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Analysis of Multiple Fatigue

Cracks—Part I: Theory
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This paper analyzes the effects of multiple cracks situated in the contact zone vicinity
of an elastic isotropic component, modeled as a half-plane. Friction between the

crack faces is taken into account using Coulomb’s law. Straight arbitrarily oriented
cracks are considered. Any contact condition can be modeled between the crack
faces as well as any loading condition over the half-plane surface, including complete
loading cycles. The method has been tested forup to 5 cracks and shows no limitation
in crack number. Further, the method is general as no prior assumptions concerning
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the state of the crack, i.e., the slip-stick-open configurations along the crack are
required. The stress intensity factors (SIFs) calculated for two crack configuration

are compared with those obtained for single cracks.

I Introduction

Numerical methods are generally used for practical cracking
problems involving finite geometries and complex loading.
High accuracy implies important computer time. In the case
of cracking initiated in localized contact problems, semian-
alytical methods offer an interesting alternative. Therefore
considerable research effort has been devoted to extend the
application field of analytical solutions, which was limited to
only a few idealized cases. Straight or kinked cracks situated
in an isotropic elastic material or at the interface of a two
phase material were analyzed. Thus Comninou (1977, 1978)
solvedtheinterface crack problem, taking into account friction
between the crack faces. Comninou and Schmueser (1980),
Comninou et al. (1983), Chang et al. (1984), Kim et al. (1990)
considered various loading conditions, including moving loads.
Later, Hills and Comninou (1985a, b) considered a crack per-
pendicular to the surface. This work was extended to various
loading cases (Sheppard et al., 1986). Arbitrarily oriented
(Nowell and Hills, 1987) Keer and Bryant, 1983), or kinked
cracks (Miller and Stock, 1989) were also considered. In the
three last cases the analysis was devoted to completely open
cracks. Therefore, due to the crack modeling complexity, and
to the difficulties of solving the contact problem between the
crack lips, the analyses mentioned above were limited either
to predefinite states of the crack for given ranges of loading
conditions and crack data, or to open cracks. Bower (1988)
remove this limitation for the case of an arbitrarily oriented
crack situated in an isotropic medium. Note that the case of
multiple cracks has received relatively little attention so far.
Keer et al. (1982) have analyzed the situation created by having
two open cracks.

The purpose of the present analysis is to study multiple crack
interactions to provide an additional tool to study the con-

ditions under which failure occurs: mutual interactions be-
tween cracks may strongly modify the stress field near the tips
of the cracks and thus the stress intensity factors (SIFs). A
general model was constructed to perform this analysis under
any loading conditions (including complete cycles) and crack
geometries in an isotropic elastic medium. It includes a new
formulation for the crack model and also for the interfacial
contact problem solution. Satisfactory comparisons (Dubourg,
1989) with the literature (Hills and Comninou, 1985a, b; Bower,
1988) and with experimental results (Dubourg et al., 1988)
were performed for a single crack.

In this paper the modified crack modeling in terms of the
dislocation theory is first described. Then the contact problem
solution is presented in the next section. An application serves
as illustration.

II Modeling

As mentioned above, a semianalytical solution is obtained
for a normal and tangential distribution of tractions over the
surface of a multiply cracked half-plane. The solution (") is
obtained by superposition of the solutions corresponding to
the homogeneous half-plane response to the load (I) and to
the crack response (II), i.e., stresses generated by relative dis-
placements along the cracks.

Stress (M) and displacement fields corresponding to (I)
have been determined by summing the elementary stress and
displacement components obtained from appropriate Airy
stress functions associated with concentrated normal and tan-
gential loads.

Relative displacement zones within the crack are modeled
as continuous distributions of edge dislocations of Burgers
vectors b, and b,. Elastic fields (¢") corresponding to (II) are
obtained from the literature (Dundurs and Mura, 1964). This
technique, already used in the models mentioned in §I, is mod-
ified and adapted to the contact problem solution.

Load cycles are described with an incremental description
which takes into account the load history, as hysteresis is in-
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Fig. 1 Notations used in case of two cracks

troduced by the frictional contact between the crack lips. The
load is then applied in small steps. Thus, for incremental var-
iations of the loading zone position A,, of the loading com-
ponents Ap and Agq, the boundary conditions for the overall
problem are the following (Fig. 1):

Surface boundary conditions step i+ 1
Yi+Ay<y<y2+Ay y>y2+ Ay, y<yl+Ay

(1) 0L(0,y) = — (p(y) + Ap) (3) 65(0,5) =0
(2) 04(0,)= — (g(») + Aq) (4) 04,(0,)=0

Note that displacement boundary conditions are formulated
in terms of displacement increments:
A “‘stick condition’’ means that the tangential displacement
increment Au, is nil
Sul* = dul+ Ault, Auiti=0
A ““contact condition’’ means that a zone that was previously
open is now closed.

