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In this paper we follow preservice elementary school mathematics teachers learning processes in a course that was organized around problem solving and aimed at providing opportunities for students to participate exploratively. The goal of this study is to characterize pre-service teachers' participation on the "ritual-explorative" continuum, to understand better what opportunities for explorative participation are given and taken up by students. Findings show that the request to suggest various solution paths seems to help students focus on the explorative question of "where do I want to get at?" rather than at the ritual question of "how do I proceed?".

Introduction

This paper focuses on learning processes of pre-service elementary school mathematics teachers during a course whose goal was to promote students' mathematical thinking by engaging them in a discourse which is closer to that of mathematicians, and thus to provide our pre-service teachers opportunities to participate exploratively in doing mathematics. This resonates with [START_REF] Blanton | Using an undergraduate geometry course to challenge pre-service teachers' notions of discourse[END_REF]: "The development of a cadre of classroom mathematics teachers whose practices reflect current research on teaching mathematics rests in part on how pre-service teachers, as students, experience mathematics" (p. 117).

In a former study about opportunities for learning in a prospective mathematics teachers' classroom [START_REF] Heyd-Metzuyanim | Opportunities for learning in a prospective mathematics teachers' classroombetween ritual and explorative instruction[END_REF], we found that despite what seemed to be an explorative environment, pre-service students still participated mostly ritually in a mathematics course. Since we believe that the opportunities to learn that preservice teachers provide their future students should be more explorative, it is obvious that they themselves should participate exploratively. We therefore designed a course that would provide opportunities for explorative participation. The course was taught in two separate groups by two instructors simultaneously. We are now starting to learn about what actually happened in those courses -could the participation of students be characterized as, at least sometimes, explorative? What characteristics of the course design and instruction seems to provide explorative learning opportunities? In the current study we focus only on one group of students, working on one type of tasks during two lessons, and follow learning processes in an attempt to characterize pre-service teachers' participation on the "ritualexplorative" continuum.

Theoretical framework

In this study we adopt Sfard's socio-cultural approach to conceptualize and study learningthe communicational framework [START_REF] Sfard | Thinking as communicating: Human development, the growth of discourses, and mathematizing[END_REF], and refer to the on-going development and refinement of the discourse on rituals and explorations ) [START_REF] Sfard | Why cannot children see as the same what grown-ups cannot see as different? Early numerical thinking revisited[END_REF][START_REF] Nachlieli | Growing mathematical objects in the classroomthe case of function[END_REF][START_REF] Heyd-Metzuyanim | Opportunities for learning in a prospective mathematics teachers' classroombetween ritual and explorative instruction[END_REF]Heyd-Metzuyanim & Graven, 2015;Sfard & Lavi, in process(. One of the main characteristics of a discourse is the routines participants perform. Routines are repetitive patterns that are repeated in similar situations. That is, when one views a situation as similar to one he had participated in, and performs the same action. This could be sociale.g. when entering your home and placing the keys at a particular place. It could also be a cognitive actione.g., in a mathematics classroom, when a student refers to a certain problem as similar to one performed earlier, and adopts the same procedure to solve the problem. The participant is not always aware of this repetitiveness. That is, a routine is such in the eyes of the researcher. Sfard & Lavie (in process) define the term explorations as "routines whose success is evaluated by answering the single question of whether a new endorsed narrative has been produced". That is, the task of an exploration is to produce new "historical facts" or a new "truth" about mathematical objects. Exploration is hence an act of production. Performers of explorations focus on the question: "what it is that I want to get?".

Rituals are "routines performed for the sake of social rewards or in an attempt to avoid a punishment." (Sfard & Lavie, in process). Ritual performance is usually initiated by, and addressed at, somebody else. Usually, the performance is an imitation of someone else's former performance. The procedure is rigid and the performer of the ritual never tries to make independent decisions. Performers of rituals ask themselves: "how do I proceed?".

It is important to stress that the same procedure performed (even simply multiplying 26 by 31) could be an exploration or a ritual, depending solely on whether the participant is engaged in trying to produce a new narrative, or, simply socially engaging in class, doing what she is expected to do using given procedures.

