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Abstract

This paper is concerned with the numerical modeling of unilateral contact problems in
an electro-elastic material with Tresca friction law and electrical conductivity condi-
tion. First, we prove the existence and uniqueness of the weak solution of the model.
Rather than deriving a solution method for the full coupled problem, we present and
study a successive iterative (decomposition) method. The idea is to solve successively a
displacement subproblem and an electric potential subproblem, in block Gauss-Seidel
fashion. The displacement subproblem leads to a constraint non-differentiable (con-
vex) minimization problem for which we propose an augmented Lagrangian algorithm.
The electric potential unknown is computed explicitly using the Riesz’s representa-
tion theorem. The convergence of the iterative decomposition method is proved. Some
numerical experiments are carried out to illustrate the performances of the proposed
algorithm.

Key-words: Signorini contact problem, Electro-elastostatics, Tresca friction, aug-
mented Lagrangian.

AMS subject classifications. 74505, 74B05, 65N22, 65N55

1 Introduction

Currently there is a considerable interest in contact problems involving piezoelectric ma-
terials, i.e. materials characterized by the coupling between the mechanical and electrical
properties. This coupling, in a piezoelectric material, leads to the appearance of electric
potential when mechanical stress is present and, conversely, mechanical stress is generated
when electric potential is applied. The piezoelectric materials can be divided in two main
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groups: crystals and ceramics. The most well-known piezoelectric materials are quartz
Si02 and ceramics (BaTiO3, KNbO3, LiNbO3, etc.). General models for elastic materials
with piezoelectric effects can be found in [15, 18] and, more recently, in [1, 7]. The static
frictional contact problems for electro-elastic materials were studied in [16, 17], under the
assumption that the foundation is insulated, and in [3] under the assumption that the
foundation is electrically conductive. Recent modeling, analysis and numerical simula-
tions of contact with or without friction for piezoelectric materials can be found in [2, 14]
and references therein.

We propose in this paper a decomposition method for an unilateral contact problem
with Tresca friction. Rather than deriving a solution method for the full coupled problem,
we propose and study a successive iterative (decomposition) method. Let uw and ¢ be
the displacement vector field and electric potential, respectively. The idea is to solve
successively a subproblem in u and a subproblem in ¢, in block Gauss-Seidel fashion. The
subproblem in u leads to a constraint non-differentiable (convex) minimization problem for
which we propose an augmented Lagrangian (Uzawa) algorithm. The electric potential ¢
is computed explicitly using the Riesz’s representation theorem. We prove the convergence
of our method. Some numerical experiments show the behavior of our method.

The rest of the paper is structured as follows. In Section 2, we describe the model of the
frictional contact process between electro-elastic body and a conductive foundation and
derive the variational formulation. In Section 3, We state our main result, the existence
and uniqueness of the weak solution of the model. The decomposition algorithm is detailed
in Section 4 followed by the convergence result. In Section 5 we report some numerical
experiments carried out with the new algorithm.

2 Mechanical and variational formulation

We consider a piezoelectric body that initially occupies an open bounded subset § in R,
d = 2,3, with a sufficiently smooth boundary I' = 9. This boundary is divided into three
open disjoint parts I'p, I'y and I'c on the one hand and a partition of I'p U 'y into two
open parts I'y, and I’y on the other hand, such that meas(I'p) > 0 and meas(T,) > 0.
The body is submitted to the action of body forces of density fy and volume electric
charges of density qg. It is also submitted to mechanical and electric constraint on the
boundary. On the boundary part I'p we assume that the body is clamped and therefore
the displacement field vanishes there. Moreover, we assume that a density of traction
forces, denoted by fx , acts on the boundary part I'yy. We also assume that the electrical
potential vanishes on I'; and a surface electrical charge of density g, is prescribed on I'.
In the deformed configuration the body may come in contact over I'c with an electrically
conductive foundation, we assume that its potential is maintained at ¢p. The contact is
frictional and there may be electrical charges on the contact surface. The normalized gap
between I'c and the rigid foundation is denoted by g.

