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Theoretical frame

In the work that it is presented here it is reviewed new data on the resolution of in-service secondary teachers using mathematics technology (GEOGEBRA in this case) to solve optimization problems. These teachers were participating in an online course for their professional development, mainly in relation with the incorporation of mathematics technology into their practice, but primary they were learning to use technology and learning to do mathematics with technology (i) . In this context, it has been important to know teachers' strategies during the resolution of complex mathematical tasks using technology, because these allowed to identify the mathematical resources displayed by teachers, as well as their understanding of the content that were at stake. Is in relation with the teacher (or student) understanding of the mathematics content at stake that this paper deals with the role of representations in mathematics teaching and learning, because in according with [START_REF] Duval | Les représentations graphiques : Fonctionnement et conditions de leur apprentissage[END_REF], "there couldn't be understanding of the content represented without coordination of the representation registers, regardless of the representation register used. Because the peculiarity of mathematics in relation to other disciplines is that the objects studied are not accessible independently of the use of language, figures, schemas, symbols (ii) …" (Duval, 1994, p.12) Moreover, school optimization problems in general are designed for the modelling of real situations. However, the mathematical representations that come into play (e.g. formulas, graphs or symbols, and the treatments or operations carried out with them) obey a set of rules and operative principles within a context of mathematical theories previously established. Thus, when a statement is made in mathematical terms, the validity or not of such statement comes into play, and this within a welldefined theoretical context (Habermas 1999, quoted in Balacheff 2010, p. 5/36). Balacheff expresses this complexity of mathematical work as follows: "mathematical ideas are about mathematical ideas; they exist in a closed 'world' difficult to accept but difficult to escape" (Idem, p. 5/36).

Finally, it is from the perspective of determining the domain of epistemological validity (iii) of the computing devices for human learning [START_REF] Balacheff | La transposition informatique, un nouveau problème pour la didactique des mathématiques[END_REF], that [START_REF] Balacheff | Epistemological domain of validity of microworlds: the case of Logo and Cabri-Géomètre[END_REF] have found a way to characterize a computational learning environment with reference to a given field of knowledge, but also the forms of analysis that make sense of the differences between distinct computational environments, as well as its potential contribution, specific to the enterprise of teaching and learning of mathematics.

Therefore, for the sake of the work that is being presented here it is worth to be mentioned that in order to specifically analyze what the teachers were mathematically doing when solving the optimization problems with the technological tools (see more in Hoyos 2016), it was only possible using Balacheff and colleagues' theoretical notion of epistemological validity (e.g. [START_REF] Balacheff | La transposition informatique, un nouveau problème pour la didactique des mathématiques[END_REF]Balacheff -2004;;[START_REF] Balacheff | Epistemological domain of validity of microworlds: the case of Logo and Cabri-Géomètre[END_REF], and Duval's work on the coordination of representation registers of mathematics, specifically of graphs [START_REF] Duval | Les représentations graphiques : Fonctionnement et conditions de leur apprentissage[END_REF]. These authors have illustrated the different contributions certain software has in different virtual learning environments [START_REF] Balacheff | La transposition informatique, un nouveau problème pour la didactique des mathématiques[END_REF][START_REF] Balacheff | Bridging knowing and proving in mathematics. An essay from a didactical perspective[END_REF], and here it is noteworthy not only that the teacher (or student) learns to recognize those different register of representations [START_REF] Duval | Les représentations graphiques : Fonctionnement et conditions de leur apprentissage[END_REF] that are put in play by distinct computational devices or digital tools, but also the need of the coordination of representation registers than an appropriate use of computational devices involves when the validation of a solution is in question.

Collection of data and analysis

The data that are going to be showed here were part of performances of the in-service secondary mathematics teachers participating in certain online courses implemented by the MAyTE (an acronym for Mathematics and Technology) team (Hoyos, 2009[START_REF] Hoyos | Online Education for In-Service Secondary Teachers and the Incorporation of Mathematics Technology in the Classroom[END_REF]. These data are presented here for identifying what these teachers accomplished specifically for their mathematics learning during the six-month of online training courses they were participating into. In the MAyTE team's courses, the mathematical activities were developed around an understanding of concepts, learning procedures or mathematical techniques that relied mainly on asking participants in the program for the resolution of some specific mathematical problems, while only providing a brief list of instructions and explanatory text on the mathematical content. In this context, these courses generally did not include tutorial indications related to the mathematical resolution of the tasks requested.