Former studies suggest that while explorative participation is desired, rituals are inevitable. Especially in the process of objectification, of developing new mathematical objects (such as the development of numerical discourse by children [START_REF] Sfard | Why cannot children see as the same what grown-ups cannot see as different? Early numerical thinking revisited[END_REF]Sfard & Lavie, in process) or the development of the discourse on function of 7 th grade students, [START_REF] Nachlieli | Growing mathematical objects in the classroomthe case of function[END_REF].

In mathematics classrooms, students' participation is usually neither purely ritual nor explorative. Those could be seen as ends of some continuum that differ in the performer's ability to separate the procedure and the task. As long as the performer does not just strive to arrive at a particular outcome but also feels compelled to do this by performing a specific procedure, the routine cannot count as a pure exploration.

The goal of this study is to characterize pre-service teachers' participation on the "ritual-explorative" continuum so that we could understand better what opportunities for explorative participation are given and taken up by students.

Method Data collection

The data for this paper are taken from a course about "promoting mathematical thinking", for prospective elementary school mathematics teachers studying at a college of education in Israel. The course was a one-semester course which was taught in 2014. It included 13 lessons, each lasting an hour and a half. During the first lesson, the project was described to the students and consent forms were collected and hence the lesson was not videotaped. The remaining 12 of the 13 lessons were videotaped and transcribed. Lesson plans and all of the students' written work (exams and the planned unit) were collected. The language of the data was Hebrew. This data was analyzed in its original language and parts were translated to English by the authors. To learn about students' ritual and explorative participation, we focus on their studying a specific type of problems -serial tasks (calculating sums of sequences). This topic was discussed in lessons 2 and 3. Assuming that students' participation may change when shifting to a new subject, we chose to focus on one specific topic in its entirety. The data analyzed include all whole class discussions that took place during each of the lessons.

Participants

The research participants include a group of 18 prospective elementary school mathematics teachers. The students are studying at their final academic year in a college of Education in Israel. The course instructor, the first author, has a B.Sc in mathematics and PhD in mathematics education. She had been teaching in this college for 15 years.

The course

Over the past two decades, accumulating evidence has shown that classroom environments that support "explorative" participation, that is, that encourage students' authority (Herbel-Eisenmann, Choppin, & Wagner, 2012); engage students in tasks that are cognitively demanding and are open to different solutions and procedures [START_REF] Boston | Transforming secondary mathematics teaching: Increasing the cognitive demands of instructional tasks used in teachers' classrooms[END_REF]; and foster a community of learners that listen to each other and build on each other's ideas [START_REF] Resnick | How (well structured) talk builds the mind[END_REF] promote conceptual understanding. The aim of the designed course was for students to deepen their mathematical thinking by working on high cognitive-demand problems [START_REF] Smith | 5 Practices for Orchestrating Productive Mathematics Discussions[END_REF], solving problems in various ways and making connections between the different solutions as well as between the mathematical ideas related to the problems and the solutions. During the lessons, students worked in small groups to solve the problems and were encouraged to come up with as many solutions as possible. Whole-class discussions about the different solutions followed. The instructors chose to provide students with as much time as needed to work on certain problems alone or in groups, focusing entire lessons on discussing different solution paths suggested by the students. The students had to take three exams during the course and were required to plan a 3-lesson unit about any topic for elementary school students, which aim was to promote their students' mathematics thinking. Two groups (of around 20 students each) were taught simultaneouslyby each of the two authors. This study refers to Talli's group only.

Data analysis

To identify whether students' participation is more ritual or more exploraitve, and to identify shifts in participation we followed all whole-class discussion around a specific type of tasks. The discussions were analyzed by addressing the questions in Table1. 

Ritual

Findings and discussion

To understand what opportunities for explorative participation were given and taken up by students, we present our findings about students' participation while working on a specific type of tasks (calculating sums of sequences). This learning took place during lessons 2 and 3.