Here and below, to simplify the notation, we do not indicate the dependence of various
functions on the spatial variable = € €0, the indices i, 7, k,[ take values in {1,...,d}, the
summation convention over repeated indices is used and the index that follows a comma
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indicates a partial derivative with respect to the corresponding component of the spatial
variable, i.e. u; j = Ou;/0x;. We denote by $¢ the space of second order symmetric tensors
on R? or equivalently, the space of real symmetric matrices of order d. We define the inner
products and the corresponding norms on R? and $¢ by

w-v = ui-v ;o= @w-v)2 Vu, veR?
1
o-T= 04575 ; |T||=(r-7)2 Vo, e §e
Moreover, we denote by Divo = (0y; ), div D = (D; ;) the divergence operator for tensor
and vector valued functions, respectively.
The governing equations of piezoelectricity consist of the equilibrium equation, constitutive

relations, strain-mechanical displacement and electric field-potential relations.
The elastic strain-displacement and electric field-potential relations are given by

e(u) = % (Vu+ (Vu)*) in Q,
E(p) =-V¢ inQ,

where e(u) = (g45(u)), E(p) = (Ei(p)), u = (u;), ¢ are, respectively, the linear strain
tensor, quasi-static electric field vector, displacement vector field and electric potential.
We suppose that the process is static. The equations of stress equilibrium and the equation
of quasi-stationary electric field are, respectively, given by

Dive+ fy =0 in Q, (2.1)
divD =¢qy in ,

where 0 = (0;;) and D = (D;) represent the stress tensor and the electric displacement
field, respectively.
The constitutive equations of a linear piezoelectric material can be written as

oc=%Fe(u) —EE(p) inQ, (2.3)
D=CEe(u)+BE(p) in,
where § = (fijr1), € = (eijr) and B = (B;;) are respectively, (fourth-order) elastic, (third-

order) piezoelectric, electric permittivity tensors and £* = (e;‘j i) is the transpose of £. We
mention that £* = (e;;) and satisfies

Eov=0E, Yoe§veR? (2.5)

Next, to complete the mechanical model according to the description of the physical
setting, we have the following boundary conditions

u=0 onIp,
ov=fy only,

=0 only,

—~ —~ —~
© o0 N O
— D — T

D-v=¢qgs only,
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Finally, we need to prescribe the contact conditions on I'c. To this end, it is usual to
decompose the displacement and the stress vector in normal and tangential components
as follows:

Up = VN 5 Vp = U—UpN

Op = ON-MN; OF =0N — OpN.

We model the frictional contact on the contact surface I'c with Signorini, Tresca’s law
and electrical conductivity conditions given by

on(u) <0, up,—9g<0, op(u) (up —g) =0 onTIg, (2.10)
lo-|| <S
los] <S=u=0 on I'e, (2.11)
lor]| =S5 =3IN#0,0 =—Au,

D-v=1(u, — g)or(p — ¢g) onTc. (2.12)

The boundary condition (2.12) represents a regularized electrical contact condition, similar
to that used in [13], such that

L ifs< L, 0 ifr<o,
or(s)=< s if —~L<s<L, P(r) = kedr if0<r <1/6,
L ifs>1L, ke if r>1/9,

in which L is a large positive constant, § > 0 denotes a small parameter and k. > 0 is the
electrical conductivity coefficient. Note that when ¢ = 0, the equality (2.12) leads to

D-v=0 onl;s. (2.13)

The condition (2.13) models the case when the obstacle is a perfect insulator. Under these
conditions, the mechanical problem may be formulated as follows.

Problem (P). Find a displacement field u : Q — R, a stress field o : Q — S, an electric
potential p : Q — R and an electric displacement field D : Q — R such that (2.1)-(2.12)
hold.

In the next, we introduce the notations and recall some necessary definitions which we
need later. Moreover, we introduce the following functional spaces:

H=1%Q), H = H'(©Q)"
H={r=(rij)|7j =75 € L*()}, Hi1={oc€H|Dive € H}.

These are real Hilbert spaces endowed with the inner products

@wMszw& (), = ()7 + (), 2(0))n,
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(o,7)n = / oijTijdx, (o,7)u, = (0,7)y + (Div o, Div 1)y,
Q

and the associated norms || - ||z, || - ||y, || - || and || - ||, respectively.

Let Hr = HY?(I')? and let v : H; — Hr be the trace map. For every element v € Hy,
we also use the notation v, to denote the trace yv of v on I'.

