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Representations are essential for mathematical understanding. In particular, graphic representations are taught as tools for solving word problems. However, not only do children often have difficulties in using them, but there is also a complete absence of research into whether or not children's own graphic productions actually represent the key mathematical elements of word problems. My project, therefore, focuses on this gap by developing a theoretical model and an analysis tool to categorise and map the drawings. This is based on primary school children's drawings, which have been identified as graphic representations of word problems.

Introduction

For doing mathematics, the use of external representations is essential. Without them it is virtually impossible to discuss or gain insight into mathematical problems [START_REF] Dörfler | Mathematical reasoning: Mental activity or practice with diagrams[END_REF][START_REF] Hoffmann | Erkenntnisentwicklung: Ein semiotisch-pragmatischer Ansatz[END_REF]. In external representations mathematical patterns may be apparent and can be analysed. They are also important in the mathematical learning process. [START_REF] Bruner | Enhancing students' problem solving through diagram use[END_REF] explains the power of external representations for learning "as its capacity, in the hands of a learner, to connect matters that, on the surface, seem quite separate" (p. 48). Accordingly, representation is quoted as a process standard in several standards and curricula (e.g. NCTM, 2000).

Within a range of external representations, graphic representations allow certain aspects of space to be mapped onto specific elements of content [START_REF] Stern | Improving cross-content transfer in text processing by means of active graphic representation[END_REF]. They can be defined as a "data structure in which information is indexed by two-dimensional location" (Larkin & Simon, 1987, p. 68). Every element of a graphic representation contains information not only to do with its own location, but also nearby elements. Graphic representations, therefore, constitute a key tool for problem solving [START_REF] Polya | Schule des Denkens: Vom Lösen mathematischer Probleme[END_REF].

Nevertheless, it is often reported that children have difficulties in using graphic representations as a tool for problem solving [START_REF] Fagnant | Schematic representations in arithmetical problem solving: Analysis of their impact on grade 4 students[END_REF][START_REF] Essen | Using self-generated drawings to solve arithmetic word problems[END_REF]. In some studies, it is shown that the use of graphic representations can be trained (e.g. [START_REF] Fagnant | Schematic representations in arithmetical problem solving: Analysis of their impact on grade 4 students[END_REF]Diezmann, 2002). However, there is a lack of research into the actual extent to which children's individual drawings represent key mathematical aspects of a given word problem. This study [START_REF] Ott | Textaufgaben grafisch darstellen. Entwicklung eines Analyseinstruments und Evaluation einer Interventionsmaßnahme[END_REF] aims to make a contribution to this gap.

Research interest

This research focuses on self-generated children's drawings for word problems. It addresses the main question as to what extent these drawings represent the mathematical structure of the word problem. More specifically, two research questions are defined: 1) Which features are key in drawings for word problems? 2) How do they manifest themselves in children's drawings for word problems?

Finally, the study aims to design an analysis tool for children's word problem drawings, based on theory and split into various categories.

Methods

Data collection

A paper and pencil test was given to two first grade and two second grade classes in two German primary schools. 42 first graders and 35 second graders participated in the test. The average age of the first graders was 6 years and 4 months, whilst the average age of the second graders was 7 years. By pure chance, there were 35 girls and 42 boys.

The test was conducted at the end of the school year's first half. At that time, the first and second graders could solve addition and subtraction tasks in the number ranges up to 20 and 100 respectively. The first graders had experience in drawings for equations and finding equations to match drawings. Students of one second grade class (N=19) had additional experience in drawing sketches for word problems. The test consisted of six word problems based on schoolbook tasks. The level of difficulty differed, in accordance with how much the verbal texts implicitly suggested objects and hence ways of drawing [START_REF] Ott | Qualitative Analyse grafischer Darstellungen zu Textaufgaben: eine Untersuchung von Kinderzeichnungen in der Primarstufe[END_REF][START_REF] Ott | Textaufgaben grafisch darstellen. Entwicklung eines Analyseinstruments und Evaluation einer Interventionsmaßnahme[END_REF]. Testing took place on two successive days, three test items a day. The instructor read the items out aloud to the students, who were then requested to draw their thoughts on a plain sheet of paper, so as to be understood afterwards by the instructor. Figure 1 shows six examples of children's drawings for the following word problem: Once upon a time there was a king who wanted to have a tower of 11 meters in height. The tower was built over the course of several years. Every year, the workers built 2 meters. How long did it take for the tower to be built?