The first problem that the students solved was calculating the number of Hanukkah candles one lights during the 8 days of the Holiday (2 candles on the first evening, 3 on the second, … and 9 candles on the eighth night): 2+3+4+5+6+7+8+9 = (2+9) + (3+8)+ … = 4 • 11 = 44 (following Gauss's idea of pairing elements of the sequence: first element with the n th , second element with the one in the (n-1) place, and so on. The sums of each of the pairs are equal.). Then, after quickly calculating the sum of integers between 1 and 99, the students were asked to calculate the following sum: 1+3+5+7+…. +997+999 = .

The following conversation took place:

1 Maya I remember that there's something, a formula, I don't remember it now. To find the element in the middle.

2 Inst.

To find a formula for finding the middle element? The first student's (Maya) saying refered to the existence of a formula that could, perhaps, be helpful in this situation. Shse also talked of remembering. That is, Maya's first reaction was to seek a formerly learned routine that could be helpful in this situation. Maya followed Gauss's idea to add pairs of numbers. As the number of elements in this sequence is even (500 numbers), Maya's search for the "middle number" is surprising. It is possible that either Maya mistakenly thought that there actually is an odd number of elements in the sequence. A different interpretation is that as all the problems that the students have worked on in the course so far have been of an odd number of elements, Maya looked for the "middle element" as part of performing a given routine practiced earlier.

After Maya's remark, a whole-class discussion arose about the number of elements in the sequence, whether it was even or odd. After agreeing that there are 500 elements (half of the elements in the sequence 1, 2, 3, … ,1000), the students used Gauss' idea and calculated: (1+999)•250 = 250,000. The instructor asked for a different solution when Sonya replied: "it could be factorial, right?" she then added: "I remember something, I think this could be related". That is, similar to Maya, Sonya seeks a formerly learned and used routine to be applied here. She does not remember the routine or what the idea behind "factorial" is, but something about this problem reminds her of this formerly learned idea. Considering Maya and Sonya's communication about the given problem, it has strong ritual characteristics:

Ritual Exploration 1. What is the question the performer is trying to address?

How do I proceed?

There is evidence of the students' attemps to seek a ready-made formula that could help them proceed. In Maya's case, the formula is not needed as there is an even number of elements. In Sonya's casethe idea she thiks of (factorial) is not relevant. Sonya is not sure what it actually is, but she does find some connection between the procedure and the problem at hand.

What is it that I want to get?

2. How does the performer evaluate its' success?

Performing a specific task-related procedure

Although not yet performing the procedure, Maya & Sonya seek a task-related procedure to follow. Both turn to memory (1,3,44).

A new narrative had been produced

3. By whom is the routine initiated? To whom it is addressed?

Initiated by former performer of a similar task. Addressed at the teacher (or other superior).

The routine was learned sometime in the past (not during this course). They do not try to develop a routine for the specific task by analyzing where it is they want to get at (1,3,44). oneself 4. Flexibility Applies a rigid routine. Seldom makes independent decisions

The students do not make any decisions at this moment. They turn to the instructor to remind them of the formula / concept that they thought was relevant (42 ).

Could consider various routines. Makes independent decisions.

Authority

The teacher (42) One's own During the rest of the lesson, the students worked in groups and came up with three ways to solve the problem. Later in the second lesson, the students suggested and discussed different solutions paths different series.

During the lesson the students learned: (1) that a problem could be solved by different solution paths;

(2) that Gauss' idea could be helpful to solve sums of certain sequences; (3) to apply Gauss' idea, one needs to know the number of elements in the sequence. If the number is odd, then either the element in the middle should be identified or, the first or last element should be sided and later returned to the series. The students were encouraged to come up to the board to suggest solution paths, to make certain that they understand others' ways of solving the problem and ask questions when things were not understood.

At the beginning of the 3rd lesson students were asked to suggest ways to calculate: The routine used by the student to solve the problem (placing the first or last number aside and checking sums of sets of numbers), as well as Gauss's principle were used by the class in the previous lesson. However, this is not simple mimicking of previously performed routines by others, as those routines have not been used together for the same problem yet. Some adaptation needed to be done. Therefore, the routine is initiated by the student.
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Flexibility

The student used previously perfomed procedures to create a new solution path to solve this problem. Considering the students' decision makingthe student made all decisions for adapting previously used routines to this problem.

