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DEEP NEURAL NETWORKS ALGORITHMS FOR
STOCHASTIC CONTROL PROBLEMS ON FINITE HORIZON:
CONVERGENCE ANALYSIS

COME HURE*, HUYEN PHAM', ACHREF BACHOUCH!, AND NICOLAS LANGRENES

Abstract. This paper develops algorithms for high-dimensional stochastic control problems
based on deep learning and dynamic programming. Unlike classical approximate dynamic program-
ming approaches, we first approximate the optimal policy by means of neural networks in the spirit
of deep reinforcement learning, and then the value function by Monte Carlo regression. This is
achieved in the dynamic programming recursion by performance or hybrid iteration, and regress now
methods from numerical probabilities. We provide a theoretical justification of these algorithms.
Consistency and rate of convergence for the control and value function estimates are analyzed and
expressed in terms of the universal approximation error of the neural networks, and of the statistical
error when estimating network function, leaving aside the optimization error. Numerical results on
various applications are presented in a companion paper [3] and illustrate the performance of the
proposed algorithms.

Key words. Deep learning, dynamic programming, performance iteration, regress now, conver-
gence analysis, statistical risk.

AMS subject classifications. 65C05, 90C39, 93E35

1. Introduction. A large class of dynamic decision-making problems under un-
certainty can be mathematically modeled as discrete-time stochastic optimal control
problems in finite horizon. This paper is devoted to the analysis of novel probabilistic
numerical algorithms based on neural networks for solving such problems. Let us
consider the following discrete-time stochastic control problem over a finite horizon
N € N\ {0}. The dynamics of the controlled state process X = (X¢),, valued in X
C R? is given by

n

(1.1) X2, =F(X an,ent1), n=0,...,N—1, X§ =z € RY,

where (€,)n is a sequence of i.i.d. random variables valued in some Borel space
(E,B(E)), and defined on some probability space (2, F, P) equipped with the filtration
F = (F,.)n generated by the noise (g,)n (Fo is the trivial o-algebra), the control «
= (ap)n is an F-adapted process valued in A C R?, and F is a measurable function
from RY x R? x F into R%.

Given a running cost function f defined on R? x RY, a terminal cost function
g defined on RY, the cost functional associated with a control process « is J(a) =

E|SN XS o) + g(X&)|. The set C of admissible control is the set of control

n=0
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processes « satisfying some integrability conditions ensuring that the cost functional
J(a) is well-defined and finite. The control problem, also called Markov decision
process (MDP), is formulated as
(1.2) Vo(zg) := inf J(a),
aeC

and the goal is to find an optimal control o* € C, i.e., attaining the optimal value:
Vo(xo) = J(a*). Notice that problem (1.1)-(1.2) may also be viewed as the time
discretization of a continuous time stochastic control problem, in which case, F' is
typically the Euler scheme for a controlled diffusion process, and Vj is the discrete-
time approximation of a fully nonlinear Hamilton-Jacobi-Bellman equation.

Problem (1.2) is tackled by the dynamic programming approach, and we introduce
the standard notations for MDP: denote by {P%(z,dz’), a € A, v € X}, the family
of transition probabilities associated with the controlled (homogenous) Markov chain
(1.1), given by P%(z,dz’) := P[F(z,a,e1) € d2'] and for any measurable function
¢ on X: P(z) = [@(a)P*(z,dz’) = E [p(F(z,a,e1))] . With these notations,
we have for any measurable function ¢ on &, for any a € C, E[p(X5, )| Fn] =
Ponp(X2), V¥ n € N. The optimal value Vp(xo) is then determined in backward
induction starting from the terminal condition Vy(z) = g(z), « € X, and by the

dynamic programming (DP) formula, forn = N —1,...,0:
Qn(z,a) = f(z,a)+ P"Voti(x), € X, a €A,
(1.3) Valz) = ian Qn(x,a),
ac

The function @, is called optimal state-action value function, and V, is the (optimal)
value function. Moreover, when the infimum is attained in the DP formula at any
time n by a (x), we get an optimal control in feedback form given by: o* = (a* (X)),
where X* = X is the Markov process defined by

Xi = F(X:ai(X5),en1), n=0,....N—1, X =0

n»-’'n

The implementation of the DP formula requires the knowledge and explicit com-
putation of the transition probabilities P*(z,dz’). In situations when they are un-
known, this leads to the problematic of reinforcement learning for computing the
optimal control and value function by relying on simulations of the environment. The
challenging tasks from a numerical point of view are then twofold:

1. Transition probability operator. Calculations for any x € X, and any a € A, of
PV,q1(z), forn = 0,..., N —1. This is a computational challenge in high dimen-
sion d for the state space with the “curse of dimensionality” due to the explosion
of grid points in deterministic methods.

2. Optimal control. Computation of the infimum in a € A of f(x,a) + P*V,41(x)
for fixed x and n, and of a,(x) attaining the minimum if it exists. This is also a
computational challenge especially in high dimension ¢ for the control space.

The classical probabilistic numerical methods based on DP for solving the MDP
are sometimes called approximate dynamic programming methods, see e.g. [6], [23],
and consist basically of the two following steps:
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(i) Approximate the @,. This can be performed by regression Monte-Carlo (RMC)
techniques or quantization. RMC is typically done by least-square linear regression
on a set of basis function following the popular approach by Longstaff and Schwarz
[21] initiated for Bermudean option problem, where the suitable choice of basis
functions might be delicate. Conditional expectation can be also approximated by
regression on neural network as in [17] for American option problem, and appears
as a promising and efficient alternative in high dimension.

(ii) Control search. Once we get an approximation (z,a) — Q,(z,a) of the Q,, value
function, the optimal control a,(z) which achieves the minimum over a € A of
Qn(x,a) can be obtained either by an exhaustive search when A is discrete (with
relatively small cardinality), or by a (deterministic) gradient-based algorithm for
continuous control space (with relatively small dimension).

Recently, numerical methods by direct approximation, without DP, have been
developed and made implementable thanks to the power of computers: the basic
idea is to focus directly on the control approximation by considering feedback control
(policy) in a parametric form: a,(z) = A(z;6,), n=0,...,N — 1, for some given
function A(.,6,,) with parameters § = (6g,...,0n_1) € R?*Y  and minimize over
the parametric functional J(0) = E [2712/:—01 FXA, A(2;0,)) + g(Xjé,)} , where (X2),
denotes the controlled process with feedback control (A(.,6,)),. This approach was
first adopted in [19], who used EM algorithm for optimizing over the parameter 6,
and further investigated in [11], [8], [13], who considered deep neural networks (DNN)
for the parametric feedback control, and stochastic gradient descent methods (SGD)
for computing the optimal parameter 6. The theoretical foundation of these DNN
algorithms has been recently investigated in [12]. Let us mention that DNN approxi-
mation in stochastic control has already been explored in the context of reinforcement
learning (RL) (see [6] and [24]), and called deep reinforcement learning in the artificial
intelligence community [22] (see also [20] for a recent survey) but usually for infinite
horizon (stationary) control problems.

In this paper, we combine different ideas from the mathematics (numerical proba-
bility) and the computer science (reinforcement learning) communities to propose and
compare several algorithms based on dynamic programming (DP), and deep neural
networks (DNN) for the approximation/learning of (i) the optimal policy, and then
of (ii) the value function. Notice that this differs from the classical approach in DP
recalled above, where we first approximate the @-optimal state/control value func-
tion, and then approximate the optimal control. Our learning of the optimal policy is
achieved in the spirit of [11] by DNN, but sequentially in time though DP instead of
a global learning over the whole period 0,..., N — 1. Once we get an approximation
of the optimal policy, we approximate the value function by Monte-Carlo (MC) re-
gression based on simulations of the forward process with the approximated optimal
control. In particular, we avoid the issue of a priori endogenous simulation of the
controlled process in the classical @-approach. The MC regressions for the approx-
imation of the optimal policy and/or value function, rely on performance iteration
(PI) or hybrid iteration (HI). Numerical results on several applications are devoted to
a companion paper [3]. The theoretical contribution of the current paper is to provide
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a detailed convergence analysis of our two proposed algorithms: Theorem 4.6 for the
NNContPI algorithm based on control learning by performance iteration with DNN,
and Theorem 4.13 for the Hybrid-Now algorithm based on control learning by DNN
and then value function learning by regress-now method. We rely mainly on argu-
ments from statistical learning and non parametric regression as developed notably in
the book [10] to give estimates of approximated control and value function in terms of
the universal approximation error of the neural networks, and of the statistical error
in the estimation of network functions. In particular, the estimation of the optimal
control using the control that minimizes the empirical loss is studied based on the
uniform law of large numbers (see [10]); and the estimation of the value function in
Hybrid-Now relies on Lemma H.1, proved in [17], which bounds the difference between
the conditional expectation and the best approximation of the empirical conditional
expectation by neural networks. In practical implementation, the computation of
the approximate optimal policy in the minimization of the empirical loss function is
performed by a stochastic gradient descent algorithm, which leads to the so-called
optimization error, see e.g. [5], [15]. We do not address in the current paper this type
of error in machine learning algorithms, and refer to the recent paper [4] for a full
error analysis of deep neural networks training.

The paper is organized as follows. We recall in Section 2 some basic results about
deep neural networks (DNN) and stochastic optimization gradient descent methods.
Section 3 is devoted to the description of our two algorithms. We analyze in Section
4 the convergence of the algorithms. Finally the Appendices collect some Lemmas
used in the proof of the convergence results.

2. Preliminaries on DNN and SGD.

2.1. Neural network approximations. Deep Neural networks (DNN) aim to
approximate (complex nonlinear) functions defined on finite-dimensional space, and
in contrast with the usual additive approximation theory built via basis functions,
like polynomial, they rely on composition of layers of simple functions. The rele-
vance of neural networks comes from the universal approximation theorem and the
Kolmogorov-Arnold representation theorem (see [18], [7] or [14]), and this has shown
to be successful in numerous practical applications.

