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This research evaluated an interactive story-and game-based measure of the level of mathematical development in preschool children. Nine measurable learning trajectories identified by previous researchers-quantification, counting, set comparison, numerals, number line, positional terms, shapes, addition/subtraction, and patterning-were assessed through a series of games played by assessor and child to re-enact the story of teddy bears on a picnic. This format was selected because it engages young children, connects to constructivist curriculum and materials, and extends previous research by the author. Confirmatory factor analysis indicated that the nine developmental trajectories were strong and significant contributors to the latent construct of level of mathematical development. Results from test-retest and criterion comparisons indicated that the assessment tool was a valid and reliable measure of mathematical development for this sample.

Purpose

The purpose of this research was to create and validate the Teddy Bear Preschool Mathematics Assessment (TBPMA), a play-based, constructivist measure, as a novel alternative to traditional quantitative assessments. The story-and game-based framework, in which the assessor participates with the child, was selected because it engages young children, connects to constructivist curriculum and materials frequently used in preschool classrooms [START_REF] Moomaw | More than counting: Standards edition[END_REF], and provides both formative and summative assessments. The hypothesis was that nine measurable variables based on seminal research-(1) quantification level, (2) counting, (3) set comparison, (4) numeral recognition and understanding, (5) movement along a number line, (6) emergent addition/subtraction, (7) understanding positional terms, (8) shape recognition, and (9) patterningwould make a significant contribution to the latent construct of mathematical development.

Theoretical framework

Assessment of preschool children has grown rapidly during the 21st century [START_REF] Wortham | Assessment in early childhood education[END_REF]. Assessment is used to monitor children's development, make educational decisions, and evaluate programs. However, valid and reliable assessment of young children is often difficult. If children are not interested in the assessment, they quickly lose attention and refuse to participate. Also, many standardized assessments do not provide information that directly relates to the curriculum. This is frustrating for teachers, who need formative assessments in order to guide their planning and interactions with children. Therefore, assessments that are aligned to curriculum and can inform planning and instructional decisions [START_REF] Stecker | Using curriculum-based measurement to improve student achievement: Review of research[END_REF] are of particular interest. Assessment of early math development is important; research has shown that children develop substantial math knowledge prior to first grade (Clements & Sarama, 2007). Early number sense development is a strong predictor of later mathematics achievement [START_REF] Duncan | School readiness and later achievement[END_REF]; however, a substantial achievement gap exists between low-and middle-income children that persists as they advance in school (Jordan, Kaplan, Olah, & Lucuniak, 2006).

The theoretical framework of this research is constructivist; children are active creators of knowledge rather than passive recipients [START_REF] Piaget | The child's conception of number[END_REF]. An instructional corollary is that students require a context that allows them to formulate or discover important relationships [START_REF] Geary | Arithmetical development: Commentary on Chapters 9 through 15 and future directions[END_REF]. For young children, play is an important mode for learning that is considered essential for cognitive development [START_REF] Frost | Play and child development[END_REF].

Learning trajectories in early mathematical development

Formation of content knowledge follows a developmental progression that reflects progressively higher levels of thinking [START_REF] Piaget | The child's conception of number[END_REF]. Understanding of developmental progressions in the mathematical thinking of young children is essential for effective teaching because it guides teachers in the selection of appropriate curriculum and in effective modeling and dialogue with children. These documented developmental progressions are now referred to as learning trajectories, which serve as a bridge between theory and practice (Sarama & Clements, 2007).

The learning trajectory for quantification [START_REF] Kamii | Number in preschool and kindergarten: Educational implications of Piaget's theory[END_REF][START_REF] Piaget | The child's conception of number[END_REF] shows a progression in young children from visual perception to more logical forms of reasoning when determining quantity and comparing sets of objects. The earliest level is referred to as global, in which children make a visual or tactile approximation of quantity, perhaps by taking a small or large handful of objects to represent a given amount. At the one-to-one correspondence level, children realize they can accurately represent a given quantity by taking one object for each item in the original group and aligning them. This important development indicates that children are now able to focus on the units in a set rather than just the global parameters. Eventually, children realize that they can count to determine the number of objects in a group or to create an equivalent set. Rather than simply counting because an adult tells them to, children at this level select a counting strategy because they understand that the last number they count represents the total.

Counting is an important mathematical tool for children. In their seminal research, [START_REF] Gelman | The child's understanding of number[END_REF] developed five principles that children must understand in order to successfully use counting to quantify. Of these principles, the first three are designated as "how to count" and are likely to be developed by children in the 3-to 5-year age range. The stable order principle indicates that children understand that they must say the counting words in the correct order. Application of the one-to-one principle shows that children know they should count each object one and only one time. In practice, many (if not most) young children tend to recount objects or count some more than once, particularly as the number of objects increases. The cardinality principle means that children understand that when they count objects, the last number word they use refers to the total amount, not just one item. These principles do not necessarily develop in a prescribed order, and accuracy is variable throughout the early years. It is the ability to apply the principles with growing accuracy when counting increasingly large sets that constitutes a learning trajectory.

