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, may address the concerns raised regarding previous research on the validity of comparative judgement.

If presented with two large bags of gold and invited to keep one, most people would have a strong preference. While unlikely to know the exact quantity in either bag, it is usually not difficult to identify which is heavier by comparison. Comparative judgement is an assessment tool that exploits this innate capacity for comparison [START_REF] Thurstone | A law of Comparative Judgement[END_REF], "The Law of Comparative Judgment") rather than isolated evaluation against specified criteria. This well-established principle of psychology forms the basis for an innovative assessment that offers an alternative to the criterion-based status quo. This paper is a theoretical discussion of investigations into the reliability and validity of this approach to mathematics assessment. This is followed by a detailed theoretical examination of validity, resulting in the suggestion that further work and a new approach is necessary to establish validity in a more substantive manner. While making few definitive claims regarding the nature of the new approach, a case study in assessing conceptual understanding is used to illustrate the potential of two approaches based on what [START_REF] Trochim | Research Methods: The Essential Knowledge Base (2nd Edition)[END_REF] refers to as predictive validity.

What is comparative judgement?

Comparative judgement relies on expert judges making a series of comparisons between two responses to a given question. Without any specific criteria, judges are simply asked to 'choose the better response'. Using an automated system to generate pairs of students' responses for comparison, comparative judgement generates a ranked order from 'best' to 'worst'. This ranked order, produced after each response has been compared to others several times, is based on the Terry Bradley model [START_REF] Pollitt | Comparative judgement for assessment[END_REF] that generates a standardised parameter estimate (z-score) representative of the relative quality of each response. In the absence of specific marking criteria, the rankings produced are "instead grounded in the collective expertise of the judges" (Bisson et al., 2016, p. 143), avoiding the necessity to explicitly define the target of the assessment.
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A summary of the literature on Comparative Judgement

Before examining the literature on reliability and validity, this section begins with a discussion of two key benefits claimed in the comparative judgement literature.

Benefits, motivations and intentions

Comparative judgement facilitates the targeting of specific aspects of mathematics without having to embed a precise definition into a marking schedule [START_REF] Pollitt | Comparative judgement for assessment[END_REF]. For example, [START_REF] Bisson | Measuring Conceptual Understanding Using Comparative Judgement[END_REF] used comparative judgement to investigate conceptual understanding in undergraduate mathematics. This "important but nebulous construct" (Bisson et al. 2016, p. 143) has been the topic of much debate. [START_REF] Bisson | Measuring Conceptual Understanding Using Comparative Judgement[END_REF] claim experts are capable of recognising examples of conceptual understanding, but find it difficult to generate comprehensive, reliable scoring rubrics. As suggested by [START_REF] Bisson | Measuring Conceptual Understanding Using Comparative Judgement[END_REF], by grounding the definition of an area of assessment solely in the collective understanding of judges, this problem is at least partially avoided. Assessment of conceptual understanding will be returned to in a later section of this work. [START_REF] Jones | Assessing Mathematical Problem Solving Using Comparative Judgement[END_REF] also argue for the need to "free assessment designers from restricting tasks to those that may be easily scored by conventional means" (Jones et al. p. 170). They claim this would allow for the introduction of components that more adequately reflect the assessments purported purpose. A study involving four experienced GCSE (General Certificate of Secondary Education for England, Wales and Northern Ireland) exam writers producing an exam explicitly for comparative judgement marking found that exam writers experienced greater freedom to write more open-ended questions providing students with the freedom to experience more genuine problem solving situations [START_REF] Jones | The problem of assessing problem solving: can comparative judgement help[END_REF]. Moreover, this freedom was successfully used, as evidenced by the survey responses of 23 teachers who evaluated the suitability of this exam script. Examinations of this type have been long sought-after but have seldom materialised due to the need for a demonstrably reliable and valid tool for assessment [START_REF] Jones | The problem of assessing problem solving: can comparative judgement help[END_REF].

These benefits, particularly that of eliminating assessment criteria, raise questions of reliability and validity. An assessment based on such apparently subjective foundations might initially attract substantial skepticism. These questions are the focus of the following two sections.

Reliability

In the context of comparative judgement, reliability has universally been used to refer to the notion of repeatability across different judges and judging communities. This is often referred to as interrater reliability.

