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ACCELERATED FINITE ELEMENTS SCHEMES FOR PARABOLIC
STOCHASTIC PARTIAL DIFFERENTIAL EQUATIONS

ISTVAN GYONGY AND ANNIE MILLET

ABSTRACT. For a class of finite elements approximations for linear stochastic parabolic
PDEs it is proved that one can accelerate the rate of convergence by Richardson extrapo-
lation. More precisely, by taking appropriate mixtures of finite elements approximations
one can accelerate the convergence to any given speed provided the coefficients, the initial
and free data are sufficiently smooth.

1. INTRODUCTION

We are interested in finite elements approximations for Cauchy problems for stochas-
tic parabolic PDEs of the form of equation (2.1) below. Such kind of equations arise in
various fields of sciences and engineering, for example in nonlinear filtering of partially
observed diffusion processes. Therefore these equations have been intensively studied in
the literature, and theories for their solvability and numerical methods for approximations
of their solutions have been developed. Since the computational effort to get reasonably
accurate numerical solutions grow rapidly with the dimension d of the state space, it is
important to investigate the possibility of accelerating the convergence of spatial discreti-
sations by Richardson extrapolation. About a century ago Lewis Fry Richardson had the
idea in [14] that the speed of convergence of numerical approximations, which depend
on some parameter h converging to zero, can be increased if one takes appropriate linear
combinations of approximations corresponding to different parameters. This method to
accelerate the convergence, called Richardson extrapolation, works when the approxima-
tions admit a power series expansion in h at h = 0 with a remainder term, which can
be estimated by a higher power of h. In such cases, taking appropriate mixtures of ap-
proximations with different parameters, one can eliminate all other terms but the zero
order term and the remainder in the expansion. In this way, the order of accuracy of
the mixtures is the exponent k + 1 of the power h**!, that estimates the remainder. For
various numerical methods applied to solving deterministic equations it has been proved
that such expansions exist and that Richardson extrapolations can spectacularly increase
the speed of convergence of the methods, see, e.g., [16]. Richardson’s idea has also been
applied to numerical solutions of stochastic equations. It was shown first in [17] that by
Richardson extrapolation one can accelerate the weak convergence of Euler approxima-
tions of stochastic differential equations. Further results in this direction can be found in
[12], [13] and the references therein. For stochastic PDEs the first result on accelerated
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2 I. GYONGY AND A. MILLET

finite difference schemes appears in [5], where it is shown that by Richardson extrapola-
tion one can accelerate the speed of finite difference schemes in the spatial variables for
linear stochastic parabolic PDEs to any high order, provided the initial condition and
free terms are sufficiently smooth. This result was extended to (possibly) degenerate sto-
chastic PDEs in to [4], [6] and [7]. Starting with [18] finite elements approximations for
stochastic PDEs have been investigated in many publications, see, for example, [2], [3],
18], [9], [10] and [19].

Our main result, Theorem 2.4 in this paper, states that for a class of finite elements
approximations for stochastic parabolic PDEs given in the whole space an expansion
in terms of powers of a parameter h, proportional to the size of the finite elements,
exists up to any high order, if the coefficients, the initial data and the free terms are
sufficiently smooth. Then clearly, we can apply Richardson extrapolation to such finite
elements approximations in order to accelerate the convergence. The speed we can achieve
depends on the degree of smoothness of the coefficients, the initial data and free terms;
see Corollary 2.5. Note that due to the symmetry we require for the finite elements, in
order to achieve an accuracy of order J + 1 we only need |%| terms in the mixture of
finite elements approximation. As far as we know this is the first result on accelerated
finite elements by Richardson extrapolation for stochastic parabolic equations. There are
nice results on Richardson extrapolation for finite elements schemes in the literature for
some (deterministic) elliptic problems; see, e.g., [1] and the literature therein.

We note that in the present paper we consider stochastic PDEs on the whole space R?
in the spatial variable, and our finite elements approximations are the solutions of infinite
dimensional systems of equations. Therefore one may think that our accelerated finite
elements schemes cannot have any practical use. In fact they can be implemented if first
we localise the stochastic PDEs in the spatial variable by multiplying their coefficients,
initial and free data by sufficiently smooth non-negative “cut-off” functions with value 1 on
a ball of radius R and vanishing outside of a bigger ball. Then our finite elements schemes
for the “localised stochastic PDEs” are fully implementable and one can show that the
results of the present paper can be extended to them. Moreover, by a theorem from [4]
the error caused by the localization is of order exp(—dR?) within a ball of radius R’ < R.
Moreover, under some further constraints about a bounded domain D and particular
classes of finite elements such as those described in subsections 6.1-6.2, our arguments
could extend to parabolic stochastic PDEs on D with periodic boundary conditions.

In conclusion we introduce some notation used in the paper. All random elements are
defined on a fixed probability space (2, F, P) equipped with an increasing family (F;):>o
of o-algebras F; C F. The predictable og-algebra of subsets of {2 x [0, c0) is denoted by P,
and the o-algebra of the Borel subsets of R? is denoted by B(R¢). We use the notation

0 0?

D;=~—, Dy=DD,;= ,
E)xi I I 8%6%

ij=1,2,...d

for first order and second order partial derivatives in x = (z1,...,z4) € R%. For integers
m > 0 the Sobolev space H™ is defined as the closure of C§°, the space of real-valued
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smooth functions ¢ on R? with compact support, in the norm ||, defined by

o= 3 [ 107 de (1.1)

laf<m

where D* = D'..D* and |a| = oy + ...aq for multi-indices a = (o, ...,aq), a; €
{0,1,...,d}, and D! is the identity operator for i = 1,...,d. Similarly, the Sobolev space
H™(ly) of ls-valued functions are defined on R? as the closure of the of ly-valued smooth
functions ¢ = (¢;)2°, on R? with compact support, in the norm denoted also by ||, and
defined as in (1.1) with Y2, [D%p;(x)|* in place of |[D*p(z)[?. Unless stated otherwise,
throughout the paper we use the summation convention with respect to repeated indices.
The summation over an empty set means 0. We denote by C' and N constants which
may change from one line to the next, and by C'(a) and N(a) constants depending on a
parameter a.

For theorems and notations in the Lo-theory of stochastic PDEs the reader is referred
to [11] or [15].

2. FRAMEWORK AND SOME NOTATIONS

Let (2, F, P, (Fi)>0) be a complete filtered probability space carrying a sequence of
independent Wiener martingales W = (W?)52, with respect to a filtration (F;);>o.
We consider the stochastic PDE problem

duy(z) = [Lowe(z) + fr(z)]dt + [MPu(z) + gf (2)]dWY,  (t,x) € [0,T] x RY,  (2.1)

with initial condition
up(z) = ¢(z), = €R, (2.2)
for a given ¢ € H® = Lo(R?), where

Lou(z) = Di(aﬁj(x)Dju(x)) +b(2) Diu(z) + cr(w)u(z),
Mbu(z) = o (x)Dyu(z) + v (2)u(z) foru e H' = W} (RY),

with P®B(R¢)-measurable real-valued bounded functions a¥, b*, ¢, and lo-valued bounded
functions o = (0")52, and v = (v*)52, defined on Q x [0,T] x R* for 4,5 € {1,--- ,d}.
Furthermore, af (z) = al’(z) a.s. for every (t,z) € [0,7] x R%. For i = 1,2,--- ,d the
notation D; = 8%1- means the partial derivative in the ¢-th coordinate direction.

The free terms f and g = (¢7)72, are P®@B(R?)-measurable functions on 2 x [0, T] xR,
with values in R and I, respectively. Let H™(ly) denote the H™ space of l5-valued functions
on RY. We use the notation |pl,, for the H™-norm of ¢ € H™ and of ¢ € H™(ly), and
0|0 denotes the Lo-norm of ¢ € H® = L.

Let m > 0 be an integer, K > 0 be a constant and make the following assumptions.

Assumption 2.1. The derivatives in x € R? up to order m of the coefficients a, b,
c, and of the coefficients o, v are P @ B(R)-measurable functions with values in R and
n ly-respectively. For almost every w they are continuous in x, and they are bounded in
magnitude by K.
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Assumption 2.2. The function ¢ is an H™-valued Fy-measurable random variable, and
[ and g = (g9°)5%, are predictable processes with values in H™ and H™(ly), respectively,
such that

T
2= lol [ (AR + 1) di < oc (@) (23)
0
Assumption 2.3. There exists a constant k > 0, such that for (w,t,x) € 2 x [0,T] x R4
d
Z (a (z) — %Zafp(x)of’)(x))zizj > klz|? forall z = (2%, ...,2%) € R. (2.4)
ij=1 )

For integers n > 0 let W%(0,7") denote the space of H"-valued predictable processes
(u(t))iefo,r) such that almost surely

T
/ lug|? dt < oo.
0

Definition 2.1. A continuous Ly-valued adapted process (u;):cpo7] is a generalised solu-
tion to (2.1)-(2.2) if it is in W3(0,7T), and almost surely

t
(ur, ) =(, ) + / (a9 Djus, Dig) + (6 Dstty + cos + fo, ) ds
0

t
+ / (0 D'ug + vPus + g2, ) dW?
0

for all t € [0,T] and ¢ € C§°, where D} := —D; for i € {1,2,...,d}, and (,) demotes the
inner product in L.

For m > 0 set
T
S = Lo+ [ (1B + o) e (25)
0
Then the following theorem is well-known (see, e.g., [15]).

