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Performance in mathematics national examinations in Kenya has been weak and raises questions about the pedagogical approaches adopted by teachers. The purpose of this paper is to report on teachers' experiences of the application of a problem-solving teaching strategy in a Learning Study design to teach factorization of quadratic expressions. The study follows a qualitative and interpretive research approach with data collected through questionnaires, classroom observations, video replays and reflection sessions after lessons. The findings reveal teachers' appreciation of the application of problem-solving teaching in a Learning Study design, saying it helped them to observe the difficulties students experience in learning algebra and the shortcomings in their lesson preparation. In addition, they noted the importance of reflection in that it helped them improve the second lesson.

Introduction

Teaching is an activity that involves engagement of the teacher, the student and the content [START_REF] Loef Franke | Mathematics teaching and classroom practice[END_REF][START_REF] Stigler | The Teaching Gap, Best Ideas from the World's Teachers for Improving Education in the Classroom[END_REF]. In mathematics teaching, this engagement needs to be effective to create a productive learning environment for both teachers and students [START_REF] Loef Franke | Mathematics teaching and classroom practice[END_REF]. However, [START_REF] Stigler | The Teaching Gap, Best Ideas from the World's Teachers for Improving Education in the Classroom[END_REF] note that levels of engagement among the three is not uniform due to different classroom cultures and teaching strategies in different countries. They observed, for example, that in some US classrooms, teaching strategies are so procedural and teacher-directed that students are passive recipients of knowledge, and that there is little interaction between student and content. [START_REF] Stigler | The Teaching Gap, Best Ideas from the World's Teachers for Improving Education in the Classroom[END_REF] finding concerning US mathematics classrooms seems to be relevant in other classroom cultures in countries such as Kenya (CEMASTEA, 2010). Based on past performances, the Government of Kenya initiated an in-service education programme for high school teachers of mathematics and science in 1998. Among the strategies employed was Lesson Study approach, which implicitly applies constructivist theory [START_REF] Elliot | Lesson and learning study and the idea of the teacher as a researcher[END_REF]. However, a survey conducted to check the extent of the implementation of the programme, reported that about 65% of the teachers were not implementing the programme and were applying the teacher-directed method of teaching (CEMASTEA, 2010). Teachers cited lack of clear guidelines and workload among reasons. Students continued to post weak results in mathematics in 2012 and 2013 from the Kenya national examinations (KNEC, 2014). This study adopts a Learning Study (LS) design which explicitly applies Variation Theory to support classroom learning. Little is known about LS in Africa, and the outcome of this present study may support the further development of LS in Kenya in particular.

The purpose of this study is to solicit teachers' views and experiences of the application of a problem-solving teaching strategy in a LS design to teach factorization and solution of quadratic equations, one of the topics poorly performed by students (KNEC, 2014). My intention is to eventually extend the approach to other mathematics topics. The research question of the present study is "What are the teachers able to learn about the students learning of factorization of quadratic expressions in a Learning Study design?"

Variation theory

Variation Theory is a theory of learning which asserts that to learn something entails experiencing it in a variety of ways. The theory proposes that learning is always directed towards an object, which could be a skill or a concept referred to as the object of learning in the 'what' and 'how' aspects of learning [START_REF] Marton | Learning and Awareness[END_REF]. The 'what' aspect is the content to be learnt while the 'how' aspect is concerned with the process of learning that enhances a student's ability to apply the learned concept in a new environment [START_REF] Elliot | Lesson and learning study and the idea of the teacher as a researcher[END_REF][START_REF] Lo | Variation Theory and the Improvement of Teaching and Learning[END_REF]. The theory postulates that learning takes place when students focus on a critical feature of the object of learning. For example, suppose the solution of simultaneous linear equations by elimination were the object of learning: a critical feature to be discerned can be the collating of the equations so that one variable has the same numerical coefficient in both equations. To achieve this, [START_REF] Lo | Variation Theory and the Improvement of Teaching and Learning[END_REF] and [START_REF] Marton | Necessary Conditions of Learning[END_REF] propose that teachers need to create learning opportunities by explicitly or implicitly offering patterns of variation in which some parts remain invariant as others vary. Four patterns of variation are identified, namely: contrast, separation, generalization and fusion. For example, to discern the concept of quadrilateral, a type of quadrilateral would be kept invariant and contrasted with other polygons such as triangles and pentagons. To discern a particular type of quadrilateral, for instance a kite, it is kept invariant as other types such as rectangle, trapezium are varied. The kite is separated from the whole and focused on. To generalize that the total sum of interior angles of a quadrilateral is 360°, each type of a quadrilateral is varied with its sum of interior angles calculated. To compare properties of different types of quadrilaterals, such as a kite and a rhombus, the two and their properties are brought into focus simultaneously, the fusion pattern of variation.

