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This paper investigates how

commognitive framework might inform the investigation of pre-service teachers' (PSTs') teaching in the context of achieving a goal of ambitious mathematics (AM) teaching. In particular, I will show how the commognitive framework can be used to foreground the mathematical talk when analyzing qualities in PSTs' attempts in forms of opportunities and needs created and exploited. I use the commognitive framework and especially the distinction between rituals and explorations to conceptualize qualities of PSTs' attempts at AM teaching on two levels. The first level points to PSTs' use of teaching tools provided in a teacher education program in Norway to support AM teaching. The second level points to characteristics of the mathematical discourses manifested in the attempts of PSTs to utilize these tools. On both levels I investigate students' opportunities for explorations.

Preparing for ambitious mathematics teaching

Over 25 years ago, [START_REF] Lampert | When the problem is not the question and the solution is not the answer: Mathematical knowing and teaching[END_REF] described a possible approach to bring the practice of knowing mathematics in school classes closer to what it means to know mathematics within the discipline. Her vision is in contrast to what is viewed in most classrooms, where doing mathematics means following the rules laid down by the teacher; knowing mathematics means remembering and applying the correct rule when the teacher asks a question; and mathematical truth is determined when the answer is ratified by the teacher (Lampert, 1990, p. 32). Sfard (2017, p. 125) calls this memorized-symbolic-manipulation type of activity ritualized participation in a mathematical discourse. Such participation is connected to ritualized instruction and it is characterized as performance for the sake of connecting with or pleasing others [START_REF] Heyd-Metzuyanim | Between people-pleasing and mathematizing: South African learners' struggle for numeracy[END_REF].

The term ambitious is used by Lampert, Beasley, Ghousseini, Kazemi, and Franke (2010, p. 129) to distinguish this kind of classroom discourse from a classroom discourse that is more aligned with Lampert's vison. They define the work teachers need to do to manage the complicated interactions between the teacher, the students, and the mathematics in classroom environments as ambitious mathematics teaching (AM teaching). The most important and challenging work of AM teaching is allowing students to exercise authority for mathematical ideas while staying accountable to the discipline [START_REF] Lampert | Using designed instructional activities to enable novices to manage ambitious mathematics teaching[END_REF]. Students are expected to participate in a discourse in which they strive to learn more about the mathematics involved. Such activities are called by [START_REF] Sfard | Thinking as communicating: Human development, the growth of discourses, and mathematizing[END_REF] explorative participation in mathematical discourse, in contrast to ritual participation. Explorative participation is connected to explorative instruction and is characterized as performance for its own sake [START_REF] Heyd-Metzuyanim | Change in teacher's practices towards explorative instruction[END_REF].

In a practice-based teacher education program in Norway, pre-service teachers (PSTs) were provided among others the following teaching tools to support their attempts in AM teaching: A set of talk moves to increase the mathematical talk in the classroom (Chapin, O'Conner, & Anderson, 2009), and some screen manipulable shape-making quadrilaterals constructed in GeoGebra with the potential to develop more sophisticated geometrical discourses (e.g., [START_REF] Sinclair | The more it changes, the more it becomes the same: The development of the routine of shape identification in dynamic geometry environment[END_REF].The figures (e.g., squares, rectangles, rhombi, and parallelograms) are constructed to hold certain properties of the diagonals (see Figure 1). It is within the context of this teacher education program that I study the mathematical talk, the extent to which it becomes explicit for the students through the PST's use of the provided teaching tools, and how this affects student's opportunities to participate in the discussion. I explore Sfard's commognitive framework regarding these relations because of the comprehensive set of conceptual tools it provides for capturing both mathematical discourses and social participation patterns (e.g., [START_REF] Heyd-Metzuyanim | Between people-pleasing and mathematizing: South African learners' struggle for numeracy[END_REF][START_REF] Sfard | Ritual for ritual, exploration for exploration: Or, what learners are offered is what you get from them in return[END_REF]. This paper is a contribution to the general need to develop analytical approaches for conceptualizing and analyzing interactional and content-related aspects of classroom discourse [START_REF] Sfard | Thinking as communicating: Human development, the growth of discourses, and mathematizing[END_REF].

