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The purpose of this study is to investigate prospective middle school mathematics teachers' (PMTs) formal definitions regarding cylinder and prism and the role of these definitions on their classifications of solids involving (non)prototype examples. Data were collected through questionnaire and interview protocol from three PMTs who were 3rd year students in one of the teacher education programs in Turkey. Data analysis revealed that PMTs mostly used inappropriate terminology in defining cylinder and prism. Despite their inappropriate definitions, one PMT could classify cylinders and non-cylinders among the groups of solids correctly. PMTs who could not classify cylinders correctly made incorrect inclusions regarding the cylinders and prisms.

Introduction

Definitions constitute the indispensable part of mathematical instruction. National Council of Teachers of Mathematics [NCTM] (2000) emphasized the importance of students' understanding of the role of mathematical definitions and students' use of definitions in mathematical practices. Researchers argue that definitions should have some critical attributes. According to [START_REF] Van Dormolen | The many facets of a definition: The case of periodicity[END_REF], a good mathematical definition should have following necessary characteristics: criterion of hierarchy, criterion of existence, criterion of equivalence, and criterion of acclimatization. In addition to the necessary characteristics, criterion of minimality, criterion of elegance, and criterion for degenerations are classified as the preferred features for the good mathematical definitions [START_REF] Van Dormolen | The many facets of a definition: The case of periodicity[END_REF]. Additionally, [START_REF] Leikin | On equivalent and non-equivalent definitions II[END_REF] stated that definitions should have necessary and sufficient conditions for the given concept and they should have conditions that are characterized as minimal.

Beginning at early school years, students are encountered with geometric shapes and solid figures. Students' concept images that flourish during that years may support the concept definitions that will be introduced in later years. However, as [START_REF] Vinner | The role of examples in the learning of mathematics and in everyday thought processes[END_REF] argues, concept definitions and concept images are not always parallel and mismatch may arise between them. Keeping this in mind, educators should stimulate the development of concept images as early as possible that support the concept definitions [START_REF] Tsamir | Early-years teachers' concept images and concept definitions: triangles, circles, and cylinders[END_REF]. In other words, appropriate guidance should be supplied before those intuitions are rooted and difficult to alter [START_REF] Tsamir | Early-years teachers' concept images and concept definitions: triangles, circles, and cylinders[END_REF]. Hence, it is a well-known fact that teachers play important roles during the development of those concept structures. [START_REF] Shulman | Those who understand: knowing growth in teaching[END_REF] stated:

Teachers must not only be capable of defining for students the accepted truths in a domain. They must also be able to explain why a particular proposition is deemed warranted, why it is worth knowing, and how it relates to other propositions, both within the discipline and without, both in theory and in practice. (p. 9) To state differently, subject matter knowledge (SMK) was related to the structure of mathematics involving definitions, axioms, proofs, theorems and relationships among them [START_REF] Shulman | Those who understand: knowing growth in teaching[END_REF]. Thus, teachers' knowledge on definitions, classified as one of the components of SMK [START_REF] Ball | Content knowledge for teaching[END_REF] plays an important role during the development of students' conceptions of definitions. In addition, teachers' knowledge of mathematical definitions has an influence on didactic approaches in mathematics classes [START_REF] Leikin | On the content-dependence of prospective teachers' knowledge: a case of exemplifying definitions[END_REF][START_REF] Zazkis | Exemplifying definitions: a case of a square[END_REF]. In other words, teachers' understanding of the definition of concepts in addition to their concept images impact the teachers' way of representing the concept to the students, explanations given during the instructions, way of orchestrating the classroom discussion and their fluency and flexibility in teaching topics [START_REF] Leikin | On the content-dependence of prospective teachers' knowledge: a case of exemplifying definitions[END_REF]. Thus, teachers' knowledge on definitions and to what extent they use these definitions in classifying solid figures deserves further attention for giving evidence for teachers' practices regarding the examples used in mathematics classrooms.

