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In this article, we discuss the German construct of Grundvorstellungen and highlight the connection with mathematical aspects. After recalling the definition of these terms, we compare it with similar notions used in the literature such as "concept image/concept definition", and "metaphors", pointing out some common features and differences. Moreover, we use Grundvorstellungen and aspects for the analysis of the concept of extreme points. Finally, we briefly sketch how it may be used for the discovery and interpretation of students' misconceptions.

Motivation

There exists a vast literature on problems, mistakes, and misconceptions of mathematical topics in school. In order to discuss these misconceptions in connection with "correct" ideas, several approaches have been proposed, such as the construct of so-called "Grundvorstellung" (or GV, for short), which is mainly used in German literature (e.g. vom Hofe, 1995;Greefrath et al., 2016b). In this article, we briefly recall this construct and compare it with similar constructs appearing in the literature. In particular, we show how the GV construct can be applied to extreme points, with an emphasis on the transition from school to university. To this end, we give a short overview over GVs for extreme points, which helps us to classify students' problems concerning extreme points.

Theoretical background

Let us first explain the notion of Grundvorstellungen. Grundvorstellungen originate from the traditional German didactical approach of subject-matter didactics and have a long tradition in German mathematics education (see vom [START_REF] Vom Hofe | Grundvorstellungen mathematischer Inhalte[END_REF]. Vom Hofe extended the subject matter didactics approach by his understanding of Grundvorstellungen: he suggested to additionally take into account the learners' perspectives (see Straesser, 2014, p. 569). As a consequence, he distinguishes between GVs from a normative viewpoint, on the one hand, and GVs from a descriptive viewpoint, on the other hand. Vom Hofe (1992, p. 347) recalls the main characteristics of this construct: It gives meaning to a concept by connecting it with already known facts or experiences. It brings along the development of corresponding representations and the ability to use the concept. Scrutiny reveals that it is useful to introduce different types of GVs, which read as follows: A primary GV is a GV which gives meaning to a concept by connecting it with concrete experiences and objects from everyday life. A secondary GV is a GV which gives meaning to a concept by connecting it with ideas and representations of other mathematical concepts (see e.g. vom Hofe & Blum, 2016, p. 234).

To clarify the connection between GVs and the mathematical content of a concept, Greefrath et al. introduce a distinction between aspects and GVs of a mathematical concept: "A Grundvorstellung of a mathematical concept is a conceptual interpretation that gives meaning to it." (Greefrath et al., 2016a, p. 101). However, an aspect of a mathematical concept is a part of this concept, which refers to its mathematical content, like its definition, theorems related to the concept, its properties, or connections to other concepts. It is a part of this concept, which can be used to characterize it (see Greefrath et al., 2016a, p. 101).

Another distinction is given by Greefrath et al. (2016b, pp. 18-19) who introduce the notions universal and individual GVs: A universal GV works as a normative guidance for teachers and answers the question what students should think of a concept, i.e. a universal GV refers to vom Hofe's normative viewpoint. Universal GVs refer to mathematical aspects. However, there is no one-to-one correspondence between GVs and aspects: One GV can refer to several aspects, and one aspect can be the basis for several GVs (see ibid., p. 17-18). On the other hand, an individual GV answers the question what a special student actually thinks of a concept, i.e. an individual GV is related to vom Hofe's descriptive viewpoint. Individual GVs can be detected by watching students solving problems or by analyzing their explanations with regard to certain questions. Therefore it is a GV that an individual person possesses regarding a certain concept.