Let H} be the dual of Hr and let (-, ) denote the duality pairing between H} and Hr.
For every o € H1, ov can be defined as the element in Hllﬂ which satisfies

(ov,yv) = (0,e(v))y + (Dive,v)g, Yve Hy. (2.14)

Moreover, if ¢ is continuously differentiable on €, then

(ov,yv) = /Fau-v da. (2.15)

for all v € Hy, where da is the surface measure element. Keeping in mind the boundary
condition (2.6), we introduce the closed subspace of H; defined by

V={ve H|v=0onTp},
and K be the set of admissible displacements
K={veV|v,—-g<0onTc}.
Since meas(I'p) > 0 and Korn’s inequality holds,
le)|l > ckllvlm, YveV, (2.16)

where ¢ > 0 is a constant which depends only on €2 and I'p. Over the space V' we consider
the inner product given by

(u,0)y = ((w),c@)as Jully = (w,u)2, (2.17)

and let || - [y be the associated norm. It follows from Korn’s inequality (2.16) that the
norms || - ||g,and || - ||y are equivalent on V. Therefore (V.| - ||y) is a Hilbert space.
Moreover, by the Sobolev trace theorem, (2.16) and (2.17) there exists a constant ¢y > 0
which depends only on the domain 2, I'c and I'p such that

[vllz2@ye < collvflv, Vv eV (2.18)
We also introduce the spaces

W = {p e H(Q) | =0onT.},
W = {D=(D;) e H(Q)|(D;) € L*(Q), divD € L*(Q)}.

The spaces W and W are real Hilbert spaces with the inner products

(o, V)w = (o, V) )y, (D E)w = (D, E) 20y + (div D, div E) 12(q)-
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The associated norms will be denoted by || - || and | - ||y, respectively. Notice also that,
since meas(I'y) > 0, the following Friedrichs-Poincaré inequality holds:

IVollw > crlldllw, Y eWw, (2.19)

where ¢y > 0 is a constant which depends only on 2 and I',. Moreover, by the Sobolev
trace theorem, there exists a constant ¢;, depending only on 2, I'; and I'¢, such that

€Ml L2 (rg) < call€llw, V€€ W. (2.20)

When D € W is a sufficiently regular function, the following Green’s type formula holds,

(D,V&)Lz(ﬂ)d + (diVD,g)lg(Q) = /FD . I/g da, \V/f S Hl(Q) (221)

We assume that the elasticity tensor §, the piezoelectric tensor &, the electric per-
mittivity tensor 8 and The surface electrical conductivity function 1 satisfy the following
assumptions.

(h1) The elasticity operator § : Q x $¢ — $¢ satisfies fijkt = fiilt = fikij € L>(Q) and
fijr(®) && > mg [|€]*> V€ € 8, Vo € Q where my is positive constant.

(he) The piezoelectric tensor & : Q x 8¢ — R? satisfies € = (e;jx), €ijx = eixj € L(Q).

(h3) The electric permittivity tensor 8 : Q x R? — R satisfies 8;; = B;; € L>(Q) and
Bij EiEj > mg |[E||* for all E € R? and z € Q, where mg is a positive constant.

(h4) The surface electrical conductivity ¢ : I's x R — Ry is a bounded function by a
positive constant My, such as, x — 1(z,u) is measurable on I'z, for all u € R and
is zero for all u < 0.

(hs) The function u — 1 (x,u) is a Lipschitz function on R for all z € T's; |¢(z,u1) —
P(x,uz)| < Lplur —ua| Vuq,uz € R, where Ly is a positive constant.

The forces, traction, volume and surface free charge densities satisfy
(he) fo€ L), fn € L*(Tn)%,
(h7) qo € L?(2), q € L*(Ty).

The potential of the contact surface satisfies
(hs) wr € L*(Tc).

Finally, the friction bound function satisfies

(hg) S e LOO(FC), S > 0.
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Next, we use Riesz’s representation theorem, consider the elements f € V, and g € W
given by

(f,v)y = / fo-vdr+ fn v da, Yv eV, (2.22)
Q Ty

(¢ 9w = /qué“ dx —/F @€ da, VEeW, (2.23)

and, we define the mappings j: V xV — R and ¢: V x W x W — R, respectively, by

jl) = S |v.| da, YveV. (2.24)
T'e
W) = | Wl =9)ér(e = wo)é da, VueV, Vo, L e W, (2.25)
C
where in (2.24), | - | stands for the Euclidean norm. Keeping in mind assumptions (ha)-

(hg)-(ho), it follows that the integrals in (2.24)-(2.25) are well-defined.
Using Green’s formula (2.14), (2.15) and (2.21) it is straightforward to see that if
(u, o, ¢, D) are sufficiently regular function which satisfy (2.3)-(2.12), then

(0.6(v) —e(w)) 4, +3(v) = j(u) > (f,v —wv, Yo € K, (2.26)
(D, VE) 2 iqya = Uu,9,€) — (0. 6w, Ve e W. (2.27)

We plug (2.1) in (2.26), (2.2) in (2.27) and use the notation F = —V¢ to obtain the fol-
lowing variational formulation of Problem (P), in terms of displacements field and electric
potential.