Learning Study

Learning Study (LS) provides a framework for supporting learning in the classroom by applying aspects of Variation Theory, in which all the three categories of persons participating in the lesson (the teachers, the students and the researchers) could learn in the process [START_REF] Marton | Necessary Conditions of Learning[END_REF][START_REF] Pang | Using the learning study grounded on the variation theory to improve students' mathematical understanding[END_REF]. LS adopts a Lesson Study organizational structure in which a group of teachers prepare a lesson together, then one teaches the lesson while others observe as they collect research data and thereafter converge for a reflection session [START_REF] Pang | Using the learning study grounded on the variation theory to improve students' mathematical understanding[END_REF]. LS focuses on the object of learning which points to the beginning of the learning process with learning 'what' and learning 'how' aspects [START_REF] Lo | Variation Theory and the Improvement of Teaching and Learning[END_REF]. In this study, the topic of quadratic expressions and equations is the 'what' aspect while the 'how' aspect is addressed by small group discussion approach to learning. For ease of monitoring the learning process, the object of learning is categorized into: (a) lived object of learning 1, (b) lived object of learning 2, (c) intended object of learning and (d) enacted object of learning. Part (a) is concerned with prior experiences and awareness that students have about the concept and is monitored through a student's diagnostic pre-test or interview whose outcome is considered in lesson preparation. Part (b) is the acquired experiences after the teaching of the lesson and is monitored through a student's post-test or interview. Part (c) is the planned lesson and part (d) is the taught lesson [START_REF] Pang | Using the learning study grounded on the variation theory to improve students' mathematical understanding[END_REF]. Parts (c) and (d) are monitored through a post-test or interview and reflection session.

Methodology

The study on which this paper is drawn follows a qualitative and interpretive research approach in a LS design conducted in two classes in Kenya. Three teachers planned the lesson together as explained earlier. Prior to the first lesson, a diagnostic pre-test was given to the students in both classes; a post-test identical to the pre-test was given to each class at the end of each lesson. The teachers will be addressed by pseudonyms as Dominichead of mathematics, Peterteacher of the first lesson and Johnteacher of the second lesson. The two classes were for third year high school students (age 16-18 years) comprising 68 students altogether.

Data were collected through classroom lesson observation, pre-post questionnaires, video recordings of the lessons and transcribed reflection sessions. Teaching was approached through a small group discussion by the students. The object of learning was factorization of a quadratic expression with a unit coefficient of x 2 (i.e. x 2 + bx + c). The critical feature was the identification of factors of the constant term of a quadratic expression that sum to the coefficient of x, often expressed in textbooks as "sum and product".

The items in the questionnaire, whose outcomes were considered in the preparation of the lesson, included: (1) Why is

6 5 2   x x
called a quadratic expression? (2) What do we consider in attempting to factorize a quadratic expression such as the one given above? (3) How many factors do we expect from a factorized quadratic expression? Frequent student responses included: (1) the given expression is called a quadratic expression because it has unknowns, (2) we consider like terms, (3) two factors (considered the correct answer). The questionnaire responses were scored 1 for a correct answer and 0 otherwise. Based on the students' responses, the teachers prepared for the intended object of learning in a 40minutes lesson, incorporating a hands-on activity intended to raise students' curiosity, and to motivate them to discuss in small groups as the approach was new to them. The first task on the activity was to form a rectangle using the pieces of paper shown in Figure 1, and to find the product of the sides of the rectangle formed. This was intended to lead to the factorization of The second task was to explain the relationship between the numerical terms from their expression of the area, (x + 2) (x + 3); and the coefficient of x and the constant term in the quadratic expression. 

First lesson

The first lesson was taught by Peter in his class of 40 students. Prior to this lesson, students had been taught the expansion of quadratic factors of the form (p + q) (p + r). Peter introduced the lesson by asking the students to identify the coefficients of x 2 and x in the expression x 2 + 4x + 3. Whereas all the students could correctly identify the coefficient of x as 4, most of them were unable to correctly identify the coefficient of x 2 . Students gave responses that included: x × x, x and 2presumably from the exponent 2. The teacher asked them to discuss in pairs and seek a correct solution. After a while, a student correctly identified the coefficient as 1, but could not explain her answer. The teacher explained why it is 1.