In the following, I will first briefly outline key concepts from the commognitive framework and report how they are used to conceptualize qualities of PST's attempts at AM teaching in discursive terms. Finally, I will show how the analytical framework is used to foreground the mathematical talk when analyzing qualities in one PST's attempt in the form of opportunities and needs created and exploited. The PST is named Andy and he is in his second semester studying mathematics in a Norwegian teacher education program for lower secondary school. He leads a classroom discussion about quadrilaterals in ninth grade (14-15 years). This is his first attempt to lead a classroom discussion in the context of achieving a goal of AM teaching. [START_REF] Sfard | Thinking as communicating: Human development, the growth of discourses, and mathematizing[END_REF] commognitive framework is rooted in the claim that thinking is a form of communication and that mathematics is defined as a discourse where mathematical objects are abstract discursive objects. Discourse is a special type of communication, set apart by its objects (word use), all kinds of mediators created and acted on for the sake of communication (visual mediators), a set of meta-level rules followed by the participants (routines), and the outcomes of their processes (endorsed narratives) produced within the community of the discourse (Sfard, 2008, p. 93). Sfard does not explicitly define teaching. However, she talks about ways teachers can provide opportunities for different kind of mathematics learning and participation through their communicational activities (Sfard, 2017, p.44). In AM teaching the communicational activities aim to bring students' mathematical discourses closer to disciplinary mathematical discourses in such a way that they are able to participate in an explorative way. Sfard (2017, p. 45) describes distinctions between ritual and explorative mathematical discourses when she talks about the historically established mathematical discourses we aim at in schools. I use the work of [START_REF] Wang | Discourse Perspective of Geometric Thoughts[END_REF] and [START_REF] Sinclair | The more it changes, the more it becomes the same: The development of the routine of shape identification in dynamic geometry environment[END_REF] in redefining and refining van Hiele's levels of geometric thinking into discursive terms to make distinctions between ritualized and explorative geometrical discourses. In ritualized discourses (levels 1 and 2) a "square" is often used as a proper name on a concrete thing or a family name of disjoint discursive objects. Thus, in ritualized discourses it is difficult to call a shape by a different name, because names represent different families. In contrast, mathematical definitions guide the use of the name "square" in object-driven explorative discourses (levels 3 and 4). A shape can be called by several names if it has the necessary and sufficient properties described in several definitions. A characteristic in explorative discourses is therefore the possibility of hierarchic classification by definition. The identification routines are also different in the two discourses. In explorative discourses, one strives to use definitions as criteria to identify geometric figures instead of direct visual recognition or just checking some partial properties. In ritualized discourses, there is often no need for substantiation routines, because claims seem to be self-evident. If they are not, one tends to use the concreteness of the figures to endorse the narrative, for example, by using measuring and dragging routines to check and verify the sides and angles in a figure constructed in GeoGebra. In contrast, explorative discourses emphasize deductive reasoning to substantiate the endorsement of a narrative by using previously endorsed narratives. The more ritualized checking routines are still used, but mainly to modify the justifications. Engagement in explorative geometrical discourses can therefore be related to qualities in AM teaching.

Analytical framework

Supporting transitions from ritualized to explorative geometrical discourses is central in AM teaching. It involves what [START_REF] Sfard | Thinking as communicating: Human development, the growth of discourses, and mathematizing[END_REF] calls meta-level development, so called because the metalevel rules change. The inevitable point of departure for meta-level development is imitation of the moves of an expert discursant [START_REF] Sfard | Ritual for ritual, exploration for exploration: Or, what learners are offered is what you get from them in return[END_REF]. If everything goes well, the participation will gradually become explorative. However, this transition is demanding for the students and for the teacher. According to Sfard (2017, p. 44), there are two ways in which the teacher can support such transitions. The first way is to take leadership in the new discourse in appropriate learning-teaching situations and model how words are used and what routines count as acceptable within the new discourse. For example, the teacher may demonstrate the use of definitions as a way to enhance direct visual recognition in appropriate situations (Sfard, 2008, p. 254). In order to succeed, the students need to show confidence in the expert, be willing to take the role of the learner, and make changes that bring them closer to explorative geometrical discourses. The second way is to explicitly encourage the desired discourse by using appropriate teaching moves. In order to succeed, the teacher needs to elicit contributions from the students to identify and analyze their geometrical discourses up against ritualized and explorative discourses. Then, the teacher must respond in such a way that students become aware of possible differences in the use of words and routines. In addition, the teacher may expose them to situations in which their discourses would prove insufficient and support them in the process of understanding the advantages of the new way of doing or saying things instead of the method with which they have been so familiar. For example, students may drag the shape-making figures, creating opportunities to widen the range of shapes students are ready to call the same [START_REF] Sinclair | The more it changes, the more it becomes the same: The development of the routine of shape identification in dynamic geometry environment[END_REF].