Problem (PV) Find a displacement field u € K and an electric potential ¢ € W, such
that :

(B=(u),e(v) = e(u)y, + (£7Vp,(v) = £(w)) 2 (qya + 3(v) = i(w)
> (f,v—u)y, YveK, (2.28)

(5V§0= vf) LQ(Q)d - (55(’&), vf) LQ(Q)d + E(U, 12 g) = (q7 §)W7 v§ € W (229)

3 Existence and uniqueness results

The existence of a unique weak solution of problem (PV') is stated in the following
Theorem 3.1. Assume that (h1)-(hy) and (hg)-(hg) hold. Then :
(1) Problem (PV') has at least one solution (u,p) € K x W;

(2) Under the assumption (hs), there exists L* > 0 such that if Ly L + My, < L*. Then
Problem (PV') has a unique solution.



3 EXISTENCE AND UNIQUENESS RESULTS 8

The proof of Theorem 3.1 will be carried out in several steps and it is based on
arguments for elliptic variational inequalities and fixed point. We suppose in the sequel
that the assumption of Theorem 3.1 are fulfilled and we consider the product spaces
X =V xW and Y = L?(I'3) x L*T3) together with the inner products

(xay)X = (U,U)V + (So’g)Wa Vo = (ua 90)5 Yy = (/U’g) € X, (31)
(7,0)y = (9 M) z2(rs) + (2, O r2(ry) Vi =(9,2), 0 = (A () €Y, (3.2)
and the associated norms [ - ||x and || - ||y, respectively. Let U = K x W be non-empty

closed convex subset of X. We define the operator A : X — X, the functions ; on X,/
on X x X and the element f¢ € X by equalities:

(Az,y)x = (Fe(u),e(v)n + (BVe, VE) 12y + (E7Vp, (V) 2(q)a

- (Ee(u), Vg)LQ(Q)d’ Vo = (u’ SD)a Yy = (1),5) € X’ (3'3)
E(y) = j(”)? Vy = (Uaf) € X7 (3'4)
fry) = /F bu)brle — go)e da, Vr=(u,p),y=(v,6) € X, (3.5)
Fo=(fiq) € X. (3.6)

We start by the following equivalence result
Lemma 3.2. The pair x = (u, ) is a solution of problem (PV') if and only if:
(Az,y — 2)x + j(y) — j (@) + Uz, y — x) > (f&y — 2)x,Vy = (v,€) € U. (3.7)

Proof. Let x = (u,) € U be a solution to problem PV and let y = (v,§) € U. We use
the test function £ — ¢ in (2.29), add the corresponding inequality to (2.28) and use (3.1)
and (3.3)-(3.6) to obtain (3.7). Conversely, let z = (u, ) € U be a solution to the elliptic
variational inequalities (3.7). We take y = (v, ) in (3.7) where v is an arbitrary element
of K and obtain (2.28). Then for any £ € W, we take successively y = (v, + &) and
y = (v, — &) in (3.7) to obtain (2.29), which concludes the proof of lemma 3.2. O

Let n € L*(T¢) be given, and we define the closed convex set

K={neL*T¢)/ Inllz2re) < K}

where the constants k is given by
k= My Lmeas(l“c)%. (3.8)
We also define the function

y(§) =/F n &da, VE €W, (3.9)

and we construct the following intermediate problem.
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Problem (PV;). Find x, € U such that:

(Aag,y —2y)x +(y) = J(zg) = (fry —ay)x, Vy=(v,6) €U (3.10)

Where
(fry—zn)x =[Sy —zp)x — () Vy=(v,6) €U. (3.11)

We have the following existence and uniqueness result.
Lemma 3.3. For any n € KC, assume that (h1)-(hs) hold. Then :

1) The problem PV, has a unique solution z, = (u € K x W which depends
p n q n 75 Pn 4
Lipschitz continuously on n € L*(I'c).

