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FOURIER MULTIPLIERS IN SL,(R)

JAVIER PARCET, ERIC RICARD
AND MIKAEL DE LA SALLE

ABSTRACT. We establish precise regularity conditions for Lp-boundedness of
Fourier multipliers in the group algebra of SLy, (R). Our main result is inspired
by Hérmander-Mikhlin criterion from classical harmonic analysis, although it
is substantially and necessarily different. Locally, we get sharp growth rates of
Lie derivatives around the singularity and nearly optimal regularity order. The
asymptotics also match Mikhlin formula for a exponentially growing metric
with respect to the word length. Additional decay comes imposed by this
growth and Mikhlin condition for high order terms. Lafforgue/de la Salle’s
rigidity theorem fits here. The proof includes a new relation between Fourier
and Schur Lp-multipliers for nonamenable groups. In SL,(R), this holds in
terms of Harish-Chandra’s almost L2 matrix coefficients. By transference,
matters are reduced to a rather nontrivial RCp-inequality for SL, (R)-twisted
forms of Riesz transforms associated to fractional laplacians.

Our second result gives a new and much stronger rigidity theorem for radial

multipliers in SL, (R). More precisely, additional regularity and Mikhlin type

conditions are proved to be necessary up to an order ~ |% — ;H(n — 1) for

large enough n in terms of p. Locally, necessary and sufficient growth rates
match up to that order. Asymptotically, extra decay for the symbol and its
derivatives imposes more accurate and additional rigidity in a wider range of
Lp-spaces. This rigidity increases with the rank, so we can construct radial
generating functions satisfying our Hérmander-Mikhlin sufficient conditions in
a given rank n and failing the rigidity conditions for ranks m >> n. We also
prove automatic regularity and rigidity estimates for first and higher order
derivatives of K-biinvariant multipliers in the rank 1 groups SO(n, 1).

Introduction

We study the relation between regularity and L,-boundedness for multipliers in
the group algebra of SL,(R). In Euclidean harmonic analysis, this central topic
orbits around the Hérmander-Mikhlin fundamental condition [26] 44]. Tt defines a
large class of Fourier multipliers —including Riesz transforms and Littlewood-Paley
partitions of unity— which are crucial in Fourier summability or pseudodifferential
operator theory. Given a measurable function m : R” — C, its Fourier multiplier
is the linear map determined by

T f(€) = m(€) F(€).

Then, T), is Ly-bounded on R" for 1 < p < oo whenever
(HM) o7m()] S el forall 0=yl < [2] + 1.

This condition imposes m to be a bounded function, smooth over R™\ {0} satisfying
certain local and asymptotic behavior. Locally, m admits a singularity at 0 with a
mild control of derivatives around it up to order [§] 4 1. This singularity links to
deep concepts in harmonic analysis and justifies the key role of Hérmander-Mikhlin
theorem in Fourier multiplier L,-theory. Asymptotically, the same derivatives decay
faster and faster to 0, at a polynomial rate given by the differentiation order. It is
optimal in the sense that we may not consider less classical derivatives —a Sobolev
type formulation (recalled below in this paper) admits differentiability orders up to
% + & or larger upper bounds for them.
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The Hormander-Mikhlin theorem has been investigated during the last decades
for nilpotent groups by Christ, Cowling, Miiller, Ricci or Stein among others. In the
context of semisimple Lie groups, these questions have only been considered under
additional symmetry assumptions. Let G be a real semisimple (noncompact and
connected) Lie group with finite center and K be maximal compact in G. Consider
the Riemannian symmetric space G/K equipped with its G-invariant measure under
left multiplication. If a is a Cartan subalgebra for (G, K), the G-invariant maps on
L2(G/K) can be identified via the spherical transform with Weyl-group-invariant
elements in Lo (a*). Hérmander-Mikhlin criteria for this class of multipliers were
first considered by Clerc and Stein [§], which established a necessary analiticity
condition and a weak form of Mikhlin sufficient condition. Stanton and Tomas
[54] obtained nearly optimal results in rank one based on precise local /asymptotic
expansion formulae for spherical functions on G/K. Anker [I] finally discovered
satisfactory Mikhlin conditions in high ranks. We refer to [52] for an interesting
generalization in SLy(R) and to [2] 27, 28, B8] for related results.

In this paper we work with the full semisimple Lie group SL,,(R) and place it
in the frequency side. Its dual is no longer a group and it is described as a group
von Neumann algebra, a key model of quantum (nonclassical) group. The interest
of Fourier multipliers over group algebras was early recognized in the pioneering
work of Haagerup [19], as well as in the research carried out thereafter in the
context of approximation properties [5, [, [I0, 20]. The corresponding theory of
Fourier L,-multipliers is basic in noncommutative harmonic analysis, with potential
applications in geometric group theory and operator algebra. It has recently gained

a considerable momentum [16} 29] 30} B, 34} [36], 43, [48].

Given a locally compact unimodular group G with left regular representation
A, its group von Neumann algebra £(G) is the weak-x closure in B(L2(G)) of
span(A\(G)). If u denotes the Haar measure of G, we may approximate every element
affiliated to £(G) by operators of the form

f = /G o)\ (g) dulg)

for smooth enough fA If e is the unit in G, the Haar trace 7 is then determined by
7(f) = f(e). Given a symbol m : G — C, its associated Fourier multiplier is the
map Ty, @ A(g) — m(g)A(g) which satisfies

T f(g9) = T(Tm fA(9)") = m(g)7(fA(g9)") = m(9) [ (g)-
In other words, it intertwines pointwise multiplication with the Fourier transform.

I. Main results. The rigidity theorems in [34] [36] establish the failure of the
completely bounded approximation property (CBAP) in the noncommutative L,
space over the group von Neumann algebra of any lattice in SL,(R), for certain
values of p. Roughly speaking, what is behind in harmonic analysis words is that
Fourier L, summability fails in the group algebra of SL, (R), when |1/p — 1/2]| is
large enough in terms of the rank. This constitutes an L, refinement of Haagerup’s
theorem on the failure of weak amenability for high rank semisimple Lie groups
[9, 20]. As far as these group algebras are concerned, Fourier multiplier theory
has been limited so far to rigidity theorems and the search of necessary conditions
to this end. In this paper, we provide sufficient conditions for L, boundedness of
Fourier multipliers in the group algebra of SL,, (R).
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The aforementioned rigidity gets in conflict with the classical Hormander-Mikhlin
criterion. Indeed, condition (HM)]) certainly includes Co-functions with arbitrarily
slow decay. On the contrary, any K-biinvariant symbol m € Co(SL3(R)) satisfies
the asymptotic rigidity estimate

e 0 0
—J|s
(AR) m{ 010 ) <ce N Tonllen iz, ecstammy
e

forall p > 4 and any § < 1/2—2/p. This is the key inequality in [36]. Considerably
stronger rigidity estimates for radial Fourier multipliers are proved in Theorem B
below. Asymptotic rigidity is not witnessed by Hérmander-Mikhlin conditions and
sufficient conditions for L,-boundedness must incorporate it. In this respect, it
is important to clarify the metric we shall be working with. Let us write || || for
the operator norm in M, (R) and | | for the normalized Hilbert-Schmidt norm in
S2(l2(n)). Consider any distance function |g| = dist(g, e) satisfying the following
equivalences

l9] lg — el locally at e,
gl = B )
max {||g||,lg""||} asymptotically.

It is clarifying to compare |g| with the Lie algebra metric. Set |g| = el*l — 1 for
g = exp(sZ) diagonal, with Z of norm 1 in the Cartan algebra a. This formula still
applies for nondiagonal elements close to e, for which e/l — 1 ~ |s|. Asymptotically
this exponential growth admits a K-biinvariant extension to SL, (R) = Kexp(at)K

L(g) == max {||g|| g "I} = el for g€ Kexp(sX)K.

The distance function |g| is therefore comparable to the Euclidean metric around
the identity. On the contrary, the Euclidean breakdown for large distances may
be explained by the asymptotic rigidity in (AR]) and Theorem B below. Note in
passing that (g, h) — log L(gh™?) is a standard pseudometric, comparable to the
word length from a compact symmetric generating set in SL,,(R). Once the metric
is fixed, we work with the natural differential operators. Consider the left-invariant
vector fields generated by an orthonormal basis X1, X, ..., X,,2_; of the Lie algebra
50, (R). The corresponding Lie derivatives

ox;m(g) = d%’ m(gexp(sX;))

s=0
do not commute for j # k. This justifies to define the set of multi-indices v as
ordered tuples v = (j1,J2,...,Jx) with 1 < j; < n? — 1 and |y| = k > 0, which
correspond to the Lie differential operators

dgm(g) = 8leaxj2 T 8ij‘m(g) = ( H 8X1k)m(g)

1<k<|v|

Theorem A. Assume that m € C[RTQ]H(SLn(R) \ {e}) satisfies

2
(*) 91" [dym(g)| < Chm forall hl< 5] +1.

Then, T, is completely L,-bounded for all 1 < p < 0o by a constant Cp,Chm.
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Theorem A gives the first sufficient condition for L,-boundedness in the group
algebra of SL,,(R). Compared to (HM)), we have replaced Euclidean derivatives by
Lie derivatives and the Euclidean norm |¢] by |g|:

a) Local analysis. Both |g| and dj are comparable to their Euclidean models at
small distances to e and Theorem A gives a satisfactory form of (HM]). The growth
of derivatives around the singularity match the sharp Euclidean estimates. As
dim SL,(R) = n? — 1, the differentiability order also nearly matches the optimal
one in the Euclidean (HM). More precisely, we match optimal Euclidean order for
n odd and we loose up to one derivative for n even. In fact, the local form of (&)
can be replaced by (weaker) Sobolev conditions of order n?/2 + . Moreover, less
regularity suffices for small |1/p — 1/2| in the spirit of Calderén-Torchinsky [4]. In
conclusion, local singularities (at the unit e or anywhere else) are admissible and
the regularity around them is apparently close to optimal. As far as we know,
there is no result in the literature —including rigidity conditions— which gives any
information on the local behavior of Fourier L,-multipliers. Our local conditions
are much more flexible than in [T, 8} 54], due to the necessary analyticity there.

b) Asymptotic analysis. Condition (&) coincides with (HM)) for the given metric
up to order [n?/2] + 1. As stated, it apparently poses a contradiction with the
asymptotic rigidity in (AR]). However, this is not the case in the metric we work
with, since high order Hormander-Mikhlin conditions impose the same decay rates
for lower order terms. More precisely, the exponential growth of L with respect to
the word length implies the following inequality for any ¢ € C'(SL,(R) \ {e}) and
B>2

sup L(g)5|8x¢(g)} <1l = L(g)5|¢(g) —a] <Cp for some a € C,
Xesl, (R)

where the supremum runs over all unit vectors in the Lie algebra of SL,,(R). This
forces the symbol m — a: SL,, (R) — C to decay at the same rate 8y = [n?/2] +1 as
the highest order derivative in (&), see Remark The known rigidity theorems
in this context [34] [36] are no longer in conflict with it. In fact, Weyl’s integration
formula implies that the critical integrability index for L is [n?/2], so that L=% is
in L1(SLy,(R)) and the asymptotic part of Theorem A reduces to the local part by
a simple patching argument. In particular, the asymptotic bound L'~50/ logH"s L
for m and its Lie derivatives suffices. Conceivable, the logarithmic factor could be
removed for n even, under the smaller regularity order [(n? —1)/2] + 1 = [n?/2].
Our asymptotic conditions are (necessarily) more rigid than in [I [8] [54].

After Theorem A, we have no reason to believe that our asymptotic estimates
are even close to optimal, our analysis just gives a satisfactory comparison with
the Euclidean setting in a natural metric for SL,, (R). However, Theorem B below
proves that Mikhlin type conditions are also necessary up to certain regularity order
for radial multipliers. Given an open interval J C R and a > 0, let C%(J) be the
space of functions which admit [«] continuous derivatives in J and such that the
[a]-th derivative of ¢ is Holder continuous of order a—[a] on every compact subset
of J. We shall also write C*~(J) for the space

com ()= () ().
B<a

Given g € SL,(R), we use normalized Hilbert-Schmidt norms |g|? = 2tr(g*g).
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Theorem B. Consider a radial SL,(R)-symbol m(g) = ¢(|g|) for n > 3. Assume
that the Schur multiplier Sy, (g, h) = m(gh™1) is S,-bounded for some p > 2 + -2
so that g := (n—2)/2—(n—1)/p > 0. Then ¢ is of class C*(1,00) when oy ¢ Z
and of class C*~(1,00) otherwise. Moreover, if

@ = aplay¢z + (@0 — €)0ayez,
the following local/asymptotic estimates hold for the function o:
i) ¢ has a limit poo at 0o and

1SmllB(s,(£2(c))

lo(@) — poo| < C5

)

xco
3 n
where CO:”/[l_—g] fora>1 andcozan_2 for a < 1.
P
i) Given x > 1 and an integer 1 < k < [a]
Sm
0 oe)| < C2, 1Smllses, Loy o o=

(z — 1)kger [2k+

1—

i

SIS

iii) The Hélder constants in a neighborhood of x

limsup 122@) =0 _ e [Smllss,wacn
y—z |z — y|o—lel - ((:E — 1)96%)0‘

Theorem B gives a major strengthening of the rigidity theorems in this context
[20, 341 136]. Tt is also valid for radial Fourier multipliers —using the cb-norm of T},
instead— improving (AR]) and higher dimensional forms in various ways, notably by
the conditions in Theorem B ii). The range of p’s for which it applies also improves
the best known results [34]. Its Euclidean form for radial multipliers m(&) = ¢(|€])
in dimension d > 2 is the necessary condition
(TT) p>2+ % = [¢[*0%0(&)| < Cpa||Tm: Lp(RY) = Ly(RY)||
for k < (d —1)/2 — d/p. Comparing (TT) with (HM) enlightens the structure
of radial multipliers. Indeed, taking p arbitrarily large, Mikhlin conditions are
necessary up to order [d/2] — 1 and sufficient from [d/2] + 1 on. Condition (TT))
has it roots in the regularity of the Hankel transform of radial L, functions, which
goes back to Schoenberg [53] and culminated in [56, 57]. It is the most satisfactory
result for radial multipliers before the celebrated characterization [14] 25].