Theorem 2.1. Let Assumptions 2.1, 2.2 and 2.3 hold. Then (2.1)-(2.2) has a unique
generalised solution u = (uy)iepp.r). Moreover, u € W5 (0,T), it is an H™-valued con-
tinuous process, and

T
B sup fufl+ B [, dt < CES,
te[0,T 0

where C'is a constant depending only on k, d, T, m and K.

The finite elements we consider in this paper are determined by a continuous real
function ¢ € H' with compact support, and a finite set A C Q% containing the zero
vector, such that ¢ and A are symmetric, i.e.,

Y(—z) =(z) for all x €R?%,  and A = —A. (2.6)

We assume that ||, = 1, which can be achieved by scaling. For each h # 0 and = € R?
we set (+) := ((- — x)/h), and our set of finite elements is the collection of functions
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{4tz € Gy}, where

Gy, = {thi)\i t A €A, ni,néN}.

i=1

Let V}, denote the vector space

Vi = {Z Ux)pk - (U(x))zes, € 62(Gh)}7

IEGh

where (5(Gy,) is the space of functions U on Gy, such that

U5 =B UP(x) < o (2.7)

z€Gy,

Definition 2.2. An Ly(R%)-valued continuous process u" = (u}');cjo77 is a finite elements

approximation of u if it takes values in V} and almost surely
t
(b ) =002 + [ [ Dyl D) + (Dt + ol + £ )] ds
0
t
+ [ orDad s v+ gt vy awy. 28)
0

for all ¢ € [0, 7] and 9" is as above for z € G;,. The process u" is also called a V},-solution
to (2.8) on [0,T].

Since by definition a Vj,-valued solution (u')tejo7) to (2.8) is of the form

uf(z) =Y Upyvg(x), =eR’,

yeGy,

we need to solve (2.8) for the random field {U}(y) : y € Gy,t € [0,T]}. Remark that
(2.8) is an infinite system of stochastic equations. In practice one should “truncate” this
system to solve numerically a suitable finite system instead, and one should also estimate
the error caused by the truncation. We will study such a procedure and the corresponding
error elsewhere.

Our aim in this paper is to show that for some well-chosen functions ¢, the above finite
elements scheme has a unique solution u" for every h # 0, and that for a given integer
k > 0 there exist random fields v(®, v™ .. v® and ry, on [0,T] x Gy, such that almost
surely

hJ

Ul (x) = v (@) + Y v (@)= +ri@), te[0,T], Gy, (2.9)
1<j<k J:
where v ..., v®) do not depend on h, and there is a constant N, independent of h, such
that
Esuph® Y " |r}(x)|* < N|h*MVER, (2.10)
t<T zeGy,

for all || € (0,1] and some m > 4.
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To write (2.8) more explicitly as an equation for (U (y)),ec,, we introduce the following
notation:

RS = (Dgthn, Doy), o f € {0,1,..d},
R = RY = (Dgir, ), Ry =Ry = (¥n,¢), M€G, (2.11)
where ¥, := 1}, and G := G;.
Lemma 2.2. For o, € {1,--- ,d} and X\ € G we have:
RY¥ =R R’ =-R} R_,=R,.
Proof. Since ¥(—x) = ¢ (x) we deduce that for any a € {1,--- ,d} we have D,¢(—z) =
—Dy(z). Hence for any «, B € {1,--- ,d} and A € G, a change of variables yields

R = [ Davte + Dtz = [ Daw(-s 4+ NDis(~2)d:
R4 Rd
= | Dgp(z — N Diap(2)dz = RS?,

R4

R = / D=z + N(—2)dz = = | Dz = Nih()dz = —F,

Rd
Rov= [ @(==+X(=2)ds = | 9z = ()= = Ry,
R R
this concludes the proof. O

To prove the existence of a unique Vj,-valued solution to (2.8), and a suitable estimate
for it, we need the following condition.

Assumption 2.4. There is a constant 6 > 0 such that
Z Ry 22" > (52 122%, for all (2Y)reg € £2(G).
A\ HEG AEG

Remark 2.1. Note that since v € H' has compact support, there exists a constant M
such that
RSP <M fora,B €{0,---,d}and \ €G.

Remark 2.2. Due to Assumption 2.4 for h # 0, u:=3_ ¢ U(y) hoU = (U(y))yee, €
l5(Gy) we have

ulp = > U@)U(y) (@2, o)

z,yeGy
= S ReynU@Uh =8 3 Vbt = slUR,.  (212)
z,yeGy zeGy,

Clearly, since ¥ has compact support, only finitely many A € G are such that (x, ) # 0;
hence
W< Y Raop V@U@ < NS U%@) = NUE,,
z,y€Gy, zeGy,
where N 1s a constant depending only on .
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By virtue of this remark for each h # 0 the linear mapping ®,, from ¢5(Gy,) to V, C
Ly(R%), defined by

U = > Uyl for U= (U(z))sec, € (=(Gp),
z€Gy,

is a one-to-one linear operator such that the norms of U and ®,U are equivalent, with
constants independent of h. In particular, V}, is a closed subspace of Ly(R?). Moreover,
since D;i has compact support, (2.12) implies that

N
|Diulp < —||u|| forallueVy,, e€{l,2,..,d},

Id
where N is a constant depending only on D;1) and ¢. Hence for any h > 0
luly < N(1+ |h|™Y|ulo for all u €V} (2.13)

with a constant N = N(v,d, d) which does not depend on h.

Theorem 2.3. Let Assumptions 2.1 through 2.4 hold with m = 0. Then for each h # 0
equation (2.8) has a unique Vj,-solution u. Moreover, there is a constant N = N(d, K, k)
independent of h such that

T
E sup |uf3+E/ lul|3 dt
te[0,7] 0

T
< NE|z"¢|? + NE/ (" folg + > Iw"g2ls) ds < NEK] (2.14)
0
P

for all h # 0, where 7 denotes the orthogonal projection of H® = Ly into Vj,.
Proof. We fix h # 0 and define the bilinear forms A" and B" by
AlMu,v) = (a¥Dju, Div) + (bDyu + cou,v)
B"(u,v) = (¢"Du + vPu,v)

for all u,v € V},. Using Assumption 2.1 with m = 0, by virtue of (2.13) we have a constant
C =C(|h],K,d,d,1), such that

Al (u,v) < Clulolv|o  B™(u,v) < Clulolv]o for all u,v € Vj,.

Hence, identifying V}, with its dual space (V3,)* by the help of the Ly(R¢) inner product
in Vj,, we can see there exist bounded linear operators A" and B" on V}, such that

Al(u,v) = (AMu,v), B"(u,v) = (B"u,v) for all u,v € Vj,
and for all w € Q and t € [0,T]. Thus (2.8) can be rewritten as

t t
ul = 7"p + / (Alul + 7" f,) ds + / (BPul 4 7hg?) dWP, (2.15)
0 0

which is an (affine) linear SDE in the Hilbert space Vj,. Hence, by classical results on
solvability of SDEs with Lipschitz continuous coefficients in Hilbert spaces we get a unique
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Vi-solution u" = (u})icjor). To prove estimate (2.14) we may assume EK§ < oco. By

appling It6’s formula to |u”|2 we obtain

t t

|uh(t)|§:|7rh¢|3+/ Igds+/ Jhe dwe, (2.16)
0 0

with

Il =2 Ak 7 ful) + Y (Bl + gl
o
I 2B+t ),

Owing to Assumptions 2.1, 2.2 and 2.3, by standard estimates we get
1< = () + N ([l + LB+ Y 192) (2.17)
o
with a constant N = N (K, k,d); thus from (2.16) using Gronwall’s lemma we obtain
T
Elul 2 + /fE/ lut|?ds < NEK2 t€0,T)] (2.18)
0

with a constant N = N(T, K, k,d). One can estimate E sup,.p [u[§ also in a standard
way. Namely, since

SO < N ([ullf + llgall?) sup Jull3
P s€[0,7T

with a constant N = N (K, d), by the Davis inequality we have

T 1/2
< 3E</ Z|ngﬂ|2ds)
0
o

T 1/2
< SNE( sup |u?3/0 (|U? T+ 1gsl3) d5>

s€[0,T]

¢
Esup‘/ Jhdwe
0

t<T

1 T

< —F sup |ul]?+ 5N2E/ (Jul(? + gs]3) ds. (2.19)
s€[0,7T 0

Taking supremum in ¢ in both sides of (2.16) and then using (2.17), (2.18) and (2.19), we

obtain estimate (2.14). O

Remark 2.3. An easy computation using the symmetry of ¢ imposed in (2.6) shows that
for every z € R% and h # 0 we have 1" = ¥". Hence the uniqueness of the solution to
(2.8) proved in Theorem 2.3 implies that the processes u; " and u? agree for t € [0, T] a.s.

To prove rate of convergence results we introduce more conditions on ¢ and A.

Notation. Let I' denote the set of vectors A in G such that the intersection of the support
of 1 := 1} and the support of ¢ has positive Lebesgue measure in R?. Then I is a finite
set.
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Assumption 2.5. Let Ry, R and Rf\j be defined by (2.11); then fori,j, k,l € {1,2,...,d}:

> Ry=1, Y RY=0, (2.20)

el el

> MR = 6, (2.21)

el

Z )\k)\lR;j = 5{1,]-}’{;“} for 4 7& j, Z )\k)\lei = 25{1,2-}7{&1}, (2.22)

A€l el
d M =0 and > QY =0, (2.23)
Ael A€l

where

Pim [ aaDun@Dve ds Q= [ aDunu)dx
R R
and for sets of indices A and B the notation 645 means 1 when A = B and 0 otherwise.

