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The main purpose of this study was to examine preservice mathematics teachers' types of mathematical thinking and to investigate whether there are any differences between different types of thinkers based on their problem solving performances, use of representations and visual-spatial abilities. The sample of the study consisted of 113 preservice mathematics teachers in a private and four public universities. The results showed that although problem solving performances were similar for each type of mathematical thinking, preservice teachers who adopted harmonic and geometric types of mathematical thinking preferred to use schematic representations more than analytic thinkers in their problem solving processes. The findings provided an insight about preservice teachers' preferences for a visual approach and the implications of these preferences for teacher education programs were discussed.

Introduction

Problem solving has an important role in mathematics and lies in the focus of almost every math curriculum [START_REF] Van De Walle | Elementary and middle school mathematics: Teaching developmentally[END_REF]. According to the American National Council of Teachers of Mathematics "one of the most significant aims of mathematics teaching and learning is to develop students' problem solving ability" (Deliyianni, Monoyiou, Elia, Georgiou, & Zannettou, 2009, p. 96). Understanding of problem solving process includes identifying, exploring, implementing, and using visual images, which is related with visualization [START_REF] Deliyianni | Pupils' visual representations in standard and problematic problem solving in mathematics: their role in the breach of the didactical contract[END_REF]. With the rise of constructivism, the importance of the role of visualization in the learning process was emphasized more. The role of visualization in mathematical problem solving is investigated through three main constructs. These are mathematical thinking in terms of predisposition of visualization in problem solving, the use of visual-spatial representations and visual-spatial abilities.

Studies on visualization in mathematics often linked it with mathematical thinking. In a problem solving context, three types of mathematical thinking were suggested according to disposition of visualization [START_REF] Krutetskii | The psychology of mathematical abilities in school children[END_REF]: the analytic type, the harmonic type, and the geometric type. Students who embrace the analytic thinking style do not feel the need to benefit from visual supports and also they do not have enough strength for the use of visual components. For geometric thinkers it is the contrary. They make use of visual-pictorial components and verbal-logical components have poor influence on their reasoning. The reasoning of harmonic thinker students includes both verbal-logical components and visual-pictorial components and their preferences can change according to the problems that they face.

Teachers' mathematical beliefs and learning experiences affect their mathematical thinking and visual approaches [START_REF] Presmeg | Visualization and Affect in Nonroutine Problem Solving[END_REF]. Their thinking styles and use of visuality have an impact on their teaching [START_REF] Presmeg | Visualization in high school mathematics[END_REF]. Therefore preservice teachers' approaches towards different types of mathematical thinking and visual-spatial representations could be an important component of teacher education programs. This necessitates a careful study of the interrelations among teachers' visualization, mathematical thinking and problem solving performance before focusing on how these can be supported through teacher education programs.

The main purpose of the study was to investigate preservice teachers' preferences of problem solving strategies and how their mathematical thinking (analytic, harmonic or geometric types) might affect the visualization process in mathematical word problem solving. Considering the purpose, this study aimed to explore whether there is a significant difference in preservice teachers' mathematical word problem solving performance, use of visual-spatial representations (pictorial or schematic), and levels of visual-spatial abilities based on their types of mathematical thinking.

Method

Participants were selected by convenient sampling. The study was conducted with senior preservice teachers from one private and four state universities in İstanbul and Ankara, Turkey. 113 students were involved in the study and they were enrolled in Primary Mathematics Education (n = 91) and Secondary School Mathematics Education (n = 32) programs.

The data were collected with the implementation of two instruments; the Mathematical Processing Instrument (MPI) and the Spatial Ability Tests (SAT) during the second semester of the 2015-2016 academic year. The MPI, which was developed by [START_REF] Presmeg | The role of visually mediated processes in high school mathematics: A classroom investigation[END_REF] and adapted to Turkish by [START_REF] Taşova | Matematik öğretmen adaylarinin modelleme etkinlikleri ve performansi sürecinde düşünme ve görselleme becerilerinin incelenmesi[END_REF], was used to measure participants' types of mathematical thinking, use of visualspatial representations, and mathematical word problem solving performances. In order to measure preservice teachers' levels of visual-spatial abilities, SAT developed by Ekstrom and colleagues (1976) and adapted to Turkish by [START_REF] Delialioğlu | Contribution of students' logical thinking ability on achievement in secondary physics[END_REF] were used.

