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Designing for responsibility and authority in experiment based instruction in mathematics: The case of reasoning with uncertainty

Introduction

Designing lessons and tasks has been an important part of developing theories of instruction in mathematics for over a century [START_REF] Cobb | Design experiments in education research[END_REF] and emerging from this practice is the design-research methodology. [START_REF] Plomp | Educational Design research: An Introduction[END_REF] speaks of a twofold yield in design research-projects, both producing an intervention that offers a solution to a problem in the practice and what he calls re-usable design principles. In the present study, we are aiming for the latter. Design principles are to be seen as heuristics as they do not guarantee success. The principles rather suggest design elements that could support the development of a prototype design of a task [START_REF] Plomp | Educational Design research: An Introduction[END_REF]. Design principles are guides that answer questions like "What should the lesson look like?" or "How should the lesson be developed?" [START_REF] Van Den Akker | Principles and methods of development research[END_REF]. They should connect task design with both a practical and theoretical understanding of the topic and inform the teaching practice as well as the research practice. This paper begins in the idea of developing tasks for experiment based instruction in mathematics and the special case of stochastic. [START_REF] Groth | Characterizing Key Developmental Understandings and Pedagogically Powerful Ideas within a Statistical Knowledge for Teaching Framework[END_REF], amongst others, argues that stochastic education should be researched in particular since the nature of mathematical reasoning is largely deterministic whereas that of stochastic is with uncertainty. Our task design principles are therefore not focused on the creation of new knowledge but on eliciting stochastic reasoning and developing students' understanding. In the present study, we examine design principles in relation to how meaning making is described in the semantic theory of inferentialism [START_REF] Brandom | Making it explicit[END_REF]. Our guiding research question is:

 What are the design principles that trigger students' authority and responsibility in reasoning with stochastic uncertainty? [START_REF] Plomp | Educational Design research: An Introduction[END_REF] stresses the importance of reviewing similar examples when articulating design principles for the first time. Hence, the following section will elaborate on previous examples of experimentation-oriented tasks for stochastic education in the research literature to create a deeper understanding of design principles in stochastic education. Furthermore, the theoretical background of inferentialism gives the tools to see authority and responsibility in student's reasoning connected to the design of the task.

Related works

In the Dutch tradition of RME, three principles inform task design: guided reinvention, didactical phenomenology, and emerging modelling [START_REF] Freudenthal | Mathematics as an Educational Task[END_REF][START_REF] Gravemeijer | Developing realistic mathematics education: Ontwikkelen Van Realistisch Reken/wiskundeonderwijs[END_REF]. According to the principle of guided reinvention, mathematical tasks should offer students opportunities to experience a process similar to that linked to the invention of a specific topic. On the didactical phenomenological account, task designers should consider how mathematical "thought objects" will be used by the students to structure and organize phenomena in reality. Emerging modelling emphasizes the process on progressive abstraction, from a model of a situation (experimentally real for the student) to a more general mathematical model [START_REF] Gravemeijer | Developing realistic mathematics education: Ontwikkelen Van Realistisch Reken/wiskundeonderwijs[END_REF]. Overall, in RME, mathematical tasks are often rooted in Freudenthal's vision of "mathematics as a human activity", and are designed to resemble realistic problems in context. Another school of thought close to RME is authentic teaching and learning in mathematics. The design principles of an authentic practice are used to perform certain actions and procedures, and knowledge as a tool to perform and achieve particular goals [START_REF] Dierdorp | Authentic practices as contexts for learning to draw inferences beyond correlated data[END_REF]. The underlying conjecture in authentic mathematics is that students will be motivated and engaged in rich discussions if authentic practices are used as a source of inspiration in designing mathematical tasks. [START_REF] Ainley | Connecting engagement and focus in pedagogic task design[END_REF] used purpose and utility as design principles in mathematical tasks. According to [START_REF] Ainley | Connecting engagement and focus in pedagogic task design[END_REF], purpose means that a meaningful outcome of a task is crucial for student learning. Utility refers to acknowledging the power of mathematics ideas. Chance-maker microworld [START_REF] Pratt | Making sense of the total of two dice[END_REF] is an example of a learning environment in which purpose and utility are implemented. The chance-maker is a microworld program with a series of gadgets, simulations of everyday random generators such as spinner, coins and dice. The students are challenged to find the gadgets that according to them do not work (The students were told that the gadgets were programmed) and mend them. The purposeful activity, for the students, of mending the gadgets led to the understanding of the utility of representations (connection between probability and data distribution), and the importance of the law of large number. The students are supposed to discover the relevance of mathematical ideas through realistic situations created in classrooms, real life [START_REF] Ainley | Connecting engagement and focus in pedagogic task design[END_REF] or in the microworld [START_REF] Pratt | Making sense of the total of two dice[END_REF].