Note that if Assumption 2.5 holds true, then for any family of real numbers X 11,4, j,k,1 €
{1,---,d} such that X;;; = X,im we deduce from the identities (2.22) that

d d d
% Z Z Xijb Z W Z Xijij- (2.24)

ij=1k,l=1 Aer ij=1

Our main result reads as follows.
Theorem 2.4. Let J > 0 be an integer. Let Assumptions 2.1 and 2.2 hold with m >
2J+ %l +2. Assume also Assumption 2.3 and Assumptions 2.4 and 2.5 on v and A. Then
expansion (2.9) and estimate (2.10) hold with a constant N = N(m, J,k, K,d, ¥, \),
where v\© = u is the solution of (2.1) with initial condition ¢ in (2.2). Moreover, in the
expansion (2.9) we have vt = 0 for odd values of j.

Set _
J .
= ZCM?/QJ(@ te0,T], xz¢€Gy,
7=0
with J := [£], (o, ..,c5) = (1,0...,0)V !, where V! is the inverse of the (J+1) x (J+1)
Vandermonde matrix
Vi = 4-DG=D =12 T+ 1.
We make also the following assumption.
Assumption 2.6.
¥(0) =1 and ¥(A) =0 for A € G\ {0}.
Corollary 2.5. Let Assumption 2.6 and the assumptions of Theorem 2.4 hold. Then
B sup 3 fue) — al () PRI < AP NER,
t€[0,T) 2€G),

for |h| € (0,1], with a constant N = N(m, K, k, J,T,d, v, \) independent of h, where u is
the solution of (2.1)-(2.2).
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3. PRELIMINARIES

Assumptions 2.1, 2.2 and 2.4 are assumed to hold throughout this section. Recall that
| - o,n denote the norm, and (-, -)o s denote the inner product in l5(Gy), i.e.,

rlon = 1h* D @l@),  (pre2)on =" D or(x)pal)
zeGy, z€Gy

for functions @1, s € lo(Gy).
Dividing by |h|¢, it is easy to see that the equation (2.8) for the finite elements approx-
imation

Wy) = 3 Ul@)aly), t€(0,T], y € RY,

z€Gy

can be rewritten for (U'(z))sen(c,) as
L0 =)+ [ (ELU2) + 7)) ds
b [ (et + gheto) awe @)
t € [0,7], x € Gy, where

¢"(x) = | dlx+ha)p(z)dz,  fi(2) = » felx + hz)(z) dz

o
(@) = [ o+ na)o(e) e 3.2
and for functions ¢ on R?

T'p(x) = Y Rap(x + hA), (3.3)

o
Loy =Y [%A?()\, z) + %Bf()\, 7) + Cl @) plx + hA), (3.4)

e
M) = 37 [15P2 0 2) + NP O )] ol + ), (3.5)

Aerl

with
AN x) = /R ) ay (x4 hz) Dby (2) D (2) dz,

By (A x) = /R ) bi(x + h2) Dipa(2)9(2) dz, O (N, x) = /R ci(@ + h2)ya(2)d(2) dz,

stene) = [

R4

o(z + h2) D (2)0(2) dz, NPP(A,z) = / VP (2 + ha)in (2)0(2) da.

R4

Remark 3.1. Notice that due to the symmetry of ) and A required in (2.6), equation
(3.1) is invariant under the change of h to —h.
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Remark 3.2. Recall the definition of T introduced before Assumption 2.5. Clearly
Ry =0, A\ x) = BE(O\2) = CP(\2) = S (0, 2) = NJ*(Aa) =0 for A€ G\ T,

e., the definition of ", L! and M?’p does not change if the summation there is taken
over A € G. Owing to Assumption 2.1 with m = 0 and the bounds on R?\‘B, the operators
Ll and M} are bounded linear operators on ly(Gy) such that for each h # 0 andt € [0,T]

h,
1L plon < Nulolon, Y IMEPelR, < NZlels

p
for all p € l5(Gy), with a constant Ny, = N(|h|, K,d, 9, \). One can similarly show that
[Z"lon < Nlglon for ¢ € £a(Gy), (3.6)

with a constant N = N (K, d, A, 1) independent of h. It is also easy to see that for every
¢ € Ly and ¢" defined as in (3.2) we have

16" o < N6,
with a constant N = N(d, A, ) which does not depend on h; therefore

T
|6"(3 5 + /0 <!fth TR \gf’ﬂah) dt < N2KC2.
p

Lemma 3.1. The inequality (3.6) implies that the mapping I" is a bounded linear operator
on lo(Gy). Owing to Assumption 2.4 it has an inverse (Z")~! on l5(Gy,), and

1
[(Z")plon < 5\90\0,11 for o € lr(Gy,). (3.7)
Proof. For ¢ € l5(Gy,) and h # 0 we have
(0. Z"0)on = 0" > (@) T"p(x) = [R" D o(@) (s, ) (a + hA)

z€Gy z€Gy AeG
=AY D @) (Wue )py) = WD p(hp) Ra-up(hA)
ze€Gy y—xeGy, AueG
>Rl " LA = b5 -
AeG

Together with (3.6), this estimate implies that Z" is invertible and that (3.7) holds. [

Remark 3.2 and Lemma 3.1 imply that equation (3.1) is an (affine) linear SDE in
the Hilbert space ¢3(Gy,), and by well-known results on solvability of SDEs with Lips-
chitz continuous coefficients in Hilbert spaces, equation (3.1) has a unique ¢5(Gy,)-valued
continuons solution (Uy)epo,r), which we call an £5-solution to (3.1).

Now we formulate the relationship between equations (2.8) and (3.1).

Theorem 3.2. Let Assumption 2.4 hold. Then the following statements are valid.
(i) Let Assumptions 2.1 and 2.2 be satisfied with m = 0, and

=) _ UMl telo,T] (3.8)

ze€Gy,
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be the unique Vy-solution of (2.8); then (U")iepp,r) is the unique ly-solution of (3.1).

(i1) Let Assumption 2.1 hold with m = 0. Let ® be an ly(Gy,)-valued Fo-measurable
random wvariable, and let F = (Fy)icpm and G* = (GY)jo1 be o(Gp)-valued adapted
processes such that almost surely

T
K= 9B+ [ (1Pl + 3 I6¢R.) dt < oo
p
Then equation (3.1) with ®, F and G in place of ¢", f* and g#", respectively, has a
unique l(Gy)-solution U = (U")sejo.r). Moreover, if Assumption 2.3 also holds then

E sup |U'2, < NEKZ, (3.9)
te[0,T7] ’ ’

with a constant N = N(K,d, k,d, A, 1)) which does not depend on h.

Proof. (i) Substituting (3.8) into equation (2.8), then dividing both sides of the equation
by |h|? we obtain equation (3.1) for U" by simple calculation. Hence by Remark 3.2 we
can see that U" is the unique ¢5(G)-valued solution to (3.1).

To prove (ii) we use Remark 3.1 on the invertibility of Z" and a standard result on
solvability of SDEs in Hilbert spaces to see that equation (3.1) with ®, F' and G” has a
unique £5(G)-valued solution U". We claim that u?(-) = >yt U (y)¥p(-) is the Vj-valued
solution of (2.8) with

o) = > (@) 'e(l(),  fil-) =D (@ FEm)e(),
y€Gy y€Gy

and
g =D (@G (),
yeGy,
respectively. Indeed, (3.3) yields

(B~ (0, w8) = B Y (0 o) (@) (y) = Y Rue (T") ' 0(y)

yeGy yeGp
= T"{(T") '@} (z) = B(z), =z € Gy
In the same way we have
A (fota) = Fi(w),  [B]™(gf, ¥5) = Gi(x) for = € Gy,

which proves the claim. Using Remarks 2.2 and 3.1 we deduce

N N
¢l < NI(Z") 7 o < 5 1®lon,  Ifll < NI(Z") 7' Felon < 5 |Eiloa,

_ N?
SIgIP < N> @G, < 5 pLEAT
P P

p
with a constant N = N(v, A). Hence by Theorem 2.3

T
Bsup [} < NEWE, + NE [ (IER,+ Y I6¢3,.) d
< 0 o
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with N = N(K,T,k,d, ¢, A, ) independent of h, which by virtue of Remark 2.2 implies
estimate (3.9). O

4. COEFFICIENTS OF THE EXPANSION

Notice that the lattice G, and the space Vj, can be “shifted” to any y € R%, i.e., we can
consider Gy (y) := G, + y and

Vi) = { D0 U@ (U@)aeo,o € LGa) |-

z€Gp (y)

Thus equation (2.8) for u" = > reCi(y) U(z)y" should be satisfied for v,, 2 € Gy(y).

Correspondingly, equation (3.1) can be considered for all z € R? instead of x € Gy,.

To determine the coefficients (v))%_; in the expansion (2.9) we differentiate formally

(3.1) in the parameter h, j times, for j = 1,2,...,J, and consider the system of SPDEs
we obtain for the formal derivatives

u? = DU, . (4.1)

where Dj, denotes differentiation in h. To this end given an integer n > 1 let us first
investigate the operators Z(™ ,Cl(fn) and Mi")” defined by

IWp(x) = DRI o(x)|, o LVe(x) = DpLhp(a)],
M p(x) = DiMPo(z)], (4.2)
for ¢ € Cg°.