Sult ' =dul+ Aul, Aul = —Sul,

Interfacial boundary conditions for M(x,y) step i+ 1

Open zone Contact zone
(8) duiT (M) =0
(5) Gun(M)=0
(6) om(M)=0
(7) uir'(M)>0

Contact stick zone
(10) u'* Y (m)=0
1) leZ M)l <flal (M)

II.1 Crack Modeling. Asmentioned above, displacement
zones along the crack are modeled with continuous dislocation
distributions. In the models cited in §1, the dislocation behavior
on each displacement zone corresponds to the stress behavior,
i.e., regular of square root singular. Thus the number of dis-
placement zones, their length, their relative position along the
crack have to be known and thus assumptions are formulated
on the state of the crack.

One of the main conditions to ensure the construction of a
general model is to get a single stress and displacement for-
mulation for the whole crack, independent from the contact
conditions. To reach this goal, the following steps were fol-
lowed:

The crack is considered as a whole potential displacement
zone (I') that may contain several different zones of slip, stick,
and opening; unique dislocations distributions b, and b, are
considered.

The dislocation density depends only on the crack geometry,
whether it is a subsurface (case I) or a surface breaking crack

(case II). In both cases, artificial singularities are imposed that
guarantee the correct behavior of the stress field along the
crack: square root singular at crack tips, bounded elsewhere.
The strength of these singularities may then be driven numer-
ically to zero as in case of a stick zone at the crack tip. Con-
sistency equations come from corresponding boundary
conditions (éu,, = 0, éu, = 0).

The multiple crack model is presented using a two crack
configuration (Fig. 1). Stresses and relative displacements, la-
beled versus the crack number i, are expressed in the reference
axes (n;, t;) related to the corresponding crack. Thus I'l and
I'2 are the potential displacement zones. The dislocation dis-
tributions are (b1,b1,) and (b2, ,,); M1 and M2 refer to points
which belong to the corresponding crack.
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u is the shear modulus, k=3 —4v for plane strain, or (3 —v)/
(1+v) for plane stress, v the Poisson’s ratio, K3;, K% the stress
kernels and D} the displacement kernels are defined in the

(9) on(M)<0

Contact slip zone
(12) log(M)| =flo;,M)]
(13) suy* '(M).a (M) < <0

Appendix. The displacement field is made unique by imposing
B:<B<B;+2w,B; being the crack angle (Fig. 1).

It may be noted that the stress field at a point M belonging
to a crack is influenced by the presence of other cracks. But
as the stress kernels (cf Appendix) decay as 1/r, where r is the
distance from the point M to the point where the dislocation
is, the influence is mostly concerned with the closest points.
The relative displacement expressions are the same as in the
case of a single crack as displacements generated by the pres-
ence of crack 2 induce no relative displacements between the
faces of crack 1 and vice-versa.

The method presented has been developed for a two crack
situation. For multiple (m) cracks, it is necessary to include
supplementary terms in Eq. (14) which then reads:

m
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The numerical solutions employed to solve these singular
integrals are those developed by Erdogan et al. (1973). First
each interval [a,b)] corresponding to a crack (a=0 for a surface
breaking crack) is normalized by a change of variables:

x/L=es+y §/L=er+vy
with
e =0bB-a/2L v =(b+a)/2L
Integrable singularities are incorporating in b(£) and b,(£) by
letting:

b(§) =B - £)*(1 + §)° (20)
by =WE1 -1 +Ef (21)

where incase ]l a= —(8=—1/2and in case Il a=8=—1/2.
Integrations points r; and collocation points s; are chosen
(Erdogan and al., 1973)

Case 1 Case 11

(22) rij=cos((2i-1)w/2n) i=1, . .n

(23) s, =cos(mwk/n) k=1,..n-1 (25) s, =cos(kw/(2n+1))

In case I, further conditions are imposed to ensure the unique-
ness of the displacement field: éu, = 0, éu, = 0 at the upper
tip of the crack (k = n—1).

