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We discuss how a theory based design for students' production of video-tutorials explaining problem solving activities in a first year calculus course can support the students' conceptual learning. We focus on the limit concept and show how the production of tutorials can facilitate the students' interactions and reflections and at the same time provide a rich source for analyzing their learning difficulties in relation to key concepts. The theory based design of students' productions of tutorials and the following analyses can inform and support the development and implementation of the learning environment in order to facilitate better the students' conceptual learning.

Introduction and research questions

The many papers in the literature of mathematics education devoted to calculus signify the difficulties with the teaching and learning of calculus with the limit concept as one of the fundamental challenges (Rasmussen & Borba, 2014). In this paper we present and discuss a theory based design and its implementation for students' productions of tutorials aimed at supporting the students' learning of the limit concept. The research was related to a teaching experiment in a first year calculus course at Roskilde University, where the students produced tutorials with the app Explain Everything or similar apps1 . Building on theories explaining general learning difficulties with mathematical concepts such as the notion of students' concepts images [START_REF] Vinner | Images and definitions of the concept of function[END_REF]) and [START_REF] Sfard | On the dual nature of mathematical conceptions: Reflections on processes and objects as different sides of the same coin[END_REF] model for formation of mathematical concepts and the importance of communication in the learning of mathematics [START_REF] Sfard | Thinking as Communicating[END_REF] a didactic tutorial activity was designed. The purpose was to get the students to express their images of key mathematical concepts in dialogues with their fellow students and to support their concept formation process in particularly with respect to their use of symbolic representations and their reification of key concepts such as the derivative, integral and limit concepts as mathematical objects. The activity was designed and implemented as an assignment; namely to produce in small groups video tutorials explaining the group's solution to selected exercises and the mathematical basis hereof, see figure 1. In the assignment specific requirements for the workflow of the students' production were given in order to support the didactic purpose. The tutorials were used as a resource by the students at the course and in preparing for the final.

In the design and implementation of the experiment the basic idea was to use the digital tutorial genre to create a theory directed learning environment that encouraged the students to communicate with each other about mathematical theory, concepts and techniques. The tutorial genre mediated student-student interactions and hereby supported students' reflections on key mathematical concepts. The didactical assumption was that by focusing the students' attention on the production of tutorials, aimed at supporting their fellow students' learning, it would be possible to create situations where small groups of collaborating students would activate and express their own understandings and images of the mathematical concepts in focus. In addition, the digital tutorials could be (and was) used by students for their own retention of the problem solving techniques and their mathematical foundationparticular in preparing for the final. Furthermore, re-viewing and discussing the tutorials could support the students' reflections on their conceptual learning or be used as a basis for common reflections.

With respect to the scope and focus of the working group Implementation of Research Findings in Mathematics Education (see the introduction to TWG23), the implementation aspect of this paper and further related work is the design and organization in the classroom of the digital tutorial in creating a learning environment in which research findings on students' concept formation and the importance of communication are brought to use in the teaching of a first year calculus course. We are developing our practice of mathematics teaching through interplay with researchand in this process we are also engaged with research, so in the present paper, implementation of research results and research are intertwined.

We audio recorded the students' reflections during their work with the tutorials. The transcripts of these records, the tutorials, the students' performance at the course and observations during the course form the empirical basis for addressing our three didactical research questions (RQ):

1. In what sense and degree can a learning environment focusing on the students' productions of tutorials and other digital products with subject matter content support the students' formation of key concepts in calculus?

2. Which learning difficulties related to the key concepts in calculus can be revealed and theoretical explained through analyses of such student activities and products?

3. How can the findings from such analyses be used to further develop the learning environment and the way in which the students' products are used in the calculus course?

In this paper we address the three RQs focusing on the limit concept.