(i1) There exists a constant ca > 0 such that the solution of problem PV, satisfies

lzqllx < eall fyllx- (3.12)

Proof. Let the operator A and the functional 3 given by (3.3) and (3.4), respectively. We
prove that :
(a) The operator A : X — X is strongly monotone and Lipschitz continuous.
(b) The functional ; is proper, convex and continuous.
First, consider two elements x; = (u1, ¢1), T2 = (u2, p2) € X, using (3.3) we have
(Azy — Azg, 21 — 22)x = (Fe(wr) — Fe(ua), e(ur) — 6(uQ))H
+(BVep1 — BVp2, Vi1 — V902)L2(Q)d
+(E*Vip1 — E*Vr,e(ur) — 8(“2))L2(Q)d
—(Ee(ur) — Ee(u2), Vior — Vip2) 12 as

and, since if follows by (2.5) that (£*V,e(u))y = (Ee(u), Vo) 2(q)a for all x = (u, p),
we find

(Azy — Axo, 21 —x2)x = (3€(u1) — Fe(ua),e(uy) — E(UQ)),H
+(BVe1 — V2, V1 — V<P2)L2(Q)d-

We use now (2.20), (h1) and (hg) there exists m4 > 0 which depends only on §, 3, Q and
T', such that

(Azy — Awy, 21 — 22)x = malur — w2l + o1 — @2y,
and, keeping in mind (3.1), we obtain

(Axy — Ao, 21 — 22)x > mal|lz1 — xQH?X (3.13)
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In the same way, using (h1)-(h3), after some algebra it follows that there exists c4 > 0
which depends only on §, 8 and £ such that

(Azy — Azg,y)x < calllur —u2llvlvllv + [ler = w2llwllvlly
Hlur —wellvliElw + ller — e2llwliéllw),
for all y = (v,£) € X. We use (3.1) and the previous inequality to obtain
(Azy — Azg,y)x < dea(flzr — z2fx llyllx), VyeX,
and, taking y = Ar; — Axo € X, we find
|Azy — Axs||x < Myllxr — 22| x, (3.14)

where My = 4cs. Now (a) is a consequence of inequalities (3.13) and (3.14). Next we
investigate the properties of the functional j given by (3.4), (2.25). We first remark that
Jg is proper and convex on U. Let 21 = (u1,¢1), 1 = (u2,92) € U, we have

j(z1) = j(22)| = | S(\uh\—\uzf\)dalé/ Slu1r — uar|da
T'e o]

IN

1
1] Lo (roymeas(Te)? (lur — uallp2rgye-

Using (2.19), we obtain

~ ~ 1
17(21) = i (22)| < co [|S]Loe(re) meas(Te)? [lu = o]y

Now, by (3.1), we find that

~ ~ 1
|17(z1) = [j(22)] < col|S|lpee(re) meas(To)? |l — x2| x.

Thus ; is Lipschitz continuous and, therefore, ;is a fortiori lower semi-continuous function.
Moreover, using (3.9) and (3.6) it is easy to see that the function f; defined by (3.11)
is an element of X. Lemma 3.3 result now from (a), (b) and standard arguments of elliptic
variational inequalities.
We show next that this solution depends Lipschitz continuously on € L?(T'¢). Let
n,m2 € L?(I'c) be given and denote the corresponding solution of the problem PV, by
Ty, = (U, on,) and Ty, = (Uy,, Py, ). Then we have

)
(Axmay - xm)X +3(y) _E(xm) > (fr?lay - xm)Xa VyeU,
(

Amm,y _xm)X +’j(y) _;(xm) > (fr?gay _xm)X’ VyeU.

We take y = x,, in the first inequality and y = x,, in the second inequality, successively,
we obtain

(Axy, — Axyy, xy — )

IN

/ (m — 772)(()0771 - ‘Pnz) da
T'e

Im = m2llze@ellom — e llz@e)-

IN
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Thus, using (2.21) we deduce

(Axm - Axnmxm - xm)X < Cle - nZHLQ(FC)”‘Pnl — P2 ”Wa
and, using (3.1) and (3.13)

me — T, || x < ,fL—IAHm - 772HL2(I‘C)7

thus, there exists a positive constant c3 = % such that

lZn, — Tpollx < esllm — n2llL2re), (3.15)

whence (i) follows. We turn now to the proof of (ii). Let n € K, we take y = 0 in the
inequality (3.15), we have

(Azy, zy) x "‘j:y(xn) < (fﬁamn))m Vi, € X.