It is noteworthy to emphasize here that it was possible until now to analyze the means or the strategies that participant teachers displayed using GEOGEBRA to solve the problems or learning situations provided by the MAyTE team by applying the constructs of epistemological and didactical validity of computational environments. Briefly, in the online MAyTE program (see [START_REF] Hoyos | Online Education for In-Service Secondary Teachers and the Incorporation of Mathematics Technology in the Classroom[END_REF], the activities consisted of using digital tools that were freely available on the Internet to solve math problems. The mathematical content was approached synthetically through a capsule of the content, and the digital tools for solving the mathematical problems consisted of a variety of mathematical software, particularly software of dynamic geometry (SDG). Next it is described one of the prototypical math problems to be solved by the teachers participating in the program, the practical context in which it was proposed and how the teachers finally managed to solve the tasks involved. Two of the selected optimization problems that teachers should solve are as follows:

1) A refinery can process 12,000 barrels of oil per day and it can produce Premium [high octane] and Magna [unleaded] gasoline. To meet the demand, the refinery must produce at least 2200 barrels of Premium and 1500 of Magna. The distribution center for the Premium is 30 km from the refinery and the Magna distribution center is from 10 km. The transportation capacity of the refinery is 180,000 barrels/km per day (This means that 180,000 barrels are transported 1 kilometer per day). If the benefit is 20 pesos per barrel of Premium and 10 pesos per barrel of Magna, how many barrels of gasoline should be produced daily to maximize the benefit?

2) A certain animal fodder is a mixture of two food products, namely A and B. Each kilogram of A has 100 units of protein, 18 of fat, and 400 of carbohydrates. The kilogram of B has 200 units of protein, 2 of fats, and 300 of carbohydrates. The aim is to make bags with a mixture of A and B products, each of which should contain at least 500 units of proteins, 18 of fats, and 1500 of carbohydrates. If the kilogram of A costs 3 pesos and the one of B costs 4 pesos, determine the number of kilograms for each of these products that must contain each bag of food so that the cost is minimal. (Week 8, Task 1. Geometry and Algebra Course. Specialization MAyTE, Hoyos et al., 2009[START_REF] Hoyos | Online Education for In-Service Secondary Teachers and the Incorporation of Mathematics Technology in the Classroom[END_REF].

Most teachers' solutions to these problems were based on the identification and formulation of several algebraic expressions that modeled the given actual situation, and they were accorded to the data provided; as well as doing a graphical representation using GEOGEBRA, based on the algebraic expressions that firstly were elicited. Such procedures were needed to determine the region of feasibility and the coordinates of the points from which it was possible to obtain the maximum or the minimum cost, depending on the initial conditions of each problem. The solution that is going to be showed here (a data table and a graph in GEOGEBRA) was taken from the documents the teachers uploaded to the platform, and were evidence of a solution strategy composed of these elements: translation from the initial conditions to algebraic expressions, and representing the data through the software GEOGEBRA. Therefore, the teachers obtained a representation of the feasibility region from which the value of maximum benefit should be deducted (in the case of the first problem). In their graph, the feasibility region was shaded, and the problem in all cases was still unsolved after the graphic was made, because a point (with coordinates (x,y)) needs to be found by means of exploration and through calculating the values of the function of two variables f(x,y), and that in the region of feasibility (for attaining or not the benefit maximum for Problem 1 or the minimal cost for Problem 2).

Next it is shown that the teacher solution starts by constructing a table to organize the information of the data included in the text of the problem, and immediately afterwards it refers to the graph included in his solution. According to the problem data, inequalities are the following

x + y ≤ 12,000 10x + 30y ≤ 180,000

x ≥ 1500

y ≥ 2,200
Where x is the number of barrels of Premium, y the number of barrels of Magna, the function that gets the maximum benefit is

f(x)=20x+10y
To obtain the benefit maximum, it should be drawn the graph of the following functions using 'geogebra' x+y=12,000 10x+30y=180,000 x=1,500, y=2,200

To find the value of x and y that maximizes f(x) function, we take the points that meet the initial conditions of the problem. Using the graph, you can see that the solution set is drawn within the limits of the lines and the shaded region.