Theorem B exactly reproduces (I'T)) around the singularity (z = 1 and £ = 0
respectively) when Euclidean dimension d is replaced by n — 1. Thus, Theorem
B confirms that the growth rate around the singularity in Theorem A is optimal
for low order derivatives. ((IT]) also suggests that the rank of p’s in Theorem B
could be best possible. Asymptotic rigidity arises from the extra decay provided
by co,c1,¢2,. .., ¢q and it increases with the rank. Remarkably, there exist radial
multipliers satisfying (&) in rank n and failing rigidity for ranks m >> n.

As application, we also prove in Theorem [ Glrelated rigidity estimates in SO(n, 1)
for first and higher order dertivatives. This result is especially satisfactory, since
this group is rank 1 and weakly amenable. It is certainly a surprise that Lafforgue’s
methods around strong property (T) shed some light here.
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II. Structure of the proof. Hormander-Mikhlin criteria for group algebras have
been recently investigated in [16] 29] [30]. The lack of finite-dimensional orthogonal
representations for SLo(R) and Kazhdan’s property (T) for higher ranks implies
that Euclidean geometry only mirrors the geometry of SL,,(R) via nonorthogonal
actions, which are beyond the scope of the above mentioned papers. Here are some
benchmarks which can help the reader to follow our argument:

a) A local measurement of nonamenability. Almost every form of transference since
the pioneer contributions of Cotlar or Calderén involve some kind of amenability
assumption. This was dodged in [29] B0] for those nonamenable groups which
act orthogonally in some finite-dimensional real Hilbert space. Among others, this
excludes SL,,(R). Given Q, X relatively compact open neighborhoods of the identity
in a nonamenable group G, we shall introduce a constant 0 < dx(€2) < 1 which
quantifies the ‘S-nonamenability’ relative to Q. When G = SL,,(R), this is closely
related to the Harish-Chandra’s function [I1}, [46]. Our proof starts with a complete
contraction j, : L,(L(SL,(R))) — Sp(L2(SL,(R))), which admits a key partial
converse for p € 2Z:

1 , .
1fllp <cb m”h(f)ﬂp when  suppf C Q.

Here Q, = QQ ... OQF! with p/2 terms. This is valid for other nonamenable G.

b) Local transference Fourier— Schur— Twisted multipliers. Generalizing previous
work of Bozejko/Fendler, the isometry between Fourier and Schur L,-multipliers
was proved in [7, 45] for amenable groups. In fact, Schur multiplier norms are
dominated by Fourier multiplier ones even for nonamenable groups. The reverse
inequality remains open. At the moment, we find no reason to believe that it
holds true for nonamenable groups. However, Q—supported Fourier multipliers are
dominated by ¥’ x ¥/~truncated Schur multipliers (X' = Q7!%), up to a constant
which equals 1 for G amenable and blows up as 2 — G otherwise. More precisely,
if suppm C Q and p € 2Z, we shall prove that

1

(LT) HT H L(G)) — WHSmHCb (L2(2)))

Next, if 8 : G — RF is a cocycle map associated to a volume-preserving action
a: G ~ R* and Ry is the algebra of bounded functions f: RF — B(L2(X)), we
shall lift our multiplier m = 1 o 8 to control the right hand side of (LT)) by the
cb-L,-norm of the “twisted Fourier multiplier” given by

~

T (Fon) o (T o)), with T, () (€) = rin(aag (€) o (€).

¢) Twisted Riesz transforms for fractional laplacians. Calderén-Zygmund and other
classical methods are inefficient to bound twisted Fourier multipliers. Instead, we
shall adapt a key result from [30], which identifies Hormander-Mikhlin multipliers
as Littlewood-Paley averages of fractional Riesz transforms. It does not apply in
the group algebra of SL,, (R) for lack of orthogonal cocycles, but local transference
opens the door to a twisted form in Ry via the infinite-dimensional, but orthogonal
cocycles naturally linked to fractional powers of Euclidean laplacians. A duality
argument then shows that it suffices to prove a square function inequality for twisted
Riesz transforms. The behavior of these maps is highly asymmetric: the a-twist
affects the row index g, but not the column index h. The column case follows
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by a combination of harmonic analysis and operator space techniques, whereas
the row case seems to be false in the full algebra Ry. At this point, the proof
turns more technical. Roughly, we restrict to the image of our local embedding
into Ry and invert transference to rewrite the row square function in the group
algebra. In this context, group inversion —which is locally smooth around the
unit, so that Héormander-Mikhlin conditions are stable up to {2-constants— allows
to switch rows to columns. Then we crucially use a new form of Littlewood-Paley
theorem for Schur multipliers over SL,,(R), which yields the local form of Theorem
A. Our local argument holds for any compact §2, but only yields optimal estimates
around the singularity. The constants grow too fast in terms of diam (2) and the
alluded patching argument gives better asymptotic estimates.

d) On the rigidity theorem. The proof of Theorem B starts with the same idea which
already worked in previous rigidity theorems [34,B86]. Given p as in the statement of
Theorem B, we first prove C*-regularity for SO(n — 1)-biinvariant S,-multipliers on
SO(n). This follows in turn from related estimates in the n — 1—dimensional sphere
for the averaging operator which was introduced in [36]. The main novelty in our
argument is to infer global reqularity and decay estimates for radial multipliers in
SL,(R), as stated in Theorem B. The key point is to factorize the radial generating
function ¢ as a composition p(x) = .o H,(x) (with r depending on x), where 1, is
smooth as a consequence of our auziliary estimates in SO(n), and the derivatives of
H, decay fast enough. Then, the assertion in Theorem B follows from an application
of Faa di Bruno’s formula. Quite surprisingly, the same technique gives "higher
order” rigidity estimates in the rank 1 groups SO(n, 1) as explained above.

1. Local measurement of nonamenability

Let G be a locally compact unimodular group with Haar measure p and left
regular representation A. Let §2 be a relatively compact neighborhood of the identity
in G and let ¥ C G be open. If ¥ is large enough, we can always find ¢ : G — R4
in Ly(G) and a constant 0 < d4(£2) < 1 such that

® supp¢ C %,
o [ 1omPdu(n = 1.
G

o /G |p(gh) — ¢(h)|2du(h) < 204(92) for all g € Q.

Consider the best possible constant

02 (92 = 1- su inf () 7
+ H¢H§i1 gesz< (9)9 ¢>L2(G)
supppCE
. 1 )
= inf  sup —/ ‘d)(gh) —¢(h>| du(h).
”¢”2:1 geQ 2 G
supp¢pCX

Then, the following dichotomy holds

i) If G is amenable, then d¢(2) = 0 for all Q.
ii) If G is nonamenable, then limg_,q 0 () = 1.
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It easily follows from Dixmier’s characterization of amenability and an ultraproduct
argument. This suggests that dx () measures the “Y-nonamenability relative to
) with constants dx(€2) ~ 0 for Q small and §5(Q) ~ 1 for  large. Along this
paper, we shall not use precise estimates of these constants in terms of (2, %), but
they can be relevant for future applications.

Remark 1.1. The Iwasawa decomposition SL,,(R) = KP takes place with maximal
compact group K = SO(n) and parabolic part P formed by the subgroup of upper
triangular matrices. Let A be the left K-invariant extension A(kp) = A(p) of the
left-modular function in P. The Harish-Chandra function = : SL,(R) — Ry is
then defined as

=(0) = [ Mgyt

Let us write Bg for the ball of radius R around the identity in the pseudometric
log L, as defined in the Introduction. Then, the following inequalities hold for the
pair (2,%) = (Bg, Banr) and every g > 2

1n? 1 n?

e (= 3[F]R) 5 1= = =) < Gew (- [F]R)

The lower /upper bounds arise from well-known estimates [23] of the Harish-Chandra
function = in terms of the modular function A. The upper bound in the equivalence
above reduces to an inequality for left K-invariant matrix coefficients (A(g)¢, ¢)
[11L [46]. These are the most elementary Fourier multipliers which are bounded in
the Fourier and group algebras of SL,,(R). The lower bound requires fairly precise
estimates for Fglner sequences in the parabolic part P. We omit the argument since
these bounds will not play a significant role in this paper.

1.1. Matrix algebras. Let
J: L(G) = B(L2(G))

be the canonical embedding
i(f) =i | Florg)d
3(f) J(/Gf(g) (9) u(g))

/ f(gh_l)egh du(g)du(h) for fe Cc(G).
GxG

The egp, stand for infinitesimal matrix units and the last integral must be understood
in the weak-* sense. The map j is a x-homomorphism, but it is not trace preserving
and it fails to be L,-bounded. It has been further studied for amenable actions in
[15]. Given 1 < p < oo and 0 <6 <1, define

(1.1) 3% F e ®pa 0§ () Ppp

where @, ¢ is the pointwise multiplication map by $(9)%/P for some ¢ satisfying
the above conditions with constant d4(£2), with the convention ¢(g)° = 1 (even
if ¢(g) = 0). As an operator affiliated to B(L2(G)) we may think of &, ¢ as the
diagonal matrix with entries ¢(g)29/ P, Consider the constants
_ 04(2) —65(9) - _
€¢(Q) = TM so that 54)151(152 E¢(Q) =0.

Finally, when p € 2Z_, we also define {2, = QOO .. QF! with p/2 terms.
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Lemma 1.2. The following properties hold:
i) Hj;be : Lp(L(G)) = Sp(La(G))|| o S 1 forp>2.
ii) If in addition f(g) =0 for all g ¢ Q, then we get

1+<€¢ H

11y <eb for pe2Z,.

Al

Of course, the same stament above holds for j;bl instead of j;fo.

Proof. The first property trivially holds for p = oo. Thus, by interpolation it
suffices to prove it for p = 2. Given 0 < 6 < 1, define (2/q90,2/q1) = (1 — 6,0) so
that every f € Lo(L(G)) factorizes as f = fofi with || follg || fillen = |l fll2. This
yields

1786 (Hl, = 7o (Foigs 1 (Pl < oo Fo)ll,o 72 (PO,

which reduces the problem to show that j;;o and jfll are complete contractions.
By symmetry in the argument and again by interpolation, we are reduced to study
j;bo, which is a complete isometry since

(s fien) |

- / (02| Floh ™) du(g)du(h)
GxG

_ /¢ 241 /|f J2du(h)) = IIfIZ

To prove the second property, we note that
(351911 35(1)
= tr[(6(0) Flgh™")o(h)~")

g,h

il = ]

(¢>< )T b en)’) h]
= [ s Fan D Ftan o) duta)dn(ty = [ FF )1 +aq) dus)
GxG

=

with a, = / o(gh)p(h) du(h) — 1 for %f’(g) # 0 and a4 = 0 otherwise. If g € Q2
G

ol = 3| [ (@lah)? + 60 ~20(h)o() du(i] < 6o().

Therefore, given f € Ly(£(G)) with f(g) = 0 for g ¢ €, we may prove the second
property as follows. Let f/ be in the unit ball of Lo(L£(G)) so that || f]l2 = (f, ).
Then we get

Ifll2 < ‘/f 9)(1 + ag)dpu(g ‘/f (9)ag du(g )‘
< (8ol 350 + /|f (0) Plagl duta)) 1]
< 5816 (D, + (@I 2-
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This proves that

1 1+
(12 1l < g IOl = T I, o 0<o<1.

Now let f € L,(L(G)) for some p € QZ+ greater than 2. Consider its polar
decomposition f = uy|f| = |f*|luy and let ¢ > 2 satisfy 2/p + 2/g = 1. Then we
pick

FHfrE2 .
iR, PetEe
r q
| pr|L2—2
=y if pedZ,.

117122yl
This gives an element of the unit ball of L,(L£(G)) satistying || fll, = ||/ f]l2. On
the other hand, note that the support of the Fourier spectrum of ff’ is the same
as that of [f*|P/2 = (ff*)/* for p € 4Z, and |f*[P/271f = (ff*)P=D/4f when
p € 2Z4 \ 4Z,. In both cases, the Fourier spectrum is supported in the set 2,
defined before the statement. Moreover, taking § = 1 — 2/p and applying the
Lo-inequality above we find

Q
I = 157 < 1S 15,
1+24(Q, , 1+
- SR, < TGO,

by Hélder’s inequality and the contractivity of jffl. The cb—analogue is similar. [J

1.2. Local transference. Given m : G — C, let S, (g,h) = m(gh™!) be the
Schur multiplier associated to m, as defined in the Introduction. The main results
in [7, [45] give that Fourier and Schur multipliers share the same cb-L,-norm for
amenable groups. In the nonamenable setting, Schur multiplier cb-norms are always
dominated by Fourier multiplier cb-norms. The reverse inequality remains open.
If we consider ¥/ = Q7'3, the distortion constants dx(€,) provide a local form of
such an inequality between 2—supported Fourier multipliers and the corresponding
3’ x ¥'—truncated Schur multipliers

SE() ( (gh~ )ag’h)g,hezf for a:(ag,h)g)hey.

We shall write S,, instead of S= when the truncation is clear from the context.

Theorem 1.3. Let G be a locally compact unimodular group. Consider a relatively
compact neighborhood of the identity 0 and an arbitrary open subset ¥ in G. Let
m: G — C be a bounded symbol supported in Q. Then, the following inequality
holds for p € 27

1

(| Sz Sp(La(S) = Sp(La(E)].,-

Proof. As suppm C Q, Lemma [[2 i) gives

1—|—E¢

(1-3) HTmep >cb m”sm(jﬁof)nsp(h(y))
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since j;fo(Tmf) = Sm(jfof). Note that ¢(g)%Pm(gh~") appears as a factor of the
(g, h)-entry. In particular, since supp (¢ @ m) C 3 x 2, we easily deduce that each
nonvanishing entry (g,h) € ¥’ x ¥'. This implies that S, o j;fo =520 j;fo and
Lemma [[:2]1) yields the assertion for p > 2 by taking ¢, arbitrarily small. (]

Remark 1.4. The proof really gives
1

HTchb(Lp(ﬁ(G))) = mHSmch(sp(LQ(zf),LQ(z)))'

In other words, the same inequality holds with the ¥ x ¥'—truncation instead.