As S > 0, we obtain
(Axmxn)X < (f;axn)X7 Vi, € X,

using (3.13), we deduce
1
zgllx < allfﬁllx-
U

We now consider the operator A : L?(I'¢) — L?(I'¢) such that for all n € L*(T¢), we
have

An = Y(up)orley — o), Ve L*(Te), (3.16)

it follows from assumptions (hy) that the operator A is well-defined. In order to prove
that A has a fixed point, we will need the following result

Lemma 3.4. The mapping n — x,, where z, is the solution to PV,, is weakly continuous
from L*(T'¢) to X.

Proof. Let a sequence (n,) in L?*(I¢) converging weakly to 7, we denote by z,, =
(Un, > y,) € U the solution of PV, corresponding to 7,, then we have

where
taking y = 0 in (3.17) and using (3.13), (2.20) and S > 0, we deduce
. Ix < e (1F1lv + llallw + lImnllz2re) )

that is, the sequence (z,,) is bounded in X, then, there exists * = (u,9) € X and a
subsequence, denote again (xy, ), such that

Ty, =T € X, asn— +oo.
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Moreover, U is closed convex set in a real Hilbert space X, therefor U is weakly closed,
then ¢ € U.
We next prove that z is solution of (3.10). First we prove that

(fins ¥ = Tena)x = (f,y —T)x, asn— +oo (3.18)
We have

‘enn(g - 6) - enn(é. - @nn)‘ ”77n”L2(FC)H{5 - ‘P%”LQ(FC)

IN A

I lz2eo)lT = 2y, l2 (o) 22 (0e) -
bounded

Since the trace map v : X — L*(T¢)? x L?(I'¢) is compact operator, from the weak
convergence T, —  in X, we obtain the convergence z,, — ¥ strongly in L?(I'¢)?
L?(T¢). So we have (3.18).

Now, from (3.17), we have

(Axnn7y - xnn)X > ;my - mnn)X - G(y) _3(%))
—( —ann Vy = (v,§) e U

Since

1~
151 o0 (rey meas(To)? @ = un, || L2 (v

lj(@) = jzn,)| <
< el =2y, 2oy L2 o)
—0

By pseudomonotonicity of A and (3.17)-(3.18), we get

zeU
{ (AZ,y — D)x + 1o(W) — @) > (fry— Dy, Vy=(w.6) €. (3.19)

from (3.19) we find that Z is a solution of problem PV, and from the uniqueness of the
solution for this variational inequality we obtain = x,. Since x,, is the unique weak limit
of any subsequence of (z,, ), we deduce that the whole sequence (z,, ) is weakly convergent
in X to z,, ensures that the weak continuous mapping n — z,,, from L?(I'¢:) x L*(T¢) to
X. O

Lemma 3.5. A is an operator of K into itself and has at least one fized point.

Proof. Let n € K, i.e.
Il z2rey < .
By (3.16), we have
1Al 2(rey < 1 (um)or(q = @o)llL2we),

using the properties of ¢ and ¢ we obtain

1
IAnll 21y < My Lmeas(To)?,
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and keeping in mind (3.8), we get

[AD|l L2y < F,

then A is an operator of K into itself, and note that I is a nonempty, convex and closed
subset of L?(I'¢). Since L?(I'¢) is a reflexive space, K is weakly compact. Using continuity
of ¢r, ¥ and lemma 3.4, we deduce that A is weakly continuous. Hence, by Schauder’s
fixed point theorem the operator A has at least one fixed point. O

Proof of theorem 3.1 :

1) Existence. Let n* be the fixed point of operator A. We denote by (u*, ¢*) the solution
of the variational problem PV, for n = n*. Using (3.10) and (3.16), it is easy to see that
(u*, ¢*) is a solution of PV. This proves the existence part of theorem 3.1.

