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How to deal with learning difficulties related to functionsassessing teachers' knowledge and introducing a coaching
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Students often have difficulties with the content area of functions. If their teachers are not aware of these problems and lack of adequate teaching methods, they cannot counteract pointedly in their classrooms. This paper presents a project developing and evaluating a coaching to foster teachers' pedagogical content knowledge about several learning difficulties with functions and about how to respond to them. As this work is still in progress, we here focus on the project description as well as on the development of the survey to measure teachers' corresponding knowledge.

Introduction

Being able to adequately reason with functions is considered to be a central goal of mathematics education (e.g. [START_REF] Eisenberg | On the development of a sense for functions[END_REF]KMK, 2003;NCTM, 2000). More precisely, reasoning with functions characterizes a specific way of thinking in interdependencies, relationships or changes [START_REF] Vollrath | Funktionales Denken[END_REF]) that is especially required when working on inner-and extra-mathematical problems [START_REF] Hinrichs | Modellierung im Mathematikunterricht[END_REF]NCTM, 2000).

However, several studies show that learners have particular difficulties in this domain (see for an overview [START_REF] Nitsch | Diagnose von Lernschwierigkeiten im Bereich funktionaler Zusammenhänge[END_REF][START_REF] Vogel | Mathematisieren funktionaler Zusammenhänge mit multimediabasierter Supplantation[END_REF]. For instance, they may experience problems with the meaning of the parameters (e.g. [START_REF] Schoenfeld | Learning: The microgenetic analysis of one student's evolving understanding of a complex subject matter domain[END_REF], conceive graphs as pictures (e.g. [START_REF] Monk | Students' understanding of a function given by a physical model[END_REF], confound the slope and the height of graphs (e.g. [START_REF] Hadjidemetriou | Children's graphical conceptions: assessment of learning for teaching[END_REF] or have difficulties with word problems in the sense of the word-order-matching-process (e.g. [START_REF] Clement | Algebra word problem solutions: Thought processes underlying a common misconception[END_REF]. Often, their teachers are not aware of these difficulties [START_REF] Hadjidemetriou | Teachers' pedagogical content knowledge: Graphs, from a cognitivist to a situated perspective[END_REF]Sproesser et al., in press) and therefore cannot counteract explicitly. Moreover, the study of Nitsch (ibid.) revealed systematic differences between school classes referring to learning difficulties with functions. She concludes from this finding that some teachers are more successful than others in responding to such difficulties.

Theoretical background

The findings mentioned above raise the assumption that teachers' professional development (TPD) focusing on such typical learning difficulties may enhance teachers' pedagogical content knowledge (PCK, see e.g. [START_REF] Shulman | Knowledge and teaching: Foundations of the new reform[END_REF], their instruction and mediate also students' learning in this field. This is also in line with the general understanding that teachers need TPD in order to meet the challenges that they encounter in their professional lives as university studies cannot satisfy all of demands from practice (cf. [START_REF] Mayr | Lehrer/innen als zentrale Ressource im Bildungssystem: Rekrutierung und Qualifizierung[END_REF]. To our best knowledge, there is no empirical evidence about the effects of a TPD related to learning difficulties with functions, especially taking into account the interplay between the teacher and student level, yet.

Particular TPD-characteristics that have already proven to be effective in general can be implemented in a TPD referring to dealing with learning difficulties in the domain of functions. In this context, [START_REF] Lipowsky | Theoretische und empirische Perspektiven zur Wirksamkeit von Lehrerfortbildung[END_REF], for instance, found that TPD should be related to one specific domain instead of focusing on different domains. Furthermore, long-term TPD courses enable to integrate input, practice and reflection phases. The study of Lipowsky (ibid.) additionally confirmed that giving feedback (e.g. [START_REF] Shute | Focus on formative feedback[END_REF] supports learning also in the context of TPD. Teacher coaching represents a specific form of TPD that can also implement the mentioned characteristics. In adaptive (teacher) coaching [START_REF] Leutner | Instructional design principles for adaptivity in open learning environments[END_REF], the coach refers back to the teachers' statements and activities. If teacher coaching focuses on a concrete classroom situation, it is, for example, possible to encourage teachers to reflect on this situation [START_REF] West | Content-Focused Coaching: Transforming mathematics lessons[END_REF] or to train them in giving supportive feedback to students showing a particular learning difficulty.

In several studies, such a focus on responding to students' difficulties or errors (e.g. through giving feedback) has already shown to be useful in order to measure or promote teachers' PCK concerning different mathematical content areas: For instance [START_REF] Biza | Using tasks to explore teacher knowledge in situation-specific contexts[END_REF] propose to measure (preservice) teachers' PCK by requesting them to analyze wrong student solutions and to formulate supportive feedback. The study of [START_REF] An | Enhancing mathematics teachers' knowledge of students thinking from assessing and analyzing misconceptions in homework[END_REF] revealed that teachers' PCK can be fostered through asking them to analyze students' errors and to develop approaches how to correct them.