Problem 1.5. The above result yields the expected inequality with constant 1 for
amenable groups [7, [45], since dg(§2) = 0 for all . Our inequalities are new for
nonamenable groups, but unfortunately leave several questions unsolved. Can we
generalize Lemma and Theorem to noninteger values p > 2?7 What is the
behavior for p < 2?7 On the other hand, we do not recover the Lo-isometry and
Bozejko-Fendler’s Loo-isometry [3]. In other words, we should expect our constants
in Theorem [[3] to be close to 1 when p approaches 2 or co. A quick review of our
argument shows that this would be the case if the constants in (I.2]) converge fast
enough to 1 when 0 approaches 0 or 1. Is that true? Last but not least, is there
a nonlocal upper bound for nonamenable groups? Proving such an inequality or
providing a counterexample would enlighten very much this relation. We have not
investigated similar inequalities for nonamenable nonunimodular groups.

1.3. Nonorthogonal cocycles. Let a: G — SL4(R) be any volume-preserving
continuous representation and let 8 : G — R? be a continuous map satisfying the
cocycle law ay(B(h)) = B(gh) — B(g) for g,h € G. We call 8 orthogonal when the
action « is orthogonal. In contrast with [29] [30], nonorthogonal cocycles will be
admissible in what follows. A S-lifted multiplier for the symbol m: G — C is any
function 7 : RY — C satisfying the identity m = i o 3. We need some additional
notation:

¢ Ry = Loo (RYRB(L2(X)).

gy (&) = m(ay(€)) for g € G and € € R%

Ti(P@) = (T, U)@)) | when [ = (fin)

e Characters in R%: expg(z) = exp(2mi(z,§)) with £ € R%.

The map fm is a “twisted Fourier multiplier” which acts over ¥ x 3 matrix-valued
functions in RY, see Section B for further details. Twisted Fourier multipliers are
very relevant for this paper and will be studied later on. In the following result, we
adapt the arguments from [7] [45] in conjunction with de Leeuw’s transference [37]
to relate Schur and twisted multipliers.

Proposition 1.6. If p > 1, we obtain
HSm: Sp(L2(X)) — Sp(L2(E))HCb < Hfm Ly(Rs) — LP(RE)HCb

for any continuous Fourier symbol m: R* — C satisfying the identity m = 1 o 3.
Proof. Consider the unitary u on Lo(R% x )
, -1
uf(g.€) = expyg1)(€)f(€.g) = 1 (g g).
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Define m,: Sp(L2(X)) = Loo(R%; S, ((L2(X))) by
mu(a) = v (1®a)u

= (eXp—ﬂ(g*I) Agh €XPp(n-1) )q hes (expaﬂw(gh*l)) %h)

g,heZ'

The last identity follows from the cocycle law for 5. Note the intertwining identity

Tvm(ﬂ'u(a)) = (Tv'ng (expagfl(ﬁ(ghfl)))agh)q hex

= (m(ﬁ(gh_l)) CXPo__y (B(gh—1) agh>q I T (Sm(a)).

Since 7, is a normal representation of B(Ly(X)) when p = oo, one concludes easily
by weak-x density. The case p < oo requires some normalization in the spirit of de
Leeuw. If y5(z) = exp(—s|z|?) for s > 0, we get
m 4/2p
Iillz,me = (5)
If % + % =1 and a,b € S2(L2(X)), we claim that

. 1 ~
(1.4) 21_1}(1) m<ﬂn(%/zﬂu(a»a%/q”u(b)> = (Sm(a),b).

Before justifying the claim, note that it implies the statement since

(1.5) H%”u(G)HiT,(RE) - /Rd |78($)|pH7Tu(a)($)ng(b(z))dx = H%HgHang(Lz(z))'
Therefore, as the same identity holds for v,m,(b) in Ly(Ryx), we obtain
‘<Sm(a)=b>| < ||Tm Ly(Rs) — LP(RE)HCb”a”prHq'

This is enough to conclude by density of Sy in S, and S;. To prove (L4) we use the
Plancherel formula. More precisely, by approximation we may also assume that a
and b have continuous kernels and

<Tvm(%/p7Tu (@), Ye/qTu (b)>

- /zXz (g [e/pmu(@)gn]s [Ve/qmu(b)gn]) dp(g)dp(h).

If we set ngp, = ay-1(B(gh™')), we note that

(@ - T 5 2 _ )2
[Vespmu(a)gn](§) = agnlve/p expngh](g) = ag (p ) exp(— %)

'Ll’p,s(ngh,*g)
Thus, the left hand term in (4] can be rewritten as follows

lim (i)% /sz aghbg_h(/Rd Mg (§)Vp,e(Ngh — E)Vq,e(Ngn — §)d§) dp(g)dp(h).

e—0 \ 7T

Next, using the change of variables £ = E%p =+ ngn, the inner integral equals

(pqwz

d
e ) 2 / g (£2 p + ngn) exp (= 7 (p + )| p|*) dp.
R
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Altogether, the dominated convergence theorem gives the desired identity since

1
i —————— (T (7 (@), Yo g (8))
Ho|wa/p|\p|m/q||q< o/ </

(mpa) ( /R el gp) /E szg(ngh)agh%_hdu(g)du(h))

Pg \*% : —
(%) / (g () agiBon di(g)dp(h) = (Sm(a).b).

We have used p + g = pg. The proof for the complete boundedness is identical. [

Remark 1.7. There are many variants of Proposition The following will be
of particular interest below. Namely, using the same argument one can prove for
m: RY — C continuous that the (non-Toeplitz) Schur multiplier with symbol
m(g, k) = m(ay-1(B(gh™'))) satisfies the inequality

S Sp(La(G)) = Sp(La(G))||,, < [|Tin: Lp(RT) = Ly(RY)|| .-

This is the analogous result moving the twist from the Fourier to the Schur side.
Just note that Ty, om, = 7, 0S5 and (L4) still holds with the same replacements.

Corollary 1.8. Let G be a locally compact unimodular group. Consider a relatively
compact neighborhood of the identity ) and an arbitrary open subset ¥ in G. Let
m: G — C be a continuous symbol supported by  and satisfying m = mo 3. Then
the following inequality holds for p € 27

[T Lp(L£(G)) = Lp(L(G))],, < %mp)”fm: Lp(Rs) = Lp(Rs)|| -

3>

Proof. The inequality in the statement with Ry in place of Ry immediately
follows from Theorem and Proposition According to Remark [[L4] we may
replace S,(L2(X')) by Sp(L2(X'), L2(X)). Then, the argument in Proposition [L6]
still applies for rectangular matrices a,b € Sa(L2(X'), L2(X)). Indeed, the left term
in (4) is then written in terms of an integral over 3 x ¥/ instead. This yields an
upper bound which equals the cb-L,-norm of the twisted Fourier multiplier over the
subspace of ¥ x ¥’ matrix-valued functions. However, the twist of our multiplier
only affects the g-variable and acts trivially in the h-variable. Thus, the cb-norm
is unaffected after replacing ¥’ by . This completes the proof. O

Remark 1.9. The lifted symbol i1 is called regulated when it satisfies the Lebesgue
differentiation theorem everywhere. Both Proposition and Corollary hold
for regulated symbols as well, for the same reasons as in [37].

2. Twisted multipliers

Along this paper, a twisted Fourier multiplier will be any linear map sending a
matrix-valued function f to its Schur product M e f with a matrix M of Fourier
multipliers. Unless specified otherwise, we will work with matrices defined over a
continuous parameter (g, h) in ¥ x 3. More precisely, if f = (fyn) : R? = Sa(L2(X))
we consider the map which sends f to

~

T =0 o f = (Tu ), = [ (40OF(©) | expede.

)g,hEZ



14 J. PARCET, E. RICARD, M. DE LA SALLE

This determines the action of Th; on L,(Ryx) for p < co. Typically, Mgy, will be a
continuous deformation —independent of h, so that (g,&) — My(&) is a bounded
measurable function— of a bounded symbol M : R? — C. In that case, we may
also define the twist action on Ry, by (Tarf)¢ = Var(f¢) for the Ly(X)-valued map

(VMMg = T, (hy).

Let m = 11 o 3 for some cocycle 3 : G — R% associated to the volume-preserving
action . Using distortion of amenability when suppm C €2, we have related the
L,-cb-boundedness of the Fourier multiplier in L,(£(G)) associated to m with the
L,-cb-boundedness of the ¥ x 3 twisted multiplier

M (§) = rg(§) = m(ay(£)).

We shall work with relatively compact ¥’s in what follows. Euclidean harmonic
analysis appears to be insufficient to establish L,-bounds for this operator —even
for small ¥ and smooth a— and noncommutative harmonic analysis tools become
necessary. A key result in [30] establishes that Hormander-Mikhlin multipliers are
Littlewood-Paley averages of families of Riesz transforms associated to a fractional
laplacian. The lack of finite-dimensional orthogonal cocycles for SL,,(R) forces us to
express our twisted multiplier in terms of “twisted Riesz transforms” for fractional
laplacians. We start with some partial estimates based on these methods.

2.1. Fractional Riesz transforms. Given 0 < e < 1, let

dx

The map b. : RY — H. given by b.(£) = exp(27i(£,-)) — 1 is an orthogonal cocycle
with respect to the action a. ¢(f) = exp(2mi(¢, -))f. The length function associated
to it e (&) = (b (), be(§)) . is the fractional laplacian length

dx 9 . /2 1
Ye(§) = 2/Rd (1—cos(2m (¢, x))) [a]are =caclél* with cqe= T(d/2) s(1 =)’

see [30, Example 1.4.A]. As usual, define
HZRY) = {f: R = C: (141 2T,y < o0 -

Define also Wis(Rd) as the completion of C°(R<\ {0}) for the norm

a4 —_—
|| |5t/
1wz ey = [T 125V || ray
Remark 2.1. The norm in WZ)E(Rd) is dilation invariant

Ifllws ray = ||f()\~)HW§YE(Rd) for all A > 0.

We shall use several times along the paper Littlewood-Paley partitions of unity.
Given a smooth function n : R — R, with XB;(0) < 71 < XB,(0), the model of such
a partition of unity is

1

(2:2) 2i(§) = (n279) —n2'79)" with jez.
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Lemma 2.2. If0<5§1—%—|—

[N]ISH

e Ml mey % Rl @b

A

max  esssup |§|I7‘|8gM(§)‘.
0<|y|<[4]4+1 ¢eRd

The second inequality in the statement is standard [I7, Theorem 5.2.7]. The first
inequality follows since ¢;(£) = ¢o(277¢) and WZ)E(Rd) has a dilation invariant
norm. The inequality then reduces to show that

FEHL(RY) = [[F0f € Hy, (RY)

is bounded for a smoothing v of the characteristic function of suppyy vanishing
around 0. This easily follows by complex interpolation using endpoint spaces H?
with @ € 2Z,. As noted in [30], the main advantages of working with this new
Sobolev norm (instead of the classical space H (R%)) come from dilation invariance
in Remark 2.T] and, especially, from the crucial result below.

Lemma 2.3. The following map is a unitary

U, :He = Lay(RY o) 2 hdp. € W3 .(RY).

1
" e /R e

Moreover, the space W3 _(R?) consists of bounded continuous functions on R4\ {0}.

Proof. A first useful observation is that ¢ € R? ~ b.(£) € H. is continuous, and
therefore & € R\ {0} = b.(&)//v:(€) € H. is bounded by 1 and continuous. This
implies that for every h € H., the function W.(h) is a bounded continuous function
on R\ {0}, and [[¥e(h)loc < [I2]3..

We proceed by constructing first the inverse map. Set u(m) := | [972¢\/d-m for
any function m in C°(R?\ {0}). Since m vanishes around 0, it turns out that
V/1em belongs to C2°(RY) and its Fourier transform is in the Schwartz class. This
proves that u(m) belongs to H. and we get

1 P y=——
lutmlbe, = |z um)] gy = WVl sy = Il v

L2 (R4)

By density, u extends to an isometry from Wg) E(Rd) into ‘H.. Moreover, we have
VIV (ulm))(€) = [ b)) em(w)de = (b:(E), Vbom)

where IZ@\) = 0¢ — 0o is the Fourier transform of the tempered distribution b.(§).

This gives 1/1: (&) Vo (u(m))(§) = /1 (§)m(€) as the test function v/1).m vanishes
at 0. In particular, by the observation made at the beginning of the proof, Wi - (R%)

consists of bounded continuous functions on R?\ {0}. By density, ¥, o u is the
identity map on W2 _(R).

All we are left to prove is that w is surjective, or equivalently that the only
element h of H. orthogonal to u(m) for every m € C°(R%\ {0}) is h = 0. Given
h € H. and m € C°(R%\ {0}), we have

/ hu(m) dpe = @, Yem)
R4
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for h the Fourier transform of h seen as a tempered distribution. If the preceding
is 0 for every m € C°(R%\ {0}), we obtain that the support of R is contained in 0
or equivalently that & is a polynomial function. But the only polynomial function
in H. is the zero polynomial. This proves that u is surjective, as desired. O

Twisted forms of fractional laplacian Riesz transforms will play a crucial role
later in this paper. Let us introduce these maps for future reference. The Riesz
transform for the e-fractional laplacian pointing towards u € Lo(R%; p1.) is

_ <ba(§)7u>ﬂs Iy exn. (1
Ruf@) = [ B2 fQ)expelr)de.