For our purposes-to find reasons for students' misconceptions-it is necessary to introduce yet another kind of GV which we call partial GV. A partial GV is an idea that gives meaning to a concept in a limited context. It also goes back to mathematical aspects of a concept, and thus to a normative viewpoint. However, it loses its generality through restrictive premises. Depending on the goal, it could also serve as a (preliminary) educational objective. An example is the idea "multiplication makes bigger" which is correct only in certain cases, e.g. the natural numbers (larger than 1). To highlight the differences between these types of GVs, we want to add the following point to the description of a universal GV: "Universal" means that it works in every given context. Consequently, we categorize an individual GV either as a universal GV, as a partial GV, or as a part of them. The following graphic puts the characterization of the GVs in a nutshell: The notion Grundvorstellung could be translated, loosely speaking, as "basic idea", "basic notion" or "basic mental model" (see vom Hofe & Blum, 2016, p. 226;Greefrath et al. 2016a, p. 101). However, we decided not to translate the notion to not mix it up with other (mainly in Germany used) constructs like fundamental ideas, universal ideas, central ideas, big ideas, leading ideas (for further details see [START_REF] Vohns | Fundamental Ideas as a Guiding Category in Mathematics Education -Early Understanding, Developments in German-Speaking Countries and Relations to Subject Matter Didactics[END_REF].

GVs are especially interesting regarding misconceptions. These "erroneous conceptions" have different names (preconceptions, alternative conceptions, misconceptions) and are defined in various ways in the literature (see e.g. [START_REF] Leinhardt | Functions, Graphs, and Graphing: Tasks, Learning, and Teaching[END_REF][START_REF] Hammer | Misconceptions or P-Prims: How May Alternative Perspectives of Cognitive Structure Influence Instructional Perceptions and Intentions[END_REF]. We just recall the main facts: They are a repeatable, robust, "well-formulated system of ideas" (Leinhardt et al., 1990, p. 5) and they are cause for errors, although they do not need to constitute a complete theory (ibid., p. 5-6). If one takes a closer look at these, one can categorize some as so called epistemological obstacles (see e.g. [START_REF] Brousseau | Les obstacles épistemologiques et la didactique des mathématiques[END_REF], or overgeneralizations, like in our background as partial GVs used in the wrong context. Vom Hofe (1996, p. 259) describes the importance of GVs regarding misconceptions as follows: Firstly, GVs as a normative guidance should help during the learning process so that individual ideas become individual GVs and not misconceptions (see vom Hofe, 1996, p. 259). In this respect, GVs work as a prevention of misconceptions. Secondly, GVs should work as a plausible alternative to already existing misconceptions. If learners already have misconceptions they need not just be dissatisfied with the former idea, but also need to be given an intelligible, plausible and fruitful alternative by the teacher (see Posner et al., 1982, p. 214). In this respect, GVs work as a remedy for misconceptions.

The purpose of this article is to give a survey on universal and partial GVs at university level that refer to aspects of the concept of extreme points. To begin with, let us briefly recall the role of GVs in the existing literature.

GVs and concept image/concept definition

One of the most important and popular works on the properties of concept image, concept definition, and their distinction is due to [START_REF] Tall | Concept image and concept definition in mathematics with particular reference to limits and continuity[END_REF]. A concept definition consists of the words used to specify a concept. The definition of a concept given by the mathematical community is called formal concept definition, whereas the definition given by an individual is called a personal concept definition. A concept image consists of all non-verbal connections to and connotations inferred by an individual regarding a certain concept. These connections and connotations may include all kinds of representations. There exists some literature describing similarities and differences between concept image/concept definition and GVs: vom Hofe and Blum (2016, p. 237) state that GVs refer to the concept image from both a normative and descriptive level. Greefrath et al. write: "A concept image may contain several individual Grundvorstellungen that conceptualize different perspectives of that concept. Individual Grundvorstellungen are central components of a valid concept image […]." (Greefrath et al., 2016a, p. 103) However, for some learners, also misconceptions may be part of their concept image. The individual GVs can either be partial GVs or universal GVs. As Greefrath et al. write: "These Grundvorstellungen give meaning to mathematical concepts that may be studied with respect to various aspects. Each of these aspects may be expressed with one of the various [formal] concept definitions that one reads in textbooks. Thus, a [formal] concept definition is a specific realization of an aspect." (Greefrath et al., 2016a, p. 103) The personal concept definition could either be similar to the formal concept definition or differ from it. It also has a relationship to the concept image.

