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Taking a case study into the specialised knowledge of linear functions demonstrated by a secondary teacher, we aim to demonstrate, and to raise discussion about, a set of methodological tools for organising and representing mathematics teachers' knowledge. The results are art of an ongoing study which employs the model of professional knowledge known as Mathematics Teacher's Specialised Knowledge. We also believe that the use of these tools help to demonstrate the effectiveness of the division of this knowledge into subdomains, and affirms the relevance of the descriptors defining their boundaries.

Introduction

Since the CERME 8 conference in Turkey, the University of Huelva research group has presented a series of papers demonstrating an analytical model that is being developed to aid the study of mathematics teachers' specialised knowledge (e.g. [START_REF] Montes | MTSK: from Common and Horizon Knowledge to Knowledge of Topics and Structures[END_REF][START_REF] Vasco | The Characterisation of the specialised knowledge of a University Lecturer in Linear Algebra[END_REF]Flores, Escudero & Carrillo, 2013), we outlined the model currently under development, known as Mathematics Teacher's Specialised Knowledge (MTSK). In this model, each subdomain is described in terms of mathematical concerns, an aspect which represents a significant move away from other models [START_REF] Carrillo | Determining specialised knowledge for mathematics teaching[END_REF].

Continuing the group's work on this model, this paper illustrates the application of various methodological tools to studying and understanding mathematics teachers' knowledge, as brought into play in the classroom. At the same time, we consider developments in the theoretical foundations of the model, and present adjustments that have been made in the light of empirical studies and fruitful discussion in various academic platforms. We illustrate the use of these tools by means of an analytical study of the knowledge employed by a secondary school mathematics teacher in the process of planning classroom activities.

Mathematics Teacher's Specialised Knowledge (MTSK)

The distinguishing feature of the MTSK model is that it incorporates elements of knowledge which, considered as a unit, are uniquely relevant to mathematics teachers. It contemplates two chief knowledge domains -Pedagogical Content Knowledge and Mathematical Knowledge, each divided into three subdomains.

For its part, Pedagogical Content Knowledge is composed of Knowledge of Features of Learning Mathematics (KFLM -the teacher's knowledge of the processes involved in the students' assimilation of mathematical content), Knowledge of Mathematics Teaching (KMT -the teacher's stock of Thematic Working Group 20 Proceedings of CERME10 resources and strategies for teaching such as examples, tasks, analogies and so on), and Knowledge of Mathematics Learning Standards (KMLS -the teacher's knowledge of the performance targets set for different educational stages). Meanwhile, Mathematical Knowledge comprises Knowledge of Topics (KoT -knowledge of the mathematical content pertaining to any particular course, along with the associated foundations, properties, definitions, phenomenological associations and so on), Knowledge of the Structure of Mathematics (KSM -the teacher's knowledge of mathematical connections between concepts), and Knowledge of Practices in Mathematics (KPM -knowledge of the syntax of mathematics and the procedural logic at the heart of the discipline) (Escudero-Ávila, Carrillo, Flores-Medrano, Climent, Contreras & Montes, 2015).

In addition to the division into subdomains, the MTSK model also places emphasis on beliefs about mathematics and about mathematics teaching and learning, as the relationship between beliefs and knowledge is a significant consideration, influencing, for example, how a teacher might deploy his or her knowledge. This provides a base to interpret knowledge evidences that we found and gives us sensitivity to interpret some elements that allow to contextualize David's teaching decisions and the exchange of opinions with his colleagues.

Methodological tools for studying and understanding the specialised knowledge of mathematics teachers

In this section we present an example of an analysis using MTSK, which we hope will demonstrate a deeper understanding of the nature of each of the subdomains involved and illustrate some interesting methodological tools.

We analyse the case of David (fictitious name), a secondary school mathematics teacher working in Colombia, who, at the time of the data collection, was studying an online Master's degree. His first degree was in Chemical Engineering, and he had been involved in education for over 25 years as a teacher of Mathematics, Physics and Chemistry. He had also participated in several teacher training courses and similar programmes. The bulk of his experience was in upper secondary (14-18 yearolds), but for the previous eight years he had worked in lower secondary (12-14 year olds), teaching Mathematics.

Our analysis focuses on David's participations in forums and his written productions as part of the Master's course. David plans a lesson for teaching linear and quadratic functions. The task required the teacher to devise an exercise for use with the class, and then to discuss aspects of it with the group tutor and the other course participants in various sessions of an online forum, with the aim of evaluating the task and making any modifications deemed necessary as a result.

David came up with two exercises, one dealing with linear functions, the other with quadratic, both aimed at pupils in eighth grade. In this paper, we focus on the specialised knowledge we were able to identify relating to the exercise concerning linear functions. It should be noted here that although David was given several opportunities to incorporate modifications to his planned activity, he ultimately decided to stick with the same plan through to the end of the course. The Master's programme which forms the background to our analysis encouraged teachers to explore aspects of their day-to-day classroom practice. This required them to articulate their pedagogical and mathematical knowledge in order to explain to the other teachers and the tutor the decisions that had led to their particular activities.