Peter then asked the students to factorize the expression

6 5 2   x x
. After about five minutes, he asked the students to form eight groups of five members each and he distributed the pieces of paper in Figure 1 to each group. He explained the first task of the activity and allowed 15 minutes for the task. After 15 minutes, only two groups had formed the rectangle. Peter allowed a further 10 minutes for discussion before calling upon groups to present their work. The teacher grouped the students' work in categories as shown in Table 1.

Category

No One group from category one and the category two group were asked to present their work shown in Figure 2 and Figure 3 respectively. Student 2:

The width has two pieces of x each giving an area of x × x = x 2 . The length has a piece of x at the bottom and the upper part has two pieces of x plus the big piece whose length is x giving a total of 4x 2 . Total area, A = x 2 + 4x 2 .

Due to pressure of time, Peter summarized the lesson by explaining task two procedurally, thus, to factorize a quadratic expression such as

6 5 2   x x
, identify the factors of the constant term, 6, that sum to 5, the coefficient of x. Thereafter he told the students to factorize x 2 + 3x + 2 as homework, before administering the post-test. The results of the pre-test and the post-test are shown in Table 2.

Items

Percentages of correct responses

Diagnostic pre-test Post-test Question 1 3 30

Question 2 3 10

Question 3 70 43 

First lesson's reflection session

Peter felt that his introduction took more time than he had expected: as he remarked,

Peter: I would have taught how to get the coefficient first before I look at this lesson.

Other highlights during the reflection include: Dominic:

The students had some fear I do not know what they were fearing [...]

John: I think we should have done some peer teaching. We forgot how the students would present their work and this became unexpected challenge.

Researcher: Peter gave students a long time for discussion because he wanted everybody to obtain the correct answer not knowing that the strength of learning at times is in the few mistakes made by students.

Based on the reflections, the post-test results and the fact that the lesson was not implemented as planned, the teachers modified the lesson, which was retaught in John's class (second lesson).

Second lesson

John introduced his lesson by asking students to expand the expression, (x + 2) (x + 1), which they did to obtain x 2 + 3x + 2. He then asked them to identify the coefficients of x 2 and x from x 2 + 3x + 2. The majority answered the question correctly. John then asked the students to factorize the expression

6 5 2   x x
. After about five minutes, he asked the students to form seven groups of four members each. The class had 28 students present. He distributed the pieces of paper shown in Figure 1 to each group and stated the tasks for the activity as: (1) Form a rectangle with all the pieces of paper given and work out the area of the rectangle formed. (2) Find the relationships between the constant terms of the factors of your worked-out area and i) the coefficient of x in the expression 6 5

2   x x
, ii) the constant term in the same expression 6 5

2   x x
. This was part of modification made on the lesson. After 15 minutes, he stopped the group work and asked some groups to discuss their work with the whole class. One group from category one and the category two group were asked to present their work. The representative of the category one group explained the working thus, Student 1:

Width = 1 + 1 + 1 + x = 3 + x, Length =1 + 1 + x = 2 + x Area, A = L × W = (2 + x) (3 + x) = x 2 + 5x + 6
The representative of category two explained her work referring to a figure similar to Figure 3.

Student 2:

The two strips above are multiplied to obtain x 2 and the four pieces on one side (pointing at the width with 1 unit by x units strip and the three 1 unit by 1 unit) are counted and multiplied by x to obtain 4x. Area, A = x 2 + 4x.

After the presentation, John discussed task two with the whole class. With the help of the students and referring to student 1's expression, John simultaneously presented the factors of 6, {(1 × 6), (2 × 3), (-1 × -6), (-2 × -3)} and the addends of 5, {(0 + 5), (1 + 4), (2 + 3) and so on}. He introduced the second activity that asked the students to factorize, x 2 + 3x + 2. The students correctly factorized the expression. The teacher summarized the lesson and administered post-test questionnaire. Both pre-post results are shown in Table 4. The teachers prepared the lesson to apply the generalization of patterns of variation and invariance. This was realized fully in the second lesson.

Items Percentages of correct responses

Varied Invariant Discernment x 2 + 5x + 6
Working out the area of rectangles formed.