Lemma 4.1. Let Assumption 2.1 hold with m > n+ 1+ 2 for nonnegative integers | and
n. Let Assumption 2.5. also hold. Then for p € C§° and t € [0,T] we have

Tl < Nlgliin, L7000 < Nlgliszens M0l < Nglipren (43)
with a constant N = N(K,d,l,n, A, V) which does not depend on h.
Proof. Clearly, Z0" = Y ser Fa0Y g, where

d
O\ = Z N D, (4.4)
i=1

This shows the existence of a constant N = N(A,1,d,n) such that the first estimate
in (4.3) holds. To prove the second estimate we first claim the existence of a constant
N = N(K,d,l,A\,v) such that

‘DZ(I)tULa ')‘h:()

. < N|@livn+2 (4.5)

for

®,(h,x) :=h? Z o(z + hA) / af (x4 hz)Djibx(2) D (2) dz.

el R4
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Recall the definition of RY given in (2.11). To prove (4.5) we write ®;(h, 2) = 30, @ii)(h, )
for h # 0 with

q)il)(h, r)=h"? Z o(x + h\) /d af (x)Djabx(2) D (2) dz

el R

2” Z(pa:—l—h)\

el

QDEZ)(h,x) =pt Z o(x 4+ hA) / ZDkat V2 DA (2)Di(2) dz,
AeT =
=h™'> p(z+hA)Da ()55,
Ael

for
S = / 2Dy (2) Di(2) dz € RY,
Rd
and

1
)(h, ) Z o(x + h\) / / (1 — ) Dyay (z + h2)2" 2" Djipa(2) Db (2) did dz,
AeT 0

where Dy, := Dy D,. Here we used Taylor’s formula

Z f / (1—0)" "V (ho) db (4.6)

0
with n = 1 and f(h) := a7 (x + h)).
Note that Lemma 2.2 and (2.20) in Assumption 2.5 imply

hn+1

oM (h,z) = —at )Y R{B2(p(x + hA) — 20(x) + o(z — b))
el
1
— 5% Iz )ZR”/ / p(x + hA(0; — 6,)) dbdb,. (4.7)
el

To rewrite ®” (h,z) note that S, = —5¥; indeed since ¢(—z) = 1(z) the change of
variables y = —z implies that

5%, = [ =D+ NP1t == [ yDywl=y + D)y
:_Aﬂpww—ﬂmwwwz—W- (4.8)

Furthermore, an obvious change of variables, (4.8) and Lemma 2.2 yield
s = [ Dt~ >wHM—/@+»Zw>@m+Mw
Rd
= / 2Dp(2)Djp_x(z)dz + )\/ D a(2)dz
R4
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= SY\ +ARY, = =SY + ARY.
This implies ) B -
S+ SY =ARY, i,j=1,---,d
Note that since a (z) = a]'(z), we deduce

Day (x)SY = Day (2)S3" = éDat] ()ARY = §R/\]8,\at7 (x), (4.9)

for O\F defined by (4.4).
Thus the equations (4.8) and (4.9) imply

Z h~Yo(x + hA\) — o(z — hA))Dal (z)SY

25
1 . 1
=3 Z RY 0ya () 2/ Ohp(x + hA(20 — 1)) d6. (4.10)
Aer 0
From (4.7) and (4.10) we get
Dpo (b, )], _, = > RY / / O () (0y — )" db,dbs,
AeF

Dpe® ()|, _, = ZR Ina / I o(x)(20 — 1) d6.

AeF
Furthermore, the definition of ®* (h, x) yields
Drof (h, )], _,

:ZZ( )an k /R d /0 0)0% 0% Dyjay (1) 2" 2! Dby (2) Diep(2) df dz.

A€l k=0

Using Assumption 2.1 and Remark 2.1, this completes the proof of (4.5).
Taylor’s formula (4.6) with n =0 and f(h) := bl(x + hz) implies

Buhya) = h 1S o + ) / bi(x + h2) Doy ()b (=) d>
el R4
= 0{"(h, ) + & (h, ),
with
OV (h,x) = h7'bj(2) D p(x + hA)

el

d
P (n, x) Z o(x + hA) / /1(1 —0) Z Dypbi(z + h02) 2 Dithy(2)(2)dOdz.
k=1

Ael

Using Lemma 2.2 and computations similar to those used to prove (4.5) we deduce that

Z W' (x4 hA) — oz — BA)]bi(2) R,

AeF
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(x)> R} / A (z + hA(20 — 1)) do,

el

which yields

1
DL (b, 2)]y = (o) D ROL (o) [ (20~ 1"

A€l 0

Furthermore, the definition of ®®)(h, z) implies
Dpo ()], _,

=2 Z (Z) /]R , /0 1(1 — 0)0% " (x)0°02 Dabj(x) 2 Db () (2) dO dz.

A€l a=0

This implies the existence of a constant N = N(K,d, 1, A,v) which does not depend on
h such that
| Di®u, sy, < Nlilisnsa: (4.11)
Finally, let
O (h, z) = ng x+ hA) / (x4 h2)a(2)Y(2)dz.

Ael
Then we have

Dra® (h,x)|, ZZ( )0;‘_0“@(1’) /R Ba(n)a(2)Y(2), d

AeT a=0
so that
‘DZCI)§6)(h, -)!hzo‘l < N|@lign (4.12)
for some constant N as above.
Since Lyp(x ) &, (h, ) + ,(h, z) + B\” (h, z), the inequalities (4.5), (4.11) and (4.12)
imply that EE satisfies the estimate in (4.3); the upper estimates of ME")”’ can be proved
similarly. U

For an integer k£ > 0 define the operators L( h M W and [k h by

ko .

5 (k)h L ~(k)h, h, h*

L =rio = Lo, M ”soz/\/lt”so—zz.—,/\/li)”%
i=0 i=0

k .
N h! ;
JWhy = They — Z ﬁI( ), (4.13)
i=0
where E(O) = L, /\/l(o) s ? and Z( is the identity operator.

Lemma 4.2. Let Assumption 2.1 hold with m > k+ 1+ 3 for nonnegative integers k and
n. Let Assumption 2.5 also hold. Then for ¢ € C5° we have

2(k)h “r(k)h,
L0l < NI linrs, D I < N2[RPE2 |02, .
P
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F(k)h k+1
(1"l < NIR il
for a constant N which does not depend on h.

Pmof We obtain the estimate for L by applying Taylor’s formula (4.6) to f(h) =

t (h,:v) for i = 1,---,6 defined in the proof of Lemma 4.1, and by estimating the
remainder term

hk—H 1
o / (1 —60)* f&+ D (hg) do
: 0

using the Minkowski inequality. Recall that Lip(z) = Eio)go(x). Using Assumption 2.5
we prove that £”p(z) = lim,_o Llo(z). 2.5 We have Lro(z) = 320, &P (h,z) for
h # 0. The proof of Lemma 4.1 shows that éii)(o,x) = limy,_,0 Cbgi)_(h,x) exist and we
identify these limits. Using (4.7), (4.10) and (2.24) with X;;u = @/ (x)Dup(x) (resp.
Xiju = Opal (2)0p(x)) we deduce

&3(1)(0, ) Z ZDleSO Z)\k)\l X —Za ZJSD

.3 Ael
(D(Q) Z Z akat 6;90 Z )\k)\lR 1 = Z 0; CLt
.3 Ael

which implies that ci>§”(o,x) + &DEZ)(O,JJ) = Di(aiijgp)(:U). The first identity in (2.23)
(resp. (2.21), the second identity in (2.23) and the first identity in (2.20)) imply

&)gg)(oax) :%%0@) ZZDklat ZQ” M=

el
o0, z) Zb’ Z@kgo ) RN =) bi(x)d
el i
&7 (0,2) = gD ZZDkb’ 7)Y QY =0
el
%0, z) ZR,\ = (@).
el

This completes the identification of L£; as the limit of £!. Using once more the
Minkowski identity and usual estimates, we prove the upper estimates of the H' norm of

Lgk)hap. The other estimates can be proved similarly. U

Assume that Assumption 2.2 is satisfied with m > J +1 for an integer J > 0. A simple
computation made for differentiable functions in place of the formal ones introduced in
(4.1) shows the following identities

o9 (x) / Dl 2)dz, fO( / O fi(x)(2) dz, gl / dz,
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where 0! is defined iterating (4.4), while ¢", f and gf ? are defined in (3.2). Set

7,

J . J o
h/l i F(J)h hl i 5(J)h !
hi=g" — ZW‘ﬁ(), fiO = ph - > :ﬁft() and gi""" := g’ th _l (4.14)
i=0 =0

Lemma 4.3. Let Assumption 2.1 holds with m > 1+ J + 1 for nonnegative integers J
and l. Then there is a constant N = N(J,1,d, ) independent of h such that

Sy < BNl LA < NIBE T iy 13871 < NI g0l

Proof. Clearly, it suffices to prove the estimate for gg , and we may assume that ¢ € C°.
Applying Taylor formula (4.6) to f(h) = ¢"(z) for the remamder term we have

. hJJrl

S / / 0)’ 07 ¢(x + Oh2)y(2) dz.

Ra
Hence by Minkowski’s mequahty and the shift invariance of the Lebesgue measure we get
R hJ+1
@< o [ =010 6+ ah ) s < N ol
R4

with a constant N = N(J, m,d, 1) which does not depend on h. U

Differentiating formally with respect to  at 0 the identity uf(z) = 3" .o, UM(x)1(.),

where (U}'(z)) is defined by (3.1), and using the definition of Z in (4.2), we obtam the
following system of SPDEs:

dv” + > () <J'>dv§i‘f>={ RN AR () ' §i‘j>}dt

1<5<1i 1<5<i

{Mt o) + g+ Y ( ) i*j)}thP, (4.15)

1<5<e
o (z) = ¢ (x), (4.16)

fori=1,2,....,J,t € [0,T] and z € R?, where Eﬁo) = Lo, MY = M?, and v© =y is
the solution to (2.1)-(2.2).