There is a growing collection of case studies demonstrating high inter-rater reliability in the use of comparative judgement. [START_REF] Bisson | Measuring Conceptual Understanding Using Comparative Judgement[END_REF] demonstrated high inter-rater reliability in the contexts of conceptual understanding of entry-level undergraduate statistics (p-values), undergraduate pure mathematics (derivatives) and elementary school-level algebra (using letters in mathematics). Using a split-half technique in each of the three studies, judges were divided into two groups of equal size. As a result of the computerised method by which judges make comparisons, this split-half comparison was repeated 20 times in each study without requiring any additional comparisons from the judges. Pearson's correlation coefficients were computed for each iteration of each study, the results of which are summarised in Table 1. Jones, Swan and Pollitt ( 2015) produced results consistent with the above in a problem solving context. When applied to both traditional GCSE examination scripts and purpose-written open-ended examination scripts, comparative judgement performed well when implemented by a diverse group of 23 judges, consisting of ten GCSE examiners, one non-GCSE examiner, seven mathematics education lecturers, two researchers, one research student and two advisors. When separated into two groups (of 12 and 13), the Rasch sample separation reliabilities, often considered similar to Cronbach's  (e.g. [START_REF] Wright | Rating scale analysis: Rasch measurement[END_REF] were .80 and .93, indicating acceptably high internal inter-rater reliability for each group. Jones et al. (2015) also report a Pearson product-moment correlation coefficient of .87, providing further evidence for the inter-rater reliability of comparative judgement when assessing problem solving.

Participants

In every reviewed study on the reliability of comparative judgement to-date, the results have positively indicated that comparative judgement performed reliably across judging communities.

Validity

Consistent with the majority of studies in the comparative judgement literature this paper adopts the broad definition that a valid assessment measures that which it purports to measure [START_REF] Koretz | Measuring up: What educational testing really tells us[END_REF]. Most investigations of the validity of comparative judgement have focused on what [START_REF] Trochim | Research Methods: The Essential Knowledge Base (2nd Edition)[END_REF] refer to as convergent validity, based on comparison with traditional measures of mathematical achievement. [START_REF] Bisson | Measuring Conceptual Understanding Using Comparative Judgement[END_REF] has taken a different approach, by investigating content validity, based on comparisons with other psychometrically validated instruments.

A measure is said to have convergent validity if it produces results similar to others that should theoretically be similar [START_REF] Trochim | Research Methods: The Essential Knowledge Base (2nd Edition)[END_REF]. On investigating assessment of problem solving, [START_REF] Mcmahon | A comparative judgement approach to teacher assessment[END_REF] reported "comparative judgement outcomes correlated as expected both with test marks and with existing student achievement data, supporting the [convergent] validity of the [comparative judgement] approach" (p. 368). [START_REF] Jones | The problem of assessing problem solving: can comparative judgement help[END_REF] reported a correlation of .86 between students' GCSE marks and their parameter estimated z-score based on a comparative judgement assessment, providing further evidence in this direction.

Finally, [START_REF] Bisson | Measuring Conceptual Understanding Using Comparative Judgement[END_REF] investigated both convergent validity and content validity across all three studies on which they report; see Table 2. The former was evaluated with methods similar to those above, analysing correlations between traditional student achievement data and comparative judgement results. Content validity, a comparison of the measure against the relevant content domain [START_REF] Trochim | Research Methods: The Essential Knowledge Base (2nd Edition)[END_REF], was based on correlation analysis between comparative judgement results and other psychometrically validated measures of conceptual understanding; see column two of Table 2. It should be noted that the choice of topics (p-values, derivatives and algebra) in [START_REF] Bisson | Measuring Conceptual Understanding Using Comparative Judgement[END_REF] were "driven by the existence of validated instruments to measure conceptual understanding of those topics" (p. 144). As is discussed later, the absence of such instruments for most topics in mathematics appears to serve as a significant barrier for this line of research. For the list of topics available [START_REF] Bisson | Measuring Conceptual Understanding Using Comparative Judgement[END_REF] conclude that comparative judgement is a valid measure of conceptual understanding. Jones and Inglis (2015) also investigated content validity of exam scripts. They asked experienced experts to analyse the content of the exam scripts produced when writers were freed from the constraints of traditional assessment criteria. Their qualitative analysis resulted in the assertion, consistent with their hypothesis, that these exam scripts placed more emphasis on conceptual thinking than their GCSE counterparts. It should be noted that this aspect of the study was focused on the exam scripts themselves, not on students' responses.

The evidence in this section suggests that comparative judgement is likely to perform at least as well as established tools for mathematics assessment in many or even most contexts. Moreover, [START_REF] Bisson | Measuring Conceptual Understanding Using Comparative Judgement[END_REF] provide evidence of content validity in three specific mathematical domains. As discussed in the final section, the scope for expansion of the argument for content validity is limited, given the absence of other psychometrically validated measures. The following section focuses on the necessity for a complementary approach to establishing the validity of comparative judgement.