Our hypothesis is that a mathematical task that can trigger students' authority and responsibility increases student awareness on the data generation process and, has the potential to develop students' reasoning with uncertainty.

Theoretical framework: The Game of Giving and Asking for Reasons -GoGAR

The framework of our research is the game of giving and asking for reasons (GoGAR); it is a metaphor used by [START_REF] Brandom | Making it explicit[END_REF][START_REF] Brandom | Articulating reasons: An introduction to inferentialism[END_REF] to describe the linguistic practices in inferentialism, which is the background theory of this study. An inferentialist view on knowledge entails giving priority to inference in reasoning in account of what it is to grasp a concept:

To grasp or understand […] a concept is to have practical mastery over the inferences it is involved into know, in the practical sense of being able to distinguish, what follows from the applicability of a concept, and what it follows from. (Brandom, 2000, p. 48) It corresponds to the practical mastery of concept and, to the increasing awareness that reasoning is central to statistics and statistics education (Bakker & Derry, 2011). "The game of giving and asking for reasons is an essentially social practice" (Brandom, 2000, p.163), and the purpose of GoGAR is to make explicit reasons that are implicit in our linguistic practice [START_REF] Brandom | Articulating reasons: An introduction to inferentialism[END_REF]Bransen, 2002).

According to [START_REF] Brandom | Making it explicit[END_REF][START_REF] Brandom | Articulating reasons: An introduction to inferentialism[END_REF], one way of understanding how reasons are made explicit in talk is in terms of interaction of inferentially articulated authority and responsibility. Authority of a claim is a process, capturing the influence of a claim in the GoGAR. However, "Authority is not found in nature" (Brandom, 1994, p.51) but is gained in taking responsibility by providing evidence for one's claims. Students are expected to make claims that are related in a certain way, justify and explain their claims. Responsibility can be defined as a quest for authority, and it also expresses the quality of requirement for performing and maintaining authority [START_REF] Hansson | Instructional responsibility in mathematics education: Modelling classroom teaching using Swedish data[END_REF]. By using GoGAR we aim to show how, independently of the quality of the reasoning, elements of task design eliciting authority and responsibility influences how students reason in the domain of uncertainty.

Method

The present paper focuses on reaching an understanding of the data generation process connected to a mathematical task (Cobb et al., 2003). The data generation process involves clarifying the significance of the phenomenon under investigation, delineating key aspects of the phenomenon that should be measured, and considering how they might be measured (Cobb and McClain, 2004, p.386).

The analytical process of this paper is that of an abductive approach [START_REF] Alvesson | Reflexive methodology: New vistas for qualitative research[END_REF]. The aim of this approach is to create an initial analytical lens to view the data through, and then allow for the emerging design principles to influence the initial theorization. The specific analytical tool is retrospective analysis by the use of constant comparisons [START_REF] Gravemeijer | Design research from the learning design perspectiv[END_REF]. Instances of data are compared to find similarities and differences related to authority and responsibility in the data.

The data set used in this analysis are transcripts of video recorded lessons in a pilot study. The purpose of the study was to document our starting point [START_REF] Cobb | Learning about statistical covariation[END_REF] prior to an initial cycle of a design experiment [START_REF] Cobb | Design experiments in education research[END_REF]. The design experiment utilizes the idea of engaging students in actual data generation and asking them to reason about the results. Our aim is that the task would trigger students to develop authority and responsibility due to their active involvement in the data generation. The empirical study was performed with a class of 20 students in grade 7 (aged 12/13) in Sweden using an experiment based task focusing on statistics. The "helicopter task" (figure 1) is a modified version of a task that originates from [START_REF] Ainley | Normalising: children's activity to construct meanings for trend[END_REF]. It involves constructing an auto-rotating helicopter out of paper and measuring five flight times per rotor length. The class dealt with the helicopter problem in two lessons. In the first lesson, the students were involved in the data generation by e.g. testing paper-helicopters of varying rotor lengths (3cm to 14cm) and measuring flight times. In the second lesson, the class interpreted and evaluated the data in groups, guided by questions provided by the teacher. This was followed by a whole class discussion. The transcripts used here are meant to illustrate the ideas developed in the paper and are chosen because they portray typical student reasoning elicited by the task while using a relativly small amount of space in the paper. The reader is then invited to evaluate the plausibility of our interpretations and thereby assess the trustworthiness of our claims as an alternative to reliability and validity more suitable for this type of research [START_REF] Lincoln | Naturalist inquiry[END_REF])