We counsider here feedforward artificial network (also called multilayer perceptron)
for the approximation of the optimal policy (valued in A C R?) and the value function
(valued in R), both defined on the state space X C R%. The architecture is represented
by functions z € X —— ®(z;0) € R°, with o = g or 1 in our context, and where 6
€ © C R? are the weights (or parameters) of the neural networks.

2.2. Stochastic optimization in DNN. Approximation by means of DNN
requires a stochastic optimization with respect to a set of parameters, which can be
written in a generic form as

(2.1) ir;fIE[L(Z;H)],

where Z is a random variable from which the training samples Z(™, m = 1,..., M
are drawn, and L is a loss function involving DNN with parameters § € RP, and
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typically differentiable w.r.t. # with known gradient DgL(Z(™).

Several algorithms based on stochastic gradient-descent are often used in practice
for the search of infimum in (2.1); see e.g. basic SGD, AdaGrad, RMSProp, or Adam.

In the theoretical study of the algorithms proposed in this paper, we did not
address the convergence of the gradient-descent algorithms, and rather assumed that
the agent successfully solved the minimization problem (2.1), i.e. minimized the
empirical loss Z%Zl L(Z™)) using (non stochastic) gradient-descent, a stochastic
gradient-descent method with many epochs or any other methods that allow over-
fitting. One can then rely on statistical learning results as in [10] and [17] that are
specific to neural networks. Notice that overfitting should be avoided in practice, and
so our framework remains theoretical.

3. Description of the algorithms. Let us introduce a set A of neural networks
for approximating optimal policies, that is a set of parametric functions z € X —
A(z; B) € A, with parameters 3 € R!, and a set V of neural networks functions for
approximating value functions, that is a set of parametric functions z € X +— ®(x; )
€ R, with parameters 6 € RP.

We are also given at each time n a probability measure u,, on the state space X,
which we refer to as a training distribution. Some comments about the choice of the
training measure are discussed in Section 3.3.

3.1. Control learning by performance iteration. This algorithm, refereed
in short as NNcontPI algorithm, is designed as follows:

Forn = N —1,...,0, keep track of the approximated optimal policies ax, k =
n+1,...,N—1, and approximate the optimal policy at time n by a,, = A(.; Bn) with

N-1
(31)  f, € argminE lf(Xn,A(Xn;B)) + Z FXL an(X)) + 9(X3)]
BER! k=n-+1

where X,, ~ fin, XgH = F(X,, A(Xp; 8),enq1) ~ PAXB (X, da'), and for k =
A1, N =1, X2, = F(XL,an(X]),e541) ~ PO (X7 da’). Given estimate
&]]y of ag, k =n+1,..., N — 1, the approximated policy a,, is estimated by using
a training sample (X,(lm),(al(ﬁ)l)k:]v_l), m=1,...,M of (Xn, (5k+1)k:N_1) for

k=n k=n

simulating (Xn, (X,erl)Zig_l), and optimizing 8 of A(;;8) € A, by SGD (or its
variants) as described in Section (2.2).

The estimated value function at time n is then given as

N—1
S AT a (X)) + g(XN) |

k=n

(32) VnM(JJ) = E]w

where Ej; is the expectation conditioned on the training set used for computing
. N
(d,iw ) &5 and (X o ’m)k is driven by the estimated optimal controls. The dependence
=n

of the estimated value function VnM upon the training samples X ]gm), form=1,..., M,
used at time k = n,..., N, is emphasized through the exponent M in the notations.
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Remark 3.1. The NNcontPI algorithm can be viewed as a combination of the
DNN algorithm designed in [11] and dynamic programming. In the algorithm pre-
sented in [11], which totally ignores the dynamic programming principle, one learns
all the optimal controls A(.;8,), n = 0,..., N — 1 at the same time, by performing
one unique stochastic gradient descent. This is efficient as all the parameters of all
the NN are getting trained at the same time, using the same mini-batches. However,
when the number of layers of the global neural network gathering all the A(.; 8,), for
n=0,...,N —1is large (say 27127:—01 ¢, > 100, where ¢,, is the number of layers in
A(., Brn)), then one is likely to observe vanishing or exploding gradient problems that
will affect the training of the weights and bias of the first layers of the global NN (see
[9] for more details). m|

Remark 3.2. The NNcontPI algorithm does not require value function iteration,
but instead is based on performance iteration by keeping track of the estimated opti-
mal policies computed in backward recursion. The value function is then computed
in (3.2) as the gain functional associated with the estimated optimal policies (a!)y.
Consequently, it provides usually a low bias estimate but induces possibly high vari-
ance estimate and large complexity, especially when NN is large. O

3.2. Control learning by hybrid iteration. Instead of keeping track of all the
approximated optimal policies as in the NNcontPI algorithm, we use an approximation
of the value function at time n + 1 in order to compute the optimal policy at time
n. The approximated value function is then updated at time n. This leads to the
following algorithm:

Hybrid-Now algorithm
1. Initialization: Vy = g
2. Forn=N-1,...,0,

(i) Approximate the optimal policy at time n by a, = A(.; 8,) with

(3:3) B € angin 2 [ (2, AX3 ) + Vs (X257
€

where X, ~ i, X;?J(riﬂ) = F(Xpn, A(X0n; 8),€nt1) ~ PA(Xn;ﬁ)(deI/)-
(ii) Updating: approximate the value function by NN:

(34) VM € argminE|f(X,,,a (X)) + VM (X20)) — ®(Xp;0)[

P(.;0)eV
. (m) y-ah" (m) _ ah’,(m) ant
using samples X5, 7, X, vV, m=1,...,M of Xy, ~ i, and X, 77 of X7,

The approximated policy a, is estimated by using a training sample (X,(Lm), sgﬁ)l),
m=1,...,M of (X,,e,,) to simulate (Xn,Xf_&iﬁ)), and optimizing A(.;3) € A

over the parameters 8 € R! and the expectation in (3.3) by stochastic gradient descent



NEURAL NETWORKS ALGORITHMS FOR STOCHASTIC CONTROL 7

methods as described in Section (2.2). We then get an estimate a2/ = A (.; B,]lw) . The
value function is represented by neural network and its optimal parameter is estimated
by MC-regression in (3.4).

3.3. Training sets design. We discuss here the choice of the training measure
1n used to generate the training sets on which will be computed the estimates. Two
cases are considered in this section. The first one is a knowledge-based selection,
relevant when the controller knows with a certain degree of confidence where the
process has to be driven in order to optimize her cost functional. The second case,
on the other hand, is when the controller has no idea where or how to drive the
process to optimize the cost functional. Separating the construction of the training
set from the training procedure of the optimal control and/or value function simplifies
the theoretical study of our algorithms. It is nevertheless common to merge them in
practice, as discussed in Remark 3.3.

Exploitation only strategy In the knowledge-based setting, there is no need for
exhaustive and expensive (in time mainly) exploration of the state space, and the
controller can directly choose training sets I'y, constructed from distributions pu,, that
assign more points to the parts of the state space where the optimal process is likely
to be driven. In practice, at time n, assuming we know that the optimal process is
likely to stay in the ball centered around the point m,, and with radius r,,, we choose
a training measure yu, centered around m,, as, for example N (m,,,r2), and build the
training set as sample of the latter.

Explore first, exploit later If the agent has no idea of where to drive the process
to receive large rewards, she can always proceed to an exploration step to discover
favorable subsets of the state space. To do so, I',,, the training sets at time n, for
n =20,...,N — 1, can be built by forward simulation using optimal strategies esti-
mated using algorithms developed e.g. in [11]. We are then back to the Exploitation
only strategy framework. An alternative suggestion is to use the approximate policy
obtained from a first iteration of the hybrid-now algorithm, in order to derive the
associated approximated optimal state process, XM In a second iteration of the
hybrid-now algorithm, we then use the marginal distribution usll) of X,(ll). We can
even iterate this procedure in order to improve the choice of the training measure fi,,
as proposed in [19].

Remark 3.3. For stationary control problems, which are the common framework
in reinforcement learning, it is usual to combine exploration of the (state and ac-
tion) space and learning of the value function by drawing the mini-batches under the
law given by the current estimate of the @-value plus some noise (commonly called
e-greedy policy). In practice, this method works well, and offers a flexible trade-off
between exploration and exploitation. It looks however challenging to study its per-
formance theoretically because it mixes the gradient-descent steps for the training of
the value function and the optimal control. Also, note that this method is not easily
adaptable to finite-horizon control problems.
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4. Convergence analysis. This section is devoted to the convergence of the
estimator VnM of the value function V,, obtained from a training sample of size M and
using DNN algorithms listed in Section 3.

Training samples rely on a given family of probability distributions pu, on X, for
n=0,...,N, refereed to as training distribution (see Section 3.3 for a discussion on
the choice of u). For sake of simplicity, we consider that u, does not depend on n,
and denote then by p the training distribution. We shall assume that the family of
controlled transition probabilities has a density w.r.t. u, i.e.,

Pz, dz’) = r(z,a; 2" ) u(d’).

We shall assume that r is uniformly bounded in (z,2',a) € X? x A, and uniformly
Lipschitz w.r.t. (z,a), i.e.,

(Hd) There exists some positive constants ||r||. and [r], s.t.

[r(x,a;2")| < ||7|loo, Vz,2' € X, a €A,

Ir(z1,a1;2") — r(xe, a2;2")| < [r], (|21 — 22| + |a1 — az|), Vzi,z2 € X, a1,a2 € A.