Moreover, an assertion was made that most of the time students do not know the definitions of mathematical terms that they need to use, and thus, they tend to memorize the given definitions without understanding (Edwards & Ward, 2008). Indeed, since stating the correct concept definition is not an indication for the understanding of the concept, critical understanding of definition is needed to apply the definition successfully. With this idea in mind, in this study as a continuation of our early work, we investigate PMTs' knowledge of definitions regarding the cylinder and prism and how their definitions influence their choice of classifications of solids involving prototype and non-prototype examples. Thus, the aim of this study was to answer the following research question: How do PMTs define cylinder and prism, and how do their definitions influence their classifications of solids involving (non)prototype examples?

Framework of the study

In this research study, we used Leikin and Zazkis's framework developed for the analysis of teachergenerated examples of mathematical concepts [START_REF] Leikin | On the content-dependence of prospective teachers' knowledge: a case of exemplifying definitions[END_REF]. According to the framework teacher-generated examples of definitions of the concepts were analyzed according to four components: 1) Accessibility, 2) Correctness, 3) Richness, and 4) Generality/Concreteness. Accessibility refers to the generation of examples with or without a prompt, whether they are generated easily or with difficulty. By means of generality, Leikin and Zaskis emphasize the use of specific properties pertaining the given concept apart from the general descriptions that belongs to the other class of concepts. In addition, correctness refers to the appropriateness of the logical statement generated for the mathematical concepts. While analyzing correctness of the examples, they make a distinction between appropriate and inappropriate examples. In other words, they classify examples of definitions as appropriately rigorous if the answers consist of necessary and sufficient conditions for defining the given concept and minimal use of correct mathematical terminology and symbols. On the other hand, the answers are classified as appropriate but not rigorous when there are some deficiencies in the definitions or imprecise language was used. When the given examples has deficiency in either satisfying necessary or sufficient conditions, they are categorized under the heading of inappropriate examples. For instance, while defining cylinder as a solid, one of the necessary condition for the cylindrical surface is that it is generated by a straight line (generatix) which moves so as constantly to pass through a given curve (directix) remaining parallel to its original position [START_REF] Beman | New plane and solid geometry[END_REF]. In addition, to have sufficient conditions, the curve should be a closed shape which designates the bases of the cylinder that are two parallel transverse sections [START_REF] Beman | New plane and solid geometry[END_REF]. Therefore, cylinder is a portion of an enclosed space between two parallel bases created by a cylindrical surface. On the other hand, the definition of cylinder will be inappropriate unless the surface is composed of parallel lines. In addition, having a closed surface is a general description that belongs to other 3D solids and base should be a circle is not a necessary condition for a cylinder.

In the framework, richness refers to the number of different examples for a concept that are generated correctly by the participants. In the present study, we focus on cylinder and prism which are geometrical concepts and their examples have figural aspects. Thus, for analyzing richness of the examples, we considered [START_REF] Fujita | Learners' understanding of the definitions and hierarchical classification of quadrılaterals: toward a theoretical framing[END_REF] perspective on prototype examples since prototype images of geometrical objects and definitions of these geometrical concepts are related. Prototype example(s) of a concept are the examples that come first in persons' mind, and they also exist in the participants' concept images. To understand a geometrical object, the associated figure of this certain object would be active in mind. Thus, when a participant has only prototype examples of an object, she can give specific examples of an object with limited images [START_REF] Fujita | Learners' understanding of the definitions and hierarchical classification of quadrılaterals: toward a theoretical framing[END_REF]. On the other hand, when one has non-prototype examples of an object, she can generate different examples for an object. Therefore, in this research we accepted non-prototype examples as indicator of richness for the given definition. Considering the context of Turkish middle school mathematics curriculum [START_REF] Mone | Ortaokul matematik dersi[END_REF], hexagonal prism and rectangular prism are considered as prototypes of prism and circular cylinder is considered as prototype of cylinder. On the other hand, cylinder with non-circular base could be a non-prototype example. However, non-prototype examples are not given a place for exemplifying or defining the solids in Turkish curricula.