The provided teaching tools have the potential to take into account the complexity of the goals in AM teaching and support such transitions [START_REF] Lampert | Using designed instructional activities to enable novices to manage ambitious mathematics teaching[END_REF][START_REF] Sinclair | The more it changes, the more it becomes the same: The development of the routine of shape identification in dynamic geometry environment[END_REF]. However, the choice of appropriate teaching tools involves more than just the use of a tool. It involves making judgments about when and where it is appropriate to use the tool. The PST's use of the provided teaching tools could therefore be characterized as ritualized or explorative (Heyd-Metzuyanim et al., 2016). A ritual performer would be concerned about how to proceed when a specific tool has been chosen (Nachlieli & Katz, submitted). The use is often rigidly defined and dependent on others decisions in order to achieve social goals. For example, talk moves may be used to reward ritual participation as appropriate behavior, or they may be used to follow a prescribed list of possible properties of diagonals regardless of students' responses. In contrast, an explorative performer is concerned about choosing the appropriate tool in order to achieve her intended goal (Nachlieli & Katz, submitted). For example, she may use the shape-making figures to create situations for potential explorations or use talk moves to explicitly support transitions from ritualized to explorative geometrical discourse. PST's explorative use of these teaching tools can therefore be related to qualities AM teaching.

It is important to stress that the distinction between ritual and exploration is not a categorization of students' participation or PST's use of teaching tools as such. It is meant to serve as a way to better understand qualities in PSTs' attempts at AM teaching in learning-teaching situations. In this paper, I explore how the use of this distinction points to the different qualities of PST's attempts at AM teaching; the characteristics of ritualized and explorative geometrical discourses; students' opportunities for ritualized and explorative participation in these geometrical discourses; and PST's ritualized and explorative use of the provided teaching tools to create and exploit these opportunities.

An investigation of Andy's attempt

In this paper, I use the transcription of a video recording of Andy leading a ninth-grade classroom discussion about quadrilaterals. I use it to show how the analytical framework informs the investigation of qualities in PSTs' attempts at AM teaching. I also present findings from a threetiered analysis design.

Tier 1: The transcription was first organized into mathematical episodes in which Andy and students discuss an endorsable mathematical narrative as a claim about one of the shape-making figures or a relation between them. Each episode encompasses the whole discussion around one claim, including the routines of construction and substantiation. I chose Andy's attempt out of four PSTs' discussions because of the nature of the claims in the ten identified mathematical episodes. In episodes 1, 2, 3, 7, and 9, the talk is mainly about identifying and describing potential properties of the shape-making figures. However, in episodes 4 and 8, Andy challenges students to explain how necessary conditions are linked to the naming process (e.g., "Is this (perpendicular diagonals) one thing that needs to hold for it to be a square?" [48]). In episode 5 a student identifies figure B in Figure 1 as a rectangle and Andy prompts the student for further explanations ("Why is it a rectangle?" [75]). Andy also challenges students in episodes 6 and 10 to extend their thinking about the possibility of a figure having several names (e.g., "But, here (figure A in Figure 1) are two and two sides equal as well (5s). Is it a rectangle too?" [85]).

These examples show that Andy's use of the provided talk moves (see Table 1) managed to create several opportunities for explorative participation in a geometrical discourse. The examples also revealed teaching-learning situations where Andy was given opportunities to support transitions from ritualized to explorative geometrical discourses. Understanding whether these opportunities were exploited requires further investigation. The mathematical episodes were therefore examined qualitatively using the analytical framework on two levels described in tiers 2 and 3 and inspired by the work of Heyd-Metzuyanim et al. (2016).