Remark 4.1. Assumption (Hd) is usually satisfied when the state and control
space are compacts. While the compactness on the control space A is not explicitly
assumed, the compactness condition on the state space X’ turns out to be more crucial
for deriving estimates on the estimation error (see Lemma 4.10), and will be assumed
to hold true for simplicity. Actually, this compactness condition on X can be relaxed
by truncation and localization arguments (see proposition A.1 in Appendix A) by
considering a training distribution p such that (Hd) is true and which admits a
moment of order 1, ie. [ |y|ldu(y) < +oc. O

We shall also assume some boundedness and Lipschitz condition on the reward func-
tions:

(HR) There exists some positive constants || f||co, [|gllcos [f],, and [f], s.t.

|f(z,a)] < |[[flloos 19(2)] < |9l YT € X, a €A,
|[f(z1,a1) = f(@2,a2)] < [f], (|21 — 22| + |a1 — azl),
lg(x1) — g(z2)] < gl |lx1 — 22|,  Vai,22 € X, a1,a2 € A,

Under this boundedness condition, it is clear that the value function V,, is also
bounded, and we have: |V, ]loc < (N —n)||fllco + ||9]loo, for n € {0,..., N}.

We shall finally assume a Lipschitz condition on the dynamics of the MDP.

(HF) For any e € E, there exists C(e) such that for all couples (z,a) and (z/,a’) in
X x A:

F(z,a,¢) — F(a/,d,e)] < C(e) (j — 2'| +|a — ')

For M € N*, let us define ppy = E [ sup C(sm)} , where the (e™),, is a i.i.d.
1<m<M
sample of the noise €. The rate of convergence of pps toward infinity will play a crucial

role to show the convergence of the algorithms.
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Remark 4.2. A typical example when (HF) holds is the case where F is defined
through the time discretization of an Euler scheme, i.e. F(z,a,¢) := b(x,a)+0o(z,a)e,
with b and o Lipschitz-continuous w.r.t. the couple (z,a), and € ~ N(0, I;), where
1 is the identity matrix of size d x d. Indeed, in this case, it is straightforward to see
that C(g) = [b]r + [o]L||€lla, where [b]r and [o] stand for the Lipschitz coefficients
of b and o, and ||.||4 stands for the Euclidean norm in R¢. Moreover, one can show
that:

(4.1) pu < [b]L + d[o]p/21og(2dM),

which implies in particular that pps it @ ( log(M )) . Let us indeed check the
— 400

inequality (4.1). For this, let us fix some integer M’ > 0 and let Z := sup |€]"]
1<m< M’

where €7 are i.i.d. such that e} ~ A(0,1). From Jentzen inequality to the r.v. Z and
the convex function z — exp(tz), where ¢t > 0 will be fixed later, we get

2

M/
m m ! t
B < E [exp (tZ)] <E [ sup exp (t[e] |)] < E E[exp (tler |)} < 2M'exp (5)7

1<m< M’ oo

where we used the closed-form expression of the moment generating function of the
folded normal distribution® to write the last inequality. Hence, we have for all ¢t > O:

E[z] < 283 |t

t 2
We get, after taking t = \/2log(2M'):
(4.2) E[Z] < \/2log(2M").

Since inequality ||z < d||7||e holds for all z € RY, we derive
B[ sw 0] <P+ dioh] s @],
1<m<M 1<m<dM

and apply (4.2) with M’ = dM, to complete the proof of (4.1).

O

Remark 4.3. Under (Hd), (HR) and (HF), it is straightforward to see from the
dynamic programming formula 1.3 that V,, is Lipschitz for all n = 0,..., N, with a
Lipschitz coefficient [V,]r that can be bounded by standard arguments as follows:

Vnle = [glc
_ _N-n
[V’l]L S min ([f]LJ'_HV’lHOC[T]L ) plllil +in7n[g]L> ) forn:07...7N—17

P1

using the usual convention 11*_””: = pforp € N* and z = 0. The Lipschitz continuity of

V., plays a significant role to prove the convergence of the Hybrid algorithms described
and studied in section 4.2. o

aThe folded normal distribution is the one of |Z| with Z ~ ANi(u,0). Its moment generating
function is given by t — exp ("2;2 +,ut) [1-® (£ —0t)] + exp (# — ,ut) [1-@ (& -at)],
where @ is the c.d.f. of N1(0,1).
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4.1. Control learning by performance iteration (NNcontPI). In this
paragraph, we analyze the convergence of the NN control learning by performance
iteration as described in Section 3.1. We shall consider the following set of neural
networks for approximating the optimal policy:

(43) U ={re X > A B) = (Ai(@:8),..., 44(x:8)) € A,
K
Ai(x;ﬁ):O'A(Zcij(aij.l'-i-bij)++Coj), 1=1,...,q,

j=1

K
[3 = (aij,bij,cij)iﬂj, aij € ]Rd7 HLLWH < T];bij7c’ij S R, Z |Cij| < "y},

i=0
where |.|| is the Euclidean norm in R%. Note that the considered neural networks have
one hidden layer, K neurons, Relu activation functions, and o, as output layer. ~
and 7 are often referred to in the literature as respectively total variation and kernel.
The activation function o4 is chosen depending on the form of the control space A.
For example, when A = RY, we simply take o4 as the identity function; when A =

q

R4, or more generally in the form A = H[ai, 00), one can take the component-wise
i=1
Relu activation function (possibly shifted and scaled); and when A = [0, 1]%, or more
q
generally A = H[ai, b;], for a; < b;, i = 1,...,q, one can take the component-wise
i=1
sigmoid activation function (possibly shifted and scaled); when A is a discrete space
corresponding to discrete control values {a1,---,ar}, we may consider randomized
control, hence valued in the simplex of A of [0,1]¥, and use a softmax output layer
activation function for parametrizing the discrete probabilities valued in A (such al-
gorithm, called ClassifPI, has been developed in [3]; see also [9] on softmax output for
classification problems, and [1] about softmax policies for action selection and possible
improvements.)

Let Kas, nas and ~yas be sequences of integers such that

_ _ _o [log(M)
4.4 K SN d N—-1_N-1 _N-2 [Y5\"") - .
( ) M, M T M —o00 oo an Pru T T M M—o0

We denote by Aps := "A)™ the class of neural network for policy as defined in (4.3)
with parameters 1y, Ky and s that satisfy the conditions (4.4).

Remark 4.4. In the case where F is defined in dimension d as: F(z,a,e) =
b(z,a) + o(x,a)e, we can use (4.1) to get: ph, " o o ( 1og(M)N_n) . O

:Jroo
Recall that the approximation of the optimal policy in the NNcontPI algorithm is
computed in backward induction as follows: Forn = N —1,...,0, generate a training
sample for the state Xflm), m=1,..., M from the training distribution y, and samples

M,N
] m ?
of the exogenous noise (ak )m:l,k:nJrl'

e Compute the approximated policy at time n

~ . m m >-(m), A
(4.5) al € argmin; >0, [f(Xfl LAX)) + 10
A€ Anm
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where
N—-1
o (m),A m),A m),A m),A
(4.6) v = 3 f(X,§> ,a,‘y(X,g) ))+g(X}V> )
k=n+1

with (X]gm)’A)iv:nH defined by induction as follows, for m=1,..., M:

XU = F(X A )
XA = P A ) ), fork=nt2,. N,

e Compute the estimated value function VM as in (3.2).
Remark 4.5. Finding the argmin in (4.5) is highly non-trivial and impossible in

real situation. It is slowly approximated by (non stochastic) gradient-descent, i.e.
with one large batch of size M, for which some convergence results are known under
convexity or smoothness assumptions of F', f, ¢g; and is approximated in practice by
stochastic gradient-descent with a large enough number of epochs. We refer to [15]
for error analysis of stochastic gradient descent optimization algorithms. In order
to simplify the theoretical analysis, we assume that the argmin in (4.5) is exactly

reached. Our main focus here is to understand how the finite size of the training set
affects the convergence of our algorithms. O

We now state our main result about the convergence of the NNcontPI algorithm.

THEOREM 4.6. Assume that there exists an optimal feedback control (azpt)fg\:ﬂl

for the control problem with value function V,, n = 0,..., N, and let X,, ~ u. Then,
as M — ooP

N—-—n—1_N-n—1, N-—n—2
IE[VM(XH)—Vn(Xn)} _@(PM Tm M

VM
(4.7)

+ su inf EAX,) — a°Pt(X ,
nheN 1A€A [1A(Xk) — a3 ( k)|]>

where B stands for the expectation over the training set used to evaluate the approz-
imated optimal policies (d,]y)ngkggv,l, as well as the path (Xp)n<k<n controlled by
the latter. Moreover, as M — oo°

—n— —n— —n— log(M
IEM[VHM(XR)—Vn(Xn)hOD»(pﬁ YAy 8(M)

M

(4.8)

+  su inf E[|A(X:) — aP(X ,
e AT [JA(XR) = a” (X)]]
where Ep; stands for the expectation conditioned by the training set used to estimate
the optimal policies (d,]y)ngkggv,l.

bThe notation zp; = O(yas) as M — oo, means that the ratio |zas|/|yas| is bounded as M goes
to infinity.

°The notation zp; = Op(yay) as M — oo, means that there exists ¢ > 0 such that P(|za| >
clym|) — 0 as M goes to infinity.
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N—n—1_N-n—1_N-n—2
Remark 4.7. 1. The term 2M s i Y should be seen as the estimation
error. It is due to the approximation of the optimal controls by means of neural
networks in Ajps using empirical cost functional in (4.5). We show in section B that
this term disappears in the ideal case where the real cost functional (i.e. not the

empirical one) is minimized.

2. The rate of convergence depends dramatically on N since it becomes exponen-
tially slower when NN goes to infinity. This is a huge drawback for this performance
iteration-based algorithm. We will see in the next section that the rate of convergence
of value iteration-based algorithms does not suffer from this problem. a

Comment: Since we clearly have V;, < VnM , estimation (4.7) implies the convergence
in L! norm of the NNcontPI algorithm, under condition (4.4), and in the case where

inf E[|A(X:) — aP"(X)|]] ———— 0
JSup i BIACG) — P (Xl

. This is actually the case under some regularity assumptions on the optimal controls,
as stated in the following proposition.

PROPOSITION 4.8. The two following assertions hold:

1. Assume that a;?* € L' (u) for k =n, ..., N — 1. Then

3 _ opt
(4.9) ng:lgljpifflAlerj{ME“A(Xk) ay™ (Xr)|] ST 0.