In the graph, we can see that the points A, B, C, D, E, and F are some of the points that are possible solutions, but points C and D are not feasible, so substituting each of these points in the function to maximize the number of barrels of Premium gasoline, the solution obtained is x=9,800. And the number of barrels of Magna is: y= 2,200.

Giving a maximum benefit for f(x) = 218,000 bpd

The reader should note that the image of GEOGEBRA showing the representation of the feasibility region is part of the teacher's solution and it shall be inserted here.

Also it should be noted that seeing the image, in first place it must be considered that in T1's solution there is a mistake related to the notation that the teacher T1 chose, by which instead of denoting the function of two variables as f(x,y), the dependence of the function f was only indicated on a single variable, insofar as writing "f(x) = 20x + 10y" to refer to the function from which the maximum benefit will be established. Note that T1, after having adequately defined the region of points that satisfied the initial conditions, ended by not carrying out an exploration of the values in the region of feasibility, question that would bring T1 to obtain the requested maximum value.

Moreover, what is perhaps most interesting is to note that for the computer learning environment in question, in this case constructed mainly for exploration and use of GEOGEBRA and for the conversion of mathematical representations [START_REF] Duval | Les représentations graphiques : Fonctionnement et conditions de leur apprentissage[END_REF] required to solve the problem, an epistemological change in the conditions of the teacher (or student) is raised [START_REF] Balacheff | La transposition informatique, un nouveau problème pour la didactique des mathématiques[END_REF][START_REF] Balacheff | Bridging knowing and proving in mathematics. An essay from a didactical perspective[END_REF] linked to the use of the software in the situation or problem proposed, and to the mathematical complexity of the task involved. A sign of this could be that a real graph of a function in two variables should be represented in a three-dimensional space. The difficulty then in the problem of optimization posed resides in that for solving the situation in question it is also required reflection, specifically when following the suggestions included in the capsule of content. These suggestions appeared beneath to the text of the problem: (i) to draw lines parallel to the axis and intersecting inside the feasibility region, and (ii) to explore the variability of the values of the benefit function f(x, y) within the feasibility region and/or on points of the indicated parallel lines, which would allow to calculate the maximum value requested in Problem 1.

Of course, there is another way to solve this problem, for example, by associating any point within the feasibility region to the value of the benefit function, such exploration could thus be carried out directly using GEOGEBRA, starting by dragging the point over the feasibility region and verifying the increase or decrease as the chosen point were varying. Moreover, this type of exploration would also help to reduce or eliminate the confusion T1 had concerning the double variability upon which the function f was dependent. For example, for point E with coordinates (2507.66, 6006.86) the value of the function f(x,y) equals 110,222 approximately. And it can be proven that the value of maximum benefit is f(x,y) = 149,924.05 when the approximate values for x and y are x = 2993.81, and y = 9004.79.

Briefly, to finally arrive to solve a problem posed in a classical school context of optimization problem solving, the teacher (or student) shall find that there is a very close relationship between the modeling of a real situation, the use and treatment of mathematical representations that come into play and the coordination of the representation registers in use. Thus, a possible trajectory for the resolution of such problems could consists of: (a) surpassing the initial difficulty of the formulation of a series of mathematical statements that model the real situation by the usage of mathematical representations to model the actual situation; (b) advancing to get a diagram where the possible solution could be found by putting into play certain digital tools (in this case GEOGEBRA inherent digital tools) for the mathematical treatment or the conversion of such representations [START_REF] Duval | Les représentations graphiques : Fonctionnement et conditions de leur apprentissage[END_REF]; (c) formulating a new mathematical statement, namely the possible mathematical solution to the posed problem. However, it is noteworthy that from a mathematical point of view the teacher (or student) having passed by (a), (b) and (c) has not yet concluded with the mathematical task in question, mainly because in the mathematics 'world' it is always necessary to carry out the validation of any mathematical statement last obtained or formulated (Balacheff, 2010, p. 19/36).

Conclusions

Because the difficulty to solve resides in to reflect on at least one of the three following possibilities: (i) on f as a function of two variables and that its graph would then be in R3 and not in R2, while plotting the region of feasibility is being carried out in R2; or, (ii) to reflect on the sense of the instructions and/or suggestions given at the end of the text of the problem, suggestions that concerned with the construction of parallel lines to explore the maximum value of the function f; or, (iii) on the possibility of carrying out an exploration using GEOGEBRA, starting by dragging a point over the feasibility region and verifying the increase or decrease of the function f as the chosen point was varying; it is worth to see that all of them are entirely relied on a necessity of feedback or teacher (or student) control of their activity within the software (see Balacheff & Sutherland, 1994, p. 15). But this control usually is relied on the coordination of the representation registers or on the comprehension of the mathematical content in question, which is usually not accessed directly by working alone within the software and at a distance.