2) Uniqueness. We show next that if L, L + My < L* the solution is unique.
Let x1 = (u1, 1), 2 = (ug,¢2) € U the solution of problem (3.7) we have

(Azy,y —21)x +j(y) — j(@1) + La1,y —21) > (f°,y — 21)x, (3.20)

(Awa,y — x2)x + J(y) — j(@2) + U@,y — 22) > (£, y — 22)x. (3.21)

We take y = xo in the first inequality, y = z1 in the second, and add the two inequality
to obtain
(Alxl — Am'g,.%'l — 1‘2)){ S G, (3.22)

where

G ={(x1,x9 — 1) + l(x2, 21 — T2). (3.23)
From (3.23) and (3.5), we find

6= | w9122~ @) ~ 011~ 90)) (51~ 22) da

+ [ orlp2 — o) <¢(u2,,) - T/)(Ulu)) <801 - @2) da,

le

thus, by using (hs), the bounds |¢r, (w2 —¢g)| < L, the Lipschitz continuity of the function
oL, (2.18), (2.20) and (3.1) we deduce

G < (Mill C%—I—LLw Co Cl)”-%'l —1‘2“%(. (3.24)
Using (3.22) and (3.24) hence there exists a constant ¢, > 0 such that
o1 — @2l < eulLy L+ My) |21 — 22/l -

Let L* = é, then if Ly L + My < L* therefore x1 = x».
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Algorithm 1 Successive iterative decomposition method
Step 1 Find v(»*Y € K such that

(Fe(™ ), e(v) — (@™ M)y + €V e(v) — (™)) 2 + j(v) — G(u™Y)
> (fv—u™)y, ek (4.1)
Step 2 Find o(™*t1) € W such that

BV VE) 12 — (™), VE) 2+ LTV, oD ¢)
= (¢,9w, YEeW. (42

4 Successive iterative decomposition method

Rather than derive a solution method for the full coupled problem (2.28)-(2.29), we study
a successive iterative (decomposition) method. The idea is to solve successively a sub-
problem in u and a subproblem in ¢, in block Gauss-Seidel fashion. Given an initial guess
(u®, ) we define the sequence ((u(™, (™)) € K x W as in Algorithm 1.

4.1 Convergence

To study the convergence of the problem (4.1)-(4.2) we make the following smallness
assumption
inf(mg, mg) > LLycoct + ce, (4.3)

where mg, mg, Ly , co and ¢; are given in (hy), (h2)(3.13), (hs), (2.18), (2.20), respectively,
and cg¢ is a positive constant which depends on the piezoelectric tensor £.
We have the following convergence result.

Theorem 4.1. Under the assumptions of theorem (3.1) and assumption (4.3), the itera-
tion method (4.1)-(4.2) converges, i.e.

[u™ —ully =0 as n — oco.
le™ —pllw =0 as n— occ.

Furthermore, for some constant 0 < k < 1, we have the estimate

ul™ —ully < ck™.

4.4
lo™ — gl < ckn. (4.4)

Proof. We take v = u(™*1) in (2.28), € = ("1 — ¢ in (2.29), and adding, we have
(§e(w), ™) — (W) + (376, ™ = 0) 1
+ (E*VQO, E(U(n+1)) — e’;‘(U))LQ(Q)d — (58(10)7 V(@(n+1) - ‘P))L2(Q)d

=+ J(u(nJrl)) _](u) + E(ua 2 Qp(nJrl) - gp) 2 (fa u(nJrl) - U)V+(q, Qp(nJrl) - SD)Wa (45)
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and, taking v = u in (4.1), £ = ¢ — "+ in (4.2), we find
(Fe(u™),e(u) — e(u™))y + BV, V(o — o)) 120
+ (Ve e(u) — e ) 2y — (Ee™), V(o — ")) 1204
+ Gw) = j ) oD, oD o — o)
> (fru—u" )y + (g0 — ")y, (4.6)
We subtract (4.5) from (4.6), we have
(Feu™) = Fe(w),e(u" ) = e(u),, + (BV" Y = BV, Vel = V) 15 0
+0(u, o, oD — o) — £, i, oD — )
< (E(e™M) —e(u), Vo — Vo) 2 gya — (E(Vel™ = Vi), e(u" ) = £(w)) 15 g0
+0(u, o, oD — ) — p(ulm D), G D) _ ),

and, by (h4) combined with the monotonicity of the function ¢, we obtain

(Beu™D — Fe(u)), (™) — e(u)),, + (BVE™ — 5V, Vo™ — Vi) L o
< (E(™) = e(w)), Vo™V = Vi) a(pa — (E*(V™ = Vo), e(w™V) — e(u)) 1

+ ) erle- 00) (V™Y — g) — ¥(u, — 9)) (™Y — ) da.