Research goals

The teacher coaching developed in this project aims at building up teachers' pedagogical content knowledge related to learning difficulties with elementary functions and hence to support also their instruction and students' achievement in reasoning with functions. As a narrow content focus has proven to be a characteristic of effective TPD [START_REF] Lipowsky | Theoretische und empirische Perspektiven zur Wirksamkeit von Lehrerfortbildung[END_REF], we here refer to specific PCK components as defined by [START_REF] Ball | Content knowledge for teaching. What makes it special[END_REF]: In the case of 1) knowledge of content and students (KCS), we focus at fostering teachers' knowledge about typical learning difficulties and about students' thinking related to functions; in the case of 2) their knowledge of content and teaching (KCT), we train them in "adequately" responding to such specific learning difficulties. Within the content area of functions, we concentrate on linear functions and on the understanding of the concept of a bivariate functional relationship in order to assure a narrow content focus. The emphasis on this subdomain also takes into account that viable concepts about elementary functions appear to be crucial for understanding higher-order functional classes later on.

As the majority of existing TPD courses is not carried out in an experimental design, it cannot be clearly identified which of their characteristics would be responsible for a certain effect (e.g. [START_REF] Yoon | Reviewing the evidence on how teacher professional development affects student achievement[END_REF]. Therefore, this teacher coaching is brought out via two variations, namely with and without focus on feedback. This procedure takes into account findings from other studies showing positive effects of giving feedback (see above) but additionally evaluates the effectiveness of this characteristic (explicitly training to give feedback to students showing concrete learning difficulties). In this sense, the main goal of the project described in this paper is to prove what effective aspects of an adaptive teacher coaching are.

More precisely, we evaluate the following research questions:

 What do teachers know about typical learning difficulties in the domain of functions and what ideas do they have how to react to them (pretest)?

 To what extent can teachers' KCS and KCT related to functions be fostered through two variations of teacher coaching (pre-and posttest)?

 Which impact do the coaching treatments have on students' domain-specific competence?

Methods

Pilot study

The content of the coaching was identified via a pilot study in the academic year 2014/15 (see Figure 1 for an overview of the project's structure): Part I of the pilot study revealed that all of the learning difficulties derived from the literature (see Introduction) occurred among students within our learning settings (paper-and-pencil-tests in 4 classes of grade 7 and 8). Moreover, we found that their teachers only knew some of these learning difficulties and that their knowledge about them and about how to respond to them was very heterogeneous (interviews with 4 teachers). Therefore, TPD in this domain appears to be useful. A summary of these results can be found in Sproesser et al. (in press). As to our knowledge there is no consensus about how to "accurately" respond to such learning difficulties or how to largely prevent them, teacher trainers and university educators were interviewed about these issues within part II of the pilot study. Via these expert interviews, we collected and further developed teaching ideas, methods and material for the coaching.

Main study

Within the main study, the teacher coaching (3 modules) accompanies the instructional unit of linear functions in grade 7 or 8, respectively: Module 1 is held before, module 2 during and module 3 after this unit. This structure enables to implement the content of the coaching in the teachers' classroom as well as to reflect on the teachers' experiences within the TPD. About 60 teachers of grade 7 or 8 are assigned to one of two treatment groups or to a control group. Both treatments contain input, reflection and activity phases in order to foster teachers' KCS and KCT related to learning difficulties concerning elementary functions. Only in one of the two treatment groups, teachers are specifically trained in giving supportive feedback to students facing a particular learning difficulty.

In order to gain empirical evidence about effective characteristics of the coaching, the teachers' PCK as well as their students' knowledge related to elementary functions are assessed before and after the coaching / teaching unit. This data structure allows using analysis tools such as multilevel analyses and hence to evaluate the interplay between the two levels. The student survey (pre-, postand follow-up-test) contains large parts of the test instruments developed by [START_REF] Nitsch | Diagnose von Lernschwierigkeiten im Bereich funktionaler Zusammenhänge[END_REF]: Via a number of tasks referring to elementary functions, several learning difficulties (see above) can be identified. Moreover, covariates such as students' cognitive abilities [START_REF] Heller | KFT 4-12+R[END_REF] or motivational variables [START_REF] Pekrun | Skalenhandbuch PALMA: 1. Messzeitpunkt (5. Klassenstufe)[END_REF] are gathered.

In order to measure KCT and KCS of the participating teachers, we developed a survey that particularly refers to several tasks of the student test. The development and the structure of the teacher survey will be presented in more detail in the next section. , on the basis of a wrong student solution they have to put theirselves in a student's position in order to make transparent his or her thinking process when working on the task. Hence, these tasks require knowledge of typical student (mis)conceptions and errors as well as about students' thinking. The third PCK item (question c) in Figure 2) corresponds to the knowledge component KCT (Ball et al., ibid.): Teachers need to know about mathematics and about teaching in order to sequence their instruction and hence to promote students' understanding. For instance, they need to know different methods and procedures and choose appropriate ones for their instruction. This means that KCT is particularly relevant when teachers respond to students' mistakes and difficulties or when they aim at building up viable concepts through their instruction. Ball et al. (ibid.) propose to measure KCT e.g. by asking for examples for simplifying particular content or how learning of a specific content can be facilitated. As displayed in Figure 2, such KCT items are also included within our test instrument: In question c), teachers are asked to outline how they would react to a concrete student mistake.