Method

In this study multiple case study approach [START_REF] Yin | Case study research: Design and method[END_REF] was used in which data were collected from three volunteer PMTs enrolled in a teacher education program in a public university in Ankara, Turkey. The rationales for selecting these PMTs are as follows: They took the methods of teaching mathematics-2 course, and they were already completed all the geometry courses offered in the program. Thus, they were supposed to give rich data about the definition of geometric shapes.

The data were collected by using a questionnaire and an interview protocol. Therefore, examples of the objects could be analyzed both in oral and written settings. The questionnaire involved items that asked participants to define cylinder and prism in their own words and to show the relationship between cylinder and prism, if any. After the implementation of questionnaire, semi-structured interviews were conducted with the participants using think-aloud method in order to get more information regarding the richness, correctness and generality of the participants' definitions. The semi-structured interview protocol involves questions on definitions of solids and classification of groups of solids as given in Table 1. More specifically, during the interviews participants were given back their questionnaires and they were asked to elaborate on their answers (E.g. Here is your definition for the cylinder. Do you want to change any wordings of your definition? Or will you keep the definition same?). Then, they were asked to name the classification of objects given in Table 1 and to express their reasoning behind this classification. In the Table 1, solids taken from Van de Walle, Karen, and Bay-Williams (2013) are numbered in each group. Group A and Group B involve cylinders with both prototype and non-prototype examples. Further, Group C and Group D involve prisms with prototype and non-prototype examples. Lastly, Group E involves general 3-D objects which are neither cylinders nor prisms.
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Findings

Analysis of PMTs' definitions and their classifications for the cylinder and prism are presented in Table 2. Participants' definitions of cylinder and prism were analyzed according to the correctness, richness and generality criteria. The analysis of PMTs' knowledge of definitions revealed that their definitions were categorized as inappropriate, which satisfy necessary but not sufficient conditions or neither necessary nor sufficient conditions. The dimension of richness included both prototype and non-prototype examples. Analysis regarding generality showed that participants' definitions included specific, partially specific, and general statements. Lastly, the classification of solids are given in Table 2. The symbols '+' and '-' showed that a PMT identified the classification of a group as cylinders, prisms or not cylinders correctly and incorrectly, respectively. Data analysis showed that P1 defined cylinder as "a 3D shape formed by union of two parallel surfaces with another surface that cover these two surfaces' surroundings" and then she expressed that "the surfaces do not have to be a polygon and one under the other". In her statements, the definition would be correct if "parallel surfaces" are taken to mean "parallel transverse sections enclosed by closed curves" and "another surface" is taken to mean "surface composed of parallel line segments". In addition, her use of "surfaces" terminology is not appropriate and lead misinterpretation. This is why her definition was categorized under the example of inappropriate definition with neither necessary nor sufficient conditions. In addition, P1's definition not only include improper terminology but also satisfies general conditions that belong to general 3D objects whose surface is not restricted with a cylindrical surface (e.g. vase). However, analysis of data showed that her drawing of cylinder included a non-prototype example, a cylinder with non-circular closed curve bases. While classifying the group of objects in For instance, by showing the object #6 she stated that "there is a space here [she showed the surface of the object #6] thus this group cannot be categorized as cylinder". However, she did not address this critical attribute in her definition of cylinder.

As for the prism, P1 defined it as "a 3D figure formed by combination of two polygon surfaces in two different planes with a surface that covers surroundings of that polygons". In her definition she did not mention critical attributes like bases and faces. This definition was also considered under the category of neither necessary not sufficient conditions. While classifying, she correctly identified the groups of prisms through referring visual characteristics and making inclusion as "they are prisms, a special case of cylinders since their bases are polygons".