Both researchers and educators have documented that children can name numerals before they can use them to represent a specific quantity. In particular, [START_REF] Kato | Young children's representations of groups of objects: The relationship between abstraction and representation[END_REF] have shown a disconnect between children's ability to name numerals and their ability to use them to represent quantities.

Research by [START_REF] Ramani | Promoting broad and stable improvements in low-income children's numerical knowledge through playing number board games[END_REF] suggests that linear number board games enhance young children's understanding of number. However, research by [START_REF] Moomaw | Assessing the difficulty level of math board games for young children[END_REF] indicates that there is a developmental trajectory in which children are first able to represent quantities on a grid, or bingotype board, followed by moving a specific amount along a straight path, or incipient number line. Representing quantities by moving along a longer, curved path is more advanced. Spatial reasoning is an important component of geometry. [START_REF] Bowerman | Learning how to structure space for language: A cross-linguistic perspective[END_REF] has demonstrated that the order in which children learn spatial terms is consistent across languages, thus forming a learning trajectory. Terms that relate to an object that is in direct contact with another ("in," "on," and "under") are the first to develop, along with the movement terms "up" and "down." Words of proximity, such as "beside" and "next to," develop next. These are followed by terms related to position but not necessarily close proximity ("in front of," "in back of," or "behind"). Directional words, such as "right" and "left," are often not learned until first or second grade.

Seminal work by van Hiele (1999) suggests a progression, or learning trajectory, of four levels of geometric understanding, of which the first two relate directly to young children. At the first level, visual, children judge a figure according to its appearance. They often have a prototype in mind, so they may identify only equilateral triangles as "triangles." At the second level, descriptive or analytic, children begin to use language to describe properties of shapes. For example, they may indicate that a figure is a triangle because it has three sides.

Research has established a trajectory for early addition [START_REF] Baroody | Two perspectives on addition development[END_REF]. Children start by counting individual sets of objects. Next, they realize that they can count the objects in both sets all together. Eventually, children begin to count forward from the cardinal value of one of the sets; they also begin to remember particular combinations, such as doubles.

Patterning is considered a foundational component of early mathematical thinking by the National Council of Teachers of Mathematics (USA). However, there is insufficient research in this area to establish a developmental learning trajectory.

Development of the Teddy Bear Preschool Mathematics Assessment

Conception of the TBPMA evolved from the author's 25 years of experience teaching preschool and kindergarten children. During this time, considerable contributions to the understanding of how children develop mathematical reasoning were made by theorists and researchers. That information was shared with interested teachers by Professor Anne Dorsey, then Director of the Arlitt Child Development Center at the University of Cincinnati. With her input, teachers began to redesign their preschool math curriculum to focus, in part, on teacher-created math games. Children's responses to these games were carefully observed, and changes to the curriculum were made accordingly. Eventually, this game-and play-based curriculum, which extended to all areas of the classroom, was published in a series of books for teachers [START_REF] Moomaw | More than counting: Standards edition[END_REF].

For her doctoral research, the author developed and validated an assessment of number sense in preschool children that was essentially a quantification game played between assessor and child. It showed that this interactive form of assessment could be reliably quantified. The TBPMA extends that research to more completely measure number and operations as well as geometry.

Methods

The TBPMA consists of a series of games that allow children to re-enact the story of teddy bears on a picnic. The game board depicts a park, including picnic blanket, wading pool, path, small climber, and merry-go-round (Figure 1). Assessor and child take turns drawing cards arranged in a prescribed order. Teddy bear counters are used throughout the game. Although the assessor participates in the game, assessor role and comments are clearly scripted to ensure procedural reliability. The scales quantification, counting, and set comparison are measured as assessor and child draw cards with 1-8 dots to determine how many bears to place on their picnic blankets. One point is awarded for a global strategy, 2 points for one-to-one correspondence, 3 points for counting, and 4 points for counting with accuracy. Following each turn, the assessor asks how many teddy bears are on the child's blanket and scores 1 point for application of each counting principle (stable order, one-to-one correspondence, and cardinality). Next, the assessor asks who has more bears, which elicits set comparison and is scored similarly to quantification. Set sizes increase over subsequent turns.