Results

The transcript elaborated on below is used to shed light on aspects of how responsibility and authority, embedded in the task, elicit reasoning with uncertainty. It is part of a whole class discussion in the second lesson where one of the groups presents their findings. The questions from the helicopter task in focus here are: Which is the best rotor length? How sure are you? (…) means that portions are inaudible and […] means that we omitted a segment because of space limitation that we feel does not add to the reader's understanding of our analysis. Table 1 contains the students' results.

[1] Teacher: Before we move on, may I ask how you noticed that it was a failure with the rotors [2] Gabriel: Because sometimes were like three, and then some were only 1 second […]
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Responsibility in justifying uncertainty

If we compare instances [2], [4], [6] and [START_REF]Because maybe you drop it from the exact same spot, maybe you drop it further down one time and another time further up[END_REF] there are similarities and differences. All four instances are parts of GoGAR about the level of uncertainty. There are differences as well, for instance how their claims are accepted in the GoGAR and how they situate the responsibility for their claims. In [2], Gabriel reasons that the failure of the rotors becomes apparent in his data, but the reasoning is underdeveloped and no one else acknowledges his authority in the following discussion. In the following lines, not included because of space limitation, instead focus is put on the definition of margin used earlier. Eric's reasoning in [4] on the other hand situates responsibility explicitly in the activity of data generation. He draws on the experience of having been a part of the data generation and claims that both the angle of the wings and the drop height could be sources of uncertainty. Jennie acknowledges Eric's authority on line [6] by referring to the action of releasing the helicopter. We call this Responsibility in justifying uncertainty. Both students and teacher recognize that there is a measure of uncertainty in the results and use various informal concepts to indicate it, for example "hard to know" on line [3] and "differences are so big" on line [START_REF]Because the differences were so big, and the times[END_REF]. Both Eric's and Jennie's giving and asking for reasons for the level of uncertainty situate responsibility in the act of data generation. Maria acknowledges that Eric's and Jennie's claims still have authority in the GoGAR on line [START_REF]Because maybe you drop it from the exact same spot, maybe you drop it further down one time and another time further up[END_REF] by relating the mathematical discussion of mean, median and uncertainty to the act of data generation.

Exercising authority by making claims

From our analysis, it appears that students in this study exercise their authority through two types of claims: terminology related claims and context related claims. While the terminology claims are related to students' previous formal knowledge, context related claims are from observations through perception. Terminology related claim: We noted that all the students in the group were given the opportunity to express themselves. As whole, the group took the chance and made a considerable number of claims in a limited time period. As mentioned earlier, making claims is one way of exercising authority. In [2], Gabriel answers to the teacher's question in [1]. A close look at Gabriel's utterance, indicates that Gabriel's authority is grounded in comparing one second to three seconds. In other words, formal logic is what lies behind his authority. In [5], Eric acknowledges Gabriel's claim [2] and undertakes it. We, therefore conclude that "Gabriel lends his authority to Eric". The same line of reasoning is observed in [START_REF]Because the differences were so big, and the times[END_REF] and confirmed in [START_REF]Because the differences were so big and the times[END_REF]. Other students in their reasoning about uncertainty in GoGAR can use these claims. In [START_REF]But we remembered that afterwards[END_REF] and [START_REF]Because the differences were so big, and the times[END_REF], concepts such as mean and median are brought to the discussion. The students' involvement in data generation creates conditions in which students can make use of their previous formal knowledge. In this case the consequence of their actions in generating data, and the uncertainty that follows activates the use of mean and median while talking about uncertainty. Context related claims: it is evident that Eric's claim in [4], "it depends on high difference", is also accepted by the class. Hence [4] is based on observations during the data generation. One argument that supports our interpretation is that (here and otherwise in the data) the whole class has reported that it was almost impossible to drop the helicopter from the same height. Eric's claim is licensed by a context. The same observation is made by Jennie in [6]. Further, Eric points out that the angle of the rotor is reason for variation and uncertainty. This observation was specific to Eric's group. However, we believe the rest of the group will use it as a premise in their reasoning with uncertainty if needed. The context created by the data generation enables students to make claims that can be used in reasoning with uncertainty.