Our system for classifying and organising the knowledge displayed by David was based on units of analysis drawn from his written discourse in forums and tasks over the duration of the course. These were assigned to a particular category within the subdomains making up MTSK. In order to establish these categories and refine the analysis, we used Grbich's top-down and bottom-up methodology [START_REF] Grbich | Qualitative data analysis: An introduction[END_REF]. This approach enables researchers to move from theory to data (top-down) by opening provisional categories suggested by the literature review, and from data to theory (bottomup) by eliminating, merging and opening new categories consistent with the results obtained from empirical study.

With respect to the potential of this methodological approach, we propose the following example. In [START_REF] Escudero | Una caracterización del conocimiento didáctico del contenido como parte del conocimiento especializado del profesor de matemáticas de secundaria[END_REF], it is mentioned that the KFLM and KMT subdomains contain a category that reflects the knowledge that teachers have about learning and teaching mathematics, respectively. With this information we analyze the data collected from David to find elements related to teaching/learning theories. When David mentions Socio-Epistemological Theory, it is clear that he has knowledge about the theories we are looking for (top-down). On the other hand, when David refers to Socioepistemology, we could notice some differences with the "formal" constructs, therefore we think of the possibility to explore knowledge of formal theories and personal knowledge base in formal theories whose nature corresponds with the knowledge of teaching/learning theories (bottomup).

As a result of this procedure, we developed a range of categories for each of the subdomains, enabling specific aspects of each one to be considered, and giving a fuller description of the MTSK model. These categories are illustrated alongside the model in Figure 1. Once units of David's knowledge had been identified from his contributions during the course, we wanted to be able to describe and understand the specialized knowledge deployed in each instance. To do so required a tool that would allow us to determine the type of knowledge, the connections between different subdomains, and the nature of this knowledge in terms of the different categories within each subdomain. At the same time, we wanted to keep in sight the holistic character of this kind of knowledge, and to maintain an awareness that the placing of boundaries around discrete areas of knowledge is a (necessarily) artificial procedure serving analytical purposes. To this end, we devised a coding system using shapes and colours, whereby subdomains were represented by colours and categories by shape. In addition, associations between different types of knowledge were schematized by a series of arrows joining the two elements. The result can be seen in Figure 2 below.

David's specialised knowledge of Mathematics

The task which we will analyse below concerns filling a tank, in the shape of a rectangular prism, with water.

David:

There is a rectangular tank with a volume as shown in the figure, which is to be filled with water at the rate of 1 cm 3 per second. An interpretation of Figure 2 is presented below. The aim is to reach an understanding of David's specialised knowledge, as identified in his contributions during the course, and of the connections between the different subdomains and categories which can be detected.

David goes on to specify the objectives of the task, underlining the importance of designing appropriate activities for the topic of functions, and gives a list of the resources to be used with suggestions for conducting the activity. These include a series of exercises aimed at guiding the students towards analysing the problem, establishing the relationship between the variables and modelling the process in order to arrive at a function modelling the behavior. In the final section, he makes various observations about the use of the teaching resources.

Although David does not write explicitly about his knowledge of the properties of linear functions (yellow ovals), the design of the exercise and his comments about it provide indications of the elements he considers fundamental to them, such as the parameters and concept of dependent and independent variables, and noting that directly proportional magnitudes are also linear functions.

Nor does David explicitly solve the activity, although he does talk about different ways the problem can be solved. One method he mentions is that of primary difference for calculating the parameters of the functions modelling the phenomenon in question. This indicates knowledge of mathematical procedures associated with the mathematical content (yellow rectangle), which represents evidence that he knows a specific mathematical process associated with the concept of linear functions.

David:

[…] using differences to find out the parameters of the functions; the primary difference for the linear, and the secondary difference for the quadratic; that is for when I need to find out the parameters using the given data.

The students are encouraged by the task to employ different semiotic registers of representation [START_REF] Duval | Sémiosis et pensée humaine. Registres sémiotiques et apprentissages intellectuels[END_REF] for the function, that is, the pictorial, numerical, graphical and algebraic. This provides us with evidence that David has knowledge of different registers of representation (yellow rectangles with rounded corners) associated with the concept of functions.

Regarding knowledge of the mathematical characteristics specific to teaching resources (green rectangles) used by David in his design, and which are located in KMT, we identified that he knows a specific mathematical task for dealing with the concept of linear functions, such as filling a receptacle at a constant rate, and also a specific technique for teaching the conceptthe transition between registers of representation. Questioned about the exercise, David demonstrates a connection between understanding registers in terms of mathematics and understanding them in terms of teaching, when he considers the transfer from one register to another as a teaching strategy, thus making a connection between KoT and KMT:

David: Generally, we, teachers, prefer to work in the algebraic register; but to a large extent we can also recognise the different variations a function can undergo using tables and graphs, by giving the dependent variable different values to the ones originally set.

[…] By moving from one register to the other [from the algebraic to the graphic], I hope that, by making graphs, [the students] establish the relations between the dependent and independent variables, and can see how this resource, that is the use of graphs, could be put to use in modelling.