Ps,u(g)
The associated G-twisted Riesz transforms are
2.3 R u - (Rg ) )
(23) vealf) o))
(2.4) Row(She6) = 3 Ruw(h)ed,
JEZ JEZ

for the multipliers Ry, with symbol p. (ay(§)) and any family u = (u;) C He.

2.2. Calderén-Zygmund methods. The theory of singular integral operators
acting over matrix-valued functions has been recently developed to include endpoint
estimates [29) [7]. If f is a function affiliated to Ry = Loo(RY)®B(L2(X)) and
k(z,y) is a linear operator acting on B(Ly(X)) for every (z,y) € R4\ A, the
k-singular integral acting on f is formally given by

Tf@) = [ M) (f) s or o suppl.

The next result follows from [55, Sect VI.4.4 Prop 2 (b)], see also [59, Lemma 4.3].
Lemma 2.4. Given A: R — H for some Hilbert space H, we get

AL+

|3~ )~ A@)|y do < Cacsup [3AR) s gy
|z >2[w] JEZ gte

In the case of twisted Fourier multipliers, Calderén-Zygmund conditions can be
streamlined using Lemma 2.4l and noncommutative techniques. Let us now present
these conditions for arbitrary column-twisted multipliers

T = ([ M@Fne)m = ac)

g,hex

Our analysis requires Hardy and BMO spaces over Ryx. Let Q be the set of balls
in R? and let fg be the Q-average of a matrix-valued function f. We also use the
standard notation of AQ for the ball concentric with @) and radius multiplied by A.
The Hardy and BMO column-norms of f are defined in [41] as

e e = ([ [apf )’
+

Ly(Rx)

(2.6) ||f||BMog32 = sup H(ﬁ/Q | f () —fQ|2d:c)%

QeEQ

B(La(D))
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Here (P;)>0 denotes the Poisson semigroup

BUWﬂ:éﬂﬂﬁﬂw=(/‘f“@a&wmwﬁ)
Rd

Let us now consider the following regularity conditions

g,heE'

A) Uniform Sobolev smoothness

Slelg SlelpH(pO j')HH%JrE(Rd) < Csob < 0.

B) Schur factorization of the twist

Mg(é) = <A97 BE>}<

for some Hilbert K satisfying  sup || 4,|lk||Bellx < Csen < 0.
(g, eXxR4

Proposition 2.5. The following results hold:

i) Condition A implies Ty : L,(Ryx) <b, Hy(Rs) for2 <p < oo.

ii) Conditions A + B imply Ty : L,(Ryx) <b, L,(Rx) for1<p< oco.
Proof. Lemma 24 readily implies that the twisted multiplier Ta is completely
bounded in Ly(Ryx). On the other hand, Theorem 6.2 in Mei’s paper [41] establishes

H;(Rs) [BMO%_., L2(Rs)]
LZD(RE) — [BMORE ) L2 (RE)} 2/p’

where BMOg,, = BMO%_ N BMOZ%_ and HfHBMo;ZE = ”f*”BMO%z' It therefore
suffices to give estimates in BMOZ%, or BMOx,, assuming A or A+B accordingly.

12

2/p’

2

i) The BMO% -estimate. We shall only prove boundedness, since ch-boundedness
follows from the same argument. Given f € Ry and Q € Q, set fig = fxs¢@ and
J2@ = fxre\5q- By the triangle and Kadison-Schwarz inequalities

H |Q|/ |TMf TMf Q| dz) HB(LQ(E))

< (g |, Butio@Fe) |
M&Qmmw4mmm%f
Let Vi be the Ly(R%; Ly(X))-bounded map
(ol = [ M©F (007 de

Tas is cb-bounded in Ly(Ryx) and a “right-module” since (TM ¢ = ‘N/M( f¢) for
¢ € Ly(X) —warning: it is not a left-module— so we may estimate A;¢ as follows

mo =g (g [ tha )

HCHLQ():) 1

— 210 + Aso.
B(La(5)) e e

1
2 d
su fie(2)¢ dz) < 5% f|ry.
chLm 1 IQI/ | HLz(z) s
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On the other hand, Jensen’s inequality gives

A2Q < sup HTMfZQ(Z)_TMfQQ(y)HB(LQ(E)) =i Sup BQ(y,Z).
Y,2€Q Y,2€Q

Recall that the kernel K of Ty is the matrix K(z — y) = diag(]\/ig(a: — Y))gex
acting by left matrix multiplication. Since we have |x — z| > 2|y — z| for all

(z,y,2) € (RY\ 5Q) x Q x Q, we may write for f2<Q = fag(

Bo(y,z) < u Kz —vy)— K(z — 2))f$, (z) dx
aly2) < Kl 1H/|x 21220y z\( (@ =9) = K2 =2)) o) ‘

L2(%)

- sw [ D, (K(w—y)— K(z - ) fio@) ) da],
|<|L2<E>—1[ |z —z[>2]y z|< ( Jfza >L2<E> }
[IDllLysy=1 H

where Dk (z,y, ) is the vector in Ly(X) given by
Dy (w,y,2) = ﬁg(]w.q(fv —y) — My(z — Z))
This readily yields

swp Bow.s) < sw [ [ 1Dk )|, ) Ao |1 s
QeQ IDllLymy=1 " |z—2[>2]y—=2|

Dk (y,2)

so that it remains to estimate the integral above. Let us consider the change of
variables (z—z,y—2) — (2, w) and consider A(§) = (DyM,(€))ges € La(X). Then
it turns out that D (y,z) = Dk (y—=2,0) = Dg(w) coincides with the integral term
in the statement of Lemma 24 Taking By; = Dgp3My(27) and a = 4 + ¢, this
yields the desired inequality

Dk(w)gsupHsoﬁA HH2 (RAH)

- sup (L, L], ariem) By =] autaas)

1
= Sup /|D | Hgﬁ%M HH2 Rd)d (9))2§Csob-

=

ii) The BMOg,,-estimate. The identity
Tir =Ty

holds for the duality pairing L,(R% S,(L2(X)))* = Lg(R% SP(La(X))). Since
conditions A/B are stable under complex conjugation, we may assume p > 2. By
complex interpolation, we are reduced to prove the BMOg,,-estimate. As we have
already justified the column estimate, it remains to prove the row one. In other
words, the same inequalities above for the adjoint Th/(f)*. A brief look at our
argument for the column case shows that the given estimate for Asg is adjoint
invariant. Therefore, we just need to prove

sl | esarcor)

Seb [fllRs-

B(L2(%))
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Letting T;{{[ (f) = Tar(f*)*, this follows from

1 1
s Tyt ) | ) o [ 01000
H(/ Tarf @) Ta £ (@) dw) HB(LQ(Z)) ~eb ( R4 J@) f(w) dw)
It is also straightforward to show that we have
T = (Th, (o)) = (Tag, o Uan).

Indeed, the f-operation on Ty, transforms the Fourier symbol M, (€) into M, (—€)
but Schur factorization is stable under this kind of transformation. In other words,
we need to justify the Lo-column inequality

e | [ @i, o 5o | LI

According to Plancherel theorem, the left hand side can be written as
~ 2
WS = s [ [ | [ M@ @cmdutn| dduto)
KllLysy=1/2 /RIS

Assume that My (§) = (Ap, Be)k as in the statement. According to Grothendieck’s
characterization [49, Proposition 1.1], this is equivalent to being a Schur multiplier
in B(Seo(L2(X), L2(R%))). This yields

2
st < sw [ | [ G| dsduto) x sup 15l
1<y =y =1 Rd K ¢eRd

Now, given an ONB (wj;);>1 of K, we set

AGL = (ARC(h) wy)e and - AG = (AG]) ey
and obtain by Plancherel

LHS}) / /R ) / Ap fon(x du(h)szsvdu(g)

-/ /.

j>1
) ; (46 /Rd |(fon() ’2dxA<j>L2(E) - ; 14G 17 x RES-

The assertion then follows, since it is clear that Z |AG; HL2 5 < sup lAnlz. O
7j>1

B(La(D))

.’L' .’L'
f ‘7" B(La(%))

[ 4G fonta)an) dedto)

Remark 2.6. Compared to [29], Proposition [Z3lis also valid for twists not coming
from orthogonal actions and Mikhlin regularity has been optimized to order [%] +1.

Remark 2.7. The L,-norm of noncommutative square functions for p > 2 is
defined through the so called RC), spaces [51]. Namely, given a family f; € L,(M)

szfjg)éj L,)(/vt;Rc,)):][]%LX{H(ZJ‘fjfj)5 » (Zg‘fjf;)E p}'

Proposition adapts to families (Ths;) @ Lp(Rx) — Lp(Rs; RCy) of twisted
multipliers. Condition A becomes an fs-valued Hormander-Mikhlin condition for
the symbols (M;,) uniformly in g € ¥. Condition B is more interesting. Consider
(9,7,€) € Ex ZxRY. The variable g € ¥ is always a column variable. The variable
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j € Z is a row/column according to whether we take values in R, or C,. Finally
the variable ¢ € R is a row/column according to whether we want a BMO%, or a
BMO%,, estimate respectively. Thus, we get:

i) For L,(Rx) — L,(Rx; R,), we need
Mj (5) = <A97B5j>/C1 = <A;§7B;>Kl2
where supy ;¢ 4yl | Bes e, + 51py, ¢ [ 40 1B s finte.
ii) For L,(Rs;) = Lp(Rx; Cyp), we need
M;y(§) = (Agjs Bedie, = (Agje, ks
sehere sup, ¢ [ gyl 1 Bes i + by, 140, is again finite
2.3. The twisted column estimate. Twisted Riesz transforms }N%q/,au and éwa,u
were introduced in (Z3) and (Z4]). Given p > 2, in this section we shall establish
the column inequality L,(Rx;Cp) — Lp(Rx;Cp) for Ry, w and certain families

of directions u = (u;) in H. which are determined by a symbol M satisfying the
Hormander-Mikhlin conditions. Recall that the symbol of RZJE-,UJ' equals

(be (g (), uj)m.  |E1°F  (0=(&), ugj)m. |&I°
be(€) gl (&) lag(©)*

Indeed, the last identity follows from

| (50, 9@) = Dus(o) due (o)

Rd

/ (expg(s) -1) uj(ov(s))
Rd

ugj(s)

(2.9) Peu; (g (€)) =

<bs(ag(§))’ uj>7_¢5

|S|d+2€

o (e e(®)

with o, = (o)~!. In particular, INL/,EM =Ry, g, 0 H with:

e A “homogeneous twisted” multiplier

Ane = ([ oisph©endod)

o A “multidirectional” Riesz transform

Ry a,(f)(@) = (Rws’ugj(fgh))g,hGE

- (/n %fgh(&)emg@) dg)

g.hES
Therefore, it suffices to prove that
IH( Nz, rs) <cb CpaE) Ifllz,(rs)s

PIEAAETA <o Cra® | 0| |

L ; L ;
JEZ P(RE7CP) =/ p(REan)
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2.3.1. Multidirectional Riesz transforms.

Proposition 2.8. Let p > 2 and X relatively compact, then

Ry a;(fj) ® ejn SbC,dEH fi ®en
HJGZZ b (f5) J Ly(Rs:iCy) c (%) ngz J J L (Rs:Cy)
b .
provided M = ;M for some M satisfying that sup H@OM HH < 0.
Ve(§)
Proof. Given an orthonormal basis ey, e, ... of He, ug; = >, (ugj, ex)er. This

gives Ry, u,; = > 1 (Ugj, ex) Ry, ¢, By [B0, Theorem Al and Remark 1.8] we obtain
Ruce (1) 0, <o Gy . -
H ZZ veen (f5) ® €1 @ exa L, (Rs:Cy(NXZ) ZfJ Qe (ReiCo(Z)

JEZ k>1

It therefore suffices to prove that
(2.10) Ay, ZZ( gh)®e]1 ®ek1|—>Z(Z (Uugj,er)a )®ej1
JEZ k>1 JEZ  k>1
is a cb-bounded map A, : Sp(L2(2); Cp(N x Z)) — S,(L2(X); Cp(Z)) for p > 2.
Factorization of S, = C), @y, R, in terms of the Haagerup tensor product [50] yields
Sp(L2(X); Cp(Z) = Cp(La(X) ®2 6:(Z)) @n Rp(La(X)),

Sp(L2(2);Cp(N X Z)) = Cp(L2(X) @2 £2(N x Z)) @i Rp(La2(X)).
The map A, acts trivially on R, (L2(X)) —the h-variable— so that cb-boundedness
is equivalent to that of the map C},(L2(X) ®2l2(N X Z)) — Cp(L2(X) ®242(Z)). On
the other hand, C)p-spaces are homogeneous Hilbertian operator spaces [51], which
reduces the problem to prove boundedness instead of complete boundedness. Now

the Hilbertian nature of the spaces make then isomorphic for all values of p and it
suffices to prove the boundedness of A, in S3[C2]. We have

M@y = [ X tuseals] duto)dntn
X

JEZ k>1
< Sup Z‘ quuek ||a||252[02] = sgg Hugj”%LE ||a||252[02]-
gEE k>1 ;GE

By compactness of ¥ C G

(2.11) sup [lugs | fuy (a2 s
2.11) sup ||ug; = sup/ u;(o, (s
gex 9gIlH . sex Jra J g |Oé;](8)|2d+48 |S|d+2€
* d+2e
o lag(s)] )
Elelg/Rd |uj(s)] S pe(s) < Ca(E)llugllz,

The uniform bound for u; = W1 (; M) follows from Lemmas 22 and 23 O
Remark 2.9. If p > 2, it turns out that
|Tn: Lp(Rs) = Lp(Rs) ||y, < Cp.a(D)|| Ry u: Lp(Rs; RCp) = Ly(Ry; RCy) ||,

for some Riesz directions u = (u;) dictated by . It follows from Propositions
and 2.I7] below that the column estimate holds. However, the first factorization in
Remark 2.7]1) fails for twisted Riesz transforms, and everything indicates that the
row estimate does not hold in general. This is partly explained from the asymmetric
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nature of our twist. This will difficulty will be sorted out in the next section using
a new Littlewood-Paley type inequality for Schur multipliers, together with a local
inversion trick which allows to write the row estimates in terms of column ones.