Analysis

The children's 438 individual depictions from the test have been used both to develop a theory of drawings for word problems and also an analysis tool, based on various categories. To this end, the drawings have been analysed via a combination of qualitative content analysis [START_REF] Mayring | Qualitative Inhaltsanalyse: Grundlagen und Techniken[END_REF] and theoretical coding [START_REF] Strauss | Grounded theory: Grundlagen qualitativer Sozialforschung[END_REF]. Developing a theory and the design of an analysis tool took place simultaneously in an iterative process according to representation theories.

Results

The analysis of the children's drawings revealed as key either for a draft of a theory or an analysis tool the following three features: The mathematical structure, the mathematical matching and the degree of abstraction. In analysing the drawings, it is important to differentiate between these features, details of which are presented below.

Mathematical structure

Theory

A mathematical structure may be defined by set theory: An amorphous set is structured by defining relations and operations between its elements [START_REF] Rinkens | Abstraktion und Struktur: Grundbegriffe der Mathematikdidaktik[END_REF]. This definition is used to identify both the mathematical structure of word problems and also of graphic representations.

Word problems are verbal descriptions of situations with a focus on mathematical relations (Veschaffel, Greer & de Corte, 2000). They can be characterised as "descriptional" (Schnotz, 2014, p. 47) representations. Information is presented sequentially with the quantities and nouns being related to each other by verbs and prepositions. Thus, structural information is integrated into the text and the word problem is thus given a mathematical structure. Accordingly, the verbs and prepositions serve as relational symbols (Schnotz, 2014, p. 47), without which the quantities and nouns would be unrelatedthis applies equally to the elements of an amorphous set. Because of the verbal construction with verbs and prepositions as relational symbols, a relationship between the quantities will be defined. Consequently, a structure is given to the quantities and nouns. In the word problem presented here, the quantities and nouns "tower", "11 meters", "year(s)" and "2 meters" are related by the verbs and prepositions "of", "built" and the adverbial phrase "every year".

For a sound graphic representation, it is necessary to identify key objects in the text, e.g. quantities, objects or people mentioned, that are relevant and necessary for the mathematical structure. To achieve this, structurally relevant objects signs (Peirce, 1965) need to be invented, which can be regarded not only as physically analogous to the objects but also symbolic. Graphic representations can be characterised as "depictional" (Schnotz, 2014, p. 47). Compared with word problems, graphic representations do not include relational symbols. Indeed, a structure is given to the signs for structurally relevant objects by mapping them to certain aspects of space. To this end, the signs for structurally relevant objects have to be set out on the sheet in such a way that the arrangement represents the word problem's verbally described relationships. Such graphic representations have the character of diagrams (Dörfler, 2006). For instance, in Simon's graphic representation (Figure 1) the signs for structurally relevant objects "1J", "1 Halbes", "2", "1" and the rectangles are arranged in vertical columns side by side.

Analysis tool
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Six categories of how the mathematical structure appears in children's drawings for word problems are identified: A representation is  non-graphic if it consists only of calculations or texts;  off the text if it possesses graphic elements, but there is no link to the text with regard to the content;  illustrative if it possesses graphic elements with a link to the text but no structurally relevant objects are represented;  object-related if it possesses graphic elements with a link to the text and structurally relevant objects are represented although relations between them are not identifiable in the arrangement;  implicitly diagrammatic if it possesses graphic elements with a link to the text, structurally relevant objects are represented and relations between them are identifiable in the arrangement; the relations are not explicitly emphasised;  explicitly diagrammatic if it possesses graphic elements with a link to the text, structurally relevant objects are represented and relations between them are identifiable in the arrangement; the relations are explicitly emphasised.