Recognition and understanding of numerals is assessed when the bears go swimming. Children are scored on whether they recognize numerals 1-8 and can put the corresponding number of bears in the pool. Movement along a number line is measured when children draw cards with dots and attempt to move a corresponding number of spaces along a path. Understanding of spatial terms is assessed as children draw cards that tell them where to place their teddy bear in relation to the climber, as in "Your bear wants to play under the climber." For assessment of shapes, the bears play on a merry-go-round, which has prototypical and non-prototypical shapes for seats. Scoring is based on shape recognition and the explanation the child gives for determining shape.

The addition/subtraction trajectory is assessed as children draw two cards with dots to determine how many bears to move to the picnic table. They then draw a card that indicates how many bears leave and asks how many are left. Finally, the assessor arranges the bears in an AB and an ABC color pattern for a dance and asks the child to complete the pattern.

Data sources

A total of 146 children, ages 3 to 5 years, enrolled in childcare centers in a Midwestern USA city, were assessed. Of the sample, 60 (41.1%) were poverty level (determined by voucher participation); 37 (25.3%) were African American or mixed race; 73 (50%) were female; 65 (44.5%) were 3 years old; 63 (43.2%) were age 4; and 18 (12.3%) were age 5. For test-retest comparison, 50 (34.2%) received a second assessment; 38 (26.0%) were administered a criterion measure. Assessors were required to demonstrate reliability by independently scoring assessments conducted by the lead researcher and achieving an inter-scorer reliability of 90% over three successive tests.

Results

The maximum possible total score on the TBPMA is 118. Among the 146 initial tests, scores ranged from 5 to 112 (M=62.44, SD=28.01). Assumption checks indicated the total scores were normally distributed. The correlation between child's age in months and total score was r=.572 (p=.000).

There were two specific questions for the analysis:

1. What is the contribution of each sub-construct to the general construct? 2. What is the technical adequacy of the TBPMA?

Regarding question 1, confirmatory factor analysis (AMOS 22) was used to evaluate the hypothesized model for the TBPMA. Results indicated good model fit: χ 2 (23,N=146)=25.297, p=.335; NFI=.974; CFI=.998; and RMSEA=.026. All standardized path coefficients were highly significant (p<.001), with robust standardized regression weights ranging from .57 to .90 (Figure 2), indicating all scales were strong contributors to the latent variable mathematical development.

For question 2, technical adequacy was assessed through Cronbach's alpha, test-retest reliability, and criterion validity. Cronbach's alpha was .922, indicating high internal consistency.

Test-retest reliability was assessed with paired t-tests on mean differences for the nine scales and total score (Table 1). Differences significant at the .05 level occurred with the addition/subtraction scale, in which the mean retest score was one point higher on the 16 point scale, and with the total TBPMA score, about 2.5 points higher on the 118 point scale. Given that the average time between the initial test and the retest was 24 days, these small increases do not appear to affect the reliability of the TBPMA. Reliability is further confirmed by the highly significant correlations between the initial and retest scores. For all scales and the total score, all correlations were strong, above .50. TEMA-3 [START_REF] Ginsburg | Test of early mathematics ability[END_REF], a recognized measure of early mathematical ability, was used to assess criterion validity. The correlation between the total TBPMA score and the TEMA-3 raw scores was high (r=.867, p=.000), demonstrating criterion validity.

These results indicate that the TBPMA was a valid and reliable measure of mathematical development for this sample.

Significance

Preschool educators and funding sources recognize the need for accountability and for monitoring children's development. Conversely, they understand that testing is often stressful for children, unreliable, and unrelated to the curriculum. The TBPMA offers a validated approach to quantifiable assessment that is compatible with young children's social and emotional development; all children assessed to date have enjoyed the experience.

The TBPMA is a novel alternative to traditional quantitative assessments. It can provide both formative data for teachers and summative data for program evaluation. Because it assesses multiple domains of mathematics, it can indicate areas of strength within a curriculum and areas that may require more attention. Based on acknowledged developmental trajectories, it informs teachers of the child's current level of thinking so that they can target their interactions to move the child forward. This is the essence of constructivist teaching.

It is natural for educators to focus on material from class or program assessments (i.e., teach to the test). The TBPMA reverses this process. It evaluates the types of experiences and interactions that are highly recommended for preschool classrooms and the areas of mathematics designated as focal points (NCTM, 2006).

Figure 1 :

 1 Figure 1: Game Board for the Teddy Bear Preschool Math Assessment

Figure 2 :

 2 Figure 2: Standardized Path Coefficients for the Confirmatory Factor Analysis for the Teddy Bear Preschool Math Assessment

Table 1 : Test/Retest Reliability: Means, Test of Differences between Means, and Correlations between Means of Initial Test and Retest

 1 

Proceedings of CERME10