P2 defined cylinder as "it is a 3D figure whose top and bottom bases are parallel and congruent closed curves" and then she expressed that "cylinder is formed by combining two identical, parallel and closed curves from corresponding points". In her statements, although she mentioned about some necessary conditions for the cylinder, they were not sufficient. For instance, she did not mention any information about cylindrical surface. Thus, those characteristics which are general and not specific to the cylinder can be valid for other 3D objects. In addition, the curve that bounds the base should be planar. Therefore, definition was categorized under the examples of inappropriate definition with necessary but not sufficient conditions. Similar to P1, her drawing of cylinder consisted of nonprototype example which is a cylinder with non-circular bases. However, while classifying, she incorrectly identified the groups of cylinders. She identified objects (2, 3, 4, and 5) in group A as prisms based on their attributes. She also incorrectly identified #1 as pyramid. She stated that "Bases are congruent polygons and parallel. If I take the bases of #5 as polygon, I can say that it is also a prism". This incorrect identification was also related to her conception of "cylinder is [a special case of] prism". Besides, she identified group E as non-prisms, based on the assertion that they lack the critical attribute of prism as "their bases are not congruent", but did not refer to the cylinders.

P2 defined prism as "a 3D object that has top and bottom bases which are congruent and parallel and whose surface area is polygon". In her definition, while she mentioned some necessary characteristics of bases, she missed that the bases are polygons and overgeneralized faces to polygons rather than parallelograms. Therefore, the definition was categorized under the example of inappropriate definition with necessary but not sufficient conditions. While classifying, she referred to the critical attribute "prisms have top and bottom bases that are congruent and parallel polygons" and correctly identified prisms. Although she confused for a moment about whether object #4 in group D is a prism or not, she identified it as a prism by referring the concavity as "I can consider both concave and convex polygons. Can I think them as polygonal region? Ok, then, I considered polygon bases as both convex and concave and decide that they are prisms".

P3 defined cylinder as "It has non-polygon bases. It consists of two parallel bases which can be regular or not and combined to each other with infinite parallel lines". In her statements, she did not mention any information about the congruency of bases. Thus, those properties could be attributed to general properties of 3D solids that are not specific to cylinder. She unconventionally used the term "lines" rather than "line segments". In addition, she stated that the bases should be non-polygon. Therefore, her statements were examples of inappropriate definition with neither necessary nor sufficient conditions. In addition, she drew a non-prototype example of a cylinder with non-circular bases.

While classifying the groups, she incorrectly identified solids in Group A and Group B as prisms. In this process, she considered cylinders as a special case of prisms and identified the objects according to their attributes. In other words, for Group A objects, she stated that "these bases are parallel and congruent. There are parallel lines between them. Thus, these shapes can be classified as prism" and for Group B objects she stated that "these (#1 and #3) are regular cylinders. Can we say whether #2 is non-regular cylinder? But we could not name them as cylinder unless bases are circles. But, we can admitted them as prisms". In addition, she classified objects in group B as both prism and cylinder since cylinder was included in prisms in her images. Moreover, she identified objects in group E as "non-classified solids and non-prisms". While explaining her answer, she referred to the critical attribute of prism that "bases should be congruent" and classified them as non-prisms.

P3 defined prism as "a shape formed by infinite parallel lines that pass through two parallel and congruent polygonal bases". Similar with P3's cylinder definition "lines" is not appropriate terminology and the definition is insufficient since critical characteristics of bases and faces are not stressed. Therefore, this example was considered under the category of inappropriate definition with neither necessary nor sufficient conditions. In addition, as an example of prism she drew a prototype example that is a right hexagonal prism. While classifying, she identified prisms correctly by just referring to visual form as "they are all prisms" and not mentioning any critical attributes.