The MPI was developed for the first time by [START_REF] Krutetskii | The psychology of mathematical abilities in school children[END_REF] to measure students' preferences of the use of visual methods. Then Suwarsano (1982) designed the instrument with the same name for elementary school students. According to [START_REF] Presmeg | Preference for visual methods: An international study[END_REF], the instrument that was designed by [START_REF] Suwarsono | Visual imagery in the mathematical thinking of seventh-grade students[END_REF] was not convenient for teachers. Thus she arranged the instrument in three sections according to fieldwork in which both students and teachers participated. With the new arrangement, the instrument took its final form that consists of three sections. In this study, since participants were pre-service teachers, Section B and Section C of the MPI that were designed as appropriate for teachers was used.

The MPI has two parts: a test that consists of 18 mathematical word problems and a questionnaire that includes a list of possible solutions for each problem. According to participants' responses on the test section of MPI, four different scores were generated. These were mathematical word problem solving performance, pictorial representation score, schematic representation score and visual-spatial representation score. The first score was the total number of problems solved correctly. The others were the total number of times that students reported using the specified type of representation. We used van Garderen and Montague (2003)'s coding for the classification of the representations. As shown in Figure 1, if preservice teachers "reported or drew an image of objects or persons referred to in the problem" (van Garderen & Montague, 2003, p. 248), the representation was scored as primarily pictorial and if they "drew a diagram, showed the spatial relations between objects in a problem, or reported a spatial image of the relations expressed in the problem" (van Garderen & Montague, 2003, p. 248), the representation was scored as primarily schematic. Visualspatial representation score was the summation of pictorial and schematic representations score. According to participants' responses on the questionnaire of the MPI, visualizing mathematical scores were generated. In this score, without taking into consideration whether the students solved the problem correctly, if the participant chose only a visual problem solving strategy for a problem, 2 points were given. For the responses that did not include a visual problem solving strategy 0 points were given. For the responses including both visual and nonvisual strategies, 1 point was given. Therefore the possible minimum and maximum scores for preservice mathematical teachers' visualizing mathematical scores were 0 and 36 respectively. In order to group preservice teachers based on their mathematical thinking, participants' visualizing mathematical scores were used. 

Results

In In particular, the participants used totally 1047 visual-spatial representations, of which 925 were schematic and 122 were pictorial. Although all participants used schematic representations in their problem solving processes, pictorial representations were rarely used by preservice teachers. The results also showed that especially for five specific problems, participants did not prefer a visual method for the solutions.

Preservice teachers' types of mathematical thinking

In the literature, there were different methods suggested for the classification of analytic, harmonic and geometric thinking. For example [START_REF] Richardson | Verbalizer-visualizer: A cognitive style dimension[END_REF] determined the groups according to percentages as the first 15% segment of the distribution was analytic type, the last 15% segment of the distribution was geometric type, and others were harmonic type. [START_REF] Galindo-Morales | Visualization in the calculus class: Relationship between cognitive style, gender, and use of technology[END_REF] determined the groups according to prearranged visualizing mathematical scores. Such as who had 22 points and above was a geometric thinker. In Taşova (2011)'s study, the range of visualizing mathematical scores was divided into three equal intervals. However, data from this study necessitated considerations upon the classification method. Results showed that for 5 specific problems preservice teachers did not tend to use any representations and also they did not select a visual solution in the questionnaire section. A participant with a visualizing mathematical score of 18, which is half of the maximum score, preferred a visual method in at least 9 of the remaining 13 problems. Under these circumstances, such a participant who preferred visual methods over nonvisual methods in approximately 70% of the remaining problems needed to be classified as a geometric thinker.

Due to the considerations mentioned in the previous paragraph, a new approach was adopted for the classification of types of mathematical thinking. The mean visualizing mathematical score was used while deciding on the center of the interval for the harmonic type and the intervals for all three types were found by taking the standard deviation of the scores into consideration. The minimum and maximum scores of the type of harmonic thinking were assigned by the half of the standard deviation of the preservice teachers' visualizing mathematical score around its mean. According to this classification, the number of people grouped for each type of mathematical thinking was 34 (30%) for the analytic type, 48 (43%) for the harmonic type and 31 (27%) for the geometric type.

Investigation of group differences

A Kruskal-Wallis H test was run to determine whether there were any differences in mathematical word problem solving performance between three groups of preservice teachers having different types of mathematical thinking. The results revealed that the distributions of mathematical word problem solving performance scores for each group with different types of mathematical thinking were similar. The medians of mathematical word problem solving scores were not significantly different among the analytic type (mean rank = 15.5), the harmonic type (mean rank = 15), and the geometric type (mean rank = 15), χ 2 (2) = 14.468, p = .24.