Briefly, in a trajectory to finally arrive to solve a problem posed in a classical school context of optimization problem solving, the teacher (or student) shall find that there is a very close relationship between real situation modeling, the use and treatment of mathematical representations that come into play and the coordination of the representation registers in use. Therefore, the principal results in the analysis that has been instrumented here are as follows:

(1) The learning environment was in part defined using a computational device (in this case GEOGEBRA) as a procedural tool for the conversion, use and treatment of the different mathematical representations [START_REF] Duval | Les représentations graphiques : Fonctionnement et conditions de leur apprentissage[END_REF], in this case the equations and graphs that came into play in the given situation of optimization;

(2) However, to transit from a procedural context where a possible solution was found to a theoretical one to validate it, an epistemological change is required (Balacheff, 2010, p. 6/36). In this case, it consisted in instrumenting reflective tools, which are not automatically available within GEOGEBRA by itself.

Therefore, this work has allowed to advance a hypothesis of necessity of digital collaboration according to specific participant's (teacher or student) activity, a support to accomplish the epistemological change already mentioned. It would be included in the computational device, or otherwise it would be provided by tutorial intervention (e.g. Soury-Lavergne, 1997).

These final remarks mean it is not enough to have access to mathematics technology and/or Internet free resources to achieve expertise or comprehension of certain mathematical content addressed. Yet perhaps what is most interesting is that the analysis from this epistemic and semiotic perspective sheds light on how to move forward by correcting the design, incorporating elements missing in the programs reviewed, instrumenting teaching guides (or constructing hypothetical learning trajectories) or working with digital materials as collaborative tools that could promote exploration and reflective thinking to be applied in the solution of certain mathematical tasks, as those that were showed now in the situations under study. In other words, in the same way that social interactions do not in principle have an impact on learning but rather depend on the content and forms of interaction chosen, the use of Internet digital tools and computational devices will have an impact on teachers and teaching (or students and learning) when instrumentalization of Internet resources had been exercised to gain knowledge, or to teachers (or students) get control of the activity within the software (Balacheff & Sutherland, 1994, p. 15), specially by themselves. (i) Both modes are at the beginning of the incorporation of innovation at the school, according to the PURIA model.

Notes

Following this model implies that teachers should experiment with the mentioned modes to advance toward successfully incorporating technology into classrooms [START_REF] Zbiek | A research-informed view of the process of incorporating mathematics technology into classroom practice by in-service and prospective teachers[END_REF]Hoyos 2009[START_REF] Hoyos | Online Education for In-Service Secondary Teachers and the Incorporation of Mathematics Technology in the Classroom[END_REF].

Briefly, the PURIA model consists of five stages named the Play, Use, Recommend, Incorporate, and Assess modes:

"When [teachers are] first introduced to a CAS… they play around with it and try out its facilities… Then they realize they can use it meaningfully for their own work… In time, they find themselves recommending it to their students, albeit essentially as a checking tool and in a piecemeal fashion at this stage. Only when they have observed students using the software to good effect they feel confident in incorporating it more directly in their lessons… Finally, they feel they should assess their students' use of the CAS, at which point it becomes firmly established in the teaching and learning process" (Beaudin & Bowers 1997, p.7).

(ii) French is the original language of this quote: "il ne peut pas y avoir de compréhension du contenu représenté sans une coordination des registres de représentation, quel que soit le registre de représentation utilisé. Car la particularité des mathématiques par rapport aux autres disciples est que les objets étudiés ne sont pas accessibles indépendamment du recours à un langage, à des figures, à des schémas, à des symboles…" (Duval, 1994, p.12) (iii) The domain of epistemological validity of a computational environment is characterized by at least four dimensions:

(1) the set of problems that the device can propose;

(2) the nature of the tools and objects that provide its formal structure;

(3) the nature of the phenomenology that is displayed on the interface that is accessed directly by the user; and

(4) the kind of control available for users in the computational environment with the feedback that the latter provides (Balacheff & Sutherland, 1994, p. 15).
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