The context of the experiment

The experiment was performed at the calculus course in the natural science bachelor program at Roskilde University. There were 32 first year students in the course, which was taught in English using a typical American calculus textbook [START_REF] Adams | Calculus, eight edition[END_REF]. During the previous few years, it had become evident that the students' had problems explaining and applying the concepts and methods of calculus in their subsequent courses. One possible explanation for the increasing difficulties for the students in developing their conceptual learning in the calculus course could be changes in their prerequisites concerning key mathematical methods and concepts from high school, which are fundamental for calculus such as algebra, variable, function and the limit concept. CAS and graphing software for calculators and computers are used intensively in mathematics teaching at high school in Denmark and students learn instrumented techniques to solve standard problems by means of such tools. Similar experiences are reported in other educational systems. [START_REF] Barbé | Didactic restrictions on teachers' practice-The case of limits of functions in Spanish high schools[END_REF] have analyzed the situation in Spanish high schools, in particular the incoherence in the mathematical organizations of the theory of limits at high school level. Similar incoherencies have been found with other key elements of upper secondary level calculus in Denmark and American textbooks for first year calculus courses at the university level, due to the elimination of the topological parts of mathematical analysis (Winsløw 2015, pp. 200-203). In general, the extended use of it-instrumented techniques, in particular CAS-based techniques, poses challenges for the teaching of calculus in high school and at introductory courses at university entrance level. Gücler (2014, p.4) addresses the role of the teacher in students' learning of the limit concept in such a teaching practice and pinpoints the importance of the teacher in challenging the students to consider limits both from a process and an object perspective in different mathematical contexts. In particular, the students need to communicate their conceptual understanding in order to really experience both of these perspectives and typically they will need specific support in order to grasp the idea of the limit of a function as a mathematical object.

Our approach to this challenge is to experiment with the learning environment so as to make the students produce and publish their own mathematical products in the form of tutorials in the digital genre through the use of various app's and video-recordings with tablets. The students' products combined oral and written explanations and presentations of their mathematical task and its content matter with visual and dynamical elements.

Implementation of the experiment: mediatized presentations and assessment

The students' fabrications of the mediatized tutorials were connected to their usual homework of sets of traditional problems and exercises. During the course, the students handed in three sets of homework that each consisted of between 10 to 21 standard problems and exercises from the text book. The students were allowed to discuss the solutions to the exercises with each other, but they handed in an individual presentation of solutions to the exercises. In order to participate in the final, a student had to have all three homework sets approved by the teacher. After the deadline for handing in a homework set, the exercises of the set were distributed between the students who in small groups produced a video tutorial of a solution to one of the exercises using the app Explain Everything or by other means. The video assignments were accompanied by a set of requirements for the product and a specific work flow which the students had to follow. The instructions given to the students can be seen in figure 1.

Each student also participated in a project work in which the students worked in groups with different subjects from the text book that were not covered in class. Each group wrote a technical report of two pages, which was supplemented by various video and/or other visual and oral digital products.

Finally, the assessment criteria were changed. The written test towards the end of the course was replaced by an oral test. The oral examination consisted of two elements: (1) a 12-15 minutes group presentation of the group's project work. Every student was required to participate actively in the presentation of his/hers project work;

(2) an individual examination of 8-10 minutes following the group presentation. After the presentation of the project work, the group left the examination room and hereafter each student was called back in for the individual examination. Each student drew by chance one of the three homework sets of exercises, and made a 5-6 minutes presentation of selected parts of the subject matter covered by the exercises in the set. The presentation by the student was followed by 4-5 minutes of questioning in the remaining parts of the course and/or homework sets. The alignment of the requirements for the students' work during the course and the final was an important aspect of the design of the new learning environment. The oral communication skills which were need for the final were trained through the student-student interactions in the design phase of the video productions as well as in the actual fabrication of the videos of the homework exercises and the mediatized parts of the project work. The mediatized products of the project report were directly aligned with the first part of the final, and the video tutorials were directly aligned with the second part of the final. The bank of video tutorials of the total amount of exercises in the portfolio sets that were produced by the students during the course helped the students prepare for the second part of the oral examination. The students carefully designed tutorials that explained clearly and in depth how to solve the exercises, because they were to be used by their fellow students in their preparation for the final.