Within the whole survey, the sequence of PCK items is always as displayed in Figure 2: The first question a) is open-ended in order to collect the teachers' ideas and experiences without being influenced by specifications of the survey. Afterwards (question b)), teachers are confronted with a concrete students' mistake referring to this task and they are requested which (mis)conception could cause the mistake. As in real classroom situations, responding to a student mistake (cf. KCT) happens after its noticing (cf. KCS), the question sequences are always ended up by the KCT item (question c) in Figure 2).

This sequence of questions (a) open-ended, b) referring to a concrete mistake) was chosen to gather data about teachers' knowledge and experience concerning several student problems in general and related to specific mistakes. Within the teacher interviews of the pilot study, this sequence was also used and proved to provide essential findings. However, one particular limitation of this sequencing should not be disregarded: Teachers could add the mistakes and learning difficulties displayed in b) to the open-ended question in a) even if they had not thought of them without the indication of the survey. We decided to accept this possible drawback that may occur in field studies as the our rather than in laboratory studies because interviews instead of the paper-pencil-survey would be extremely time-consuming for the numerous participants of the main study and could irritate them; furthermore, a digital survey with time markers could hardly be implemented as the coaching is brought out in different schools where we cannot count on a safe internet-connection. In the teachers writings it can mostly be identified if they have come back to a previous item or not.

We consider the relevance and the validity of these PCK items as relatively high because of several issues: First, empirical studies show that the presented learning difficulties are common among students and hence they are relevant for teachers. In their research [START_REF] Ball | Content knowledge for teaching. What makes it special[END_REF] similarly have drawn typical student mistakes and learning difficulties from the literature. Furthermore and as pointed out above, the kind of questions that we use are also proposed by these authors. Hence, our approach is not arbitrary but systematical and can also be applied in other content areas.

Student task

Draw the graph according to the functional equation

y = 5x -2
in the given coordinate system.

Explain briefly how you proceeded. In addition to the mentioned PCK items, the teacher survey contains covariates for instance about their professional background (e.g. university degree, teaching experience), beliefs related to mathematics education (e.g. their constructivist conviction [START_REF] Staub | The nature of teachers pedagogical content beliefs matters for students achievement gains: Quasi-experimental evidence from elementary mathematics[END_REF], assumed determinants for mathematical ability [START_REF] Stipek | Teachers' beliefs and practices related to mathematics instruction[END_REF] or their experience with and motivation for TPD (see several scales in [START_REF] Jerusalem | Förderung von Selbstwirksamkeit und Selbstbestimmung im Unterricht. Skalen zur Erfassung von Lehrer-und Schülermerkmalen[END_REF].

Current status and future steps of the project

As mentioned above, the pilot study has already been carried out in the academic year 2014/15 and its evaluation is almost concluded. Student assessment and teacher interviews revealed that a TPD referring to dealing with learning difficulties related to elementary functions would be useful for teachers within our learning settings. Moreover, the expert interviews were helpful to gather "bestpractice-methods" and material for the coaching.

Concerning the content of the coaching, both treatments focus on the same learning difficulties (problems with the parameters, graphs-as-picture-mistake, slope-height-confusion, emphasis on the word-order in word problems). Teachers get information about their prevalence in empirical studies. Moreover, we illustrate the best-practice-methods and material how to prevent or overcome them that we have gathered through the pilot study. There are also active phases for the teachers: On the basis of the presented methods / material, they are asked to further develop tasks and material for their own classroom. Moreover, based on described classroom-situations showing concrete student mistakes, they are requested to think up a reaction to support the student to overcome his problem. In these tasks, the variation with / without focus on giving feedback comes into play: In the treatment with focus on feedback, teachers are asked to concretely formulate the feedback and explicitly explain the hints that they would use when being confronted with the corresponding student difficulty (e.g. "How would you respond to this learning difficulty in your mathematics classroom? Please be explicit: Verbalize your feedback and illustrate other ways to support the student."). In the treatment without focus on feedback, teachers are simply requested to mention adequate ways of responding to these learning difficulties in a more general way (e.g. "How would you respond to this learning difficulty in your mathematics classroom?"). Furthermore, in both treatments teachers' experiences in the course of the learning unit are discussed and reflected as well as their classes' results -if the teachers agree with students testing before and after the unit.

The coaching has already been carried out in the academic year 2015/16 and it is still offered in the year 2016/17. Hence, the main study is in progress at the moment and data will be gathered at the student and teacher level. Results are expected from the end of the academic year 2016/17 onwards.
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 1 Figure 1: Outline and content of the project

  a) Which typical mistakes or learning difficulties would you expect from your experience in this student task? b) A student solved the task as displayed on the right. Which concept could underlie this solution? Please justify your answer. c) Imagine you would be confronted with this learning difficulty. How would you respond to it in your mathematics classroom?

Figure 2 :

 2 Figure 2: Sample item of the teacher survey
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