2.3.2. The homogeneous twisted multiplier. We now study the map H using the
above Calderon-Zygmund methods. In addition, we need a standard Sobolev bound
for Schur multipliers which we now recall. Given a pair of cubes Q; C R%, let
S : Q1 X Qa — C. The following result establishes a sufficient condition on S to be
a Schur multiplier in B(Seo(L2(Q1), L2(Qz2))).

Lemma 2.10. Ify = (1,1,...,1) € Rli+d

H (S(x’ YA, y)) HSOO(LQ(Ql),Lz(Qz))

<cb Z ||8PS||L2(Q1XQ2)

p<~y

A '
( ({E y)) Soo(L2(Q1),L2(Q2))

Proof. If /; = length(Q,) and Z; = Ej_lzdf

S,y)= > Sp,q)exp(2mi(z,p)) exp(2mi(y,q)) .
(P,q)€Z1XZ>

uz (p) uy (q)

By Grothendieck’s characterization [49, Proposition 1.1}, it suffices to factorize the
symbol S(z,y) = (A, By)x for some Hilbert space K with uniformly bounded
vectors A;, B, € K. Using the Fourier expansion above, this will be the case when
the Fourier coefficients are summable, since we may pick

A, = ST 150, 9) 2 ua(p) @ by,
(p,q)E€EZ1 X Z3
B, = Y [8(p.q)lEsen(Sp,q)uy(q) @ by

(P,Q)€EZ1 X Z>
Elementary integration by parts and Plancherel theorem give
Yo 18l £ Y105l La@ixa)-
(P,q)€EZ1 X Zs p<y

Multi-indices of order j are used for (p,q) with di + dy — j vanishing entries. [
Proposition 2.11. Ifp > 2
IH() L, rs) <eb CpaEfllL,(rz)-

Proof. According to Proposition [Z5] it suffices to show that the twisted symbol
is uniformly Sobolev-smooth and admits Schur factorization. The stronger Mikhlin
smoothness condition sup, [0 M ()] < Cs €]~ for M, (&) = |€]ay(€)]~ holds
for all multi-index ~. This is a simple exercise which follows from the compactness
of ¥. It remains to prove Schur’s factorization. Equivalently

o B(S(La(S), L(RY)

lag (O Jay ()]
as a Schur multiplier in (g,£) € ¥ x RY. Of course, Schur factorization is stable
by composition, so we may replace (g, &) by (ay,€) € II x R? for some compact set
IT C SLg(R). Moreover, since boundedness and cb-boundedness are equivalent for
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this class of Schur multipliers, we may use the homogeneity of our symbol to reduce
it to (ay,€) € IT x 8771 The set II x S is a compact manifold in R?" x R?
and our symbol H(g,§) = Hy(§) admits a smooth extension —still denoted by
H— to an open neighborhood of it. In particular, since row/column restriction is
a continuous operation for Schur multipliers, we may cover that open (relatively
compact) set by a finite number Q1; x Q2; C R? x R4 of pairs of cubes. This gives

N
IH |55 (La(2),2a89-17) < D IHIB(S e (L2(@1).La(@27)))-
j=1

The assertion follows from Lemma .10l and the smoothness of our symbol. O

3. Proof of Theorem A

As explained in the Introduction, the main challenge in the proof of Theorem A
comes from the local behavior of the multiplier around the singularity, whereas the
asymptotic behavior will follow at the end from an elementary patching argument
due to the exponential nature of the metric. Thus, we assume momentarily that
m: G — C is supported in a compact neighborhood around the identity.

3.1. Local inversion. Set

I(A)=(A+e) ' —e for A€GL,(R)—e.
Let K be a compact set in GL,,(R) — e containing 0. In the following we shall
use local stability properties of Z relative to K, which we now collect. Let us fix

d = n? for the rest of this section and let (¢;);ez be the Littlewood-Paley partition
of unity (ZZ) in RY. Construct the partition of unity

1 J+Nk
(3.1) %= N 1 ) ZN ¢7  for some Nk € N.
=j—Nx

Let us recall that (2Nk + 1)o; = 1 in the set {£ € R : 277 Nx < [¢] < 27HNx ],
Lemma 3.1. Ifsuppm C Z(K) and pj = (o;m) oL

) < 2 J. .
sup s lhws ety < CK,dilelgHSDom@ )H“;JR”

Proof. If A € K and |- | denotes the Hilbert-Schmidt norm, we first observe that
|Z(A)| =~ |A] up to a constant Ck depending only of K. Indeed, matrix inversion is
operator Lipschitz on any compact K + ¢ in GL,,(R), so we get the upper estimate
over K with some constant cx. The lower estimate follows since A = Z((A+e)~1—e)
and Z(K) is another compact set in GL,(R) — e.

We shall use as well a standard fact on Sobolev norms of composition by smooth
functions [58]. Assume that suppf C K € A € A C A for some open domains A
and A. Given ® € C*(A) and ¥ : A — A a diffeomorphism satisfying ¥? = id, let
us set

a= max |[0"0 .
e 07| L (w(a))

Then, the following inequality holds
(3.2) [f o ¥z (re) < Ckaallfllnz®me):
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Fix a relatively compact open set A in GL,,(R)— e containing K as above, on which
the derivatives up to some order of Z over Z(A) can be controlled by a constant
determined by K. Applying the triangular inequality, the dilation invariance in
W3 _(R%) and Lemma 22 (for a fixed j), we get

lillwe may < sup | [(7m) o I] (2‘)HH2%+E(RGL)-

As in the proof of Lemma[Z2] this requires to check that [(p2m)oZ](2¢-) is supported
in certain corona around the unit sphere of R? which is independent of the value of
¢ € Z. Indeed, we know that suppmoZ(2%) C 27*K. Given ¢ € 27*K and according
to our first observation, we get |Z(2°¢)| ~ |2°¢| up to a constant determined by K
but independent of ¢ € Z. This proves the required condition. Let us now define
Ty(€) = 27°7(2%), so that [(p?m) o Z](2%) = (pgdm(2%)) o Iy = f, o ¥, where
fo = p&m(2%) is supported by 27‘Z(K) N {3 < || < 2} and ¥, = T, is defined in
Ay =27YGL,(R) — e). Tt is clear that f; = 0 when 2¢ > 2diam(Z(K)). Using our
observation one more time, this implies that 2¢ < 2Ckdiam(K). Moreover, given
Ay =27A around 27K, we get by construction

max (|0l (w,(a0) < 217710k < Cediam(K) 7.
0<|y|<[§+e]+1

Therefore, the assertion in the statement follows from inequality (3:2) above. O

3.2. The local theorem. We have now all the ingredients to prove the local form
of Theorem A. We begin with an S,-column inequality for Schur multipliers in
SL,, (R) which satisfy a uniform Mikhlin bound.

Proposition 3.2. Let S = (m;),ez be a sequence of functions SL,(R) — C and
let ¥ C SL,(R) be a relatively compact subset. Assume that m;(g) = m;(g—e) for
certain m;: RY — C satisfying

Chm (S) = sup [[rivj[lwz _(ray <00 for some 0<e <1
JEZ ©

Then, for any 1 < p < oo and any sequence A; € Sp(L2(X)), we have
H Zsmj (A @), S Cp,d(E)Chm(S)H ,ZAj ® ;
JEZ JEZ

»[Cp

SplCy)

Proof. By a straightforward adaptation of the proof of Proposition [[LG] the norm
on S,[Cp] of the map in the statement is bounded above by norm on L,(Rsx;Cp)
of the map
Ts : Zaj ®6j — Zij(aj) ®6j.
JEZ JEZ
Moreover, Lemma yields N N
ij = Rws,uj

for a sequence (u;); in He = La2(RY, i) which is uniformly bounded in norm by
the constant Chm((m;);). Next, we follow the exact same argument as in Section
and factor N N

Rws,uj = Rwswﬁj ° H

Therefore, TS is bounded above by the product of the completely bounded norm of
H with the norm on Ly(Rs; Cp) of 37, a;®6; = > Ry, 7, (a;) ®d;. The assertion
then follows by applying Proposition 2.8 and Proposition 2.T11 O
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Theorem 3.3. Let X be a relatively compact subset of G = SL,,(R) and m: G — C.
Assumem(g) = m(g—e) for somem: R — C satisfying the Mikhlin type condition

op@] < 1677 forall 0= [S] 41

Then, the following inequality holds for each 1 < p < oo
[5m: Sp(L2(9) = Sp(La(D,,, < Co().

Proof. We shall prove that ||Sp,(A4)]l, < Cp(D)||A4|, for A € S,(L2(X)). The
completely bounded norm is also dominated by the same constant with the same
argument. Alternatively, we can use [36], Theorem 1.19], which implies that, if X
is open (which we can always assume by enlarging it), the norm and completely
bounded norm of the Schur multiplier \S,,, coincide. Next, by duality we may restrict
to the case p > 2. Moreover, by replacing r by ¢m for a suitable compactly
supported smooth function 1 equal to 1 on XX 7!, the Schur multiplier S,, is not
affected while the Mikhlin condition for i holds up to a constant Cy determined
by ¥. Therefore, we may and will assume that there is a compact subset K in
GL,(R) — e such that 7 = 0 outside of K.

A. Reduction to an RC), inequality. By Remark [[7] the classical Littlewood
theorem can be transfered to twisted Schur multipliers. More precisely, consider ¢;
as in ([Z2)) and the Schur multiplier S; on Lo(G) with symbol

(g, h) = @3 (g1 (B(gh™"))) =3 (B(h™") = B(g™")) for Blg)=g—e.

This gives an unconditional decomposition of the identity

(3.3) HZSj(A)QMj e
JEZ

~ || Alls,(Ls(c))s
»[RCp]

see (Z8)) for the definition of S,[RC,|. Next, we construct a partition of unity of
the form (BJ). More precisely, pick a positive integer Ny, (to be fixed) and consider

1 Jj+Nx
2
0= —— .
J 2NE 4 1 k:jZ_NZ Pk

It is clear that } . 0; = 1 and
e suppy; C {{ e RY: 2771 < [¢] <2741,
e 2Ny +1)o;=1in {£ € R : 277 N2 < jg| < 27FN= 1,

Thus, since ¥ is relatively compact in SL,, (R) and the action a4 (h) = gh is contin-
uous, there must exist Ny, € Z determined by ¥ such that (2Ng+1)0;(ay(€)) =1
for all (j,g,€) € Z x X x suppyp;. This yields for (¢,h) € ¥ x X

3 (ag-1(B(gh™")))m(gh™") = (2Nx + 1)¢5 (ag-2 (Blgh™))) o (B(gh™"))m(gh™").
This means that

Sj(Sm(A)) = (2N + 1)Sm, (S;(A))
for mj = (0; o B)m. Therefore, by ([83) the assertion is equivalent to

ZSm].(Aj)@sz’ ’ZAJ@(SJ"
JEZ JEZ

for Aj = Sj(A). We shall prove (84) for every family (A;);ez € Sp[RCy).

(3.4) ‘

<O, (2
Sy[RC,] — b(%)

Sp[RCp)]
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B. Rows to columns by local inversion. We have

Sy (AT)" = 5y, (A) for p;(g) =m;(g~1).
This allows then to write the row term in (84) as follows

Sm, (A7) © 8] = | suap sl .
HZ WO =2 SO

JEZ JEZ
Therefore, the RCp-inequality (4] follows from the following inequalities
3.5 1350, (4 @05 <G| > 4524
(3.5) Z ;(45) ®9; (e = (%) Z 3 ®0l|g o

JEZ JEZ

for ¢ = m and e = u. The case e = m is the content of Proposition B2 since
m; = o1 is uniformly bounded in W?LE(Rd) by virtue of the triangular inequality
and Lemma On the other hand, group inversion g — ¢~! is smooth in any
relatively compact set of G. Thus p; satisfies (up to constants) the same Mikhlin
conditions as m;. To be more precise, using the map Z from Section [3.1]

pi(g) = f1j(g — €) with j1;(§) = 1i2; (€ + €)' — e) = (03m) 0 Z().
By Lemmas and B1] (the norm in W5 _(R?) is conjugate invariant) we get

3.6 sup || [t < Oy max Y197 1, < o0
(3.6) jeglluallwg,md)_ Emg[gm‘“ﬂ ()]

So [B.3) for e = p also follows from Proposition B2l This proves the assertion. [

Local form of Theorem A. Assume that m: SL,(R) — C is supported by a
relatively compact neighborhood Q of the identity and satisfies ). Then, T, is
completely L,-bounded for 1 < p < oo by Cp(2), with Cp(Q) =~ Cp,Chrm for Q small.

Proof. By duality and interpolation we may assume that p € 2Z . Fix a smooth
function ¢: R — R which is 0 outside of [1/2,2] and equal to 1 at 1. Extend the
multiplier m: SL,,(R) — C to a function M: R% = M,(R) — C by the formula
M(A) = ¢(det Aym(A/(det A)w) if det(A) > 0 and M(A) = 0 otherwise. Let
m(§) = M(§ + e), so that m(g) = m(g — e). It follows from (&) that

2
(3.7) |0710(€)] < C(Q)Chmlel 7 forall 0<|y] < [%} +1
The local theorem then follows by combining Theorem [[L3] and Theorem 3.3 O

Remark 3.4. The proof above gives in fact a stronger result. Namely, by the left
invariant nature of our Lie differential operators, it suffices to prove [B.7)) in a small
neighborhood of the identity. Then, the Mikhlin constants of 7 are dominated by
a subfamily of Lie derivatives of m. More precisely, it suffices to assume (@) in
Theorem A for a family I'g of multi-indices satisfying that every other multi-index
v with |y] < [n?/2] + 1 is the permutation of an element in T'g.