Tier 2: The first level points to Andy's use of teaching tools and the opportunities created and exploited for students' participation. I separated Andy's and students' talk and coded their talk moves on a turn-by-turn basis. I used a modified coding scheme based on the set of teacher's talk moves provided by [START_REF] Chapin | Classroom discussions. Using math talk to help students learn[END_REF] and created codes for students' talk (see Table 1). ). It is difficult to determine whether students' intentions were to produce new mathematical narratives for their own sake or to please Andy. However, they show examples of explorative use of talk moves. However, the amount of talk moves did not provide answers concerning whether and how Andy's use of talk moves supported students in the meta-level development towards explorative geometrical discourses.

Tier 3:

The second level of analysis therefore points to opportunities and needs created and exploited for students to engage in explorative geometrical discourses. I screened the episodes for signs of ritualized and explorative geometrical discourses in the forms of word use and routines.

The aim was to identify appropriate learning-teaching situations for meta-level development. I then investigated Andy's use of teaching tools in these situations in order to study how their use supported students in their transitions.

Due to limited space, I present an analysis of one episode regarding a more detailed investigation of the geometrical discourse and PST's use of talk-moves. In episode 1, Andy starts to drag figure A in Figure 1 and asks if anyone has something to say about the shape-making figure on the smartboard. . In this situation Andy shifts from being an explorative user of talk moves to a ritual user. Instead of trying to solve the problem or cope with the difficulties within the geometrical discourse, he chooses talk moves that help him to redirect the discussion in order to go on. In this situation, Andy uses "disagree" ("Does anybody disagree?") and "add more" ("Does anybody have anything else?"). The students do not respond. He then redirects the talk towards the properties of the diagonals. He then uses "repeat" ("Can anyone repeat what has been said?") to activate the students. The student repeats what is said without adding anything new [10], [12]. Andy invites another student to participate ("add on") and the talk shifts to the properties of the diagonals. Thus, the opportunities that were given for students shifted from explorative to ritual participation in the geometrical discourse.

This analysis shows how Andy struggles to respond appropriately when he has created opportunities for students to participate exploratively in the geometrical discourse. The analysis of the other episodes revealed similar patterns. Andy manages to make use of the shape-making figures and talk moves to create opportunities and needs for explorative participation, which are important qualities in AM teaching. However, he struggles to stay accountable to the discipline and take leadership in the explorative geometrical discourse when needed. Instead of exploiting the teaching-learning situations to engage students in explorative geometrical discourses, he tends use the provided talk moves such as "repeat," "agree/disagree," and "add more" as shortcuts to overcome the difficulties and keep the discussion going. In these situations, Andy's use of talk moves shifts from explorative to ritualized, which affects the students' opportunities to participate in the geometrical discourse. Even more importantly, students were not offered the necessary opportunities to engage ritually or in an explorative way in the explorative geometrical discourse in order to modify their thinking and bring them closer to accepted ideas of the discipline. Without knowing it, they were stuck in a ritualized geometrical discourse [START_REF] Sfard | Ritual for ritual, exploration for exploration: Or, what learners are offered is what you get from them in return[END_REF].

Some concluding remarks

AM teaching is characterized by its deliberately responsive and disciplinary-connected instruction which complicates interactional and content-related aspects of classroom discourse [START_REF] Lampert | Using designed instructional activities to enable novices to manage ambitious mathematics teaching[END_REF]. The purpose of this paper was to show how the commognitive framework and particularly the distinction between rituals and explorations foreground the mathematical talk when investigating qualities of PST's attempts at AM teaching. Analyzing the mathematical episodes and the amount of talk moves helped to uncover qualities regarding students' opportunities for explorative participation in the PSTs' teaching attempts. Students' talk provided some evidence of students' uptake of these opportunities. However, it was the more detailed analysis of the geometrical discourses in the episodes that revealed if and how the PST's use of talk moves provided opportunities for participation in explorative discourses.