I1.2 Contact Problem Solution. The distributions of nor-
mal and tangential tractions that satisfy the boundary con-
ditions, involving equalities and inequalities, at the crack
interface are solved for. A systematic approach is proposed to
avoid assumptions that limit the application field of previous
models (cf §I). Futhermore, it is impossible to anticipate the
states of the cracks for multiple cracks due to the complex
sequences of stick, slip and open zones that may result. Thus
the problem is solved as a unilateral contact problem with
friction, following the method developed by Kalker (1982a, b)
for the contact problem between two solids. The method em-
ployed is fully described in a previous paper and only the main
points will be recalled here (Dubourg and Villechaise, 1989).

Each crack is considered as a potential contact area, where
p; discretization points are distributed. These points coincide
with the collocation points s; (cf. relations 23 or 25). Dis-
placement and stress expressions at a general mesh point are
given by Eqs. (14), (15), and (16). The problem requires the
solution of 2NI equalities, 2NI inequalities for 2NI unknowns

m

bx(rj) and by(r;), where NI is defined by NI = Z Di, m being

i=1

the total number of cracks. Note that the normal and the
tangential tractions are coupled. The contact problem is split
in two parts, the normal (N) and the tangential (T) problems.
In the normal problem the contact and open zone distribution
along the crack faces are determined. The stick and slip zone
distribution along the potential contact zone is given by the
tangential problem. (N) and (T) are solved in turn (N.T/
N.T/...), until convergence is reached, i.e., when the distri-
bution of stick, slip, and open zones is stabilized from one
iteration to the next.

Initial conditions are needed. In the first load step, the cracks
are assumed to be closed and adherent (Egs. (8) and (10),
respectively). In a multiple load step problem, the distribution
of the different zones obtained in the former pass is used to
initiate the next one. Corresponding equations to these initial
conditions are then solved for. The solutions are finally tested
to see if they satisfy the boundary conditions in terms of the
inequalities.

First, the normal problem: g,, is given. Two iteratives pro-
cedures are used:

Condition (9) is first verified for all points belonging to the
potential contact zone; points which do not verify this con-

dition are forced in the open zone. This goes on until a stable
distribution of the potential contact area is reached.

Condition (7) is then verified for all points belonging to the
potential open zone. Points which do not vérify this condition
are introduced in the contact zone; both procedures must be
repeated if the open zone distribution is modified.

Convergence is reached when both tests are satisfied. The
tangential problem is then solved, with ¢,, given. Equations
(10) or (12) are used if the point is in a stick or in a slip zone.
Again, two iterative sequences are used.

Condition (11) is tested for all points in the stick zone. Points
which do not satisfy this condition are set in the slip zone.
This goes on again until a stable situation is reached.

Condition (13) is verified for all points belonging to the slip
zone. Points which do not satisfy this condition are introduced

@4 ri=cos(Q2i-1)r/Q2n+1))i=1, . n

k=1, .n

in the stick zone. A modification introduced in the second
iteration implies going over both iterative sequences again.

Global convergence is reached when stable solutions are
obtained successively throught (N) and (T). Results give the
open, slip and stick zones distribution along crack faces.

This method was successfully applied to the single crack
interfacial contact problem. Numerous tests were performed
(Dubourg, 1989). They include comparison with:
oThe literature for a crack perpendicular to the surface (Hills
and Comninou, 1985a, b) and also for an arbitrarily oriented
crack (Bower, 1988). Good agreement is obtained in both cases
for all contact conditions. The general model presented here
is thus as accurate as the specific models to which it was
compared.
eExperimental results (Dubourg et al., 1988): differences be-
tween the SIFs obtained experimentally using photoelasticity
for a cracked PSM4 slab and the theoretical ones do not exceed
15 percent.

For the multiple crack problem, convergence is slowed down
because of the increased number of unknowns and of mutual
interactions between cracks. But no particular difficulties have
been encountered.

A systematic study of the effect of the governing parameters
is under way. An application is presented below.