Remark 3.5. Given any ¢ > 0, the Sobolev condition
2. (0]
sup m(27- < 00
s [[ogrin( )"H2%+E(Rd)
also suffices for the local form of Theorem A. Indeed, we just need to observe

that both Lemmas and [3.I] do provide upper bounds of the Wi _(R%)-norms in
terms of the smaller Sobolev norms above. Our Calderén-Zygmund type estimates
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in Proposition2.5]—needed to bound the homogeneous twisted multiplier— are also
given in terms of Sobolev norms. This Sobolev condition is standard in Euclidean
harmonic analysis and less demanding than the Mikhlin one.

Remark 3.6. We also deduce the following result of independent interest. Let
(¢j)jez be a Littlewood-Paley partition of unity in R? of the form (ZZ)). Set
¥i(g) = ¢;j(g —e) for g € G = SL,(R). Let us write ¥; for the Fourier multiplier
associated to the symbol v;. Let M & Z. Then, the following holds for 1 < p < oo

H Z ;(f <eb Cp(M) [ fllz,(cicy)-
J<M

This becomes a cb-norm equivalence when suppf cO=U i<n—15upp¥;. In other
words, a local form of the Littlewood-Paley theorem in the group algebra of SL,, (R).

L(G);RCy)

Proof. According to the noncommutative Khintchine inequality [39, 0], the RC,
norm/square functions in the statement can be linearized and rewritten as follows

U,(f)®8 e U (f H
HJ_%Q sNedl, o 2 el
<ecb sup H € H <eb 2 sup ||[Wa(f)|,,
J;M: A ACZQH All,

where Zg = {j € Z : j < Mo} and W4 has symbol 4 = > ., ¢;. By the
local form of Theorem A, the upper estimate will follow if the Euclidean symbols
Y a(€+e) satisfy the Mikhlin regularity imposed there with HM-constants uniformly
bounded in A. This is however standard for Littlewood-Paley radial decompositions
and follows by construction. Therefore, it remains to justify the lower estimate for f
with frequency support well inside Q. Assume first that f € L2(L£(G)) and consider
any other f’ € La(L£(G)). We obtain for ¥ =3, ¥; ® §;

@) = D050 = X [ iofaf @i = 0.0)

J<M J<M

since Y <M 1/1]2 is identically 1 in the support of fby hypothesis. Now, by density
we may assume that f € L, N Ly and that its norm is nearly attained by duality
against a norm 1 element f’ € L,N Ly. Altogether, we get the lower estimate since

1fllp =eb (s 1) = (T(f), U(f)) Seb [[¥(f)]]p- This completes the proof. O

3.3. The asymptotic condition. The proof of Theorem A will be completed with
a simple patching argument from its local form. The key point is to observe that
condition (&) in Theorem A implies that the symbol m: SL,(R) — C differs from
Li(SL,(R)) by a constant function. This follows in turn from the exponential
nature of the metric and Weyl’s integration formula.

Lemma 3.7. Given ¢ € C'(SL,(R)\ {e}) and 8 > 2

sup  L(9)°|0xo(9)] <1 = L(g)°|o(g) —al < Cs
Xesl, (R)

for some o € C. The supremum runs over all unit vectors in the Lie algebra.
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Proof. We claim that ¢ — a € Co(SLy,(R)) for some o € C. This claim gives the
statement. Indeed, every g € SL,(R) factorizes as g = uexp(sX) for some unit
vector X € sl,(R) and u € SO(n). By assumption and K-biinvariance of L, we
obtain

9(9) = al = | 3 égexp((k = 1)X)) = 6(gexp(kX))| = | 3 oxo(gexp(siX)) |

E>1 E>1
<3 L(uexp((s + 50)X)) =3 e P+ < Llexp(sX)) P = L(g) "
k>1 k>1

for some s, € (k—1,k). Let us now justify the claim. Every g € SL,,(R) factorizes
as g = uy exp(Z)ug with Z a diagonal matrix in sl,,(R) and ui,us € SO(n). By
the surjectivity of the exponential map onto SO(n), we get that u; = exp(A;) for
some skew-symmetric A; € so,, with ||A;|| < 27. Under this factorization, we have
L(g) = exp(]|Z||) and we conclude that

(3.8)  [6(exp(A1) exp(2) exp(A2)) — 6( exp(Ar) exp(2))|
= A2 252 6 (exp(Ar) exp(Z) exp(raa))| < 2 exp(~B]1Z])

for some 0 < r < 1. Similarly, let us note that exp(A;)exp(Z) = exp(Z)w for
w = exp(—Z)exp(Ai)exp(Z) = exp(Y) where Y = exp(—Z)A; exp(Z) belongs to
50, (R). Therefore, the following identity holds for some r € (0,1)

(3:9)  |o(exp(Ar) exp(2)) - o(exp(2))] = V][O, 6(exp(2) exp(rY)) |

YT

Since || Y| < 2mexp(2||Al|) and L(exp(Z)exp(rY)) = L(exp(rA;)exp(Z)) = ell“ll,
the above quantity is bounded by 27 exp(—(8 — 2)||Z]|), which decreases to 0 for
any 8 > 2 as Z — oo. According to (88) and (B9), it suffices to prove that
¢ — a € Cy when restricted to diagonal matrices expZ. To prove it, we identify
diagonal matrices in sl,,(R) with R"~! as follows

Z = diag(z1, 22, -, 2n) L (21,22, s 2n—1) = 2.
Consider the function p(z) = ¢(exp Z). If A(U) = u, we get
p(z + su) — p(z)

Ouple) = tim B
~ lim sb(exp(Zexp(SIi))—¢(6XP(Z)) — duolexp(Z).

Since A is a contraction, we deduce the following inequality for p

s [0, < s |xo(exp(7)] < Lexp() " < expl=]e])

This readily implies that p has a limit « at infinite and the same holds for ¢. [

Remark 3.8. By linearity of Lie differentiation dx, +x, = 0x, +0x,, the supremum
in Lemma B7 may be replaced by a maximum over norm 1 matrices X € sl,(R)
in the directions of a fixed orthogonal basis of the Lie algebra. In particular, if
condition (@) holds, we may apply Lemma B.7 to ¢ = d”m with |y| = [n%/2]. By
assumption, dx¢(g) decays as L(g)~? for B = [n?/2] + 1 > 2. In addition, ¢ € Cy
so that @ = 0 and L(g)"!*!|d"m(g)| < C,. In other words, the asymptotic decay
of derivatives of order [n%/2] is the same as those of order [n?/2] + 1. Iterating this
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argument, Lemma 3.7 finally applies to (¢, ) = (m,[n%/2] + 1) up to a constant
depending on n. Condition &) does not assume m € Cp and the lemma gives a
constant a € C with

n2

L(g)" ' m(g) —a| < C, for o, = [7}

It explains how (@) incorporates Lafforgue/de la Salle rigidity [36] in Theorem A.
Remark 3.9. Let 0, = [n?/2]. By Weyl’s integration formula

/ flg)du(g) = / f(krexpZks) H sinh(Z; — Zy) dk1dZ dks,
SLn(R) SO(n)x a4 xSO(n) S

we get u(Br) ~ exp(o, R) for
Br ={g € SLy(R) : log L(g) < R}.
Thus, o, is the critical integrability index for the metric L: L=< € L1(SL,(R)).

Proof of Theorem A. By Remark B8 we may assume m € Co(SL,(R) \ {e}),
equivalently & = 0. Let I" be a cocompact lattice in SL,(R) with fundamental
domain A. Consider a relatively compact neighborhood of the identity §2 containing
the closure of A. Given ¢ € C2*"(SL,,(R)) supported in  and identically 1 over
A, define

¢(79)

24(9) > per #(p9)
It is clear by construction that the denominator above is greater or equal than
1 and the ®,’s form a smooth partition of unity in SL,(R) indexed by I'. Let
us decompose the symbol m = Zv m~ accordingly. By the triangle inequality, it
suffices to prove that

=3 || T, Lp(L(SLn(R))) = Ly(L(SLn(R))) ||, < CpClm-
yel
By translation invariance of Fourier multipliers, we may clearly replace m., by its left
translate M., (g) = m(y71g)®.(g) = m,(y"'g). Then, the local form of Theorem
A yields for o, = [n%/2]

A < G, 118 M (
p(m) < lﬁfgafﬂzsumgl |l M., (g)]

for each v eT.

er 969
< Cp max (su 181 dPM.(g)| + su dﬁM )
S Gy max (suplgl |d5 M. (g)| ; ep\ (9)]
Next, Leibnitz rule and left invariance of Lie differentiation give
M (9)] < 3 ldgm(r " g)dg ™ @elg)| S 3 [dgmiy~9)
p<pB p<pB

In particular, combining the above estimates we get the expected inequality

Ay(m) < Cp max (sup|g|m|}d§m(g)| +Z sup}d?m('ygﬂ) < CpChm.
P 1BI<on+1 geQ : e 9EQ

The last inequality follows from Remark 3.9 Namely, the proof there gives that the

Lie derivatives |d§m(fyg)| are all dominated by ChmL(yg)~(“» Y. Using relative

compactness of  and Weyl’s integration formula as we did before, the above sum

is dominated (up to absolute constants) by Chy,. This completes the proof. O
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4. Proof of Theorem B

The first rigidity theorems for Fourier multipliers in SL, (R) which are relevant
for this paper can be traced back to [I1} 20} [46]. Haagerup’s paper [20] is particularly
relevant since it proves that SL,(R) and SL,,(Z) fail to be weakly amenable for
high ranks n > 3. This was strengthened in [34], [36] by disproving the CBAP for
the noncommutative L, spaces over the group algebra of any lattice in SL,(R)
when |1/p — 1/2| is large enough in terms of the rank. In this section we prove
Theorem B as stated in the Introduction, which strengthens in turn [34] [36] with
more demanding rigidity conditions for L,-multipliers.

The proof relies, as in [34] [36] (or [21] [33] for other higher rank Lie groups), on
the idea developped in Lafforgue’s work [35] on strong property (T): to prove first
local Holder rigidity on the level of compact Lie groups, and then to combine these
local estimates to obtain estimates on the whole noncompact Lie group. The local
Holder rigidity results for the compact group SO(n) are the content of Proposition
32 and their combination to explore the whole group are derived in Theorem (.0
for SO(n, 1) and at the end of the section for SL,,(R).

4.1. Composition of Holder continuous functions. If J is an interval of R
and « > 0, we denote by C*(J) the space of all functions f: J — R which are [¢]
times differantiable, and whose [a]-th derivative is (a — [a])-Holder-continuous on
every compact subset of J. If X is a Banach space we denote C*(.J; X) the space of
such functions with values in X. When J is compact, C*(J; X) is a Banach space
for the norm

olelf(z) — ol f (x
IFllexx) = max { max sup [0 @), sup 12D = O]
k<[] ve wy |z =yl
z,yeJ
When no confusion is possible, we simply write || f||ce for this norm. In general the
family of seminorms || - [|ce(x,x) for K a compact subinterval of J turn C*(.J; X)
into a Fréchet space. We also denote

o (J; X) = () CP(J: X).
B<a

It is clear that the spaces C*(J;X) are invariant under precomposition by a
sufficiently smooth function. When o < 1, f € C*(J;X) and ¢: [ — J is a C*
function, the following inequality holds for every z,y € T

(4.1) [fop(@) = foe®| < Ifllcalle %]z — yl*.

We shall need quantitative estimates for higher derivatives, that we now collect.

Proposition 4.1. Given o > 0 and two compact intervals I,J of R, assume that
@: I — J is a function of class C'!. Then, the map f — fop maps C*(J; X) into
C*(I; X). More precisely, if « > 1, there is a constant Cy, > 0 such that, for every
such I, J, f, ¢, every 1 <k < [a] and every x € I, we have

E
J

(4.2) [0%(7 0 9)(@)]| < Calfler max |oo(@)] 7.

Moreover, given x,y € I we also get the following inequality
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(4.3) [|01I(f 0 @)(x) = 0I(f 0 p)(v)|
< Callflew (11l = y" + max([9%]d )i~
= el { ¥ ool =Y 127 Tar NP0 )

In particular, if a ¢ Z, the (a — [o])-Hélder constant of 01 (f o ) at
[a] _ Al
(4.4) Jim sup 10'(f e p)(x) = 0 (f o ©) (W)l

y— |z — y|o—le]

< Callflle=l¢’ ()]

Proof. Faa di Bruno’s formula asserts for k < [«] that

k
O*(foyp)(z) = Z B (¢/(2), ..., 0" T (@) (9 f 0 9) ().

The coeflicients in the above sum are given by the Bell polynomials

k—j+1 .

k! Zs\ s
By, (21, 22 Zh—j41) = E T II (—)
»J 1 R2y ey Jj+1 Y )
111! - ! e s!

gl
where the sum is over all sequences 41, . . ., ix—;+1 of non-negative integers such that
il + iQ —+ o+ ’L'k,jJrl = ] and il + 212 + -+ (k —] + 1)7;k7j+1 = k. Elementary
computations provide a constant Cj such that

k _k
‘B;w»(zl, .. .,Zk_j+1)| S Ck max{|zl|k, |22| 2 sy |Zk_j+1|k—j+1 }

This immediately implies the inequality ([@2]) in the statement.

Inequality (@4) follows from ({I) or (L3, according to the value of a. To
prove ([@3]), we consider Faa di Bruno’s formula for k& = [a]. The term j = [q]
is o/ ()9l f(p(x)). In particular, the difference 8% (f o p)(x) — dl°l(f o ) (y)
yields a term j = [«] given by

@ (@) (81 (@) = 0 F () ) + (& (@)1 = &/ () )9V f (o)) = A + B,
These two terms are respectively bounded above as follows
A < 1 @)1 f leolo(@) = o)1 * < I flealle S|z — y1o 71,
B < [[(() ) ol fllealz =yl < Call fllesll¢' 15 1@ ool — wl-
The other terms in Faa di Bruno’s formula for 1 < j < [a] can be split into two
terms A; + B; as above. The terms A; can be uniformly bounded, as for [@.2), by
o]
(o3 J ] - .
Callflle= max [[0"¢lla |z =]

Letting 87 ;(x) = By (¢'(x), ..., 0" 7T p(x)), we have

1B1 = |(85,.,(2) = B2, 0) @ 0 @)(@)] < I flle=|(85,,) || |z = wl.

