
location and the travelling direction of the sliding 
waves, are highlighted in this study. Numerical 
results show that the contact interface behaves 
differently depending on parameters non directly 
linked to the interface. Nevertheless an analogy is 
noted between the experimental sliding waves and 
the theoretical slip zones. Numerical modelling of 
these phenomena requires important fitting of the 
parameters that justify modifications of the 
Coulomb's friction law. 
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