Analyzing the students' reflections on the limit concept

The students' tutorials were examined during the course in order to identify those which were rich enough to be analyzed for answering RQ 2 with respect to the limit concept. Among them, a few were selected for discussions with the students in the classroom. Later, the material might be used for analyses that focus on other key concepts. Here, we illustrate with one case how we have analysed the students' work with the tutorials for answering RQ 2 focusing on the limit concept.

Guided by the theories, we looked for indicators of students' image concept, of students revealing a conceptual understanding, and of students using a process oriented conception when we analysed the data. The data is transcripts of the audio recordings of one group of students while they produced their first tutorial of an exercise from the first homework set. The students' video is also included in our analysis.

The students' objective was to explain the limit concept using the exercise of finding the limit:

9 9 6 2 2 3 lim     x x x x
To begin with, the students observed that the limit cannot be found simply by inserting x=3 in the expression, since the denominator is zero for x=3. They mentioned the technique of factorization in order to handle this challenge. This technique is used in several examples in the text book. During their work, the students had software for graphical and CAS analysis at their disposal. However, before implementing this technique they began to reflect on the meaning of the limit concept. The students realized that the video should be aimed at "all the students that are struggling with calculus", as student 2 phrased it. Accordingly, they took on the challenge of explaining the limit concept in their tutorial. Their dialogue went as follows: S1:

Wait a second and now I think I'm lost a little bit. What is this limit thing actually doing?

S2:

We have to watch the limit, so we have to watch the value that our function is approaching, when it's, when the axis approach …[S2 draws a graph of the function on the computer.] S1:

Ah, yeah so we can see here, that's true. Okay trace, so we can see here, so we take x value 3, eeh.. to here, so it's pretty close to 0.! S1: Makes a lot of sense. We can also zoom in! S1: I think you just say that a limit is a number that is (inaudible) by. We have a value that is approaching a number ... right?

S2:

A variable that is approaching a number?

S1:

We have a function. We have variables in a function that is getting approached by a number. .. It's like we're getting infinitely close, we're getting infinitely close to a number in the function without reaching it. That's a limit.

Here we see that there is a close interplay between, on the one hand, the students' understanding of the particular problem in hand and their ideas and images for the limit concept in general, and on the other hand, the challenge of producing an explanatory tutorial for their fellow students. The situation forces the students to activate and verbalize their images of the limit concept. It becomes clear for the students that their understanding is not sufficiently developed for explaining the limit concept clearly in their own words in the tutorial. In the process of writing the manuscript for their tutorial the students consulted the text book of the definition of the limit concept. The dialogue continued as follows:

S1: yeah, okay, but let's first answer the first one. ... What's an introduction to the topic. I think an introduction would just be like "A limit is an. you can, you can say limit of x when x approaches 2, it's (over) the limit. S1: yeah okay, but the limit is numbered, but it never reaches that number, that's not the idea. The limit is just taking it to the limit.

S2: okay!

The students are getting into a deep discussion of how to understand the limit concept. Student 1 is quite persistent in his process-based thinking of a limit, and he has difficulties with accepting that the limit of a function can actually be reached. Student 2, however, switches to a more object-based thinking in their discussion of how they should introduce the limit concept in their tutorial. In some of her utterances she is getting close to formulating the definition of a limit in her own words, and she seems to be aware of the fact that the value of the function can be forced arbitrary close to its limit in a certain point x=c by choosing x to be sufficiently closebut not equalto c.

After a while student 1 begins to switch into a more object-based thinking of limits. He says: S1: a limit is a number that is being. A limit is a value, you have (on there), the y axis, when you're approaching a number on the x axis…. But is it mathematically correct to say that? It's like if you have a function, and you go towards the number.