2. Assume that the function azpt is c-Lipschitz for k =n,...,.N — 1. Then

inf E[NA(X.) — a®P( X
"S:lﬁllpifflAlervl‘\M [l ( k) ay ( k)']

—2d/(d+1) B
(4.10) B e )
Proof. The first statement of Proposition 4.8 relies essentially on the universal ap-

proximation theorem, and the second assertion is stated and proved in [2]. For sake
of completeness, we provide more details in Appendix E. O

Remark 4.9. The consistency of NNContPI is proved in Theorem 4.6, but no
results on its variance are provided. We refer e.g. to Section 3.2 in [3] to observe the
small variance of NNContPI for a linear quadratic problem in dimension up to 100.

The rest of this section is devoted to the proof of Theorem 4.6. Let us introduce
some useful notations. Denote by A¥ the set of Borelian functions from the state space

X into the control space A. Forn =0,..., N—1, and given a feedback control (policy)

N-—-1
,,,,, N—1, with Az in A¥, we denote by J,SA'“)’C:" the

cost functional associated with the policy (Ag)x. Notice that with this notation, we
“ ~M\N—1

have VnM = Jr(La’c Je=n . We define the estimation error at time n associated with the

NNContPI algorithm by

represented by a sequence (Ag )=

A (ap)p!

[ FOXI, AX™)) + Y,fffvﬂ — B [ i (x)

n n

)
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with X, ~ p: It measures how well the chosen estimator (e.g. mean square estimate)
can approximate a certain quantity (e.g. the conditional expectation). Of course we
expect the latter to cancel when the size of the training set used to build the estimator
goes to infinity. Actually, we have

LEMMA 4.10. Forn =0,...,N — 1, the following holds:
(N =)l flloo + llgll=)
vM

—n— N—n—1
16 1—ph " (1+naym) N-n-1 N-n
+ flo | 1+pm + (L+narym gl
i {[ ] < p B Cw— (14naryar) Par 1]

Eleptn] < (V2+ 16)

(4.11)

N—-n—1_N-n—1_N-n—2
:(9<pM 28V, Y ), as M — oo.

VM

This implies in particular that

. log(M
(112) =0 (pﬁvﬁnﬁ Los(AD) )>, as M = o0,

where we recall that ppr = E [ sup C(sm)] is defined in (HF).
1<m<M

Proof. The relation (4.11) states that the estimation error cancels when M — oo

N—n—1_N-n—1_N-n—2
with a rate of convergence of order O(p M a7 NeTi Y ) The proof is in the

spirit of the one that can be found in chapter 9 of [10]. It relies on a technique of
symmetrization by a ghost sample, and a wise introduction of additional randomness
by random signs. The details are postponed to Section C in the Appendix. The proof
of (4.12) follows from (4.11) by a direct application of the Markov inequality. O

Let us also define the approximation error at time n associated with the NNCon-
tPI algorithm by

(4.13)  efPPr% .= inf E AL, X.)] = inf E [ A @ (X,)
. Pln o ACq,, M n n Pore? M n ),
where we recall that Ey; denotes the expectation conditioned by the training set used

to compute the estimates (d%)kN:_nlJrl and the one of X, ~ p.

epo ™ measures how well the regression function can be approximated by means of
neural networks functions in Ays (notice that the class of neural networks is not dense

in the set A" of all Borelian functions).
LEmMMA 4.11. Forn =0,...,N — 1, the following holds as M — oo,
(4.14)

prnfl,nynflann72 "
Elegihr> =0 (P v inf E[JA(Xk) —a (X )
[epTn ] < Nivi oo Lnf [[A(Xk) = a™" (X5)]

This implies in particular
log(M
E?ip;ox — OIP’ <pJA\2—n—17A]\2—n—ln]]\V4—n—2 g]\(4 )

4.15 inf ENAX _ opt X '
(4.15) +HS:£71A£AM [JA(Xk) — a™( k)|])
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Proof. See Appendix D for the proof of (4.14). (4.15) is a direct application of the
Markov inequality. ]

Proof of Theorem 4.6. N

Step 1. Let us denote by j:z\(/?k L - 4 M {f(X,(lm),A(X,(zm))) + Y,ffl)’ﬂ,
the empirical cost function, from time n to NV, associated with the sequence of controls
(A, (dﬂ/[)g:_nlﬂ) and the training set, where we recall that Yé;nl)A is defined in (4.6).
We then have

S MA\N SM\N-—1
Hag!) M

E [VM(X )] -k |: (dkM)kN;ll(X )] - J k:inl _|_j(‘1k Ve=n
M| Vn n M |Jn n n,M n,M

(AA{)Nfl

(4.16) <efi + jn‘j& k=n

by definition of V;™ and 5%5&. Moreover, for any A € Ay,

N d]\/f N—-1 N &M N-—1 &M N-—1 &M N-—-1
AR R [R5 ) 4y [0, )
. GMyN -1
(4.17) < e, + B[220 ().
JA (GMYN-1
Recalling that @ = argmin J: ’J&[k )’“:"“, and taking the infimum over Ajy; in the
AeAm
Lh.s. of (4.17) first, and in the r.h.s. secondly, we then get
j(&ﬁl)kN;ll < Eesti + inf E |:JA>(&kM)ZkV::zl+1(X )}
n,M — “PI,n AE Ay M |JIn n)l-

Plugging this last inequality into (4.16) yields the following estimate

(A]W N-—1

(4.18) Ear [V (Xa)] = infaca, g [T F 5 (X)) < 2egfh,

Step 2. By definition (4.13) of the approximation error, using the law of iterated
conditional expectations for J,,, and the dynamic programming principle for V,, with
the optimal control aSP' at time n, we have

dNI
inf By [

)ZkV::zlJrl
A Ay (Xn)} - EM[Vn (Xn)]

approx | (@t
= e+ it Ear{ £(Xa, AX) + B2 255 (X))

— g [£(X, a3 (X)) + B3 [V (X))
(A]W N-—-1

opt ) .
< e+ Bl (20 ) = Vi (),

where EA[.] stands for the expectation conditioned by X,, at time n and the training
set, when strategy A is followed at time n. Under the bounded density assumption
in (Hd), we then get

inf By [

2/1)11::1+1
ACAn (Xn)] _EM[Vn(Xn)]

approx (&ﬁl)kN;nl+1 / ! /
<epin A+ Il [ [0 () = Vo (2")] p(da’)

(4.19) <eprn o+ IrllocEar {an\ﬁl(xnﬂ) - Vn+1(Xn+1)]7 with X1 ~ p.
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Step 3. From (4.18) and (4.19), we have

En [V (Xa) = Va(X0)] = Enr [V (X)) = inf Ew [0 (@ i (X))

A (ak )k n41
f Eumldn o+ X)) | — Epm| Vi (X,
+ inf | (X)] = B[V (X))

(4.20) < 26885, + e+ llrllocEar [V (Xns1) = Va1 (Xnsr)|.

By induction, this implies

N—-1
En [V (Xn) = Va(Xn)] < ) (2650 + el0).

k=n

Use the estimations (4.12) for e, in Lemma 4.10, and (4.15) for g’ in Lemma
4.11, and observe that V,,(X,) > V,,(X,) holds a.s., to complete the proof of (4.8).
Finally, the proof of (4.7) is obtained by taking expectation in (4.20), and using
estimations (4.11) and (4.14). O

4.2. Hybrid-Now algorithm. In this paragraph, we analyze the convergence
of the hybrid-now algorithm. We shall consider the following set of neural networks
for the value function approximation:

Mw

m7 ::{xeXn—MI)xH cio(a;.x + b;) + co,

i=1

0 = (ai,bi,ci)i; |lail <n, b; €R, Z les] < 7}-
=0

Let nas, Kas and ~yas be integers such that:

Yar K log(M) i p%mar log(M)

(4.21) v, vms Ky BYEUs s.t. % , Y Y. 0,
with pas defined in (HF).

In the sequel we denote by Vjs := qu;?{z\; the space of neural networks for the
estimated value functions at time n = 0,..., N — 1, parametrized by the values 7,
~vuv and Kjy that satisfy (4.21). We also consider the class Ay of neural networks for
estimated feedback optimal control at time n = 0,..., N — 1, as described in Section

4.1, with the same parameters nps, yasr and K.

Recall that the approximation of the value function and optimal policy in the
hybrid-now algorithm is computed in backward induction as follows:
o Initialize V¥ = g
e Forn = N —1,...,0, generate a training sample Xr(Lm), m =1,..., M from the
training distribution p, and a training sample for the exogenous noise 55:1)1, m =
1 M.

geeey
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(i) compute the approximated policy at time n

M

. .1 m m m
all € argmin — Y [F(X, AX[™)) + VML (X))

AcAn m=1

where X% = P(XI™, AXS™), M) ~ PAKT) (XM da).

(ii) compute the untruncated estimation of the value function at time n

M

( / : 1 m) ~ m m U« m 2
VM € argmin 7 37 [ FOXM, 6 (X)) + VL (G — (X))
M m=1

and set the truncated estimated value function at time n

(4.22) VM = masx (min (V2 Vi), = [ Valloc ).

Remark 4.12. Notice that we have truncated the estimated value function in
(4.22) by an a priori bound on the true value function. This truncation step is natural
from a practical implementation point of view, and is also used for simplifying the
proof of the convergence of the algorithm. ]

We now state our main result about the convergence of the Hybrid-Now algorithm.

THEOREM 4.13. Assume that there exists an optimal feedback control (a Opt)g nl

for the control problem with value function V,,, n = 0,..., N, and let X,, ~ u. Then,
as M — 400

En [V (Xn) = Val(X0) ]
KM log ) 72(1\117") 4 P%\/ﬂﬁw log(M) 74(N17n)
g BN T

1
+ sup inf (EM“‘I)(X]@)—Vk(Xk)|2:|)2(N7n)
n<k<N ®€Vum

n<k<N A€AM

(4.23) + sup  inf (E[|A<Xk>—azpt<xk>|})2‘”’”>,

where Ey; stands for the expectation conditioned by the training set used to estimate
the optimal policies (G} )n<k<n—1-

Remark 4.14. The consistency of Hybrid-Now is proved in Theorem 4.13, but no
results on its variance are provided. The stability of Hybrid-Now has nevertheless
been observed numerically in [3], and we refer e.g. to its Section 3.2 to observe the
small variance of Hybrid-Now in a linear-quadratic problem in dimension up to 100.