It is an straightforward exercise to show by direct calculation that

[(B2,) @)] < CaBriry (16 @), -, 10* T2 p(2))).
o fel
Thus we get [B;| < Cyolfllece max ||0?¢|lsd |2 — y|. This proves (L3). O

1<j<[e]
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4.2. Sp,-multipliers: Estimates on SO(n). Given a locally compact group G
and 1 < p < oo, we say that a bounded measurable function m: G — C is an
Sp-multiplier (resp. Sp-Sg-multiplier) if the map

Sm:( ) >—>( B! )
g:h g.heC m(gh™)ag,n g,heC

is bounded on S,(L2(G)) (resp. from S,(L2(G)) to Sq(L2(G))).

Let us identify SO(n — 1) with the subgroup of SO(n) fixing the first coordinate
vector e; of R™. Then, the double quotient SO(n — 1)\SO(n)/SO(n — 1) identifies
with [—1, 1] through

SO(’II — 1)kSO(n — 1) — kl,l-
Therefore, to an SO(n—1)-biinvariant function ¢: SO(n) — C corresponds a unique
function ¢: [-1,1] — C satisfying ¢(k) = @(k1,1). In what follows, we shall fix
n23,p>2+%andset
n-2 n-1

2
for an arbitrarily small e. The following is a strengthening of [34, Proposition 3.1].

(45) g =

>0 and a = als¢z + (0 — €)0agez

Proposition 4.2. Let p and « be as above for any €. Assume that p: SO(n) — C
is an SO(n — 1)-bitnvariant Sy,-multiplier in SO(n). Then, we get ¢ € C*((—1,1)).

Remark 4.3. The proof will actually show more:

o If g € Z, ¢ is ap — 1 times differentiable and

1
02071 @(2) — 0% 3(y)| < | — yl[log |z — yl[”
holds uniformly on every compact subset of the interval (—1,1).

e The conclusion holds if one merely assumes that ¢ is an Sp-S.-multiplier.

We shall prove a dual statement. Let S~ ! denote the unit sphere in R™ equipped
with the Lebesgue probability measure. For § € [—1,1], let Ts be the (densely
defined) operator on Lo(S™™ 1) given by

Tsf(z) = the average of f on {y € 8"~ ' | (z,y) =4}.
Equivalently, using the identification S"~! =2 SO(n — 1)\SO(n) through the map
SO(n —1)g — g~ te1, we can consider L2(S" 1) as a subspace of Ly(SO(n)). Then
Ts is the operator on L2(SO(n)) equal to

(4.6) Mugu')dudu' € B(L2(SO(n)))

~/SO(n—1)><SO(n—1)
for g € SO(n) satisfying g11 = . Here, A denotes the left-regular representation.
Proposition 4.4. The map 6 € (—1,1) — Ts belongs to C*((—1,1); Sp(L2(SO(n)))).

Remark 4.5. This implies Proposition because for an Sp-multiplier ¢ (or
more generally an S,-So multiplier), we have S,(Ts) = ¢(0)7Ts and in particular
P(0) = (S, (T5)€,€) where & € Lo(SO(n)) is the constant function equal to 1. So
the function @, which is the composition of (6 — Ts) with the continuous linear
map T € S, — (S,(T)E,§), is at least as regular as (§ — Ts).
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Proof. As explained in [34] Lemma 3.2], there is an orthonormal basis in which the
operators Tj are all diagonal, and in which the eigenvalue sequence is (¢x(0))r>0
with multiplicity

(n+k—=3)!(n+2k-2)
N (n — 2)1&! ’

where
™ ==
or(r) = Cn/ (x4 iv1—a2cos H)k(sin 6)" =3 do and Cn = (72717)2
0

By derivating in the integral, we obtain

|07k ()] < C(n, 7“)(— 1(1_——;5;2’“1 /0 |z +iv1—a? cos@|k_r(sin 0)" 3 df

for any nonegative integer r < k. When r > k, we must replace the exponent k —r
inside the integral by 0. As (3.2) in [34], there is a constant C(n, ) (depending on
n and r) such that this is less than

C(n,r) (1+E)"
((+ R0 —a2) T (VT=a?)"
In particular, if 0 < ¢ < 1, there exists C’(n,r) such that
10"k (x)| < C'(n,r)(1 4+ k)" 72 for every z € [—c,d].
And so, bounding my < A(n)(1 + k)"~2, we obtain that for every such z
Dm0k ()P < ACTY (1 + k)" TEPOTITE) = ACTY (14 k)P0

k>0 k>0 k>0

which converges if 7 < «g. Since r € Z, this holds iff » < «a. Taking r = [a],
we deduce that § + Ts belongs to Cl®([—c,c]; S,(L2(SO(n)))) for all ¢ < 1. Tts
[a]-th derivative dl°IT, is the operator which, in the basis as above, is diagonal
with eigenvalues (91%py (z)), and multiplicities (my),. We get

|t T, — 8[“]TyH§ =3 my|01%pp () — 0y (y)|”.
k>0

As above, we bound my < A(n)(1 + k)"~2. In addition, when =,y € [—c,c], we
estimate the difference |01%py () — 0l ()| with two bounds. If k|z —y| < 1, we
use

|01y, (2) — 9y (y)| < max 01 o (2)| |z — y| < C' (A + k)T 5|z —y.

If klz — y| > 1, we use
|01 () — 01k (y)] < 2f§3<b>§|3[a]s%(2)| < 2C'(1 4 k)lIH75,

When ag ¢ Z, we get « = «p and obtain

L D DI (e A
<L

= lz—yl|

+ Z (14 k)plel—eo)=1 < 1y |pla=lal),

1
k> =y
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Additionally, when «g € Z, we get [a] = ap — 1 and the same estimate gives
01T, — 0T, || S [ — yl| logla — y|7.

Therefore, 01T, is (o — [a])-Hélder continuous on every compact subinterval. [

4.3. Rigidity for K-biinvariant S,-multipliers on SO(n,1). Theorem B will
be deduced from Propositions 1] and in the next subsection. Before that we
explain, in a simpler situation, how the same idea as for Theorem B allows to
prove some rigidity for K-biinvariant S,-multipliers on the rank 1 simple Lie group
SO(n, 1) which contain SO(n) as a subgroup. Of course, the results cannot be as
strong as for SL,, (R) in the sense that they cannot prescribe any rate of convergence
at infinity as SO(n,1) is weakly amenable. But it turns out that there are some
“higher order” rigidity, which only appears at the level of the derivatives. To our
knowledge, Theorem[.@land its particular case Remark L7 for K-biinvariant matrix
coefficients of SO(n, 1) is the first application to rank 1 groups of the ideas around
(the proof of) strong property (T) originating in [35].

Recall that SO(n, 1) the group of (n + 1) x (n + 1) matrices of determinant one
and preserving the symmetric bilinear form

n
[(l“h ce Tay1), (Y1 ,yn+1)] = Z TiYi — Tn+1Yn+1-
i=1

Denote by K ~ O(n) the maximal compact subgroup of SO(n, 1) given by

(0 L2)veom)

and by A ~ R the group

cosh(s) 0  sinh(s)

A=<{D(s)= 0 1,-1 0 i seR

sinh(s) 0  cosh(s)
Denote also by Ay the subset corresponding to s > 0. The polar decomposition
in SO(n, 1) reads as SO(n,1) = KAy K. That is, every element of SO(n, 1) can be
written as g = kak’ for k, k' € K and a € A;. Moreover, a = D(s) is uniquely
determined by ||g|| = ||la||, that is ||g|]] = e®. Alternatively, a = D(s) is uniquely
determined by tr(g*g) = tr(a*a) = n — 1 + 2 cosh(2s).

In particular, every K-biinvariant function m: SO(n,1) — C can be written as

m(g) = ¢(tr(g*g)) for a function ¢: [n + 1,00) — C. So the next result gives
regularity properties for K-biinvariant multipliers of SO(n, 1).

Theorem 4.6. Let a = a(e) be defined as in [@5) for somen > 3 and p > 2+ 2.
Then, every K-biinvariant Sp-Seo Schur multiplier of G = SO(n, 1) is of class C~.

More precisely, let m(g) = p(tr(g*g)) for a function p: [n+1,00) — C. Assume
that the Schur multiplier Sy, (g, h) = m(gh™') is Sp-See bounded. Then  is of class
C*(n +1,00), and the following local/asymptotic estimates hold:

i) Given x > n+1 and an integer 1 < k < [a]

[1Sm 55, (L2(G)) 500 (L2(C))
(x —n—1)k

|0Fo(z)] < C5,,
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ii) The Hélder constants in a neighborhood of x

lim sup 101 p(z) — 9l p(y)|
y—x |z — y|a7[a]

[1Sm 55, (L2(G)) 500 (L2(G))
(x —n—1) ’

< Gy

Remark 4.7. Coefficients of uniformly bounded representations on Hilbert spaces
are particular cases of Sy,-multipliers. So for p = oo, the previous theorem has
as a consequence that K-biinvariant coefficients of uniformly bounded represen-
tations of SO(n, 1) are of class Cz~! if n is odd (and of class C2~17¢ for every
e > 0 if n is even), and the derivatives and Holder constants of their restrictions
to A are explicitly controlled by the bounds of Theorem We are not aware
of any such result in the literature, even for unitary representations. We recall
however that K-biinvariant coefficients of irreducible unitary representations (and
more generally K-finite coefficients of admissible representations) are C*° [22], and
that unitary representations are direct integrals of irreducible representations. But
Harish-Chandra’s estimates depend on the representation and therefore do not pro-
vide higher order regularity estimates for arbitrary unitary representations.

Proof of Theorem For r > 0, the function
k 0
kESO(n)»—Hn(D(r) o D(r))
is an Sp-Soo-multiplier of norm < 1 by restriction, and is SO(n — 1)-biinvariant

because D = D(r) commutes with the image of SO(n — 1) in K.

In particular, if we consider the rotation matrix ks of angle arccosd in the space
spanned by the first two coordinate vectors

) —V1 =42 0
ks = | V1 — 62 ) 0 for 6 €[0,1],
0 0 1,—2

Proposition 2] gives that the function v,.: 6 — m(DksD) is of class C* (uniformly
in 7 and ) and we obtain

(4.7) sg]g 19|l o (o,1—y)) < 00 for every 1 > 0.

We can compute
tr((DksD)*(DksD)) = 4(sinhr)*6°+2(sinh 2r)?6+n—3+4(coshr)* = a,0°+b,6+c;.
Denote by g, the inverse of 0 € [0, 1] — tr((D(r)ksD(r))*(D(r)ksD(r))). That is

—b, b2 T —c

- 2a, + 4a? + a,

gr(z)

for every z € [¢,, a, + b, + ¢;]. Observe that

: 2
b _ (SH.lh 2r) .
ar  2(sinhr)* —

Therefore, for every integer k > 1, we have

ig |7 —k
ax [[#g.] 5, < Cub "
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Let 7 > 0 be determined by x = ¢,.. Then Proposition 1] gives,
‘8’“90(90)‘ < Ob % for every x € [c,, ar + b, + ¢,] and every integer k < [

and the (a — [a])-Holder constant of ¢ at x is < Cb, *. This proves the theorem as
there is a constant C” such that 1/C’b, < ¢, —n—1<C'b,. O

Remark 4.8. Theorem [0 implies a cheap and weaker form of Theorem B. Indeed,
when n > 4 and m and ¢ are given as in Theorem B, then by restriction m defines
a K-biinvariant multiplier on SO(n — 1, 1). In particular, Theorem .6 implies that
@ is CP~ for B = "7_3 — "772 and gives explicit estimates on the derivatives of the
function ¢. These estimates are weaker than the conclusion of Theorem B, as the
regularity is lower and there are no additional factors cy.

4.4. Rigidity for radial S,-multipliers on SL,(R). Now we use our results so
far to prove Theorem B. The idea is the same of for Theorem [£.6] but the details
are more technical. In fact, we shall prove a form of Theorem B, which is slightly
stronger in two senses:

i) We shall allow Schur multipliers which are radial either in the normalized
Hilbert-Schmidt norm |g|> = Ltr(g*g) or the operator norm |- || on SL,(R)

n
loll =sup{ 3= giswis |2y e RS a? =3 g2 =1},
J

i,j=1 i
ii) The assumption that S, is Sp-bounded by the weaker assumption that Sy,
is S) — S bounded, and with [|Sy.[/5(s,(L,(c))) replaced by the smaller
quantity [|Sm||5(s,(L.(q)),B(L2(G)))-
Thus, let ¢: (0,00) — C be a function satisfying that S,.;y or S,(.|) maps

Sp(L2(G)) to B(L2(G)) with norm 1. We start with the following crucial lemma
where the letter C stands for a constant depending on p,n only.

Lemma 4.9. The symbol ¢ is of class C* on (1,00). Moreover:

i) If a <1, then
) — < su o | — @
lpl@) = o)l < s (Go1):) |yl
for every pair z,y € (1,00) satisfying that x <y < z' 72,
il) If a > 1, then for every 1 < k < [a],
¢
(x —1)kgn-2’
iii) The (o — [a])-Hélder constant of 01y at x satisfies
(o] —9lal
Jimsup 120 P8) — 00 y)] c
y—z |z — ylole] (z —1)zn-2)

0% p(x)| <

Proof. For r > 0, define s = — "5 and D = diag(e”,e®,...,¢e°) € SL,(R). The
function k € SO(n) — ¢(||DkD||) is an Sp-Soo-multiplier of norm < 1 by restriction
to submatrices with entries (g, h) in DSO(n) x D~1SO(n). Let us also recall that
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it is SO(n — 1)-biinvariant, because D commutes with SO(n —1). Note additionally
that the same properties hold for the normalized Hilbert-Schmidt norm | - |.