GVs and metaphors

Apart from concept image/concept definition tools, metaphors have also been used to describe mathematical cognitive processes (see [START_REF] Lakoff | Metaphorical Structure of Mathematics[END_REF][START_REF] Lakoff | Where Mathematics Comes from[END_REF]. First, we recall some facts about the concept of metaphors used by Lakoff and Núñez. They analyze the (conceptual) structure of mathematics and therefore use results of metaphor theory of cognitive linguistics. This theory is about how mathematics is constructed. To describe mathematics, they distinguish several kinds of metaphors, the two crucial ones being grounding metaphors and linking metaphors, which are defined as follows:

"Grounding metaphors ground mathematical ideas in everyday experience." In addition, "[...] linking metaphors allow us to link one branch of mathematics to another. For example, when we metaphorically understand numbers as points on a line, we are linking arithmetic and geometry." (Lakoff & Núñez, 1997, p. 34) Let us now point out some similarities and differences between the concepts of GV and metaphor. Both GVs and metaphors reveal several perspectives of one concept through a detailed analysis of it. GVs and metaphors suggest using this analysis for educational purposes. Grounding metaphors resemble primary GVs, since they connect everyday life experiences with mathematics. Linking metaphors resemble secondary GVs, because they connect different domains within mathematics. However, a fundamental difference is the aim of these theories: finding of GVs through a subject matter analysis aims at making the most important aspects of a concept comprehensible and giving them meaning, respectively. Referring to metaphors in the sense of Lakoff and Núñez (1997, p. 31), this educational aim is named "peripheral" for the theory of metaphors. The discussion about metaphors tends more toward revealing the structure of mathematics and unconscious connections to non-mathematical concepts as mentioned above. Metaphors are used to explain our linguistic vocabulary when talking about mathematical contents.

There are also connections with other theories like the theory of conceptual fields of [START_REF] Vergnaud | The theory of conceptual fields[END_REF], which also works as a framework for organizing didactic situations. For lack of space we do not go into detail, but just remark that an exact analogue to the GV construct does not exist in the literature, but constructs which exhibit some similarities with GVs.

Aspects and GVs of extreme points

After defining the concept of GVs and comparing it with other concepts from the literature, we are now going to use it for the concept of extreme point, which is the major topic of this article. The following GVs were identified by both discussions with lecturers of analysis courses and a subject matter analysis of the concept of extreme point.

Aspects of extreme points

We will discuss three aspects of the concept of a (local) extreme point:

The aspect of "largest/smallest value"

Extreme points are the points (x,y) with the largest/smallest y-value with respect to a neighbourhood of x.

This aspect refers directly to the definition of an extreme point. It illustrates the connection of an extreme point (of a graph of a function) with the maximum/minimum of a (totally ordered) set: extreme points are the points, whose y-values coincide with the maximum/minimum of the range (on a given domain). Already children have some experience with this aspect.

Non-mathematical examples:

 Searching for the highest point (of a mountain)  Searching for the best object of category (fastest car, most expensive house, highest building)

Mathematical examples:

 Interpretation and discussion of graphs: where is the highest/lowest point?

The aspect of "largest/smallest value" is the most fundamental one for the concept of extreme point.

The aspect of "derivative zero"

Extreme points are located at points where the derivative becomes zero.

In this connection, however, one has to be careful and take into account two important points. First, there are points, which are not extreme points, although the derivative becomes zero at these points. Second, since this aspect refers to the necessary condition for the existence of (local) extrema, one has to impose two additional premises: the point must be an interior point of the domain, and differentiability of the function is required. By dropping one of these premises, one can easily find examples of extreme points where the derivative does not become zero (e.g. boundary points of an interval).

Non-mathematical examples:

 From a physical viewpoint: searching for the points where the velocity becomes zero.

Mathematical examples:

 The algorithm for the identification of extreme points most frequently taught at school: find the zeros of the first derivative. Afterwards, check the sign of the second derivative at these zeros to detect maxima and minima.