Comment: Theorem 4.13 states that the estimator for the value function provided by
the hybrid-now algorithm converges in L' (1) when the size of the training set goes to

1 1
infinity. Note that ( 1 M) M and i %log(w e

estimation error made by estimating empirically respectively the value functions and

stand for the
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the optimal control by neural networks; also: sup inf \/ E [|<I>(X k) — Vie(Xk)?
n<k<N ®€Vm

and sup inf E||A(Xg) — aj?"(Xy)||are the approximation error made by esti-
n<k<N A€AM

mating respectively the value function and the optimal control by neural networks.

In order to prove Theorem 4.13, let us first introduce the estimation error at time
n associated with the Hybrid-Now algorithm by

LS 700, 4G + 5]

m=1

— Edrnx, {f(Xn, A(Xn) + Vi (Xn+1)} ’7

esti

€HN,n = Sup

A€ Anm

where Yn(fl) A= M (Xr(ﬁ:)1 ), and ng:)lA =F (X,(Lm),A(X,(lm)),aZZrl). We have

the following bound on this estimation error:

LEmMMA 4.15. Forn = 0,...,N — 1, the following holds:

(V2+16) (N = n)|| fllso + llgllec) + 16[f]z n 16PM77M712\4
VM VM

E [efX,] <

2
_ PMTMY

ww = oftmnk)

Proof. See Appendix F. m]

Remark 4.16. The result stated by lemma 4.15 is sharper than the one stated in
Lemma 4.10 for the performance iteration procedure. The main reason is that we can
make use of the ypsnar-Lipschitz-continuity of the estimate of the value function at
time n + 1. O

We secondly introduce the approximation error at time n associated with the
Hybrid Now algorithm by

SR e i Ea (X ACG)) + V8] - inf B[ (X ACG) + V],

where Yn+1 = Vn+1( (Xn, A(Xy),en41)). We have the following bound on this
approximation error:

LEMMA 4.17. Forn = 0,...,N — 1, the following holds:

eing < (/e + [Vasilloolr]z) inf Eas [[A(Xn) — apP* (X)]]

(4.25)

+ 2l oBa | [Vt (Xns1) = VA (Xns)]] -

Proof. See Appendix G. |

Proof of Theorem 4.13
Observe that not only the optimal strategy but also the value function is estimated
at each time step n = 0,..., N — 1 using neural networks in the hybrid algorithm. It
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spurs us to introduce the following auxiliary process (V,M)N_ defined by backward
induction as:

VM(z) =g(x), forzeX,
VM(z) = f(x,aM(x)) + E{Vn]\ffl(F(x, d%(m),anﬂ))}, forx € X,

and we notice that for n = 0,..., N — 1, VM is the quantity estimated by VnM.
Step 1. We state the following estimates: for n = 0,..., N — 1,

(4.26)
0 < Bag [V = inf { (X 0) 4 B, [ ()] ] < 26+
and,
_ R 2
(4.27) Ear ||V (Xa) = inf {F(Xa, @) + Efp x, [V (Xo)] }] ]

< 2((NV = m)lIf oo + lglloc) (2258, + £1E)
where Ejy ., x,, stands for the expectation conditioned by the training set and X,.

Let us first show the estimate (4.26). Note that inequality

VM (X) = inf { £(X0, @) + By, [V (Xain)] } > 0

holds because @M cannot do better than the optimal strategy. Take its expectation

to get the first inequality in (4.26). Moreover, we write

En [V(X0)] < Ear [£ (X0 (X)) + V2, (X0,

< nf By [f (X, ACG)) + V2, (XA + 255800
AeApnr ’

which holds by the same arguments as those used to prove (4.18). We deduce that
Ex [V (X)] < inf Ear [ (X AQX)) + V2 (X010) | + 00 + 2670

S EM [in

o {1 0600+ B 12 (o) 0] }] 50+ 2

This completes the proof of the second inequality stated in (4.26).
On the other hand, noting:

VM (Xn) = int { (X, 0) + By [VA (Xs1)| X }‘ < 2((N = )| flloo + llglc) -

and using (4.26), we obtain the inequality (4.27).
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Step 2. We state the following estimation: for all n € {0,..., N}

4.28 Xn) - VM(X,
@2s) |7 - v )| |
log M
= o]p( G 2y e TG VI (Xl
: opt ¥
+ Alengx \/HA(X - a"p n)HM,l + \/’ VnJrl(XnJrl) - VnI\J{l(XnﬂLl)HMJ)v
1
where ||.||a,p = (IEM [||p]) ", ie. |.|arp stands for the LP norm conditioned by

the training set, for p € {1,2}. The proof relies on Lemma H.1 and Lemma H.2 (see
Appendix H).

Let us first show the following relation:
(4.29)

EM“VHM(Xn)—VnM(Xn)‘Q}—OP<7}4\4KM10g]\(4M)+<D€VM [|‘I)( n)— VnM(Xn)|2})-

log(M

For this, take dp = 73, K , let 0 > dps, and denote

Qq :{f_g:fEVMai Z ’f(xm)_g(xm)‘2—
m=1

AN
gm‘ («%)
—

Apply Lemma H.2 to obtain:

V3 u 1/2
/ log (Ng (—,Qg,xi\‘[)) du
c268/v%, 47M
1/2
/ log (Nz( VM,ZC¥>) du
026/7M TM

48¢y2, (K + 1
/ ((4d+ 9)Kag + 1) |1og (2320 Unr £1)
25/’YM u

IN

1/2
du

IN

4 1/2
< / ((4d+9)Knr +1)"* [log (48e77M(KM + 1))] du
026/71\/1

< Vo((4d+9)Kas + 1) [log (48ei, M (Kpr +1))]°

(4.30) < esVo\/Kar/log(M),

where N2 (e, V, ) stands for the e-covering number of V on x, which is introduced
in section H, and where the last line holds since we assumed 751‘/’ —— 0. Since §

M M—0
> 0y = ”yﬁ/jK ( ). we then have V3K M/ log(M 2 % which implies that
(H.1) holds by (4.3 ) Therefore by application of Lemma H 1 the following holds:
o M M 2] _ 4 log(M) oM 2
Bar |72 00 = 046 = O (e rar B0+ it B2, - V06,0 ).

It remains to note that Eps DVHM(XH) - VnM(Xn)IQ} < En [}VnM(Xn) - VnM(Xn)}2]
always holds, and this completes the proof of (4.29).
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Next, let us show

(| 2(X0) = Va(Xon)] ]

Ky log(M) .
_ 2 _
=0 (”yM T | Sup o N2(Xn) = Va(Xn)llar2

(431)-‘1- Aierij Enm HA(Xn) — azpt(Xn)H + ‘ Vn-i-l(Xn-i-l) - Vn]\—{l(Xn-i-l)HM)2 )

For this, take some arbitrary ® € Vj,; and split

. =M .
@3 ) - TG, € 1905~ V(X
(4.33) + ||[Va(Xn) — VnM(X")HM,2 :

To bound the last term in the r.h.s. of (4.32), we write

V(X = VM (X0

< [ = iut {7 (s + B [ () ] }Hm
" ggg{f(Xn,a)—i—IEﬁJ [V,ﬁl (Xn+1) |Xn}} - VM(X,) o

Use the dynamic programming principle, assumption (Hd) and (4.27) to get:

1V () = VA (X < o |

Vn—i—l(Xn-l-l) - Vn]\—{-l (Xn—i-l)

HM,2

2O = e+ gl (2558, + <S5,

We then notice that

~ M 2

Vi1 (Xng1) — Vn-l-l(Xn-i'l)‘

(4.34) < 2|rfloo (N =) [ flloo + lgllo0) [Virt1 (Xns1) = Vi1 (Xng1)
holds a.s., so that

IV (Xn) = Va5 ()|

< 20l (=)o + )|

Viod (Xoiq) — VM (X, H
+1( +1) n+1( +1) M

2O = e+ Dloe) (2658, + <SR,

approx

and use Lemma 4.17 to bound }y",,"- By plugging into (4.32), and using the estima-
tions in Lemmas 4.15 and 4.17, we obtain the estimate (4.31). Together with (4.29),
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this proves the required estimate(4.28). By induction, we get as M — oo,

1 1
~ Karl M 2(N —n) 2 21 M I(N—n)
Ea [V (X0) = Va (o) ] =Op<(ﬁ47”’ o )) + (ﬁwipwﬂjg( ))

1
+ oswpinf (Eag[le(x) - vi(xP])
n<k<N ®EVum

+ sup inf (E[|A(Xk) — azpt(Xk”Dm )a

n<k<N AcAm

which completes the proof of Theorem 4.13. m|

5. Conclusion. This paper develops new machine learning algorithms for high-
dimensional Markov decision processes. We propose and compare two algorithms
based on dynamic programming, performance/hybrid iteration and neural networks
for approximating the control and value function. The main theoretical contribution is
to provide a detailed convergence analysis for each of these algorithms: by using least
squares neural network regression, we state error estimates in terms of the universal
approximation error of neural networks, and of the statistical risk when estimating
the network function. Numerical tests on various applications are presented in a
companion paper [3].

Appendix A. Localization.

In this section, we show how to relax the boundedness condition on the state
space by a localization argument.