In order to determine whether there were any differences in the use of schematic, pictorial, and visual-spatial representations between three groups for types of mathematical thinking a Kruskal-Wallis H test was run. The results revealed that mean ranks of schematic representation scores and visual-spatial representation scores were significantly different between the groups. As a result of post hoc analysis, it was discovered there were statistically significant differences in preservice teachers' schematic representation scores and visual-spatial representation scores between the analytic type (mean rank = 6) and the harmonic type (mean rank = 8) (p = .01) and the analytic type and the geometric type (mean rank = 9) (p = .01). On the other hand, there were no significant differences in schematic representation scores and visual-spatial representation scores between the geometric type and the harmonic type (p > .05). The results revealed that mean ranks of pictorial representation scores between the analytic type (mean rank = .5), the harmonic type (mean rank = 1), and the geometric type (mean rank = 1) were not significantly different, (χ2(2) = 2.281, p = .32).

One-way ANOVA test was run to investigate any differences between the SAT scores of groups of participants with different types of mathematical thinking. Shapiro-Wilk test was used to determine the normality of the distribution and the results showed participants' SAT scores were normally distributed (p > .05). Levene's Test of Homogeneity of Variance was used to investigate the homogeneity of the variances. A homogeneity of variances was discovered (p > .05). However, the SAT scores from the three groups, the analytic type (M = 161.83, SD = 50.1), geometric type (M = 179.02, SD = 43.62) and harmonic type (M = 174.57, SD = 45.57) did not differ significantly (F (2, 97) = 1.233, p = .30).

Discussion

In this section, a discussion of the group differences among types of mathematical thinking according to mathematical word problem solving performance, the use of visual-spatial representations, and levels of visual-spatial abilities is presented.

The structure of mathematical thinking adopted by preservice teachers

The findings showed that 30% of the preservice teachers were analytic type, 43% of preservice teachers were harmonic type, and 27% of preservice teachers were geometric type. The slightly high proportion of the trend for the harmonic type was consistent with the literature. [START_REF] Hacıömeroğlu | Turkish Adaptation of the Mathematical Processing Instrument and Pre-service Teachers' Problem Solving Preferences[END_REF] found that most of preservice teachers adopted the harmonic type of mathematical thinking. Taşova's findings (2011) supported that the harmonic type of thinking was the most commonly adopted by preservice teachers whereas the least percent of the preservice teachers were geometric thinkers. In the current study, these differences were not clearly seen and the classification method could be the reason for it. [START_REF] Hacıömeroğlu | Turkish Adaptation of the Mathematical Processing Instrument and Pre-service Teachers' Problem Solving Preferences[END_REF] found that senior preservice teachers used visual methods more than juniors. Therefore they related this difference with seniors' experiences through teaching mathematics and practicum courses. Since participants of the current study were also seniors and the data collection was done close to end of the second term, their final year experiences may have had an impact on their preferences.

Mathematical word problem solving performance according to types of mathematical thinking

Results showed that there was no significant difference among groups with analytic, harmonic, and geometric types of mathematical thinking in terms of problem solving performance. While the findings were supported by some studies [START_REF] Kolloffel | Exploring the relation between visualizer-verbalizer cognitive styles and performance with visual or verbal learning material[END_REF][START_REF] Suwarsono | Visual imagery in the mathematical thinking of seventh-grade students[END_REF] there were some conflicts in the literature. While [START_REF] Lean | Spatial ability, visual imagery, and mathematical performance[END_REF] suggested that the preference had a significant effect on performance and students who preferred nonvisual strategies outperformed visualizers, [START_REF] Moses | The nature of spatial ability and its relationship to mathematical problem solving[END_REF] claimed that visual solution methods guide college students to more effective solutions. These controversial findings in the literature might be caused by sample selection. The studies applied the same instrument with some adjustments to different groups such as elementary school students, college students, and teachers. The participants' individual differences like how they were taught, grade level, courses they were enrolled also could be factors influencing this relationship. In terms of performance, Presmeg (1986a[START_REF] Presmeg | Visualization in high school mathematics[END_REF] suggested that there were internal and external factors, which could make a group superior compared to others. She discussed that textbooks and teachers' teaching styles emphasized nonvisual methods. Therefore this situation could favor for analytic thinkers. It could be also that school exams might constrain students' use of visual methods, which could take more time for solutions (Presmeg, 1986a). However with the educational developments the role of visualization and its importance in problem solving was recognized [START_REF] Deliyianni | Pupils' visual representations in standard and problematic problem solving in mathematics: their role in the breach of the didactical contract[END_REF]. Visual approaches were included in both teacher education programs and curriculums. Therefore preservice teachers could be experienced with both visual and nonvisual approaches during their methods courses and school practices. These experiences through university life may reduce the influence of these internal or external factors on performance.