The aspect of "change of monotonicity"

Extreme points are located at points where the sense of monotonicity of a function changes, i.e., from increasing to decreasing or vice versa.

It is, in fact, easy to see that a change of monotonicity always implies the existence of an extreme point. The converse, however, is false: not every extreme point induces a change of monotonicity (consider again extreme points at the boundary of an interval).

Non-mathematical examples:

Change of the direction of movement:

 Activities: mountain climbing (change of uphill to downhill), bike riding (change from pedaling to idling).

Mathematical examples:

 At school (premise: differentiable functions): a table of sign changes for the first derivative (distinguishing extreme points from saddle points).

GVs of extreme points

Let us now study three GVs of the concept of (local) extreme points of a real function (defined on a nondegenerate interval). The first GV is universal, the second and third are partial.

Universal GV

The GV of "largest/smallest value"

This GV refers directly to the aspect of largest/smallest value and may be interpreted in a concrete geometrical way: extreme points are the points with the largest/smallest y-value with respect to a certain neighbourhood. The students should:

 Identify extreme points through analyzing y-values of points of a function graph algebraically or graphically.

 Demonstrate the connection between a maximum/minimum of a (totally ordered) set and an extreme point of a function by projecting (pieces of) the graph onto the y-axis. Once the students understand this GV correctly, they can specify different subcategories of extreme points, such as those sketched in the synoptic Table 1.

This GV is universal and should thus be emphasized when introducing the concept of extreme point. For applications, however, it is not that useful: it would take an infinite long time to analyze every point with regard to the value of its y-component, because the domain of definition is a continuum. However, there exist another two GVs, which are more helpful in applications.

Partial GVs

The GV of "slope zero"

This GV reflects the fact that the graph of a function has slope zero at an extreme point. Since this idea is intimately related to the aspect of "derivative zero", it should be assumed that the function is differentiable at the (interior) point in question. As this is usually the case for functions dealt with at school, it is mainly consolidated as a consequence of math classes. The GV of "slope zero" calls upon the GVs of the derivative of a function like the GVs "Tangent slope" or "Amplification factor" (see Greefrath et al., 2016a, pp. 106-113):

 Tangent slope: slope zero entails the existence of a horizontal tangent at the extreme point in question that approximates the graph locally. This means that the graph is also almost horizontal.

 Amplification factor: slope zero implies here that a change of the independent variable x leads to almost no change in the dependent variable y.

The reason, why this is just a partial GV is the fact, that neither the argument "extreme point implies slope zero" nor the converse argument "slope zero implies extreme point" is true. The GV "change of monotonicity"

If you look at the graph of a function and see that it is strictly increasing up to a certain point x0, and then strictly decreasing, you could intuitively argue that x0 is a (local) maximal point. This idea exhibits an analogy to the curvature of a graph at inflection points; if a function changes at some point from left curvature to right curvature, or vice versa, this is an inflection point. As far as differentiable functions are concerned, passing from an increasing piece to a decreasing piece can be interpreted as the transition of the first derivative from the upper half-plane to the lower halfplane. The GV of "change of monotonicity" goes back to a specific "dynamical" experience of the students: if you regard the graph as trajectory of a moving particle, the movement changes in the ydirection precisely at minimal or maximal points. The students should:

 Partition the graph of a function into monotonically increasing and decreasing pieces and identify extreme points as boundary points of the partition intervals.

The reason, why this is just a partial GV is the fact that it works only "in one direction", because the logical converse is again false: not every extreme point leads to a change of monotonicity.

Discussion

These GVs play an important role when analyzing mistakes of students in their first semester at university concerning the concept of extreme point. The partial GVs especially can lead to mistakes when their restrictive premises are not considered. Our study aims, on the one hand, at finding mistakes and misconceptions of mathematics students after their first analysis course and, on the other hand, at giving insight into possible reasons for these mistakes. It turns out that the concept of GVs helps to find normative education objectives of extreme points, and it supplies-used in a descriptive way-an orientation of what ideas students have of extreme points.
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