Theorem 4.4. Let Assumptions 2.1 and 2.2 hold with m > J+1 for an integer J > 1. Let
Assumptions 2.3 through 2.5 be also satisfied. Then (4.15)-(4.16) has a unique solution
(WO, ..., vY)) such that v € W="(0,T) for every n = 0,1, ...,.J. Moreover, v™ is a
H™ " -valued continuous adapted process, and for everyn =0,1,...,J

T
Esup v _, + E/ M2, dt < NER, (4.17)
t<T 0

with a constant N = N(m, J,d, T, A\, v, k) independent of h, and R, defined in (2.5).
Proof. We can solve this System Consecutively for i = 1 2,....J, by noticing that for each
1 =1, 2 .,k the equation for v does not contain v(™ for n=1+1,...,J. Fori =1 we

have U ¢(1 and

dol + ZWdu, ={ LM + fV + £Pu,) dt
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+ MM 4 g% pmODP Y AWy,
ie.,
) = (£l + F) dt + (MP® + g awy,
with
RO = =20 f + (L) = IO L),
R L SO VIS O VT

By virtue of Theorem 2.1 this equation has a unique solution v(!) and

T
Esuplo' | + E / VP2, dt
0

t<T

< NE|§VP,_, + NE / (IFOR, + [gOP,) dr.

Clearly,
16D < NIoPy [ s + 12D films < Nfilme1, 1087 = TV g0t < N|gf|ms
(L =IO L)ulmes < Nlulysr, DM = ZOMul, ) < N[ul?,

p
with a constant N = N(d, K, A, 4, m) which does not depend on h. Hence for m > 1

T
Esup)%,_, + E / VP2, dt
0

t<T
< NE|¢l,, + NE /T (felmor + lgelin + [l ) dt < NEST,.
Let j > 2. Assume that for every i < j the equation for v has a unique solution such
that (4.15) holds and that its equation can be written as U(()) = ¢t and
dvf = (Lo + f7) dt + (MPv” + %) W

with adapted processes f and §V? taking values in H™ = and H™ " respectively, such
that

T .
B[ (RR o+l ) de < NES, (4.15)
0
with a constant N = N(K,J,m,d, T, k, A, 1) independent of h. Hence
T
E< sup |v,§’)|3n_i~l—/ i Zdt) < NER2, i=1,-,j—1 (4.19)
te[0,T 0

Then for v) we have
dv = (Lo + [P dt+ (MEv? + g7 awt, o)) =6V, (4.20)
with

O (2> (£~ TOL)f0 ) — 3 <i)I()ft(J ),

1<i<j 1<i<j
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i 3 (7)o = 3 ()

1<i<y 1<i<y

Note that |ft(j) lm—1—j < N|ft|m-1; by virtue of Lemma 4.1, and by the inequalities (4.18)
and (4.19) we have

E / (£ —ZO Ly 2, dt < NE / o2 dt < NER2,
0

T . .
/°|“ﬁ”%m]uﬁSNE/|ﬁfﬂwﬁ%uﬁ3NEﬁw
0 0

where N = N (K, J,d, T, k,1, ) denotes a constant which can be different on each occur-
rence. Consequently,

T
B [ IFPR it < NES,
0
and we can get similarly

T .
E/ ygt(”\fn,jdtg NESZ,.
0

Hence (4.20) has a unique solution v), and Theorem 2.1 implies that the estimate (4.17)
holds for v in place of v(™. This Completes the induction and the proof of the theorem.
O

Recall that the norm | - | has been defined in (2.7).

Corollary 4.5. Let Assumptions 2.1 and 2.2 hold with m > g+J+1 for an integer J > 1.
Let Assumptions 2.3 through 2.5 be also satisfied. Then almost surely v\ is continuous
n (t,z) € [0,T] x R for i < J, and its restriction to l5(Gy) is an adapted continuous
05(Gy,)-valued process. Moreover, almost surely (4.15)-(4.16) hold for all x € R? and
t €[0,7], and

E sup sup v (z)]? + Esup |vt])|0h < NER:, j=1,2,..J
te[0,7] =

for some constant N = N(m, J,d, T, A\, ¢, k) independent of h.

One can obtain this corollary from Theorem 4.4 by a standard application of Sobolev’s
embedding of H™ into C? for m > 2 + d/2 and by using the following known result; see,
for example [5], Lemma 4.2.

Lemma 4.6. Let ¢ € H™ for m > d/2. Then there is a constant N = N(d,\) such that

[Iol5n < NlelZ,

where I denotes the Sobolev embedding operator from H™ into Cy(R?).
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5. PROOF OF THEOREM 2.4
Define a random field 7 by
N
ri(a) = up(a) = Y u(@) (5.1)
0<i<J ’
where (uV, ..., u")) is the solution of (4.15) and (4.16).

Theorem 5.1. Let Assumptions 2.1 and 2.2 hold with m > g + 2J 4+ 2 for an integer

J > 0. Let Assumptions 2.3 through 2.5 be also satisfied. Then " is an l5(Gy,)-solution
of the equation

I'dry (z) =(Lir(x) + F)(x)) dt + (/\/l? Priv(z) + G?”’(m)) awy, (5.2)
i () =" (a), (5.3)
where F" and G" are adapted €5(Gy,)-valued such that for all h # 0 with |h| < 1

T
E/ (|1FM7, Gh)+|G"|L,2 ) dt < N|hPVVER2 (5.4)
0

where N = N(m, K, J,d, T, k,\,v) is a constant which does not depend on h.
Proof. Using (5.1), the identity ul(z) = U}(z) for z € G; which is deduced from As-
sumption 2.6 and equation (3.1), we deduce that for x € Gy,

J .
d(Z"r}(z)) = dI"U]" — Z EIhdvg )(x)

=0

J 5 '
=[£IV @) + @)t + [MU ) + g (@)]awd =3 b (@),

T pi
=Ll (z)dt + [ Z—| z) + fl'(z )}dt+M?”r{L( )dW Y
J hz J hz
h, (%) h 3, (3)
+| I EC R >]dwz’—i§_;ﬁz v () (5.5)

In the definition of dvgi)(az in
o\ (z) = (B

(4.15), let us set
i)i(z) + F(i)e(@)]dt + [0(i)] (x) + G(i)] ()] dWY, (5.6)

where B(i); (resp. o(i){) contains the operators £V) (resp. Mij)p) for 0 < j < i while
F(i); (resp. G(i)}) contains all the free terms ik (resp. gfj)p) for 1 < j <. We at first
focus on the deterministic integrals. Using the recursive definition of the processes v in
(4.15), it is easy to see that

PN

7

e+ Y () DB(i — j), Z(j)ﬁ“ (=9 (5.7)

1<5<i Jj=0
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het 3 ()20 - =1 (538)

1<5<i

In the sequel, to ease notations we will not mention the space variable z. Using the
expansion of Ll Th and the definitions of L\”" and 1) in (4.13), the expansmn of ft
and the definition of f”" given in (4.14) together with the definition of dv{” in (5.6), w

deduce
J i ‘ J hz . 6
Zo ! , ' j=1

where

'L+] J+
J b J b
= (J),h i -
=L Z?vt() —I(J)’hZFB i
i=0 i=0
h d h] hZ J N
T'(4) = Z V(i — j).
=0 =0 5=0
J .

=0 o0<j<J

The identity (4.15) implies

70 =S e+ 3 ()bt o35 (o

=0 7j=1

Using the recursive equation (5.7) we deduce that for every h > 0 and ¢ € [0, 77,

TM(1) =0. (5.9)
A similar computation based on (5.8) implies
T(4) = 0. (5.10)

In 7,7(2) all terms have a common factor h/*!. We upper estimate

T . .
B [ 1EOR
0
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for 0 < 4,5 < J. Let I denote the Sobolev embedding operator from H* to Cy(R?) for
k> d/2. Lemma 4.6, inequalities (4.3) and (4.17) imply that for k > d/2,

T T
E/ |I[’1(£Z)Ut(])|3,hdt < NE/ |'Cz(€ ‘k t< NE/ |Ut z+k+2 dt < NEﬁz+j+k+17
0 0
where the constant N does not depend on h and changes from one upper estimate to the

next. Clearly, for 0 <4, < Jwithi+j5>J+1, wehaveit+j7+k+1> 2J—|—1+g.
Similar computations prove that for i,5 € {0,---,J} withi+j > J+ 1 and k > g,

T . , o2
E / |II<Z>B(j)t|ghdtzmcg%gﬂ‘”‘ dt
0 ’ k
’ T w602
<N§ gl IC J" dt
- — /0 | t U k+1
<N§ jE (- l‘ dt
/ v kitl+2

SNEﬁkJriJerrl'

These upper estimates imply the existence of some constant N independent of h such
that for [h| € (0,1] and k > ¢

T
E / TA@)R, ds < NRPUDER ) o (5.11)
0

We next upper estimate the | - |o, norm of both terms in 7,%(3). Using Lemmas 4.6, 4.2
and (4.17) we deduce that for k > ¢

Ta )
E ‘ILt > o
0 i=0

2

2 h .
it <NE ‘L a0
<Nlh\2<””2 / syl

§N|h|2(J+1)Eﬁk+2J+27

dt

where N is a constant independent of h with || € (0, 1]. Furthermore, similar computa-
tions yield for k£ > % and |h| € (0, 1]

T J g
h* - 2
/ )H hz (i) dt <NE/ ‘ZEI(J)’hB(i)t’kdt
i=0
<N‘h‘2(J+1)E/Ti)i 1 (i— l)‘
- 0o == l k+J+1

J %
i—1)
SN|h|2(J+1)ZZ| R st
=0 =0
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SNIWPIVER] 0.
Hence we deduce the existence of a constant N independent of h such that for |h| € (0, 1],

T
E/r#@mﬁswwwmﬂﬁmw (5.12)
0

where k > g.

