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Université de Lyon, CNRS

INSA-Lyon, LaMCoS UMR5259
F-69621, France

Email: philippe.sainsot@insa-lyon.fr

ABSTRACT
The prediction of both the tribological behaviour and me-

chanical analysis of the wear resistance are still of great research
interest in order to improve the lifetime of material surfaces. This
concerns both bulk and coated materials although coating pro-
cesses have been often developed in order to protect substrates
from tribological solicitations. The wear resistance of coated
materials has been the subject of many studies which show that
it is possible to protect and improve significantly the durability
of substrates. A straightforward discretisation of the multi-scale
problem of graded coatings on substrates exceed the memory
and CPU capacity of current (and next generation) computers.
The authors have proposed an efficient numerical model that can
handle this multi-scale problem: using billion points and locally
refined grids.

NOMENCLATURE
λx,y,z,µx,y,z Lame coefficients
αx,y,z Dilatation coefficient
Ex,y,z Young’s modulus of the material
ui Displacements
a Radius of contact
f friction coefficient

∗Address all correspondence to this author.

INTRODUCTION
A three-dimensional model is proposed to analyse multi-

scale effects on material lifetime. Strains and stress fields are
numerically computed within materials with graded coatings or
containing inclusions or randomness heterogeneities. This model
is based on multigrid techniques within a finite difference frame
work. Localised refinement is implemented to optimize mem-
ory requirement and computing time. The Voronoi tessellation is
used to generate the geometrical description of the grains. Each
one possesses its own properties. After having presenting the
3D model and the numerical method used, some numerical re-
sults will be outlined before concluding on the possibilities of
this new algorithm.

3D Model and numerical method
Equation

The work is based on a second order finite difference formu-
lation of the 3D Lame equations. The Lame coefficients and the
coefficient of thermal expansion can vary as a function of space.
These equations can be generalised in terms of displacements
(u(x,y,z)) to:

(λu j , j),i +(µui, j), j +(µu j ,i), j − ((3λ +2µ)αT),i = 0 (1)

The partial differential equations PDE are discretised using
a second order finite difference scheme in the bulk except on the
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boundaries, where both Neumann (surface) and Dirichlet (other
faces) boundary conditions are implemented.

Multigrid methods
The iterative methods converge slowly as the long wave-

length errors present in the solution slowly diminishes with suc-
cessive relaxation sweeps. MG techniques overcome this diffi-
culty by using a sequence of coarsen grids. The grids communi-
cate with one another through restriction and prolongation oper-
ators. Efficient multigrid algorithms for the solution of PDE re-
quire good ellipticity, which implies that non-smooth error com-
ponents can be solved by local processing. The elasticity equa-
tions are elliptic and one can expect a good multigrid efficiency
and convergence rate.

Numerical results
The domain studied is a half cube of finite dimensions.

Hertzian loading is imposed on the upper surface and zero dis-
placements are imposed on the other faces. The local refinement
strategy [1] has been validated through a comparison with global
calculations [2]. This strategy (100M of points in the restricted
volume) allows one to deal with very fine layers or complex het-
erogeneities. Four different cases illustrate the model capabil-
ities. The first one concerns a material with Young’s modulus
sinusoidal (wavelength̄l ) variation along depth (Fig. 1).
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FIGURE 1. YOUNG MODULUS SINUSOIDAL VARIATION
ALONG DEPTH AND TENSILE STRESS

The second one concerns a material containing a hard spher-
ical inclusion located at the Hertzian depth submitted to a sliding
Hertzian contact. Fig. 2 shows the Von-Mises stress (σVM).

FIGURE 2. σVM (X,Y=0,Z) FOR A HARD INCLUSION LOCATED
AT X/A=0.3, EINC = 5E, F = 0.1

This kind of problem can be generalized by considering a
granular medium. The grains have different properties and are
modelled using Voronoi Tessellation. Up to 2000 discretization
points can be considered per grain. 32 000 grains can be used to
describe the potential interest zone located in the contact vicin-
ity and corresponding to the finest grid. This simulation is per-
formed with low CPU time and memory cost. Fig. 3 shows two
examples. The former presents a plasma-spray deposition with
linear variation of the deposit concentration (from 100% at the
top surface to 0% at the interface), and the latter considers a 10%
variation on the Young’s modulus following a Gaussian distribu-
tion allocated to the grains. Fig. 4 illustratesσVM in the mid-
plane of the bulks under Hertzian loading.

FIGURE 3. GRANULAR BULKS

FIGURE 4. σVM (X,Y=0,Z)

Discussion
A discussion on the performed calculations is now presented

showing the ability of the solver to deal with the different prob-
lems. A comparison of the CPU time versus the studied prob-
lem is given in Table 1. The heterogeneous materials are sub-
mitted to a classical Hertzian pressure (a= 1,P = 1) at the top
surface. Calculations have been performed using 8 levels with
a local strategy (5 global levels, 3 refined levels) on a half cube
of finite dimensionsLx = Ly = 2∗Lz = 16a, leading to hundred
million degrees of freedom (DoF) to solve.

It has been assumed that the convergence was reached for a
1.10−8 residual. Results show that the model is able to deal with
all of these problems with low CPU time (less than one hour).
The increase of the CPU time between the problems is due to the
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Problem type CPU time (min) residual

Homogeneous 25 1.10−8

Inclusion:Einc/E = 5 27 1.10−8

Gaussian variation: 10% 30 1.10−8

Linear variation:Ec/Es = 3 32 1.10−8

TABLE 1. CPU TIMES FOR THE CONVERGED PROBLEMS

increase of the number of discontinuities in the materialwhich
require more numerical relaxations to be solved.

Conclusion
A new 3D MG model able to deal with homogeneous and

heterogeneous material is presented. This solver is able to use
more than billion points to discretize the entire bulk on a per-
sonal computer. The next step will consist in the analysis of the
material life based on different fatigue criteria and Weibull rep-
resentations.
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