In particular, if we consider the rotation matrix ks of angle arccosd in the space
spanned by the first two coordinate vectors

4 —V1-¢62 0
ks = | V1 =62 5 0 for ¢ €[0,1],
0 0 1p—2

Proposition[42 gives that the function ¢, : 6 +— (|| DksD]|) is of class C* uniformly
in r and ¢ (the same holds one more time replacing the operator norm by the
Hilbert-Schmidt norm) and we obtain

(4.8) SL>1}(ZJ) 19l ([0,1—n)) < 00 for every n > 0.

We can compute

erTsy  —/1 -2 0

Dk;D=e"** | V1=62 776 0
0 0 [ P
We first consider radial multipliers in the operator norm || - ||. The matrix

erTsy =142
V1 — 62 eS~ "o

has determinant 1 and Hilbert-Schmidt norm (2 + 462 sinh®(r — 5))'/2, so its norm
is equal to g(d sinh(r —s)) where g(z) = (1+2x2+2v22 + 21)Y/2. Therefore, DksD
has norm e" g (§ sinh(r — s)). We conclude that

Pr(6) = go(eTJrsg((S sinh(r — s))

Taking 6 = 1 in the computation of the norm of DksD, it follows that g(sinhu) = e*

for every u > 0. In other words, the inverse is g~'(z) = sinh(logz) = % (z — 1).

2 x
So if we define H,.: [e" %, e?"] — [0,1] by
T et

1 X 6T+S —rfs
49 H’I" = - ( — ) — € T ,
(49) (=) 2sinh(r — s) \er+s x er—s —esTT

we obtain that e""*g(H,(z)sinh(r — s)) = x and
(4.10) © =, o H, on [e"%, ).

We are now in position to apply Proposition 1] which gives us bounds on the
derivatives of ¢ and their Holder constants in terms of the derivatives of H,. So
we compute, for z € [e"F5, 2],

e2r+25

1 1 2
e2r _ g2s (1 + x2 ) € |:62r _ e2s’ e2r _ g2s

Hy(z) =

and
(—1) 11
(€725 — ¢ 2r)gitl

M H, (x) = for j>2.
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For a fixed z, |07 H,(z)| is a decreasing function of 7, so the bounds we get will
be optimal when r is maximal. In other words, when z = "¢, This determines
the value of r and s as a function of x, so that

2r _ xl-l—ﬁ 2s 1—-2

e and e’ =g 2.

This yields that |§7H, (z)| &~ —1; when z is close to one and |07H,.(z)| ~ 2~ U+=s)

when z is large. Written concisely, we get the following estimates for the derivatives
of H,

IS

C 4 ; C
o = max [H, ()] <
(x— 1) 1= 1<j<k (z — 1)kg=e

Proposition Bl together with (L), (II0) and (LII)) implies that ¢ is of class C*
at = and estimates ii) and iii) in the statement follow. When o < 1, we use (@I
instead of Proposition 4] to deduce i). The condition z < y < ol tAs

(4.11)  |07H,(2)] <

n-2 comes
imposed by the domain of H,.. This proves the lemma for the operator norm.

Let us now consider radial Schur multipliers in the normalized Hilbert-Schmidt

norm | -|. In that case, the norm computations are straightforward and lead to the
decomposition
(4.12) © =1, o H, on [A,, B,]

with A2 = 1((n — 2)e?® +2e2"72%), B2 = L((n — 1)e** 4 ") and
o [T 4

T_ AQH(x/AT).

VBT e
The function H: x — v/zZ — 1 has first derivative z(z2 — 1)~ and (by induction)
j-th derivative of the form P;(x)(x% —1)2~7 for certain polynomial P;. This gives

07T () - — P, () !
T Ve Ay A (B - A (@ - A)FT
To bound it when x is close to 1, we choose > 0 so that B, = . We have that

z—1=cr? and B2 — A% = dr? for some c,d > 0. We clearly obtain for  close to 1

. C
J i< )
1)<k 7 Hr@)]” < (x —1)F

[EY

For = large, we choose r > 0 so that z = e"™%. It follows that & ~ cA, and
B, ~ dz?%=2 for some ¢ > 1 and d > 0. Thus we get
k C

(5) -
1I£Jaﬁxk ‘HT (x)’ = AT

for x big enough. Assertions i), ii) and iii) for the Hilbert-Schmidt norm then follow
as above from (41]) and Proposition 41l This completes the proof. O

The previous lemma looks a lot like the conclusion of Theorem B, except that the
precise exponents are not correct. The correct exponents are obtained by applying
Proposition 2] for SO(m) for various m < n.

Lemma 4.10. Letp > 2+ % and let m < n be an integer such that mT_2 — mT_l

is strictly positive. Consider 5 ¢ N such that § < mT_2 — mT_l. Then, the following
estimates hold:
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o If 3> 1, then for every integer 1 < k < 3,

B
[ xr —
S Nremrvesv it

for every pair z,y € (1,00) satisfying that x <y < z'Tm=2,

Proof. The argument is the same as in Lemma [£.9] except that D is replaced
by the diagonal matrix in SL,(R) with eigenvalues e” with multiplicity 1, e® with
multiplicity m—1 and e* with multiplicity n—m, where r > 0 and s, t are determined
by r as follows

= n—m-+2 m—2

(s.8) = ( n+m—2r’n+m—2r)'

As above, it turns out that k& € SO(m) — @(||DkD]||) is an S,-Ss-multiplier by
restriction. Moreover, the fact that D has m — 1 equal eigenvalues ensures that
it is SO(m — 1)-biinvariant. In particular, we can use Proposition for SO(m)
combined with Proposition E1]

Any choice of r, s,t with r 4+ (m —1)s+ (n — m)t = 0 ensures that det D = 1 and
that || DksD|| = max{e?®,e?!, e" *g(dsinh(r — s))}. Our particular choice gives in
addition that the operator norm of DksD is equal to e"*g(d sinh(r — s)). The only

: : : _ .+ _ _n—m+2
difference is that if z, r, s are related by z = ¢""* and s = —="25r, then one gets

n o
2 =gt w2 and €% =gl wos.

So if H, is still defined by ([@3)) and z,r, s are related as above, then the estimates
on the derivatives of H, become

j c ; & C
|07H, ()] < ———— = wmax |[VH.(z)|) < —————.
(x —1)a? ™ FTm—z 1<j<k (z — 1)kgm—2
Thus, the conclusion for the operator norm || - || is the same as for Lemma .91

On the other hand, the normalized Hilbert-Schmidt norm of DksD has the form
VA2 + 62(B2 — A2) with

B2

—_ 3=

(e' + (m —1)e* + (n — m)e') ,

T

A% = - (2e?"125 4+ (m — 2)e™® + (n — m)e™) .

Therefore, when using radial Schur multipliers in the normalized Hilbert-Schmidt
norm | - |, if we define H, by [I2) with z,r, s related as above, the same analysis
for the derivatives of H, can be applied and proves the lemma. O

Proof of Theorem B. The conclusion of Theorem B follows from the preceding
two lemmas. The fact that ¢ is of class C* and the estimate on the local o — [q]
Holder constant is contained in Lemma It remains to justify the pointwise
estimates on ¢ and its derivatives.
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We start with the derivatives, for which the argument is direct. Fix an integer

1 <k < . Consider m, the smallest integer such that g := ’”T_2 m—l is strictly
greater than k. A small computation shows that it satisfies
2k+1
m—2= +2 > 3.
P

Note that k < 8 < k+ % — %, so 8 ¢ Z and Lemma L. T0l gives the expected estimate

C C

k _

(4.13) |0%p(z)| < )= (@) for every z € (1,00).

To obtain pointwise estimates on ¢, one more argument is needed. First observe
that the case < 2 is trivial because the norm of an Sp-multiplier is always bounded
below by the L., norm of its symbol. So we can consider the case x > 2. When
a < 1, Lemma L9 implies in particular that

C
|<p(x) |_W|x—y|0‘ —— when 2<z <y <2z <o
xrn—2
Thus ¢ satisfies the Cauchy criterion, has a limit ¢, and
C
P(x) = pool <Y le(2') — (22| <
i>0 -

This gives the assertion for « < 1. When « > 1, the inequality

o C

[ole) = ol < [ W)y <

is immediate from (I3). This concludes the proof of Theorem B. O
Remark 4.11. Compared to the best known result [34], Theorem B gives:

i) Automatic regularity of class C*.

) More accurate decay rates for asymptotic rigidity of .
iii) Local Mikhlin type conditions and asymptotic “higher order” rigidity.
iv) A larger range of p’s (in terms of n) for which the rigidity results hold.

5. Final comments

A. Rank one. According to [10], we know that SLy(R) is weakly amenable. In
particular, the rigidity theorems that shaped our statement in Theorem A do not
apply to it. More precisely, there are some particularly well-behaved multipliers
in SLy(R) —completely L,-bounded by 1 with Fourier symbols converging to 1
uniformly on compact sets— which strongly break the decay implicit in Theorem
A (as described in Remark B.g]). Is there a substantial improvement of Theorem
A for SLo(R)? The group SL2(R) does not admit finite-dimensional orthogonal
cocycles and, consequently, the Mikhlin type conditions in [29, 0] do not apply. On
the contrary, SLa(R) enjoys Haagerup property since it admits infinite-dimensional
proper cocycles which lead to K-biinvariant associated length functions [I2, Chapter
IV]. In this respect, we may construct noncommutative Riesz transforms for any
such cocycle 8: SLo(R) — H and any Riesz direction u in the cocycle Hilbert space

D _ <B(9)7U>HA
R0 = "3t 10
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According to [30], the maps R, are completely L,-bounded and also satisfy more
involved dimension free estimates. An optimal formulation of the Mikhlin condition
in SLa(R) should include this natural class of multipliers. A quick inspection of the
cocycle B from [IZ] gives an asymptotic decay of order (log L)/?, which is much
less rigid than the behavior imposed by Theorem A. This indicates that there might
be room for improvement in the rank 1 case. This construction is not possible in
higher ranks for the lack of such cocycles, due to Kahzdan property (T).

B. Twisted multipliers. We have claimed in the Introduction that classical
harmonic analysis methods are not efficient to give L,-bounds of twisted Fourier
multipliers. The first illustration of that was given in [48]. There it was proved
that twisted forms of u-directional Hilbert transforms are L,-unbounded for all
p # 2 unless the G-orbit of u is a finite set. The hidden tool here is Fefferman’s
Kakeya type construction for his ball multiplier theorem [I3]. On the contrary, the
twisted one-dimensional Hilbert transforms are L,-bounded for orthogonal actions
[29]. This evidences that the twist is not stable under tensor product extensions!
In addition, asymptotic Calderén-Zygmund methods worked in [29] for orthogonal
actions, but become muss less efficient for nonorthogonal ones due to the distortion
effect of volume-preserving transformations. Namely, combining Proposition [2.3] 1)
with Junge’s Hj — L, inequality as in the proof of [29, Theorem A], we get a
sufficient condition for L,-boundedness (1 < p < o0) of twisted multipliers which
vanish around 0

sgw@mmmlénwmwﬂmw
g

for My,(&) = [€]F0m(ay(€)). This is effective for orthogonal actions. In the
nonorthogonal case, multipliers with lower decay than in Theorem A satisfy the
above condition for first-order derivatives, but fail it for higher orders (even for
K-biinvariant multipliers in SLo(R)) due to the distortion produced by cy.

C. Calderén-Torchinsky theorem. Is it true that
(CT) l91"|dym(g)| < Cim forall |y] < [s] +1

suffices for the complete L,-boundedness of the Fourier multiplier 75, in the group
algebra of SL,, (R) whenever |1/p—1/2| < s/n?? This would be a natural analogue
of Calderén-Torchinsky refinement of HM-condition [4] [I8], originally formulated
using Sobolev spaces for fractional derivatives in the spirit of Remark It is
not hard to show that (CTJ) suffices locally. Indeed, the proof of the local form
of Theorem A can not be directly modified since we make crucial use of Riesz
transforms, for which we need full regularity. However, the proof gives an upper
bound in terms of the Mikhlin condition for the lift 7. This bound still holds for
the Sobolev condition in 7. In particular, the interpolation argument in [I8] still
applies. Unfortunately it seems much harder to interpolate the asymptotic behavior
of the multiplier and we have no results in this direction.

The validity of (CT)) beyond compactly supported symbols would be especially
relevant in our context. Namely, Remark shows that the Fourier symbol decays
as the largest Lie derivative in (CT)). In particular, (CT]) imposes (as expected) less
and less decay when p approaches 2. Moreover, working with fractional derivatives
we might replace [s]+ 1 by s+ &, which can be arbitrarily close to 0. Consequently,
it is especially interesting to find a Sobolev formulation of Theorem A and the
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corresponding interpolated ‘CT-condition’ to give room for L, multipliers with
arbitrarily mild decay as p — 2. Using left invariant Lie derivatives

d d

Mowm) = [ 2 m(gexp(sX))Ag) du(g) = Mm) 52 Aexp(~X)) = A(m)ax
G dS ‘5:0 dS ‘5:0

for m regular enough. In particular, letting A = —Zj c@(j for certain ONB

X1,Xs, ..., Xdimc of the Lie algebra g, we could define the Sobolev space Hy 4(G)

with ‘s-derivatives in L,’ as follows

—

Imlln,.c) = [Am)A+ A, -

Compared to Remark this definition is intrinsic to G. Nevertheless, a Sobolev
form of the Hérmander-Mikhlin condition requires to find a ‘dilation map’ in the
group, so that the resulting condition recovers the Mikhlin one for Lie derivatives
as ¢ — oo for s € Z. We have no results in this direction.

D. Other Lie groups. The new techniques in this paper are beyond the scope of
[16] 29, [30], notably since we include nonorthogonal cocycles. This opens a door to
investigate regularity conditions for L,-multipliers in many other unimodular Lie
groups. This is work in progress which will appear elsewhere.
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