Separation between procedure and task

It is not clear whether for the student the procedure is a part-andparcel of solving this problem or not.

Authority

One's own It seems that Nur and Sara participated exploratively: they produced narratives that include new solution paths for the task and reaching a solution. They articulate their solution path in a way that makes clear that they have made independent decisions while adapting different formerly performed routines to solve the given problem.

Discussion

In this study we tried to characterize students' learning while solving a specific type of tasks on the ritual towards exploration continuum. In the discussed course, in which students were constantly asked to work on problems on their own or in small groups, and suggest various solution paths to each problem, there is evidence of students shifting from more ritual to more explorative participation. It may seem obvious -the course was designed in a way that would invite students to engage exploratively. Yet, studies show that even when teachers design lessons that aim at certain opportunities to learn, this does not always happen. We found that when faced with a task that is of a new type (to the learner), the learner's immediate response is of a ritual type -to seek related procedures that would assist her in solving the task. The request to suggest various solution paths seems to help students focus on the question of "where do I want to get at?" and not remain focused on the question of "how do I proceed?". Also, once a student chooses a certain routine as a solutionpath, it is sometimes followed blindly, ritually, thus getting farther away from the task at hand.

Table 1 : Rituals and explorations

 1 

	Exploration

Table 2 : Analysis of Maya & Sonya's participation

 2 

	Thematic Working Group 18

  Solution paths suggested by two students (Nur and Sara):

				solve the problem. In both, the	narrative is already known
				first number of the sequence is left	from previous answers. (2) a
				aside. In the 1st solution, adjacent	new solution path to solve the
				numbers are paired. The sum of	problem: the sum of every 4
				each pair is 1 or (-1) alternately.	adjacent elements is (-4). The
				Therefore the solution is 1. In the	sum of all quadraplets is
				2nd solution, Gauss' principle is	503•(-4)= (-2012). The last
				applied to create pairs of numbers	element of the sequence
				whose sum is 2015 or (-2015)	(2012) is added. Therefore,
				alternately. Therefore, the total	the sum of the sequence is 1.
				sum is 1.
	3. By whom is the	
		routine initiated? To
		whom it is addressed?
	1	Nur	so, I put the 1 aside, and saw that (in) each two pairs, the first gives me minus
			1 and the second pair gives me plus 1. So I have 2012 numbers here and then,
			if I divide this to pairs, I have 1006 pairs. So half of them give me 1, 503
			altogether, and the other half gives me minus, so it's (-503) and it cancels and
			so I have 1 left.
	2	Inst.	Do you see what Nur did? Any questions?
	3	Ziv	no. it's perfectly clear
	4	Nur	now I found another one. After... I left the 1 aside here too, then I saw that if
			I take the 2 and the 2013, it gives me 2015. If I take then the minus 3 and the
			minus 2012 it will give me (-2015). So I have the sum of two negative
			numbers that give me (-2015) and the sum of two positive numbers give me
			(+2015). So it still cancels out and I have the 1 left.
	5	inst.	What do you all say? yes?
	6	Sara	I have another one. I saw here, my language is not that well, correct me, ok?
			like a sort of continuum, that every four, every three operations give (-4) each
			time, then its repeated.
	7	Inst.	Every three operations, you mean, the sum of four numbers?
	8	Sara	yes, the sum is (-4). So it's repeated till number 2012. So 2012 is divided by
			4 and I get 503 times that it's repeated. … then I multiplied 503 by (-4) cause
			every such part is, mm…. (-4). And this is the result so far [-2012]. Then I
			have plus 2013 and it's 1.
	The analysis of Nur and Sara's suggested solution-paths is in Table3.
				Nur (2 solution paths)	Sara
	1. What is the question	What is it that I want to get? The student is trying to solve the
		the performer is		given problem and create a new solution path.
		trying to address?
	2. How does the		By creating narratives of two types	By creating narratives of two
		performer evaluate its'	-(1) the sum of the series (equals	types -(1) the solution (the
		success?		1), and (2) new solution paths to	sum is 1). However, this

Table 3 : Analysis of Nur and Sara's participation

 3 
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