Figure 2: Analysis tool for the mathematical structure

In contrast to text analysis, such as the qualitative content analysis [START_REF] Mayring | Qualitative Inhaltsanalyse: Grundlagen und Techniken[END_REF], it is impossible to analyse units step by step in a drawing. The analysis tool introduced here, therefore, arranges the categories in a decision tree guided by key questions, which lead to category definitions. The categorisation of a child's drawing takes place step by step in a strictly dichotomous procedure. Only if a question has to be answered with 'no', will the drawing be classified into the associated category.

As long as questions can be answered with 'yes', the categorisation process is not yet finished. This way, each of the children's drawings can be clearly categorised. In Figure 2 we can see the decision tree.

We will now categorise the children's drawings shown in Figure 1. Dana's solution is an example of a non-graphic representation. It consists of text and a calculation but no graphic elements. Ole's drawing is an example of a representation that is off the text. A stick figure with a speech bubble is drawn, which contains the answer. The drawing contains no link to the problem's content. In contrast, Rike's graphic representation with a castle and hearts contains a link to the text, because a tower as part of a castle is drawn. Gabi's representation of a tower also comprises graphic elements with a link to the text. The tower is subdivided into 11 rectangles, which could represent the 11 meters that are structurally relevant objects. Relations are not identifiable in this representation and hence it is an example of an object-related representation. Nadine and Simon's representations are both graphic with links to the text and structurally relevant objects, e.g. the tower. Nadine's representation is a sequence of pictures. In each picture, one can see the height of the tower in a given year. Thus, the relations between the meters and the years are identifiable and the representation is, therefore, diagrammatic. The relation is not explicitly emphasised and the representation is, therefore, an example of an implicitly diagrammatic representation. In Simon's drawing, the height of every tower section is shown in one tower only. Next to every section of the tower, one can find the years necessary for the work to be completed. Thus, the relation between meters and years is not only apparent but also emphasised and it is, therefore, an example of an explicitly diagrammatic representation.

Mathematical matching

Theory

In a representational system [START_REF] Palmer | Fundamental aspects of cognitive representation[END_REF] the correspondences between the represented and the representing "world" (p. 262) are important. In regard to the mathematical structure, this idea is used to define how a word problem is matched with a graphic representation. If there is a match, they are "informationally equivalent" (Palmer, 1978, p. 270).

We call a relation of text and drawing a mathematical matching if the word problem and the graphic representation are informationally equivalent on both object and relational levels. Accordingly, if there is a match between the quantities and nouns on the text side and the signs for the structurally relevant objects on the graphic side (object level), and if there is a match between the verbs and prepositions on the text side and the arrangement of the signs for the structurally relevant objects on the graphic side (relational level), then there exists a complete matching between the word problem and the graphic representation.

Analysis tool

The matching between word problems and graphic representations is analysed with regard to the mathematical structure. Only object-related, implicitly or explicitly diagrammatic representations are, therefore, analysed (see above). Representations of the other categories do not contain elements of a mathematical structure and accordingly there is no matching between them and the word problem.

For analysing the match between the quantities and signs for structurally relevant objects, it is useful to distinguish between the measured value and the measuring unit. Numbers can also be considered as discrete quantities [START_REF] Müller | Der Mathematikunterricht in der Primarstufe. Ziele, Inhalte, Prinzipien, Beispiele[END_REF]. For analysing the match between verbs and prepositions and the arrangement of signs for structurally relevant objects, we have to consider the operations of the word problems.