Let R > 0. Consider the localized state space By (0,R) := X N {||z|l« < R},
where ||.||4 is the Euclidean norm of R?. Let (X")O<n<N be the Markov chain defined
by its transition probabilities as

P ()_(n_H € O’Xn = x,a) = /Or(x,a;y)dmg ou(y), forn=0,...,N—1,

for all Borelian O in BY (0, R), where 7g is the Euclidean projection of R? on

Bf (0, R), and mR o u is the pushforward measure of p. Notice that the transition
probability of X admits the same density r, for which (Hd) holds, w.r.t. 7 o .

Define (V,1?),, as the value function associated with the following stochastic control

problem for (Xn)i:[:o:

Vi) = g(x),
(A.1) _ = 7
VE@) = fféi; E Z f(Xk,ak) —i—g(XN)] , forn=0,...,N —1,
k=n

for x € BY (0, R). By the dynamic programming principle, (V,f?),, is solution of the
following Bellman backward equation:

Vit (z) = g()
o

(z) = inf {f(ac,a)—i—EZ [Vnil(wR(F(x,a,anm))]}, Va € BY(0, R).

a€h
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We shall assume two conditions on the measure pu.
(Hloc) p is such that:

E[lrr(X) = X|]] —— 0 and P(|X|>R) ——0, where X ~ p.
R—o0 R—o00

Using the dominated convergence theorem, it is straightforward to see that (Hloc)
holds if p admits a moment of order 1.

PropPOSITION A.1. Let X,, ~ u. The following holds:

E[ [V (mr(X0)) = Va (X
L [P
< Voo (I E I (Xn) = Xl + 28 (1X] > R) )
+ gLl & E [Imr(Xn) — Xal],
where we denote ||[V]|eo = sup ||Vi|oos ' 117_””: =pforz=0
0<k<N

and p > 1. Consequently, fo_r alln = 0,....,N, we get under (Hloc):

E[ VE (X)) — Vo (X,)

} — 0, where X, ~ p.
R—oo

Comment: Proposition A.1 states that if X is not bounded, the control problem
(A.1) associated with a bounded controlled process X can be as close as desired, in
L' (1) sense, to the original control problem by taking R large enough. Moreover, as
stated before, the transition probability of X admits the same density r as X w.r.t.
the pushforward measure 7 o p.

Proof of Proposition A.1. Take X, ~ u and write:
E| [V (ra(Xa)) = Va(X0)|| < B [[TR(X0) = Va(X0) 1, 1<5]
(A.2) +E [|[V.E(mr(Xn)) = Va(Xn) |1 1x, 58] -

Let us first bound the first term in the r.h.s. of (A.2), by showing that, for n =
0,...,N—1:

E HVnR(Xn) - Vn(Xn)‘]lan\SR} < ||T||oo [’ n+1 n+1)) - Vn+1(Xn+l)”
(A.3) + eVt il B [ITr(Xnt1) — Xngal], with X1 ~ p.

Take x € B4(0, R) and notice that

750) = Vato)| < it { [ V5 (om0 = Vooa )] o, 7))
+ [ Wans)lrte.aimaty) - vl ) du(y)}

<rllooB [V (7(Xn41)) = Virr (Xng1)|]
+ [P VasillooE [|7Tr(Xnt1) — Xng1l],  where Xy i1 ~ p.

It remains to inject this bound in the expectation to obtain (A.3).
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To bound the second term in the r.h.s. of (A.2), notice that
VR (R (X0)) = Va(Xa)| < 20Valloc
holds a.s., which implies:
(A.4) E [|[ViH(mR(Xn) = Va(Xa)[Lix,12R] < 2[VallocP (1Xal > R).
Plugging (A.3) and (A.4) into (A.2) yields:

E [V (rr(X0) = Va(Xo)|| < 17l || Vs (7 (X41)) = Virs (X
+ 1l Vit B [m(Xo4) = X} + 20 VallooP (1 Xl > R),

with X,, and X, 4; i.i.d. following the law p. The result stated in proposition A.1
then follows by induction. O

Appendix B. Forward evaluation of the optimal controls in Aj,.
We evaluate in this section the real performance of the best controls in Aj;. Let
(atm )2/:—01 be the sequence of optimal controls in the class of neural networks Ay,

AM)N—1

and denote by (J;A*)o<,<n the cost functional sequence associated with (a;™)N_

and characterized as solution of the Bellman equation:

3 (@) = g(a)
T (@) = inf {f(@, A@) + Eotx [T (X))}

A€ Anm

where Eﬁ, x, ['] stands for the expectation conditioned by X,, and when the control A
is applied at time n.

In this section, we are interested in comparing JA* to V,,. Note that V,,(z) <
JAM (2) holds for all € X, since Ay is included in the set of the Borelian functions
of X. We can actually show the following:

PROPOSITION B.1. Assume that there exists a sequence of optimal feedback con-
trols (a2P*)o<n<n—1 for the control problem with value function Vi, n = 0,...,N.
Then the following holds, as M — oco:

B1) E[RO0) V(X)) =0 s i B[4 - o (X))

Remark B.2. Notice that there is no estimation error term in (B.1), since the
optimal strategies in Ajys are defined as those minimizing the real cost functionals in
Ay, and not the empirical ones. O

Proof of Proposition B.1. Let n € {0,....,N — 1}, and X,, ~ u. Take A € Ay,
and denote JA(X,) = f(z,A(z)) + E2 ¢ [J;¥(Xnt1)]. Clearly, we have Ji» =
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min JA Moreover:
Ae Ay

B[ (X0) = Va(X0)| < E[1£(Xa, A(X0)) = f(Xn, ag? (X))

+ [ |4 (F (X, ACXn),2041) = Virsd (F(Xns 05 (X))
[F1LE [l (Xn) = ACX,)|]
o E[[Vat (F(Xn, A(Xn), E01)) = Varsd (F (X, 037 (X0), £

(B2) B2 (P (X, AXa),241)) = Vs (F(X, AKX )]

IN

Applying assumption (Hd) to bound the last term in the r.h.s. of (B.2) yields

B[ (Xa) = Va(Xn)| < (If]e + Vot loolr] Bl (Xn) = A(X0)]
e [ |24 (Xnn) = Vass (X

which holds for all A € Ay, so that:

E[J2 (Xa) = Va(X0)| < (fe + Vi lloclrle) inf E[JaP"(Xa) = A(X,)]

oo [ |43 (Xn1) = V(X0

(B.1) then follows directly by induction. m|

Appendix C. Proof of Lemma 4.10.
The proof is divided into four steps.
Step 1: Symmetrization by a ghost sample. We take € > 0 and show that for

M2 ((N=m) 1 lloe+llgllc)

, the following holds:

52
RS (m) (m)yy 4 3 (m),A A@DR

P — X AXEY)) + VA — R, (X,

o MmZ:l[f( LA + YA - E| (X)]| >
(C.1)

M
gzﬁb[sup Z[ FX A + VA p(m AG™) = | > S|,
AEAM m—1 2

where:

° (X];(m)>1§m§M,n§k§N is a copy of (X,im))lngM,nngN generated from an inde-
pendent copy of the exogenous noises (5;C(m))1gm§ Mn<k<nN, and independent copy
of initial positions at time n, (X, (m))m 1, following the same control @} at time
k=n+1,...,N —1, and control A at time n,

e We recall that Yn(fl) has already been defined in (4.6), and we similarly define

VDA = S A G ) 4 g,
k=n+1
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Let A* € Ay be such that:

[ X, 4 (X)) 4 A ] B[ ] >

if such a function exists, and an arbitrary function in Ay if such a function does not
A* N—-1

exist. Note that 47 Zm 1 [f(X(m A*(x{™)) + Y(m) A ] - E[Jn i )k:"“(Xn)
is a r.v., which implies that A* also depends on w € €. Denote by Pj; the prob-
ability conditioned by the training set of exogenous noises (sém))lgmg Mn<k<n and
initial positions (X,gm))lngMﬁnngN, and recall that Ej; stands for the expectation
conditioned by the latter. An application of Chebyshev’s inequality yields

S €

2

.

<

M

A* M *

Ear [J @i "“(X,g)} L [f(Xgm),A*(X;fm))) + YA }
m=1

A" (u’k )k n1+1 ! 2
Vary [ D] _ (7 = m)fllo + gl
M(z/2)? = Me? ’

where we have used 0 < A* (@R

)| <

(N = )| flloo + lglloo which implies

A* (aM)N 1

VarM |:J7L k= n+1(Xn):| VarM |:J (ak )k n+1 (X':y,) _ (N _ n)”f”OO + ||g||oo

2

(@ONSL (N =n)[[flloo + lglloe \ 2] _ (N =) [|Fllso + llglloc)?
<E [(J (X)) — 5 ) } < 1 )

. 2
(N=n)[|f | oo +lglloc )
82

Thus, for M > 2(

|

(C.2) >

, we have

A* M M
By [ O )] - S [, Ar () 4+ 0

m=1

l\D|P—‘

M
>[I AT + T = A, A =

> <
2

m * m S-(m),A* 1(m * 1(m -1 (m),A*
[£OX0, A7 (X)) + VG = paem, an (X)) = V40

* [ N-—-1
A%, (adh)

Ly [, A7) + 7] = B[ )] > 6

1 i [ (X1 A*(X/(m)))+1>/(m),A*] . [JA*,(aQ/’)fCV;nIH(X )] <€
Mmzl f no n n+1 — LM |JIn > 5
* &AI N-—1
Observe that 7 Sy [F(XS™, 4*(XI™) + V(10| — By [J;‘ (3 ’k:"“(xn)} is

measurable w.r.t. the o-algebra generated by the training set, so that conditioning
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by the training set and injecting (C.2) yields
M

m m m),A m m 1 (m),A

7 2 (£ A 4 A - R0, ACG)) - ¥

> E:|

> 5:|

, where we use the definition of A* to go from the

2P [ sup

1 < A A% @MN
> [f(X£7”)7A*(X£7”))) v }—EM [Jn TR "“(Xn)}

1 M (m),A A,(&kM)N71
57 O[S G + B A — B[ ()]

m=1

2
for M > 2((N—n)||f!2oo+llglloo)

second-to-last to the last line. The proof of (C.1) is then completed.