We next upper estimate the | - o, norm of 7,*(5). All terms have a common factor
R+ Recall that Z® = Id. The induction equation (5.8) shows that F(i); is a linear

combination of terms of the form ®(7); := (I(‘”))kl e (I(‘”))kift for a,, k, € {0,--- i} for
1 <p<iwith Z;Zl ayk, = i, and of terms of the form W (i), := (I(bl))l1 e (I(bi*j))l’” f
for 1 < j <4, byl € {0,-+,i—j} for 1 <p <i—jwith 3~ bl, +j =i Using
Lemmas 4.6 and 4.1 we obtain for k£ > g, ,7=1,---J

- T
E/ |II(j)<I>(i)t|g,hdt SNE/ IZDD (i) ()7 dt
0 0
T
gNE/ | (i)t
0
T
SNE/O |ft’i+]’+a1k’1+'“aikidt

T
SNE/ | filfgissdt < NERL
0

A similar computation yields

T T
E / [IZUW (i), 3, dt <NE / |f§”!i+j+blz1+...bm~l
0 0

i-j

T
ENE/O | felkeigyes dt
<NES} .-

These upper estimates imply that for £ > %, there exists some constant N independent
on h such that for |h| € (0,1)

T
B[O dt < NI B, (5.13)

We finally upper estimate the | - |o,-norm of both terms in 7,"(6). Using Lemmas 4.6
and 4.3, we obtain for k > g,

T T
E / [IfP"2, dt <NE / | fO" ] at
0 ’ 0

T
SNVIWPOE [t
0

<NIAPYTVERL 4,
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where N is a constant which does not depend on h. Furthermore, Lemmas 4.6 and 4.2
yield for k > ¢ and |h| € (0, 1],

RS G
B[ |y i
0 i=0

2
dt
k

2 T h F(I)h ()
dt <NE ’ 0 jenn gt

T J ,
<NJHPIE / SO,
1=0

SNIWPYVERE o),

for some constant N independent of h. Hence we deduce that for some constant N which
does not depend on h and k > £, we have for |h| € (0,1]

T
E / TA6), dt < NBPVVER, ). (5.14)

Similar computations can be made for the coefficients of the stochastic integrals. The
upper bounds of the corresponding upper estimates in (5.11) and (5.12) are still valid
because the operators MY are first order operators while the operator £; is a second
order one. This implies that all operators M/*”, M,Ei)p and ]\th(‘])h contain less derivatives
than the corresponding ones deduced from L;.

Using the expansion (5.5), the upper estimates (5.9)-(5.14) for the coefficients of the
deterministic and stochastic integrals, we conclude the proof.

O

We now complete the proof of our main result.

Proof of Theorem 2.4. By virtue of Theorem 3.2 and Theorem 5.1 we have for |h| € (0, 1]

T
B s s < NEO 4 NE | (PB4 1Gu ) di < InPO I NES?,
€0, 0

Using Remark 3.1 we have U;" = U} for t € [0,T] a.s. Hence from the expansion (2.9)
we obtain that v¥) = —v@) for odd j, which completes the proof of Theorem 2.4. U

6. SOME EXAMPLES OF FINITE ELEMENTS

In this section we propose three examples of finite elements which satisfy the Assump-
tions 2.4, 2.5 and 2.6.

6.1. Linear finite elements in dimension 1. Consider the following classical linear
finite elements on R defined as follows:

Y(x) = (1 - |$|) Lijzi<1y- (6.1)
Let A = {—1,0,1}; clearly ¥ and A satisfy the symmetry condition (2.6). Recall that T
denotes the set of elements A € G such that the intersection of the support of ¢, := 1} and
of the support of 1) has a positive Lebesgue measure. Then I' = {—1,0, 1}, the function
v is clearly non negative, [, ¥ (z)dx =1, ¢(x) = 0 for z € Z\ {0} and Assumption 2.6
clearly holds.
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Simple computations show that

! 2 ! 1
R0:2/ ?dr ==, R_,=R; :/ z(l—x)dx = .
0 3 0 6

Hence ), . Ry = 1. Furthermore, given any z = (z,) € {2(Z) we have using the Cauchy-
Schwarz inequality:

2 1 1 2 1 1

> (52 + e+ gmmn) 2 Sl = o0 (2 4 ) = gl

neL nez
Hence Assumption 2.4 is satisfied. Easy computations show that for e € {—1,1} we have
€
5
Hence Y, R}' = 0, which completes the proof of (2.20). Furthermore, >, AR} =1,
which proves (2.21) while )°,  A*R}! = 2, which proves (2.22).

Finally, we have for e € {—1,1}

Ry'=-2, R'=1 R;=0 andR =

2 1 - . ’
11,11 11 _ _
QM =2, Q=< O =0 and Q' ==
This clearly implies ), - Q" =0 and > ser Q' = 0, which completes the proof of

(2.23); therefore, Assumption 2.5 is satisfied.

The following example is an extension of the previous one to any dimension.

6.2. A general example. Consider the following finite elements on R? defined as follows:
let 1 be defined on R by ¢(x) = 0 if x ¢ (—1,+1]? and

d

Y(a) =[] (1= fan]) for == (21, ,24) € (—1,+1]". (6.2)

k=1

The function ¢ is clearly non negative and [, ¢(z)de = 1. Let A = {0, exey, € €
{-=1,+1}, k =1,--- ,d}. Then ¢ and A satisfy the symmetry condition (2.6). Further-
more, ¢ (x) = 0 for x € Z%\ {0}; Assumption 2.6 clearly holds.

These finite elements also satisfy all requirements in Assumptions 2.4-2.5. Even if these
finite elements are quite classical in numerical analysis, we were not able to find a proof
of these statements in the literature. To make the paper self-contained the corresponding
easy but tedious computations are provided in an Appendix.

6.3. Linear finite elements on triangles in the plane. We suppose that d = 2
and want to check that the following finite elements satisfy Assumptions 2.4-2.6. For
1=1,---,6, let 7; be the triangles defined as follows:

n={rcR*:0<, <2, <1}, n={2cR*:0< 2, <z, <1},
m={rcR*:0< 2, < 1,29 1<z, <0}, u={r €eR*: -1 <z, <, <0},
={rcR*: 1< <z, <0}, s={r€R*:0< 2, <12, — 1 <2, <0}. (6.3)



ACCELERATED FINITE ELEMENTS SCHEMES 27

4.6
5

Let ¢ be the function defined by:

Y(x)=1—|z1|on y Umy, ¥(z) =1— |xo|on 7o U Ts,

Y(x) =1—|z1 — 22/ on 73 U1, and (z) = 0 otherwise. (6.4)
It is easy to see that the function v is non negative and that fn@ Y(x)de = 1. Set
A = {0,e1, —eq, €9, —es}; the function ¢ and the set A fulfill the symmetry condition
(2.6).

Furthermore, I' = {6161 + €96y 1 (€1,63) € {—1,0,1}% €165 € {0, 1}} Hence 1 satisfies
Assumption 2.6.

For i = (iy,1) € Z?, let 1; the function defined by
Ui(w1, m2) = ¥ ((21, 32) — 1).
For v =1,2,---,6, we denote by 7,(i) = {(xl,xg) c(xy,m) —1 € 7‘7}. Then
Dyyps = =1 on 71(i) U (i) and Di¢h; = 1 on 73(i) U (i),
Dyth; = —1 on 72(i) U m3(i) and Dath; = 1 on 75(i) U 76(3),
Dy = 0 on 1p(i) U7s(i) and Doths = 0 on (i) U 74(i).

Easy computations show that for i € Z?, and k € {i+ A: A € '}
1 1
(dji:wi) - 57 (¢i7¢k) - ﬁ;
and (¢4, ;) = 0 otherwise. Thus

SRy =Wt = 246 = — 1,
Ael el

which proves the first identity in (2.20).
We at first check that given any o € (0, 1), we have for some positive constants C; and
Cs such that for every (U;) € lo(Z?) we have

o T
Sl 2 Y [ oy [ = Ut (1= Uiy + 22Uy
i i 70 0

2
dl’l

« o
+ Z/ d$2/ }(1 — $2)Ui + ($2 — $1)Ui+62 + 21Ut eq te,
~Jo 0

2
(@)
>[[U)(a? = Cra® - Cpa) = U,
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where the last lower estimates follow from the Cauchy-Schwarz inequality and from the
fact that when o € (0,1) is small enough we have 1 — Ciov — Coa® > 5. This proves that
Assumption 2.4 is satisfied.