Use of visual-spatial representations according to types of mathematical thinking

The results showed significant differences in the use of schematic representations and visual-spatial representations among groups with different types of mathematical thinking while no difference was found in the use of pictorial representations. Preservice teachers did not tend to use pictorial representations as much as elementary or high school level students did as the previous studies suggested ( van Garderen & Montegue, 2003). The frequency and the variance of preservice teachers' pictorial representations scores were very low. The rare use of pictorial representations by participants may be one reason for not observing significant differences between the groups.

In the current study harmonic thinkers and geometric thinkers had similar preferences for use of representations in problem solving whereas analytic thinkers were separated from the others by using fewer representations. These findings were different from Sevimli and Delice's study (2011). They found that analytic thinkers and harmonic thinkers had similar preferences for use of representations and their use of representations were significantly less frequent than geometric thinkers. There might be two reasons for the differences in these findings. One of them was the mathematical context of the studies. [START_REF] Sevimli | The investigation of the relationship between calculus students' cognitive process types and representation preferences in definite integral problems[END_REF] carried out their study on a specific topic: definite integrals. They discussed that in calculus courses students were mainly taught nonvisual methods and algebraic expressions. The context of definite integral and how it is taught can lead the students to using algebraic solutions. On the other hand word problems that were used in this study might have promote preservice teachers to use representations in solutions.

The second reason could be that the participants did not express all problem solving procedures in their mind on the paper in the current study. For the context of working on definite integrals, although representations were not preferred by preservice teachers during the problem solving processes, when they used it might be a difficult procedure to operate representations in mind. The context requires specific graphical representations that include complex processes [START_REF] Sevimli | The investigation of the relationship between calculus students' cognitive process types and representation preferences in definite integral problems[END_REF] and they could push the preservice teachers for operation on paper. However the representations that were used in solutions of word problems could be formed in mind. They did not have a complex structure as much as graphical representations that used in integral context. Further studies could be conducted for different mathematical contexts. Researchers might prefer interviews in data collection processes to detect representations that people construct in their mind.
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 21 Figure 1: Examples for preservice teachers' pictorial and schematic representations

Table 1 : Descriptive statistics results for the variables

 1 Table 1, descriptive statistics results of participants' scores for mathematical word problem solving performance, use of representations, and the SAT are presented.

	Participants' Scores	Range	Mean	Std. Deviation
	Mathematical Word Problem Solving Performance	7 -18	14.89	2.28
	Schematic Representations Score	2 -19	8.07	3.23
	Pictorial Representations Score	0 -3	.95	.90
	Visual-Spatial Representations Score	2 -20	9.02	3.29
	Visualizing Mathematical Score	5 -28	13.97	4.73
	The SAT Scores	81 -260	172.80	48.22
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Levels of visual-spatial abilities according to types of mathematical thinking

The findings of the current study did not show statistically significant differences in preservice teachers' visual-spatial abilities in terms of types of mathematical thinking. [START_REF] Taşova | Matematik öğretmen adaylarinin modelleme etkinlikleri ve performansi sürecinde düşünme ve görselleme becerilerinin incelenmesi[END_REF] suggested that geometric thinkers were more successful in visual-spatial ability tests than analytic or harmonic thinkers. However he did not run a statistical analysis to compare the groups for types of mathematical thinking in terms of their levels of visual-spatial abilities. There are various other studies that documented no significant relationship between people's visual-spatial abilities and their preferences for visual or nonvisual methods (Hagarty & Kozhevnikov, 1999;[START_REF] Moses | The nature of spatial ability and its relationship to mathematical problem solving[END_REF][START_REF] Lean | Spatial ability, visual imagery, and mathematical performance[END_REF][START_REF] Suwarsono | Visual imagery in the mathematical thinking of seventh-grade students[END_REF]. [START_REF] Krutetskii | The psychology of mathematical abilities in school children[END_REF] suggested that there were many other factors, which effects people's preferences like learning experiences. Therefore further studies could investigate such factors beyond focusing only on peoples' visual-spatial abilities.