IIT1 Application Effect of a Moving Load Over the Sur-
face of a Multiple Cracked Half-Space

Here, a moving load of width L = 440um is applied over
the surface of a half-plane which exhibits two cracks. For each

Yp

X Y
crack 1 crack 2

Fig. 2 Moving load over the surface of a two cracked half-plane. po
= 840 MPa, go/po = 0.05, L = 440 um, b = 110 um, 8 = 65 deg, f =
0.1.
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Fig. 3 Kl and Kii variations versus y, for the single and two crack
configuration. Crack 2

crack, its position d,; dimension b,, angle 8; and interfacial
coefficient of friction f; are specified on Fig. 3:

Crack 1 d,;=0., by =110 ym, B;=65°, fi=0.1
Crack 2 d;=220 pum, b,=110 pm, f(=-65°, f,=0.1

30 discretization points are considered for each crack. The
conditions pictured in that figure are representative of damage
found under lubricated Hertzian contacts and have been ana-
lyzed for the reference case by Bower (Bower, 1988). The
pressure distribution is thus Hertzian, with maximum pressure
po = 840 MPa; go is the maximum tangential traction (go/
po = 0.05). The position of the load is defined with respect
to the trailing edge of the loading zone y,. 490 steps of dis-
placement between y,= — 600 pm and y, = 440 pm have been
analyzed. Comparisons are made between the SIFS obtained
when either one (the reference case) or two cracks are present.

Analyses have been performed for the one crack and two
cracks systems. Significant interactions between the cracks ap-
pear from y,= —440 pm, as the leading edge of the loading
zone passes over the mouth of crack 1, to y, = 200 um, roughly
when the mouth of crack 2 emerges from the loading zone.
These interactions are characterized by increases and drops of
the SIFs KI and KII compared with those obtained in the
reference case KIr and KIIr (Figs. 3 and 4). This would be
expected as the presence of a second crack modifies the half-
plane rigidity and more particularly the rigidity of the detached
zone between the two cracks as it will be shown.

Complex evolutions of the states of the cracks occur as the
load moves over the surface (Fig. 5). Note that the displacement
zones are pictured proportionally to the other dimensions of
the figure (crack length b, loading zone L). Crack states will
be seen to be quite complex under some conditions as up to 5
different zones may be found.

As the load starts moving (y,= — 600 pm), the two cracks
are partially open; a backward slip zone holds along the faces
of crack 1 and a forward slip zone along the faces of crack 2.
Thus the detached zone between the cracks is pulled up. From
the start to y,= —309 pm, i.e., when the leading edge of the
loading zone passes over the tip of crack 2, the state of crack
2 doesnt’ change.

As the leading edge of the load passes over the mouth of
crack 1 (y,= — 437 um) slip between the faces of crack 1 changes
direction. Then the open zone of crack 1 moves gradually from
the mouth to the tip: first a closed zone spreads out beneath
the mouth, dividing the open zone (y,= —432 pm) in two
zones. Second, a third open zone starts to grow from crack
tip (p= —430 pum) and finally these two zones connect
(yp= —426 pum). Note that there is still a small contact slip
zone beneath the mouth of the crack that prevents the crack
from being completely open;
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Fig. 4 Kl and Kii variations versus y, for the single and two crack
configuration. Crack 1

As motion continues, the crack faces reclose gradually be-
cause of the compressive action of the loading zone: the for-
ward slip zone progresses toward the tips, a stick zone appears
in its middle (y,= —348 um) and the open zone disappears
(p=—328 pm);

Motion continues and the compressive action of the loading
zone on both cracks increases. As the leading edge of the
loading zone passes over the top of crack 2 (y,= —309 um) a
stick zone starts to grow at the tip of crack 2. Then, cracks 1
and 2 lock gradually, more specifically, the stick zone of crack
1 progresses toward the tip (, = — —289 um), then extends
toward the mouth. For crack 2, the stick zone spreads from
tip to mouth (y,= — 243 um). The cracks remain locked until
the leading edge of the loading zone approaches the mouth of
crack 2. Here a small backward slip zone appears first at crack
2 tip (= —237 pm) and then spreads along the faces of that
crack ()= — —224 um). At this point these relative displace-
ments along the faces of crack 2 induce a backward slip zone
between the faces of crack 1 (y,= —163 pm) (instead of
Yp=—>50 um for a unique crack) that spreads from tip to the
mouth (y,= — 55 um). As the mouth of crack 1 emerges grad-
ually from the trailing edge of the loading zone, the open zone
at its mouth gradually increases and a small stick zone divides
a forward slip zone situated under the open zone from the
backward slip zone (y, = 64 um). This forward slip zone
extends gradually to the tip of the crack until the backward
slip zone and the stick zone disappears (y, = 138 um). From
this load position to the end of the loading cycle, the state of
crack | remains constant.