We next check the compatibility conditions in Assumption 2.5. Easy computations
prove that for k = 1,2 and [ € {1,2} with | # k, ex, ¢, € {—1,1} we have

(Dk¢7 Dkw> :27 (Dkw> Dkwekek) = _17 (Dkwv Dkwqel) - 07
(Dk@/), Dk@/))\) =0 for A = €161 + €9€9, €1€9 = 1,

while

(Dip, Dip) = =1,  (Dpt), Ditbege,) = (Dith, Ditbere,) = 2

1
(Dkw, Dlw)\) = —5 fOl" A= €1€1 —+ €9€9, €1€0 = 1.
Hence for any k,l = 1,2 and [ # k we have
1 1
> (Dih, Dyipy) =242 x (1) =0, Y (Dtp, Dpy) = =1 +4 x 5 t2x (- 5) =0.
AeT Ael

This completes the proof of equation ), RY = 0 and hence of equation (2.20). Fur-
thermore, given k,l = 1,2 with k # [ we have for a« = k or a = I:

ZRl;k)\k/\k =— Z(Dkl/), Diha) Medp =2 x 17 = 2,

XeT Xer

D RV = =) (Di, Dby ) A = 0,

Ael Ael

ZRik)\Mz = - Z(Dk¢7 D) A = 0,

Ner Ner

1 1

D RN = =D (Did, Ditba) e = 3 X 1% + 5(—1)2 =1,
xer Ael

D RN == (Dith, Dha) dada = 0.
Ael Ael
The last identities come from the fact that (D), Ditbee, ) , (D, Dithee,) 01 (Dit), Dithe(e, +es)
agree for e = —1 and € = 1. This completes the proof of equation (2.22).
We check the third compatibility condition. Using Lemma 2.2 we deduce for k,1 = 1,2
with k # [l and e € {—1,+1}
€
(Dk:l/),@b) = 07 (Dk'lvbeekaw) = §7
€ €
(Dk¢eel7w) = _67 (Dk¢e(el+ez)aw) =
Therefore, using Lemma 2.2 we deduce that

Z(Dki/}miﬁ))\k:l—k(—l) X (=) + =+ () x(==)=1,

3
el
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1 1 1

;(Dk?ﬁ,\ﬂﬂ))\z = —é + 5 X (1) + s (=1) = 0.

This completes the proof of equation (2.21).
Let us check the first identity in (2.23). Recall that

g\j,kl = —/ szlDiz/;(z)DjZ/J)\(Z)dZ
R2

and suppose at first that ¢ = j. Then we have for k #i, « # i, k #l and e € {—1,+1}

14,11 2 16,00 1 16,01 __ )i4,00 _
QO — _57 ee; 57 [ Qe(eﬁ-ea) - 0’
3 1 ) 1 3 o
i,k — ii,kk __ — it,kk __ )it —
0 - _37 ee; 67 e Q€(€i+6k) B O’
5 1 ) 1 5 o
ikl ikl ikl )it _
0o - 6’ ee; T 19’ €eq Q€(€i+ea) = 0.
Suppose that ¢ # j; then for k # [ and € € {—1,+1} we have
ijyii _ 1 ijii _ _i igidi QU” — 1
0 67 €e; 127 €e; 4’ e(ej+ej) 4’
5,35 __ 1 1,JJ — _i 1,07 — _i Qij,jj = i
0 6’ ee; 12° €e; 12’ e(ei+e;j) 12’
g 1 g 1 g 1 g 1
igkl _  — tkl ikl 1j,kl ——
0o - 12 Qeej 24’ €e; 8’ Qe(ei—&—ej-) 8’

The above equalities prove ), Qf\j’kl = 0 for any choice of 7,7, k,l = 1,2. Hence the
first identity in (2.23) is satisfied.
We finally check the second identity in (2.23). Recall that Q%* = Ja2 2 Ditha(2)1(2)dz.
Fori=Fk e {1,2}, j € {1,2} with i # j and € € {—1,+1} we have
~Niyi 3 Nijd o 3 Nid o 1 it _ 1
0= 71y i 94’ €j 9y’ Qe(ei—i-e]-) o4

Hence ), Q% =0. Let i # k; then for € € {—1,+1} we have
1 1

Nk Ak i,k o .
0 7 wee; T O’ eex 19’ Qe(eﬁ-ek) - 19°

Hence ), Q%" = 0 for any choice of i,k = 1,2, which concludes the proof of (2.23)
Therefore, the function ¢ defined by (6.4) satisfies all Assumptions 2.4-2.6.
7. APPENDIX

The aim of this section is to prove that the example described in 6.2 satisfies Assump-

tions 2.4 and 2.5.
For k=1, ---.d, let e, € Z? denote the k-th unit vector of R?; then G = Z? and

d
I' = {Zekek e €{-1,0,1}for k=1,--- ,d},

k=1
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For fixed k =1,--- ,d (vresp. k#1 € {1,---,d}) let
Z(k) ={1,---,d}\{k}, resp. Z(k,1)={1,---,d}\ {k,I}. (7.1)

Note that in the particular case d = 1, the functions 1 gives rise to the classical linear

finite elements. Then for i € Z?, we have for k =0,1,--- ,d:
d
A\ 71Nk /92N d—Fk
i-— i = - 9 if 1| = k. 2
Ry = (i,0) (k,)(6) (5) > lil =k (7.2)
Furthermore, given k = 0,1, -- ,d, there are 2¥ elements i € Z¢ such that Zle liy| = k.

Therefore, we deduce
S =3 () 606 - ()66 -

which yields the first compatibility conditon in (2.20).
We at first check that Assumption 2.4 holds true, that is

2
5ZUi2 = 0|U|gy(ze) < ‘ZUi¢i s Z Ri;UiU;, U € 6o(2).

iczd iczd ijezd

for some § > 0. For U € (5(Z%) and k = 1,--- ,d, let T(U)(z) = U(x + e), where e,
denotes the k-th vector of the canonical basis.
For U € {5(Z%) we have

d d
‘ZUi¢i jﬁ = Z /[Ol]d [UIH(l - Ij) + Z(Tk i Tk H 1 — IJ
i iczd )

j=1 k=1 JeI(k)

d
2
+ Z (T, © Ti, Ui gy g H (1—xj)—|—~~+(T10T2~~~onU)iH:vk] dx
k=1

1<k <ko<d JEZL(k1,k2)

Given a € (0,1) if we let

o 3 o 2 3 a 3
I(«) :/ (1—2)%dr = a—a2+%, J(a) :/ r(1—z)dr = a——a—, K(a) :/ 2dr =&
0 0 0

restricting the above integral on the set [0, a]¢, expanding the square and using the Cauchy
Schwarz inequality we deduce the existence of some constants C(v1,72,73) defined for
v € {0,1,- - ,d} such that

‘ Z Uns ; > Z Ui [I(a)d + (Cli)K(oz) I(a)™ + <;Z> K(@)? I(a)™ 2+ + K(a)d]
2 WP) Y Clnre) Ha)™ () K(a)®

Y1t+v2+y3=d,y2+y3>1

3d
2|U)*(a? = Y- ).

l=d+1
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. . 2
where C; are some positive constants. Choosing a small enough, we have | > ini‘ 12 2>

%dHU |* which implies the invertibility Assumption 2.4.
We now prove that the compatibility Assumption 2.5 holds true. For [ = 1,--- ,d,
n=0,---,d—1:

(Dys, D) = — 9d—1-n <l)n <1>d1n for |4| =1, Z |i.| = n, (7.3)

6 3 r#l,1<n<d
Db D B den ln ldflfnf L L 4
(Dyy, D) = +2 ) (3 or [i] =0, > liy| =n. (7.4)
r#l,1<r<d

Forn=1,---,d—1and ky < ky < --- < k,, with k. € Z(I), where Z(I) is defined in (7.1),
let

n

Fl(kla"' >kn> = {Zekrekr D€k, € {—1,1},7“: 17 7”}7

r=1
Dyl ke, o kn) = {elel + Zekre,% cge{-1,1}and ¢, € {-1,1},r=1,--- ,n}.
r=1

Then |Ty(ky,- -+ , k,)| = 2" while |T,(l; k1, - -+ , k,)| = 2" For [ = 1,--- ,d, the identities
(7.3) and (7.4) imply

S (D, D) = (D, D)+ S° (D, Ditie)|

Ael ge{—-1,+1}
d—1
+ > [ >, (DD )+ > (D, Dz%)]
n=1 k1 <ko<--<kn,k;EL(1) A€l (K1, ,kn) AeTy (L1, kn)

P )
G O N O R B

This proves the second identity in (2.20) when ¢ = j. Furthermore, (7.3) implies
D RN == (Db, D )M == Y (Dith, Dithe,)

el el 616{71,1}

d—1
-2 X >, (D, D)
n=1 k’1<k2<---<k’n,kj€l-(l) )\Erl(l;k1,--- ,kn)

1\d-1 d—1 IN7/]1\d-1-n
—9 Qd—1<_> on+1 2d—1—n<_> (_)
% 3) 2, % 6) \3

1

=X ()EE T e
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Furthermore, given k # 1 € {1,--- ,d},

Z REN A, = — Z(Dl¢, Dypy) e = 0.