Step 2: We show that

M
1 . (aM N1
— m) (m) (m)A _ ( k )k n+1
E| s MmE_l[ JAX™)) 4+ 7 } E{Jn (Xn)}
M
1 O-(m), A o1 (m), A
<4E| su XM AXm)) 4y M o xm) g(x7m))) =y m):
LEEM 37 2 [ )+ T = g (X)) = V]
1
(C.3) +0 <— 7\4) .

Indeed, let M’ = ﬁ%, and notice

B sup |1 S0 [ e+ 7] - B[R )]
Ae Ay M ot n o n n+1 n n
- 1« (m) (m) (m).4 A@DRs
:/ Pl sup | S [, AXE) + VA — B[ ()] | > | de
0 AcApn m—1
:/MI]P’ sup |~ i (£, A ) + 7,09 —IE[J:’(&%’“N;}“(Xn)} >elde
0 AcAny Mm:1
= 1 (m) (m) (m), A AapONSN
+ [ P| sup |— [f(Xn LAX™M)) + 7 ] —]E[J (Xn)] > el de
M’ AcAn Mm:1
N —n)[[fllse + llgllo
< \/5(
= VM
M
* 1 O-(m),A
—|—4/ sup £ AXE™)) + v
O LeAM n;[ )+ 1T
(C.4) — X, AX™) = Vi >5} de.

The second term in the r.h.s. of (C.4) comes from (C.1). It remains to write the
latter as an expectation to obtain (C.3).

Step 3: Introduction of additional randomness by random signs.
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Let (rm)i1<m<n be ii.d. Rademacher r.v.4. We show that:

M
1 O-(m m m -/ (m),
El sup | 37 [FXEAKE) + V0 = PO, A >>—Y;i1”ﬂ
A€ Ay me1
1 < (m)
C5) <4E| sup |— 3 7o | £(XS™, AX ™)) 4 Y 0A
(€.5) <4B| sup |7 3 [ FOG, G + ¥

Since for each m = 1, ..., M the set of exogenous noises (egm))nngN and (Eém))ngng
are i.i.d., their joint distribution remain the same if one randomly interchanges the
corresponding components. Thus, the following holds for ¢ > 0:

[ sup § : [ FIXE™AXI™)) + V004 — p(xim, A(XIm) —Ygﬁf)’f‘] > 5}
AcApy —
1 M R
—P[ sup | D7 r [ X, AXT)) + VM - pX AXT) - V00 >e]
AeAp, Mm:l
1 M (m), c
<P| sup |— 3 | FX, AXI)) 4V MA S 2
<P| gup |57 2 r[fOU7 A + V4] > 5
1 M €
+P| sup |— Fon | FOX™ A(X ™ —&-Y(m) Al s =
2, 37 2 e [OA ACGT |
1 M €
<oP| sup |2 >0 e [f(X, AXE) + VP > S
[AeApM Mm§:1 ( (X)) + Y, 5

It remains to integrate on Ry w.r.t. € to get (C.5).

Step 4: We show that

M
2 S AR, A +

m=1

El sup 1
AcAnm
O =)l F o +
- VM
N-1
+ ([f]L+[f]L > (1 +maenar) TEN T A "[F]g_"[g]L>
k=n-+1

N—n N-—n
(C.6) 49(%), as M — oo,

Adding and removing the cost obtained by control 0 at time n yields:

M

1 A
E su - T7n( X'r(7,7n)7A X7§LM) + Y7£7n) )
[AJM 7 2 (O A 451
1 M
(m) (m).0
<]E|:M7nz_:lr7n(f(Xn 70) Yn+1 ):|
1 M
m m m m),A m
(©7)  +E| sup | ST (FO, ACKM) = FXE,0) Y —Y,EJO)].
€AM m=1

dThe probability mass function of a Rademacher r.v. is by definition %5,1 + %51.
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We now bound the first term of the r.h.s. of (C.7). By Cauchy-Schwartz inequality,
and recalling that (7,,)1<m<a are i.i.d. with zero mean such that r2, = 1, we get

1 M R 2
‘ Z "'m( m) ,0) + Y7§T1) ) ‘| < E ‘ Z T'm, (f( 7(lm)= 0) + Yéfi-nl)yo) ‘|
(8) < J%((N — )| lloo + llglloc)

Turn now to the second term of (C.7). By the Lipschitz continuity of f, it stands:

M
E[ sup | 3 (FOXTY, ACXT)) = FXE,0) + V04 = 70) ]
Ac Ay me—1
M M
< [f]LE[ sup ZmA(XW)” +E| sup | 30 (VI - V)
AeAm ' A€ANM | iy

N-1 k
< <[f]L+[f]L > (1+77M’YM)knE[ sup [ C(E?)}

k=n+1 lngMj*'rH»l

(m)
sup ‘ rmA ‘
) |:AEAM n; :|

where we condition by the exogenous noise, use assumption (HF-PI) and the na;vas-
Lipschitz continuity of the estimated optimal controls at time k, for k =n+1,..., N—
1. Now, notice first that

sup H C ()

1<m<Mk —n+1

(C9  +lglk (1+m]§ “yar ”) [ sup H C(£7")

1<m<Mj nt1

N

< 11 E[ sup C(g;y)] < o

k=n-+1 1<m<M

(C.10)

and moreover:

M M
] sup | 3 rmaCe| <o s[5 ram x|
A€AM | lvl2<1/RI ;2
M
(C.11) §7MIE{ sup ZvaTX(m)}
lvle<1/R 17255

where R > 0 is a bound for the state space (see e.g. the discussion on the Frank-
Wolfe step p.10 of [2] for a proof of this inequality), which implies by Cauchy-Schwarz
inequality:

IE{ sup
AeApn

M 2
(m) el (m)
3 rest] < o] & ] < v

m=1

since (74, )m are i.i.d. Rademacher r.v.. Plug (C.10) and (C.11) into (C.9) to obtain

|

N-1
- (U e > (b maenan) ok + lgle (14 s ") p%")m/ﬁ

k=n+1

(C.12)

E| sup
Ac Ay

M
- <f(X£Lm)7A(X7(L7n))) _ f(Xr(Lm)ﬁ) + Y(m) A _yim), o)

n+1
m=1
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Plug then (C.8) and (C.12) into (C.7) to get (C.6).
Step 5: Conclusion. Plug (C.6) into (C.5) and combine it with (C.3) to obtain the
bound on the estimation error, as stated in (4.11) of Lemma 4.10. o

Appendix D. Proof of Lemma 4.11.

Let (d,g/[)fgv:_nlﬂ be the sequence of estimated controls at time k =n+1,...., N — 1.

a N-—1
Take A € Ajy; and recall that we denote by J,? (D the cost functional associated
with the control A at time n, and d,]cw at time Kk =n+1,...,N — 1. The latter is
characterized as solution of the Bellman equation
A7(&)N:7n1
Iy ) = g(a)
A7(d);cv:7nl+1 A A7(d);cv:7nl+1
J" (‘T) = f((E, A(‘T)) + En,m [Jn-i-l (Xn—i-l)] ’
where Ef [] stands for the expectation conditioned by {X, = x} when feedback

control A is followed at time n.
Take n € {1, ..., N}. The following holds:

A\N—1 ~A\NN—1
ala:)p;f);ox — AiGI}L{M EM I:J;147(a)k:n+1 (Xn)] _ Aiengx EM |:J;l47(a)k:n+1 (Xn)}
= inf By [P ()] - E[Va(Xo)]
AEA N
FEVA(X,)] = inf By [Te R ()]
AeAX
. A @)t
(D.1) < Aé%, Enr [Jn THX)] — E[Va(Xa)],

where the last inequality stands because the value function is smaller than the cost
functional associated with any other strategy. We then apply the dynamic program-
ming principle to obtain:

min En [Jo" @ (X,)] - E[Va (X0)]
AcAn " " " "

. (d)N:;} .
< it Ea[f (X, AX) + B2 1,00 (Xui)]

(D.2) “E [ F(Xp, a2 (X,)) + B2 [Vn+1(Xn+1)H.
To bound the r.h.s. of (D.2), first observe that for A € Ay;:
En [f(Xna A(X,)) +Eg [J,S?i"v;j“(Xn+1)}]
— B[ (Xn, 03P (Xa)) + " [Vas1 (X))
< E[If (X0, A(X0)) = f(Xn, alP"(X0))]]
+Eu [Efc]g?;“ (Xn41) — B2 Vopa (Xn+1)]
< (e + Vot lloolr] L) E [JA(XnR) — anP* (Xn)]
(03) o Bar [T (Xi) = Voss (Xnin)]
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where we used twice assumption (Hd) at the second-last line of (D.3). Inject

o [J(‘A’y’y;f“(xnﬂ)} < inf Ey
ntl — Ac

[ A (a)Nt
Anr

Tt )| + 2252

into (D.3) to obtain:

En {f(Xn,A(Xn)) +EA {Jﬁ?}vnl“(XnH)”

opt

— B[ £ (X0, P (X)) + B2 Vs (Xosa)] |

< (fle+ Vasalolr]L)E [[A(Xn) — anP* (Xn)]]

1 A’(&)N;"l esti
04l i B |5 () = Ve )| + 2l

Plugging (D.4) into (D.2) yields

)
O )| - E W Ce)

: A(a N:nl esti
< ||7“||oo Aler}f Eum [Jn-i-(l)k +2(Xn-|-l) - Vn+1(Xn+l)] + 2H7a||005n$1
+ (e + Vasilloolr]z) inf E[JA(Xn) - ap?"(Xn)]],
EAM
which implies by induction, as M — +oc:

. Aa)p _
E Lg}w E [Jn (Xn)] lE[Vn(Xn)]}

= (’)( sup  E[e] +  sup inf E[|A(X,)— alP*(X,)|] )
n+1<k<N-—1 n<k<N-1A€AM
We now use Lemma 4.10 to bound the expectations of the 5‘f,sﬁik fork=n+1,...,N—1,
and plug the result into (D.1) to complete the proof of Lemma 4.11.
Appendix E. Function approximation by neural networks.
We assume ay® € L2(y), and show the relation (4.9) in Proposition 4.8.
The universal approximator theorem applies for A := |J3;_; A, and states that for

all € > 0, for all k, there exists a neural network a* in A such that: [|at® —a* s <

%, where V4(X) stands for the volume of compact set X' seen as a compact of

. . . t
the Euclidean space R?. By integrating, we then get: sup,<p<y_1 [y o} (z) —
a*(x)|du(x) < e. Also, notice that (AM)M>1 is increasing, which implies that A =
limas_s 1 o0 A and gives the existence of M > 0 that depends on e such that a* € Ayy.