Discussion

We organize the discussion around three questions connected to the design that seem to trigger authority and responsibility.

Which different opportunities in the task are given by the students to accept responsibility for their claims? The students reason naturally with uncertainty since they have the practical experience of manually generating data in the task to situate their responsibility. In contrast, [START_REF] Pratt | The co-ordination of meanings for randomness[END_REF] found that many students in his study based on the chance-maker microworld software had to convince themselves that the gadgets in the game were indeed random and that the mode of reasoning should be with uncertainty rather than a deterministic reasoning. As long as the students had the opportunity to influence, for example, the strength of a simulated dice throw, they were more prone to accept that it was random. One explanation could be that the students working with the chance-maker had to situate responsibility inside a black box, being the software, which led them to believe that the results were predetermined. Our analysis in [2] and [4] show how the task provides opportunity for the students to situate the responsibility of the failure in the measurement. The cause-effect opportunities created by the task initiate fruitful GoGARs in the domain of uncertainty, which also seems to fit with Pratt's (1998) findings.

Which different opportunities in the task give the students the ability to create authority for their claims? From Roth's (1996) study, we know that students show difficulties in analyzing data when they have not been actively involved in the data generation. This view is supported by [START_REF] Noss | Touching epistemologies: Meanings of average and variation in nursing practice[END_REF]. Our analysis showed in [2] [3] and [4] that the task enabled the students to act as experts. The students were able to connect data analysis and inferences to data generation while reasoning with uncertainty. The experiment based instruction, which entails manual data generation, opens up for students to take control over the process. Leaving the data generation process to students, triggers their authority and responsibility and, students are more motivated than if they would just be limited to data collection and get "the right data" [START_REF] Cobb | Principles of instructional design for supporting the development of students' statistical reasoning[END_REF]. Getting students to reflect on how their own actions influence the results is the first step in acting with authority and responsibility.

Which different opportunities in the task are given to the students to shift responsibility and authority between different domains? Designing tasks with manual data generation based on principles of authority and responsibility is not the general solution to improve statistics education. In fact, creating large data sets, suggested by [START_REF] Pratt | The co-ordination of meanings for randomness[END_REF] as being a corner stone in statistics instruction, becomes almost impossible with this focus on manual data generation during lessons. We merely suggest that there are merits to these design principles in statistics education as it naturally elicits GoGARs in the domain of uncertainty and empowers students to take responsibility and use mathematics to back up their claims. In [6] and [START_REF]But we did it with the mean which made it take longer time[END_REF] our analysis in [6] and [START_REF]But we did it with the mean which made it take longer time[END_REF] show how the task provides opportunity for the students' quest of authority as they shift responsibility between the empirical and theoretical domain.

We show that designing tasks with manual data generation elicit fruitful situations for shifting authority and responsibility between context and concept levels. Thus the students used their previous concepts to act upon the context, and also looked for evidence in the context to strengthen their authority and responsibility. In sum, creating a learning environment where students can exercise authority by using their previous formal knowledge and most importantly "our imperfect perception" can promote a fruitful GoGAR in the area of uncertainty, and in mathematics in general.

  

Figure 1 Instruction for the helicopter task translated from Swedish to English Table 1 Measured flight time for the helicopters in seconds

  

	Thematic Working Group 22			
						3.1 2.3 2.3 2.8
	8 cm	2.6 1.9 2.6 2.5 2	2	2.4 2.4 3	2.9
	9 cm	3.1 3	2.9 2.9 3	1.6 1.3 1.9 1.8 2.1
	10 cm	2.2 2.6 2.4 2.8 2.4 1.6 2.5 2.3 2.2 2.2
	11 cm	2.2 2.8 2.9 2.1 2.7 1.3 1.9 1.9 1.3 2.8
	12 cm	2.8 2.2 2.6 2.4 3.3 1.3 2.3 1.8 1.7 2
	13 cm	2.6 2.2 2.5 2.3 1.7 1.7 1.6 1.8 2.4 2
	14 cm	4	3	3	3.1 2.1 2.3 1.9 2.2 1.7 2.3
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