Ael AeT
Indeed, forn =1,--- ,d—1, k; < --- < k,, where k, € Z(l) and at least one of the indices
k, is equal to k for r =1,--- ,n, given X\ € I'y(ky,--- , k,) we have using (7.3) and (7.4)

Z (D), Dytbeyepx) Ay = =247 177 <1>”<1>d—1—” X (=1+1)=0.

ge{-1,1} 6 3

This proves the second identity in (2.22) when both derivatives agree.
Also note that for k # 1 € {1,--- ,d} we have >, . R¥' = 0. Indeed, for X as above

(Db, Dign) + Y (Dith, Ditbeer2)

6[6{—171}

n d—1—n n d—1—n
e () () e () o
6 3 6 3
while R = 0 for other choices of X € T'.
We now study the case of mixed derivatives. Given k # [ € {1,--- ,d} recall that
Z(k, ) = {1,---,d} \ {k,1}. Then for k # 1 € {1,---,d} and i € Z¢ we have for
n=0,---,d—2

(Dihs, Dip) = 0 if iy ig| # 1, (7.5)
(Dyths, D) = —(%>2 <é)n (%)d—n—2 if igip =1, Z || = mn, (7.6)
reZ(k,l)
(Dyity, D) = +(%>2 (é)” (g)d_w ifiii=—1, Y lil=n (77)
reZ(k,)

Forn=1,---,d—2and ky < --- <k, with k, € Z(k,l) for r =1,--- | n, set

Fk,l(kla' . ,l{?n) = {ZekrekT D€ € {—1,1}}

r=1

For n = 0 there is no such family of indices k; < -+ < k,, and we let T'y;(#) = {0}. Thus
forn=20,---,d—2, |Api(ks,--- ,kn)| = 2". Using the identities (7.5)-(7.7) we deduce

d—2
> (Db, D) = > > ST (D, Doy seri)
Ael n=0 ki <ko<-<kn,kr€L(k,l) ATy 1(k1, kn)

+ (D, Dithe—er12) + (Dt Dith— ey ter2) + (D0, Dith— e, e, 12 ]
-2 , . 5 1en . 2 {\n o
S () EEE TG @6
GGG G T ke
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This completes the proof of the second identity in (2.20) when i # j, and hence (2.20)
holds true. Furthermore, the identites (7.6) and (7.7) imply for ¢ # j € {1,--- ,d} and

1,5} =A{k, 1}
-2
Z(DW, Dyhx) Mehi = Z Z Z (D), Dithe, +e,4)

Ael n=0 ki <ko<-<kn,kr€Z(k,l) el (k1 kn)

- (Dk¢> Dl"vbek—el-i-)\) - (Dkd]? Dﬂ/J ek-&-el-i-)\) (Dk,lvba Dlw—ek €l+)\):|

IN2 e (d—2) ., /1\" d—2-n d—2 d—2-n
B G ETO RO RS ) (G [ O e
Equation (7.5) proves that (D, Diwoy) = 0 if |A\x\| # 1. Hence using (7.8) we deduce

that for any r =1,--- ,d,

Z(Dkl/% Dypy) A A = 0.

AeT
Let r € Z(k,l) and forn =1,--- ,d — 3, let k; < --- < k,, be such that k; € {1,--- ,d} \
{k,l,r} and A = 377 ey ey for e, € {—1,1}, j = 1,---,n. Then for any choice of ¢

and ¢ in {—1,1} the equalities (7.6) and (7.7) imply that

(Dkd]a Dl¢x\+€kek+qel+er) = (Dk’q/}7 Dlw)\—l—skek—‘rqel—er)-
This clearly yields that for r € Z(k, 1) we have
Z(Dkl/% Diha) ey = Z(Dkw, Do)\, = 0.
Ael el

Finally, given n = 2,--- ,d and ky < --- < k, where the terms k; € Z(k,[), then given
any choice of ¢, and ¢ in {—1,1}, the value of (Dxt), Dit)e, e, +e1e,+2) does not depend on
the value of A € 'y (ky,- - , k). Therefore, if we fix 71 # 79 in the set Z(k, 1), for fixed

n there are as many choices of indices k; < --- < k, such that ¢, ¢, = 1 that of such
indices such that €, €,, = —1. This proves

D (Drth, Diha) A, Ary = 0,

Aer

which completes the proof of the first identity in (2.22) for mixed derivatives; hence (2.22)
holds true.
We now check the compatibility condition (2.21). Fix j € {1,--- ,d}; then

Dy ) = 21 H/ 1— ) da) [/( 1)(1— z;)dz; + /i(umj)dxj} —0, (7.9)

while

(Djih, o) = 20 1 H/ (1— ) dxk /( 1)1+ (2 1))d:cj:—%<§)d_l,

k#j

(D, ve,;) = 2% 1 H/ (1 — ) dxk / (1—(xj+1))dxj:%(§>d_l. (7.10)

k#j
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Forn=1,---,d—1and k; < --- < k, where the indexes k., r = 1,--- ,n are different
from j we have for any A € I';(ky,--- , ky)

n

(D, hy) =2 nH) H / 1 —ay) dll?k (H/Ol g, (1 —ﬂfkT)dﬂfkr>

kel"\{yk r=1
1 0
X [/ (—1)(1—xj)da;j+/ (1+xj)dxj] —0, (7.11)
0 —1
while
noo.l
(D, Ye;2) :Qdi(nﬂ) H / (1= a) dxk % (H/ T, (1 _xkr)dxlw>
keI‘\{]k =170
1 1 /9\d—(n+1) ,1\n
« | <—1><1+<xj—1>)dasj=—§ G) "G (7.12)
and
S
(Djth, Y- 42) =2d_(n+1) H / (1 — ) d:ck x (H/ k(1 —xkr)dxk)
kEF\{jkl r=1"0
0 1 /2\d=(n+1) ,1\n

Note that the number of terms (D;1), ¢, +1) With ¢ = —1 or ¢, = +1 is equal to (d:) 27,
Therefore, the identities (7.9)-(7.13) imply that for any j =1,--- ,d we have

SR = - Z Dy, y) N = %(g)d_l - %(g)d_l(—l) (7.14)
B B o

D..
,_.

/_\ z
Q.

n > )d_l_" ~1. (7.15)

This proves (2.21) when i = k.

Let k #j € {l,---,d} and given n =1,--- ;d —1 let k; < --- < k, be indices that
belong to Z(j) such that one of the indices k.,r = 1,--- ,n is equal to k. Given any
A€k, -, k) we deduce that

(Dj¢7 wez-i-)\))‘k + (Dj¢v ¢—e,+,\))\k =0.

This completes the proof of the identity (2.21).

In order to complete the proof of the validity of Assumption 2.5, it remains to check
that the identities in (2.23) hold true. Recall that for A € " and ¢, j, k,l € {1,--- ,d} we
have

= [ aaDinDE: = - [ aabin)Dw()d:
R Re
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Forp=1,---,4,n=1,--- d—pandiy,---i, € {1,--- ,d} with i, - - - i, pairwise different
let

n

Toliv-e i) = { D athuica € {141} 1< < v <k <4,

a=1

ko & {i1,-- iy} for a = 1,~~n},
and Io(il, tee ,ip) = {0}
First suppose that ¢ = j.
First let k = [ = 4; then for n =0,--- ,d — 1 and p € Z,,(i) we have
0+ QL Q=0
Let k = [ with k # ¢; then then for n =0,--- ,d — 1 and p € Z, (i) we have
Qg it o
Let [ =i and k # ¢; then forn =0,--- ;d— 2, e € {—1,+1} and p € Z,(i, k) we have
Q#-l-eeﬁ-ek + Qﬂ+€€i_ek = 0.
A similar result holds for £ = ¢ and [ # i. Furthermore, Q;”” = 0 is A is not equal to
[+ €e; + ex or p+ ee; — ey for p € Z,,(i, k) for some n.
Let k # [ with k # i and | # ¢; then forn =0,--- ;d—2,e € {—1,+1} and u € Z,,(k, 1)
we have
QZfElek+el + QZfelek_el = O’
while Ql)fkl = 01is A is not equal to pu+ €e; + e or pu+ ee; — ey, for u € Z,,(7, k) for some n.
We now suppose that i # j.
First suppose that k =i and [ = j; then for n =0,--- ,d — 1 and p € Z,,(i) we have

QU + Qi+ Q=0
Let k =1=14;then forn=0,---,d—2,e€{—1+1} and p € Z,(i,j) we have
Q;Jiiei—l—ej- + Q;fiiei—Ej = 07

while QZA]“ = (0 is A is not equal to p + ee; +e; or pu+ ee; — e; where p € Z,,(¢, j) for some
n. A similar result holds exchanging ¢ and j for k =1 = j.

Let k =1 with k & {i,5} and | & {i,j}; then for n = 0,--- ,d —2, ¢ € {—1,+1} and
w € I,(i,j) we have

ij,kk ij,kk

Quj—i-eei-‘re]- + Quj—&—eei—ej- = 07
while ngkk = 0 is A is not equal to u + ee; + e; where p + ee; — e; for p € Z, (i, j) for
some n.
Let l=iand k & {i,j}; then forn=0,--- ,d—2, e € {—1+1} and pu € Z,,(i, k) we have

Q/ereeﬁek + Qujﬁerek - O’
while Qf\ﬂ“ = 01is A is not equal to pu+ €e; + e or p+ ee; — ej, where p € Z,,(i, k) for some
n. A similar result holds exchanging 7 and j for k =1 = j.
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Finally, let k # [ with k& ¢ {4,5} and | & {i,j}; then for n = 0,--- ,d — 4, €,€¢j,¢, €
{—1+1} and p € Z,(¢, j, k,1) we have

ijkl ijkl -
QM+6¢€i+6je]~+6kek+el + Q#+6¢€i+6jej+6kekfel - O’

while Qf\j’kl = 0is A is not equal to p + €;e; + €je; + epep + e or pu+ €65 + €€ + eper — €
where u € Z,(i, j, k,1) for some n. These computations complete the proof of the first
identity in (2.23). Recall that for i,k € {1,--- ,d} and A € ' we let

)= / 2k Din(2)1(2)dz.
R4
Let k =id;forn=0,---,d—1 and pu € Z,(i) we have
Qi+ Qe + Qe =0,
Let k £ i;forn=0,--- ,d—2,e€ {—1,0,4+1} and pu € Z,,(i, k) we have
ik ik
Q;HreeiJrek + Q;Hreeifek =0

while Q’)\k = 0 if X is not equal to u + ee; + e, or pu + ee; — e, where p € Z,(i, k) for
some n. This completes the proof of the second identity in (2.23); therefore Assumption
2.5 is satisfied for these finite elements. This completes the verification of the validity of
Assumptions 2.4-2.5 for the function ¢ defined by (6.2).
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