The necessity for a different approach to validity

This section has two aims. First, this section establishes the necessity for an approach other than the convergent validity-based studies discussed above. Second, this section discusses the limitations of the content validity approach proposed by Jones et al. (2015) as a suitable answer to the shortcomings of convergent validity discussed above.

Assessing the validity of comparative judgement only by comparison with traditional assessment appears to significantly limit the argument for comparative judgement. While arguments regarding efficiency [START_REF] Bisson | Measuring Conceptual Understanding Using Comparative Judgement[END_REF]) and the freedom to write examinations with a different mathematical focus [START_REF] Mcmahon | A comparative judgement approach to teacher assessment[END_REF] still stand, proponents of comparative judgement claim it to have the potential to assess something fundamentally different from that assessed by traditional approaches. [START_REF] Bisson | Measuring Conceptual Understanding Using Comparative Judgement[END_REF], for example, argue that comparative judgement can be used to assess 'conceptual understanding', an aspect of mathematics known to be difficult to assess using traditional assessment. However, in establishing the validity of comparative judgement in this area, they refer to comparisons with traditional assessment data. This approach to validity appears problematic from the outset as it limits a successful measure of validity to something not worse than traditional assessment; an approach claimed to be ineffective in assessing their domain of interest. Jones et al. (2015) note similar reservations pointing out that traditional student achievement data, often compared with comparative judgement, can be criticised for its overly-procedural focus. Jones et al. (2015) go on to assert the need for a different approach, pointing to comparisons with 'other psychometrically validated measures' as a satisfactory solution.

further analysis of the limitations of convergent validity

A key aspect of the argument for comparative judgement is that it facilitates reliable assessment of areas previously difficult to assess. Thus it seems logical to believe that comparative judgement, when explicitly focused on assessing those areas (e.g. conceptual understanding) should reward different abilities/strengths than those rewarded by traditional assessment.

Taking this reasoning to its logical conclusion results in the assumption that some students should perform better under comparative judgement than under traditional assessment. Thus it seems at best limited to evaluate a new assessment tool by its ability to reproduce the results of traditional assessment. Consider a hypothetical student with a particular aptitude for memorising procedures but difficulty with the conceptual understanding underlying and drawing together important ideas. Based on previous critiques of traditional criterion-based approaches, one might assume this student would perform well on such an assessment. However, one might hope that this student would score poorly on comparative judgement assessment given the claims of [START_REF] Bisson | Measuring Conceptual Understanding Using Comparative Judgement[END_REF]. Hence, arguing for the validity of comparative judgement by pointing to its comparability with traditional assessment seems inherently limited.

Establishing convergent validity has made a significant progress toward gaining legitimacy and the credibility to justify further, more detailed work. However, it seems that a complementary direction is necessary in establishing other aspects of validity, thereby further developing the argument for the adoption of comparative judgement.

The limitations of content validity

As noted by Jones et al. (2015), making comparisons with alternative psychometrically-validated instruments appears to be an obvious and fruitful way forward in establishing the validity of comparative judgement. However, the absence of such instruments in most domains serves as a substantial barrier to progress. Returning to conceptual understanding, the absence of such instruments in this realm is well-documented and is a significant reason Bisson et al. limited their study to just three content domains.

It is theoretically possible to develop more such instruments. However, the number of instruments will always be far fewer than the number of mathematical domains in need of assessment. At present, the content validity approach relies on inherently inductive reasoning. Evidence supporting comparative judgement in a small number of domains has little relevance for the new and previously untested. If comparative judgement is to be established as a viable assessment tool for a greater range of domains, I further claim that yet another approach is necessary.

The final section below seeks to identify a way forward that is cognizant of the issues raised above.

Predictive validity through the case of conceptual understanding

Having argued the necessity for something new, this final section offers a plausible approach attempting to avoid at least some of the above criticisms. This new approach, predictive validity, is illustrated here by further considering the case of conceptual understanding. It should be noted that this is just one such possible solution that, like previous sections, is intended to raise more questions than it answers. It too is not without its flaws.

As defined by [START_REF] Trochim | Research Methods: The Essential Knowledge Base (2nd Edition)[END_REF], predictive validity refers to a measure's ability to predict something it should theoretically be able to predict. If one is to accept conceptual understanding as fundamental to mathematical development (NCTM, 2000;Ofsted, 2008;[START_REF] Rittle-Johnson | Developing conceptual understanding and procedural skill in mathematics: an iterative process[END_REF], a valid measure of conceptual understanding should serve as a predictor of other mathematical success. In the absence of suitable comparative measures for evaluating content or convergent validity, predictive validity appears a logical alternative. This section addresses two possible such approaches that may aid in establishing the validity of comparative judgement.