Factorization of a quadratic expression with a unit coefficient of x 2 depends on the factors of the constant term that sum to the coefficient of x

x 2 + 3x + 2 The two different expressions were varied to help the students to generalize the process of factorizing a quadratic expression with a unit coefficient of x 2 such as x 2 + bx + c. The students applied the cuttings to form the rectangles whose areas represented the factorizations of the given quadratic expressions, that is, x 2 + 5x + 6 and x 2 + 3x + 2.

same after the second lesson through the post-test result. This supports [START_REF] Hiebert | Learning to learn to teach: an "experiment" model for teaching and teacher preparation in mathematics[END_REF] suggestion that lessons should be treated as experiments with explicit preparation of all activities. The teachers learned that the LS design through its post-test aspect helps monitor students' learning progress, which enables a teacher to address students' errors/misconceptions in the immediate subsequent lessons.

Figure 1 :

 1 Figure 1: Paper cuttings for a hands-on activity aiming at the factorization of 6 5 2   x x

.

  

Figure

  Figure 2: Correct working Figure 3: Incorrect working The Figure 2 representative explained thus, Student 1: Length, L = 1+1+1+x = (3+x) and width, W = 1+1+x = (2+x). Area, A = L×W = (3+x) (2+x)The Figure3representative explained,

Table 1 : The categories of groups and how they carried out the task

 1 

Table 2 : The percentage correct responses of the pre-test and post-test from the first lesson

 2 

  Table 3 shows how groups carried out the tasks, with same categories as in Table 1.

	Category	No. of Group(s)	Rectangle	Area
	One	3	Correct rectangle	Correct working
	Two	1	Correct rectangle	Wrong working
	Three	3	Correct rectangle	No area worked out

Table 3 : The categories of groups from the second lesson and how they carried out the task

 3 

Table 4 : The percentage correct responses of the pre-test and post-test from the second lesson

 4 

Table 5 : Generalization pattern of variation and invariance applied in the enacted object of learning

 5 
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Discussion and conclusion

The activities proved challenging as students took time to discuss and explore ways of factorizing the expression x 2 + 5x +6 [START_REF] Lester | Learning how to teach via problem solving[END_REF]. At the end of the discussion, eight groups out of 15 did not factorize the expression, and one group even failed to form the rectangle, as shown in Table 1 andTable 3. Peter even allowed more discussion time but still some groups could not form the rectangles. Peter therefore, did not apply fully the patterns of variation and invariance. [START_REF] Marton | Necessary Conditions of Learning[END_REF] cautioned teachers to take control of students' own work during learning to implement the planned patterns of variation. The effect was reflected in post-test results of Table 2. A comparison of pre-post results (lived objects of learning 1 and 2) of the two lessons, Tables 2 and4, show that at the pre-test, Peter's class had higher scores in questions 2 and 3 but at the post-test, John's class, where the pattern of variation was fully applied, had a notable improvement in all the questions than Peter's class. Question 2 that addressed the critical feature had a slight improvement of 7% in Peter's class compared with 71% in John's class.

The content of the lessons addressed the "what" aspect of the object of learning. Eight groups had difficulty expressing the sides of their rectangles in algebraic form, thus failing to factorize the expression x 2 + 5x + 6 as shown in Tables 1 and3. The expected algebraic expressions for the sides of the rectangle fall within the topic of formation of algebraic expressions taught in the first year of high school according to the Kenyan mathematics syllabus for high schools. Also, in the introduction of the first lesson, the students could not identify the invisible 1 as the coefficient of x 2 from the expression x 2 + 4x + 3, which suggested that students either did not understand multiplicative identity property of real numbers or they did not know the term coefficient. These cases show that students could not recall what they had been taught earlier. These were learning moments for teachers to realize that the problems that students experience in quadratic expressions and equations originate from the introductory contents of the algebra.

The planning gaps identified during the lessons contributed to the time management issues especially, the first lesson where students did not work on the second activity as was planned; and they also had a short time to discuss the second task of the first activity. The effect was reflected in the post-test outcome from the first lesson's class as shown in Table 2. From these observations teachers learned that LS design is helpful in focusing the teachers in every aspect of the lesson that improves students learning. They also learned that a good implementation of a lesson by applying patterns of variation can improve students' learning as suggested in the second lesson's post-test result Table 4. The teachers appreciated the implementation of the second lesson where students were able to generalize the conditions for factorization of a quadratic expression with a unit coefficient of x 2 .

Peter:

Yeah the lesson was good. I am sure now they are aware that they can use that formula without the cuttings and factorize any quadratic expression.

Dominic:

The fact that the two activities were discussed helped the students to see the relationship and I am sure they can now factorize the quadratic expression without any problem.

The teachers also learned the need for explicit preparation of all activities and for good time management, as they stated during the reflection session after the first lesson and confirmed the Thematic Working Group 19
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