Discussion and conclusion

In this study, we first examined PMTs' knowledge of definitions of cylinder and prism through questionnaire and interview data. Then, we analyzed their classification of cylinders and prisms while identifying the 3D objects and how their identification of classes of objects was influenced by their informal definitions. The definition analysis showed that PMTs have difficulty in defining cylinder [START_REF] Ertekin | Investigation of primary mathematics student teachers' concept images: cylinder and cone[END_REF][START_REF] Tsamir | Early-years teachers' concept images and concept definitions: triangles, circles, and cylinders[END_REF] and prism [START_REF] Gökbulut | Prospective primary teachers' knowledge on prism: generating definitions and examples[END_REF] where they mostly used inappropriate terminology that refers to more general attributes of solids rather than attributes specific to cylinder and prism. More specifically, we deduced that PMTs have inadequacy in defining the (sur)faces of the cylinder and prism. This might be the result of their construction of concept definition that depends on the bases rather than cylindrical or prismatic surfaces.

The other finding was that even a PMT did not make a correct definition of cylinder, she identified group of cylinders and non-cylinders correctly. In other words, while PMT did not express some critical attributes that are specific for cylinders in her definition, she correctly identified the group of non-cylinders based on her correct inclusion of cylinder and prism. However, two participants identified cylinder as inclusion of prisms and thus classified non-cylinders (group E) as non-prisms.

In other words, participants' misconception of "cylinder is a special case of prism" arouse from the prototype image of circular cylinder let them classify the solids incorrectly. Thus, PMTs' prototype images of cylinders might be an obstacle that influence their inclusion relations of cylinder and prism.

On the other hand, PMTs could identified the group of prisms correctly by referring to the critical attribute of polygon bases in their definitions and making visual judgements. Thus, PMTs easily identified prisms compare to the cylinder. However, we could deduce that PMTs' preferences toward pedagogical considerations over a rigor definition inhibit their formal definitions and correct classifications of solid figures.

Based on the findings, some implications could be suggested to the teacher educators. The content of courses like methods of mathematics teaching and school practice offered in teacher education programs should be enriched with activities that demands identifying, explaining, defining, and classifying mathematical concepts from both pedagogical and mathematical perspective. By this way, PMTs could have the opportunity to analyze the critical attributes and non-prototype examples of the given concepts and establish the relationships among the concepts through examining general and specific characteristics. In addition, as mentioned above definitions are conventional. Thus, depending on the theoretical perspective 3D solids could be defined differently in different nations. Thus, further research studies could be conducted to compare and contrast definitions and their instructional practices in different nations.

  ) framework and[START_REF] Fujita | Learners' understanding of the definitions and hierarchical classification of quadrılaterals: toward a theoretical framing[END_REF] definition of non-prototype examples. More specifically, to analyze generated definitions regarding the cylinder and prism, correctness, richness and generality dimensions of the Leikin and Zazkis's framework were used. While coding the data in terms of correctness criterion, we focus on whether participants' definitions of cylinder and prism satisfy the necessary and sufficient conditions and involve proper terminology. In the analysis of the generality of the definitions, if a participant's exemplification of definition corresponded only to cylinder/prism (e.g. circular cylinder, rectangular prism), it was named as specific. If the definition corresponded to any 3-D solid without critical attributes of cylinder/prism, it was named as general. In addition, in order to evaluate the richness of examples,[START_REF] Fujita | Learners' understanding of the definitions and hierarchical classification of quadrılaterals: toward a theoretical framing[END_REF] definition of non-prototype examples was used. In other words, richness of the examples are determined according to the nonprototype examples expressed/drawn by participants. Researchers analyzed the data until reaching a consensus on the categories of the definitions. Considering that definitions are conventional and contextual, the analysis of the present study was made based on Beman and Smith's (1900) definitions of cylinder and prism.

Table 1 : Groups of solids used in the interview protocol (Van de Walle et al., 2013, p. 413)
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Table 2 : Correctness, richness, and generality in participants' definitions and their classification

 2 
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 1 

, P1 correctly identified the examples of cylinders (group A and group B) which contain both prototype and non-prototype examples. While identifying them, she referred to the attributes that she mentioned while defining cylinder. In addition, she correctly identified Group E as examples of non-cylinders referencing inappropriate examples.
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