A connection to KFLM is also made that contemplates potential errors, obstacles and difficulties to learning, as well as, conversely, areas that might offer an advantage when David considers potential difficulties in learning the concept of function (mauve rectangles):

David: [I acknowledge] a high degree of complexity in learning the concept of function, because of the variety of its representations in different contexts, and its algorithmic nature.

Awareness of these potential difficulties in representing functions is inherent to the concept of function itself.

Elsewhere, another connection between KoT and KFLM can be seen when David shows that he is aware of how modelling real world phenomena be a motivating factor in work on functions as the students can establish the relationship between dependent and independent variables through making graphs, thus providing a meaning linked to a tangible context for the linear and quadratic functions. It is precisely this kind of knowledgeunderstanding how drawing up graphs can help students learn about functionswhich we consider knowledge of the students' interests and expectations regarding the teacher's approach to the concept in question (mauve rectangle with rounded corners).

As might be expected, David's KoT is the foundation on which the task is constructed, providing him with the background knowledge for sequencing activities and setting his goals. One important aspect is his knowledge of phenomena which can be modelled by linear functions, such as the rate at which a rectangular-shaped vessel fills with a constant inflow, which we have denominated knowledge of the phenomenology associated with the concept (yellow labels), on the basis that understanding the mathematical features of the phenomenon and the effect of its variation on the different modes of representation, enables David to make connections between the variables involved, and to model the phenomenon via the transition from one register to another, using modelling as a teaching strategy for generating "new" meanings of the concept of functions.

David: [I recognise] the importance of learning this concept [function], and its significance as a tool for modelling different phenomena in mathematics, physics, chemistry and economics amongst others.

As can be seen in Figure 2, modelling plays an important role in the task design. Deconstructing David's understanding of modelling, we can see that he imbues it with different meanings, and we can duly recognise the different ways that David understands and recognizes modelling. Hence, on the one hand, we can locate David's knowledge of modelling as a teaching strategy (green rectangles) within KMT. On the other, within KPM, we can identify David's knowledge of modelling as a mathematical practice or process (blue labels), directly associated with the concept of functions which enables real world phenomena to be interpreted. Finally, within KFLM, David identifies the concept as a means of getting students to interact with mathematical content for educational purposes (mauve oval).

At the same time, KFLM includes knowledge about theories of mathematics learning, whether formal or personal (mauve label). In David's case, he was able to draw on various theoretical constructs at the design stage of his materials so as to supply a solid foundation for his work. Some of these constructs derive from Sociopistemological theory (Cantoral & Farfán, 2003). In the excerpt below, David makes reference to some socioepistemological constructs (marked in bold):

David: One of our aims is to achieve the concept of function resignification using the modelling practice.

Asked about the origin of terminology, David replied:

David: Socioepistemology allows me not only to view mathematics education as a practice in which we convey knowledge, express postulates, solve problems and do demonstrations, but also to see beyond the concepts to what lies behind them, to transform them and to transpose them to other contexts and so get closer to real life […] From the perspective of linguistics, we can note significant learning and resignification. Both attempt to modify the meanings of a concept, but Significant Learning is the process followed to achieve learning of value, and where our behaviour changes, while resignification is the means by which I achieve this learning.

Given the lack of rigorous definition of the constructs (it could even be said that some are not totally accurate, in that modelling and making graphs are not actually defined as social practices) we can say that David has a certain personal knowledge of this theory, which allows him to take a position in terms of how the concept of function is to be learnt (re-signified). That is to say, drawing on his knowledge of formal theory, David has developed a personal theory of the relevance of learning about functions based on the "practice of modelling". His personal theory extends to regarding education as a tool for creating specific meanings about functions by enabling connections to real world situations to be made.

Regarding KPM, as can be seen in Figure 2, David's knowledge of the processes of validation, reasoning, and checking via software (blue rectangles with rounded corners) is directly connected to teaching technique chosen for his lesson plan. It also links to his knowledge of technology specifically designed for teaching Mathematics (green ovals), namely GeoGebra and Cabri.

David:

The use of the software is to show the students that their work is not only checked by their classmates, but also by a tool which in addition to helping them show their results, is like an external agency which can tell them whether what they have done is right or not.

Final reflections

We can conclude that David's knowledge of various teaching resources, such as software and teaching strategies, and the use to which he puts this knowledge could be connected to his understanding of the ways of proceeding and producing in Mathematics, possibly as a result of the tendency of KPM to organize mathematical work, as discussed above.

The main connections that this analysis has brought to light are those between KoT, KMT and KFLM.

As underlined above, these connections illustrate the interdependence between the different categories within the subdomains, and highlight the holistic and indivisible nature of teachers' knowledge of the teaching and learning process. What a teacher knows about interacting with content, or about learning theories and possible difficulties that might arise in a specific topic, has a significant influence on how the teacher plans the lesson. However, it is important to distinguish between the influence that this knowledge brings to bear on the planning process and the teacher's knowledge of planning itself a teaching resource.

We hope that this study serves to open a debate within the group about the relevance, potential and shortcomings of using categories to analyse Mathematics teachers specialized knowledge, and likewise the use of colour-coding and shapes as a means of aiding the assimilation of the information and facilitating the analysis of the connections between subdomains and categories.
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