The analysis of Andy's attempt in AM teaching uncovers just some of the complexity that a PST must attend to in the challenging moment-by-moment interactions with students and mathematical discourses. It also shows the critical need for teacher education programs to provide PSTs with opportunities to learn and reflect upon their use of potentially powerful teaching tools in such learning-teaching situations. Sfard (2008, p. 223) argues that if one only focuses on how a teaching tool should be performed and neglects the question of when and where this performance is appropriate, it is most likely to result in ritualized rather than explorative participation.

Figure 1 :

 1 Figure 1: Four of the seven shape-making quadrilaterals

Table 1 : The amount of talk moves used by Andy and students' talk

 1 Table1presents an overview of the amount of talk moves used by Andy and students' contributions. The findings show that Andy makes use of the recommended talk moves to promote student engagement in the leading geometrical discourse and in relation to each other's

	Andy's	Say more	Revoice	Repeat	Press for	Challenge Agree/	Add more
	talk moves				reasoning		Disagree	
		14	2	7	1	6	1	6
	Students'	Narrative	Justify	Explain	Judge	Repeat	Clarify	Question
	talk	6	6	4	18	5	3	3

contributions. The table also shows that students contributed to the geometrical discourse by constructing geometrical endorsable narratives (e.g., "It is a rectangle" [74]). They tried to verify narratives (e.g., "Because two of the sides are longer than the other two"

[76]

) and they contributed further explanations (e.g., "Yes, but all sides are equal there…In a rectangle there are only two and two equal sides"

[88]

  Andy invites the students to participate in the discussion with an open question[1]. One student contributes with an identifying narrative about the length of the sides[2]. The student has therefore created an opportunity to discuss variant and invariant properties in figure A. Andy exploits the opportunity and prompts for an endorsement by asking why ("say more")[5]. Instead of relying on immediate visual recognition, the student provides the justification "because it is a square"[6]. The use of "it" refers to the concreteness of the figure on the smartboard. The identifying narrative "it is a square" [6] has not been previously endorsed by the use of definitions. It is established by the student as something that is already known. The student provides a correct deductive inference: If figure A is a square, then the sides are of equal length. Andy signals that he wants her to "say more" by asking "yes?"[7]. The student supports her justification by explaining a more ritualized checking routine[8]. The student draws on ritualized routines but her contributions also show explorative characteristics in the ritualized discourse. This is a teaching-learning situation in which Andy has the opportunity to either demonstrate how definitions are used in explorative discourses or choose appropriate teaching tools to create a situation in which the suggested routines prove to be insufficient. Instead, Andy confirms the narrative "it is a square"[9]. He then restates the construction of the narrative suggested by the student but changes the premise and conclusion[9]. His deductive inference is: If all sides in figure A are of equal length, then figure A is a square. This endorsement would not have been accepted in explorative discourses because equal sides are not sufficient properties to define a square. Andy starts to explain why the lengths of the sides are equal, but he stops talking and waves his arms without touching the smartboard[9]
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		Andy:	Yes (2s), can you explain why they are of equal length?
	6	Student:	Because it is a square.
	7	Andy:	Yes?
	8	Student:	And if you change the size, the sides will change. They are still of equal
			length.
	9	Andy:	Yes (2s), it is said it is a square. All sides are of equal length; therefore, it is
			a square. All sides are equal because (Andy is waving his arm at the figure
			on the smartboard) (4s) Does anybody disagree? Does anybody have
			anything else? (4s) Let's look at the diagonals (Andy points at figure 1 on
			the smartboard), the ones which intersect. We have four criteria here (he
			removes the figures and puts a scheme up on the smartboard). Now you
			have the figures on your computers, OK? What do you think? (5s) Can
			anyone repeat what has been said? (4s) (Andy points at some students in the
			back.) You in the back.
	10 Student:	Oh OK, yes, it is a square=
	11 Andy:	=Square, yes=
	12 Student:	=and all sides are equal
	13 Andy:	Yes? What do you want to say? (Andy points at a student)
	1	Andy:	We start with figure A (2s). Does anyone want to say something about figure
			A? (4s) Yes? (Andy points at a student who has her hand up.)
	2	Student:	The sides are always of equal length
	3	Andy:	The sides are always longer (.) of equal length?
	4	Student:	Mmm.
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