The variation of match between graphic representations and word problems with regard to the measured value, the measuring unit and the operations can be scaled [START_REF] Mayring | Qualitative Inhaltsanalyse: Grundlagen und Techniken[END_REF]. The match can be complete, partial or non-existent. If it is non-existent, the quantities or operations graphically represented are other than those given in the word problem, e.g. an addition instead of a multiplication. It is also possible, that the quantities and operations are not apparent in the graphic representation. They are without compliance. In the analysis tool the possibilities are arranged in a 3x4 matrix, where each matching can be marked with a cross. Arithmetically, 64 combinations are possible (see Figure 3a).

In Simon's representation (see Figure 1), measured values (11 and 2) are apparent as well as measuring units (meters and years) and the operations (addition of meters and years, meters per year). In Nadine's drawing each measured value and operation are also apparent. With regard to the measuring units, only meters are identifiable. In Gabi's representation the operations are without compliance. With regard to the measured values, only the 11 is apparent. So far as measuring units are concerned, only the meters are identifiable in the squares. 

Degree of abstraction

Theory

Children's drawings for word problems are realistic to a greater or lesser extent. For analysing this, the idea of abstraction is used, which can be defined as a focusing of attention on certain aspects [START_REF] Peschek | Untersuchungen zur Abstraktion und Verallgemeinerung[END_REF]. This idea is used to define the degree of abstraction.

We characterise the degree of abstraction in a graphic representation as being the degree of focusing on representation of the word problem's mathematical aspects [START_REF] Ott | Qualitative Analyse grafischer Darstellungen zu Textaufgaben: eine Untersuchung von Kinderzeichnungen in der Primarstufe[END_REF]. The foundations for the mathematical structure of a graphic representation are the structurally relevant objects (see above), that are important in defining the degree of abstraction, for which two indicators are identified:

1) Focus on the structurally relevant objects in the graphic representation -no objects other than the structurally relevant objects are drawn.

2) Focus on the mathematically relevant qualities of the structurally relevant objects -the signs for structurally relevant objects are not decorated and represent only the mathematically relevant qualities.

Analysis tool

Given that the degree of abstraction becomes apparent when focusing on the structurally relevant objects and their mathematically relevant qualities, only object-related, implicitly or explicitly diagrammatic representations are analysed (see above). Representations of the other categories do not contain structurally relevant objects and they are in themselves, therefore, not abstract.

Both of the indicators for the degree of abstraction can be pronounced 'low' or 'high'.

Consequentially, it is possible to distinguish four categories for the degree of abstraction: High-high or low-low if each indicator is identified as high or low respectively, and high-low or low-high if one indicator is identified as low and the other as high. In the analysis tool the possibilities are arranged in a 2x2 matrix (Figure 3b). Both indicators have to be regarded separately in analysing a child's drawing, which is then classified in the category that fits both results.

In Simon's representation (Figure 1) the focus on both structurally relevant objects and their mathematically relevant qualities are high, contrary to Nadine's representation. Here, signs for other objects are drawn such as people and the tower decorated with battlements as a structurally relevant object. In Gabi's representation, the focus on the structurally relevant objects is high, because only the floors of the tower are drawn, which are decorated with colour and squares.

Conclusion

This study has focused on the main question of the extent to which children's drawings for word problems represent the actual mathematical structure. For this purpose, the mathematical structure, the mathematical matching and the degree of abstraction have been identified as substantial features of such graphic representations. Children's drawings for word problems vary greatly in the way they are depicted. In the analysis tool, the extent of the substantial features' occurrence in children's drawings has been modelled, so that each drawing can be clearly categorised. The analysis tool has been tested with an inter-rater reliability of K=0.81. It could, therefore, be applied in further research.

In the second part of the research presented here it has been used in an intervention study looking at graphic representations of word problems [START_REF] Ott | Textaufgaben grafisch darstellen. Entwicklung eines Analyseinstruments und Evaluation einer Interventionsmaßnahme[END_REF].
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 3 Figure 3: Analysis tool for the a) mathematical matching, b) degree of abstraction

  

Proceedings of CERME10