A few steps before, two stick zones appear simultaneously
at the tip and at the mouth of crack 2 (y, = 86 um). Then, a
forward slip zone (y, = 95 pm) and an open zone (y, = 103
wm) appear one after the other at crack tip. Note that at that
time the trailing edge of loading zone is roughly above the tip
of crack 2. As the trailing edge approaches the mouth of crack
2, the open zone at crack tip increases, the backward slip zone
(yp = 138 um) and the stick zone (¥, = 173 pm) are eliminated.
There is only one contact slip zone in the middle of the crack.
This tendency to open from the tip of the crack then reverses.
The open zone is divided in two (y, = 201 um); the upper one
translates along the crack length until it reaches the mouth (y,
= 216 pm) and the open zone at crack tip disapears (y,
= 218 pm) just as the mouth emerges from the trailing edge
of the loading zone. There is finally a forward slip zone at
crack tip and an open zone at crack mouth. The last change
in the crack state concerns the slip direction along the contact
zone which reverses. The reversal requires first that a stick
zone grows starting from crack tip (y, = 222 pum) then at both
end of this zone a backward slip zone appears and spreads out
the stick zone (y, = 232 pum). From this point to the end of
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the loading cycle no more change in the state of crack 2 will
occur.

Significant interactions occur at key positions of the loading
zone compared with the crack positions:

For crack 1, increases of 32 percent (from 2 MPa m to 2.65
MPa m) and 47 percent (from —2.1 MPam to —3.1 MPa m)
are noted. The biggest value is obtained when the trailing edge
of the loading zone is situated just between the 2 cracks, and
thus above the tips of the cracks.

For crack 2, increases are more important than for crack 1.
Increases up to 76 percent (from 1.2 MPa m to 2.1 MPa m)
and 71 percent (from — 1.75 MPam to — 3. MPa m) are noted.
The biggest interaction occurs from y,= — 440 um, as the lead-
ing edge of the loading zone is situated over the mouth of
crack 1, to y,= — 328 um, as the leading edge passes over the

tip of crack 1. Further crack 1 influences crack 2 significantly
over a great distance from y,= —400 pm to y,= 150 um. Note
that there is a transition zone from y,= —100 pm to y,= 100
wm: the influence of crack 1 is at first negative (because KII
increases) then nearly nil (KII values have opposite sign but
the same values), and then the influence is positive (KII de-
creases). This phenomenon is less marked for crack 1. These
interactions are due to the relative displacements generated
along the faces of the other crack that create or amplify dis-
placements along the faces of the first one and vice-versa. For
instance, displacements along crack 2 faces induce slip between
crack 1 faces from y,= — 163 pm instead of y,= — 50 um for
the reference case. Note that the detached zone between the
two cracks experiences different kinds of movements because
of these relative displacements: global displacement up (as for



Yp=—1600 pm) or down (as for y, = 232 um), a clockwise (as
from y,= —437 to — 243 um) or a counterclockwise (as from
Yp=—163 to —55 um) rotation.

Note also that at the end of the loading cycle, SIFs expe-
rienced at crack tips 1 and 2 are slightly different compared
with the reference values: this is due to the hysteresis induced
by friction between crack faces.

Conclusion

SIFs, elastic fields have heen determined for a multiple
cracked half-plane. Any loading condition and interfacial con-
tact conditions can be considered owing to the generality of
the model. The illustration presented proves that a systematic
solution of the contact problem due to the complexity of the
states of the cracks during the load cycle is needed. Further,
these results show that analysis should not be limited to single
cracks only as significant differences in crack states induce
important SIFs variations, as much as KII increases of 70
percent.
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APPENDIX
The K, Kj; kernels expressions are:
K=K, sin’8 — 2K%, sinf cosf3 + K3}, cos’B )

K3 =K% cos’f— 2K?, cosB sinf + K, sin’8 (10)
wi= (K, — K%) sinf cosp + K%, (cos’8—sin’)  (11)

Ky Ko and K are defined in the same way with K, K3,
K,. For a point M(x,y) situated in a general position along
the crack, for a dislocation S(¢,n) of Burgers vectors by, b,
elementary stress and displacements are expressed in the ref-
erence axis (x,,y,) such as x,=x, y,=y — » (Fig. 1). Thus the
K3, K3, kernels expressions where the subscripts I,m = x,y
are identical to those obtained for a crack perpendicular to
the surface:
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ux.y) = [D3(X.,,0,8). bx(€) + D(x.,,0,8). by()]
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