Therefore, we have shown that for n =0,..., N — 1

su inf E[|A(Xy) —a®(X3)|]]| —— 0,  with X} ~ p,
ngkglpifflAEAM [| ( k) k ( k)H M—o0 k K

which is the required result stated in (4.9). m|

We now show (4.10) of proposition 4.8. As stated in Proposition 6 of Section 4.7
in [2]: we can approximate a c-Lipschitz function by a ~i-norm less than 5, and
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)—2d/(d+1) log 2t

uniform error less than ¢ (2L , and proposition 1 in [2] shows that a

function with ~; less than vy may be approximated with Kj; neurons with uniform
—(d+3)/(2d)
error Y Ky, .

Thus, given Kjs and vy, there exists a neural network a* in Vs such that

(E.1) la* — a®P]|o0 < ¢ (’YTM)*Qd/(d+1) log (%\4) n ,YMKA}(dJrB)/(Qd)'
Appendix F. Proof of Lemma 4.15.
We prove Lemma 4.15 in four steps. Since the proof is very similar to the one of
Lemma 4.10, we only detail the arguments that are modified.
Step 1: Symmetrization by a ghost sample. We take € > 0 and show that for M >
) ((N=m) 1 f ot llglloc )

, the following holds

=2
M
1 m m >(m m m O (m
Pl sup | D0 [FXEW, AXI) + V0] B[, AXE) + V| > e
A€Anm Mm:1
M
1 . ~ 15
< op 1 X(m) AX(m) Y(m)'A— X/(m) AX/(m) Yr(m),A £
|:AS(‘:‘12)M Mmz::l[f(n P (n ))+ n+1 f(" ’ (" )) nt+ ]>27
(F.1)

where (Xfl(m))le is a i.i.d. copy of (X,(lm))le; (Eﬁl)le
(E?H)nj\j:l; f/n(Tl)A = Vn]‘frl (F(X,Sm),A(X,SM),aml)); and finally Yéiﬂf)’A =
vty (P (), Ay ey )

Since VnM the estimated value function at time n, for n=0, ..., N — 1, is bounded

is a ii.d. copy of

by construction, (F.1) is proved the same as in step 1 of Lemma 4.10. O

Step 2: The following result holds

M
1 m m -(m), m m -(m),
E| sup |32 > [FOX AGE™) + V0 B [FX, AXM) + V00
AeAy | M £~
LM
<4B| sup |22 D0 [N, AT + VT = (0, AK) = Vi
AcApy M m—1
1
F2) +0 (— 7
(2 VM
and it is proved the same way as step 2 in the proof of Lemma 4.10. O

Step 8: Introduction of additional randomness by random signs. The following result
holds:

M
1 o (m),A 1 (m), A
El sup |— 3 [FXE, A + 800 = pxm, AX ) - ¥
[AEAA1 Mm_l{ ( ( )) o ( ( )) - ]
1 < (m)
F.3) <4E| sup |— > 1| FXI™, A(X ™)) + v AN
(F3) <4B| sup |7 3 [ FOG, G + ¥

as proved already in step 3 in the proof of Lemma 4.10. O
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Step 4: We show that

M
E| sup |2 S r [ X, ACXEM) + 1,5 ”
A€AM m=1
(N =n)[[fllso + llgll Y
< + + —
\/M ([f]L PMVMWM)\/M
2
PM Y TIM
F.4 =0l —=2"—), asM — +oo.
w0 (27A)

Adding and removing the cost obtained by control 0 at time n yields:
(F.5)

M
1 o A
E| sup |— 3 ra(FXI,AXI)) + V0
[AEEM Mm:1 (f( ( )) )
1 (m) m
<E ‘MWE_lrm(f(Xn 0)+ V1)
M
1 X
1 (m)A(X Y — F(x ) (m).A _ yr(m),
+E| sup |7 37 (£ AL = S0 + I -V )]-

The first term in the r.h.s. in (F.5) is bounded as in the proof of Lemma 4.10 by
Weon)lflletllglee e yse the Lipschitz-continuity of f as follows, to bound its second

VM
term:
M
E| sup | S o (FXI, ACXE™)) — F(XE,0) + T4 = F0)
AcAn m=1
. (m ) (m)
> S (m),0
sup ‘ rmA H—i—E sup DA )
R |25 m )

M
< (fle + pamyan) E| sup | D rm A(XS™M)| |
A€ Anm me1
where we conditioned by the exogenous noise, used assumption (HF'), and the narya-
Lipschitz continuity of the estimated value fonction at time n + 1.
By using the same arguments as those presented to prove Lemma 4.10, we have

E [supAeAM ’ 2%21 rmA(X,(zm))H < vmV M, and then conclude that (F.4) holds.

Step 5: Conclusion

Combining(F.2),(F.3) and (F.4) results in the bound on the estimation error as stated
n (4.24). O

Appendix G. Proof of Lemma 4.17.
We divide the proof of Lemma 4.17 into two steps. First write

SHE < inf Ear [ (X A + VAL (X4)| —E V(X))

M

(G.1) FEVa(Xa)) — inf Bar |F (X A + VM (X))
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Step 1: We show
inf Enr | f(Xn, A(X0)) + VM, (X;;‘H)} —E [V, (Xn)]

<

AcAn
(G.2) ([f1z + [Vatilloolr]r) AienAfX En HA(Xn) - a?zpt(Xn)H

+ HT”OOEM [ Vn—i—l(Xn—i-l) - Vn]\-/il-l (Xn+1)H .

Take A € Ay, and apply the dynamic programming principle to write

Ea [f (Xn, ACX)) + U1 (X7 ) | = E[Va(x0)

aopt

< [f1LEm [JA(Xy) — a%‘“(Xn)\] +En [EM [VSL(X;?H)} —Eum [Vn+1 (Xnil)ﬂ

< (e + 1Vasalloolr]e) En [|A(Xn) — a3 (Xn)|] + En [ Vit (Xia) = Vara (Xi)

],

where we used (Hd) at the second-to-last line. By using one more time assumption
(Hd), we then get:

Enr [ £ (Xns AXa)) + V21 (K1) | — E V(X))
< ([f]L + ||Vn+1||00[r]L) Ep HA(Xn) - a?zpt(Xn)H
oo [[ VM (Xns1) = Vi (Xni)

} ,  with X, 41 ~ p,
which is the result stated in (G.2).
Step 2: We show

qy MO e [ (s ACE) + Vi, ()]
3
< Il |

Vi1 (Xn41) — Vn]\il(XnH)H :
Write
E[Va(Xa)] = inf Ear [f (Xo, AQX) + Vi (X)) ]

< inf Ear [£ (X0, AGX)) 4 Vir (X)) | = inf Bae [ (X, AX) + Tl (X214

< inf Bar [V (X0) = Vi (X580) | < IirllooBa |
A€AX

Va1 (Xny1) — Vnﬂil(XnJrl)H

which completes the proof of (G.3).

Step 8 Conclusion:
We complete the proof of Lemma 4.17 by plugging (G.2) and (G.3) into (G.1). O

Appendix H. Some useful Lemmas for the proof of Theorem 4.13.
Fix M € N*, let 1, ...,z € R and set M = (21,...,25). Define the distance
dao(f,g) between f:R? — R and g : R? — R by

1 M 1/2
d>(f,9) = (M > (@m) —g(xm)|2> .
m=1
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An e-cover of V is a set of functions f1,..., fp : R? = R such that

glinpdg (f, fp) <e, for feV.

.....

Let Na(e,V,2M) denote the size of the smallest e-cover of V w.r.t. the distance da,
and set by convention Na(g,V,2™) = +oo if there does not exist any e-cover of V of

finite size. Na(g,V, xM) is called L*-e-covering number of V on M.

LEMMA H.1. Let (X,Y) be a random variable. Assume |Y| < L a.s. and let
m(z) = E[Y|X = z]. Assume Y —m(X) is sub-Gaussian in the sense that
HlaXMCQE e(Y—m(X))?/e* _ 1|X} <o? a.s. for somec,0 > 0. Let yar, L > 1 and

assume that the regression function is bounded by L and that vyar M—> +o00. Set
—+o0

M
. 1 2
My = argmin — P(x;) =Y,
eV M mZ:l ‘ ( ) ‘
for some Vs of functions ® : RY — [—yar, yar] and some random variables Yy, ..., Y
which are bounded by L, and denote

M
1 2 1)
Qo= {f —g:f €V g D [F(@m) = glam)|” < T}.
m=1 /YM
Then there exists constants c1,ca > 0 which depend only on o and ¢ such that for any

Oy > 0 with
Mépr

6M 07 +OO7
M —+oc0 YM M—+o00
I N 1/2
(H.1) e ];452/ log </\/2<L7Qg7x{”>> du
Tm c28/72, dym

for all 6 > 5y and all g € Vg U{m} we have as M — +o0:
E[}mM(X) _m(xﬂ = Op 6y + inf E[}@(X) _m(xﬂ :
PeVr
Proof. We refer to [16] (see its Theorem 3) for a proof. 0

LemMmA H.2. For any € > 0, we have

4d+9)K 1
(1267M(KM+1)>( Ry

No (&VMa (Xflm)hSmSM) <

)

€

where the class of neural networks Vs is defined in Section 4.2.

Proof. We refer to [17] for a proof. O
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