In their tutorial the students explain in detail doing the algebraic manipulation by hand how to get to the identity:
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, which for x≠3 is equal to
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They explain in the tutorial how the limit of the given expression can be evaluated by substituting 3 for x in "the redefined function" and that this yields the result 0. The students also explain that the given function is not continues for x equal to 3: "It has a hole in its graph for x equal to 3, while the redefined function is continues in this point and has the value 0". However, the crucial mathematical argument is not stated or explained explicitly in their tutorial; namely that since the two expressions are equivalent for all real value of x ≠3, then Discussion and some initial conclusions Focusing on the limit concept, our findings in relation to the three RQs are:

Ad (1): The learning environment encourages the students to articulate and communicate their understanding of key concepts such as the limit concept in various situations and forms of representations. As illustrated in the analysis presented, in the process of producing the tutorial, the students engaged in dialogues about the limit concept using their own language. In their tutorial they used oral, written and visual forms of expressions in communicating their conceptual understanding and the techniques they used in solving their problem. The crucial didactical feature of the learning environment is the focus on the students' productions of the tutorials aimed at their fellow students. Together with the prescribed work flow and the requirements specified in figure 1, the focus on the productions of the tutorials, encouraged and enabled the students to express and reflect on their own conceptual understanding. In general, from analyzing the students' dialogues during their production of their tutorial it is evident that only when the students began to work on the video production they became fully aware of what their task really was about, how the technique they used could be explained, and why their results were correct. Ad (2): From the analysis it is clear that the students found it very difficult to really understand and use the formal definition of the concept of a limit of a function from the text. Especially student 1 insisted on understanding the limit concept as a process or actually as two connected processes. He did not focus on the quality of the limit of a function, and he emphasized wrongly that the limit is a number which will not be reached by the function. This phenomenon can be understood by means of the concept of students' concepts images [START_REF] Vinner | Images and definitions of the concept of function[END_REF]. Their research explains and evidences that formal concept definition only become meaningful to students to the extent in which they are unfolded and concretized by personal experiences. The phenomenon can be further analyzed by means of the processobject duality of mathematical concepts [START_REF] Sfard | On the dual nature of mathematical conceptions: Reflections on processes and objects as different sides of the same coin[END_REF].

In the tutorial, the students explain how to use the technique of factorization to find the limit of the given function. They reached a new expression for the function, which is equivalent to the given expression for all real values of the independent variable x except for x=3. Only the new expression is defined for x=3 and can therefore be evaluated in x=3, which yields 0. However, in the tutorial, the students did not really explain why the limit for x → 3 have to be the same for the two expressions since they are equal for all values of x except for x=3. [START_REF] Güçler | Examining the discourse on the limit concept in a beginning-level calculus classroom[END_REF][START_REF] Güçler | The role of symbols in mathematical communication: The case of the limit notation[END_REF] found and analyzed similar difficulties in students' learning of the limit concept. Ad (3): In general, analyses of the students' productions of the tutorials and the tutorials themselves allow pinpointing learning difficulties related to key concepts in calculus such as the limit concept, which are theoretically explainable. The analyses can provide ideas for variation of problems to be dealt with in the tutorials in order to invoke and challenge the students' different concept images of the key concepts in calculus. Such analyses can inform the development of the learning environment in order for the theories to be used in the practice of teaching for identifying and help overcoming students' learning difficulties. Moreover, anchored to the students' experiences with the tutorial, theories can help students develop a sound meta-learning related to the formation of mathematical concepts.

Also, the tutorials can be used in whole class teaching as a point of departure for discussing the relations between the techniques used to solve the different types of problems addressed and the mathematical theory explaining them and hereby contribute to the development of the mathematical organization in the calculus course.

Figure 1 :

 1 Figure 1: Assignment, product requirement and workflow for video production. 'Tim' in step 4 of the work flow refers to the teaching assistant. The students were requested to perform a quality test through his approval before they continued to step 5

  reached, it can be reached. I just. You don't have to say if it's reached or defined or undefined, you just say that it's a number that the function approaches as x approaches. As x gets closer and closer to the c. [Referring to the notation in the textbook]

		"!
	S2:	value that
	S1:	it's actually like…
	S2:	a value or number, maybe a number. It's a number that…
	S1:	yeah it is a number that is getting approached, but is never reached!
	S2: it can be S1: but I mean it doesn't reach the limit, that's the idea.

S2:

it has… it could. It can because you can write, because that's only the...

S1:

it's still the number it's going towards but… S2:

The pedagogical set up was developed in collaboration with Maja Bødtcher-Hansen, University of Copenhagen.Thematic Working Group
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