First, comparative judgement could be evaluated as a predictor of performance on traditional assessment. Allowing for the passage of time, moving away from an immediate comparison with traditional assessment (see convergent validity) creates the opportunity for a student's general mathematical maturity and understanding to progress. This argument hinges on the assumption that conceptual understanding is so fundamental to mathematical development that it should act as a future predictor of mathematical performance in general, even on assessment for which conceptual understanding is not an explicit focus. If one is to accept this assumption regarding conceptual understanding then those that perform well on a comparative judgement assessment of conceptual understanding at time 1, should perform well on any assessment at time 2.

This approach may be criticised by those who argue that if an attempt to avoid immediate comparison with traditional assessment results in a delayed comparison with the same traditional assessment, then nothing has been gained by analysing predictive over convergent validity.

Another approach to predictive validity is to seek other measures of mathematics success not beholden to traditional, criterion-based assessment. Such measures of mathematical success may appear hard to come by. However, metrics such as success at postgraduate level, or success on relevant career pathways may provide an interesting solution. While arguably somewhat crude, these measures may provide useful sources of comparison. Using such measures, one could compare comparative judgement z-scores from prior years with success on these future measures to evaluate the predictive validity of comparative judgement here. For example, in an attempt to evaluate validity in the tertiary context, it would be possible to consider success in tertiary mathematics. By using comparative judgement to assess a series of tertiary exam scripts, it may be possible to evaluate predictive validity by comparison with future success in postgraduate studies or related mathematical careers. A significant correlation between comparative judgement rankings and future success would stand as strong evidence for the predictive validity of comparative judgement.

This second approach to predictive validity benefits from avoiding any comparison with traditional assessment. However, unsurprisingly raises many questions of its own, particularly regarding the quality and availability of data related to such future measures of success. Moreover, predictive validity still does not grapple with the ways that scores and interpretation of scores are used. Kane ( 2013) offers yet another approach, drawing on the general principles of construct validity (i.e., how well an assessment reflects the true theoretical measurement of a concept) to grapple with the assumptions underpinning the interpretation and use (IUA) of assessment scores, rather than the scores themselves. The implications of this 'argument-based approach' approach to validation of comparative judgment are unclear, but his detailed discussion of IUAs draws attention beyond the process of assessment in of itself to the use and interpretation of the assessment findings in the real world. For example, the evaluation of comparative judgment results could usefully require an evaluation of the consequences of the assessments' use, and negative consequences in some could render the use of the results unacceptable in some circumstances.

I do not claim to have covered the full range of criticisms that may be levied at the new approaches.

Nor do I claim predictive validity is the only response to the limitations of existing research discussed earlier. The intention of this section is to initiate a discussion regarding a new approach to validation of comparative judgement that might facilitate an extension of the argument for comparative judgement beyond the mathematical domains for which we have other tests.

Conclusions

This paper has been a discussion of an exciting and relatively new approach to assessment. In particular, the focus has been on the necessity for a new approach to evaluating the validity of comparative judgement. It should be noted this work does not advocate for the abandonment of one approach in favour of another. Rather, it advocates for a wider range of complementary approaches that together will form a comprehensive body of research.

This paper has argued that by moving beyond convergent validity, researchers will have the ability to investigate the validity of comparative judgement in a manner less limited by comparisons with the status quo. Moreover, it has been argued that the recent content validity solution, suggested by Jones et al. (2015) is insufficient in scope and is inevitably limited by the non-existence of psychometrically validated measures for the vast majority of mathematical content.

Finally, this paper proposed two new approaches, based on predictive validity, that avoid some of the discussed limitations. A research programme including investigation of predictive validity and the interpretation and use of assessments has the potential to extend the discussion about comparative judgement, and ensure that further uptake of this exciting new development in mathematics assessment is evidence-based and beneficial to the students for whom it is designed.

Range in r over 20 trials Mean r Median r Standard Deviation

  

	P-values	10 judges,	.664 -.855	.749	.762	.06
		20 students				
	Derivatives	30 judges,	.826 -.907	.869	.872	.02
		42 students				
	School Algebra 10 judges,	.678 -.837	.745	.742	.04
		46 students				

Table 1 : Summary of comparative judgement reliability results from Bisson et al. (2016).
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Table 2 : Summary of comparative judgement validity results from Bisson et al. (2016). The 'traditional measure' line refers to the correlation between achievement data and comparative judgement z-scores. The 'instruments' column refers to the correlation between comparative judgement z-scores and scores on an existing psychometrically validated measure (RPASS-7, CCI and 'Concepts in Algebra', respectively).
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		Traditional measure	Instruments
	P-values	.555	.457
	Derivatives	.365	.093
	School algebra	.349	.428
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