(@)

Using (hi)-(hs3), (hs), (2.18) and (2.20) we find

n+1) n+1)

—oll3
—ullv ™Y = ollw + ceul
+ LLycoer [u™ D — ully oD — |y

— ullr + mpg]|!
n+1)

mi||ul

n+1) n+1)

< cellul —ullv o™ = @llw
Thus, using (3.1) we deduce

ce
inf(mg, mg) - LLwC()Cl — Cg)

nt1) 2™ — 2| x. (4.7)

lz" Y —zx < (

where z = (u, ) and z("t1) = (¢ +1) H+1)),

Under the stated assumption, k = cg/(inf(mg, mg) — LLycoc1 — cg) < 1, and we have the
estimate (4.4). O
4.2 Augmented Lagrangian method for (4.1)

To formulate (4.1) as a constrained minimization problem, we set

FM ) = (f,v)y — (V™ e(v)) 2



4 SUCCESSIVE ITERATIVE DECOMPOSITION METHOD 16

and introduce the energy functional due to non-frictional effects

T0) = 5@Fe(), <)) — ).

The quadratic functional J is strictly convex, coercive and Géateaux differentiable on V.
Moreover, the friction functional j is convex and lower semi-continuous on V. We can
therefore replace the variational inequality (4.1) by the convex minimization problem

Find v € K such that
Jw) +j(u) < Jw)+jw), YveK. (4.8)

Since the functional J + j is strictly convex and coercive (mes(I'p) > 0), there exists a
unique solution to (4.8), see e.g. [8, 10.3]. Note that the functional j is non-differentiable,
then standard optimization methods cannot be used for (4.8). In [10, 11, 12], Uzawa
block relaxation methods are proposed for solving contact problems with Tresca friction.
Uzawa block relaxation through augmented Lagrangian was initiated by Glowinski and
Marocco [6], Fortin and Glowinski [4], Glowinski and Le Tallec [5] who systematically de-
velop augmented Lagrangian methods as technique for solving nonlinear partial differential
equations.

To achieve a solution of (4.8) by a Uzawa block relaxation method, we introduce
auxiliary unknowns p = (p¢, pr) (c for contact and f for friction) and the set

C = {pc e L*(T,), pe—g<0on Fc}

and its characteristic functional

Ie(pe) = 0 if p. € C,
CPe) = +oo if p. & C.

The constrained minimization problem (4.8) is equivalent to the following minimization
problem

Find (u,pe,ps) € V x (L*(I'))? such that

J() +j(pg) + Ic(pe) < J() +jlap) +Ic(ae) V(v,4e,q5) €V x (L*(Te))?, (4.9)
u, —p. = 0on I, (4.10)
ur —pyf = 0onlTy, (4.11)

We associate with (4.9)-(4.11) the augmented Lagrangian functional .%, defined over V x
(L*(Te))? x (L*(Lc))? by
Zr(,psp) = J) +4(ar) + Io(ge) + (pe; vw — ge)re + (1, v- — gf)r,

T T
+2 o — e e, +5 |l or — as B, (412)
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where we have set ¢ = (qc, qf) and g = (e, pif), and r > 0 is the penalty parameter.
Uzawa block relaxation method is obtained by minimizing .%,., successively, over u and
p, as follows (starting with p® and A°)

S V- arg min gr(v’p(k); )\(k)) (4.13)

p* = argmin . (uk D, g AR) (4.14)
q

ABFD = B (L (kT (4.15)

Since v = %, (v, p®); ) is convex and differentiable, the solution of (4.13) can be
characterized by the Euler-Lagrange equation (see [10, 12])

Fe@® ), e +r@d v )r, +r@ o, = FP )+ (G, v)r,
+ @, v, Yo € V(4.16)

where we have set ﬁgk) = rpgk) — /\ﬁ’“) and ﬁgck) = rpgck) - )\Sck).

Problem (4.14) is uncoupled in ¢, and gy. For the contact subproblem, straightforward
calculations using Karush-Kuhn-Tucker optimality conditions yield to (see [10, 12])

plkH) = (b +1) 4 % [)\gk) — max(0, A% + 7@ —g))]. (4.17)

For the friction subproblem, using the Fenchel duality theory we get (see [10, 12])

‘)\;k)+7‘u(7k+1)|73 < (k) (k+1) . (k) (k+1)
LLaF S S N (5 NN ) if (A} + rur > 8,

Sthrl) — r\)\gck)+7"u.(rk+l)\ f | f | (4.18)
0 if |)\§ck) +rulf ) <.

Gathering the above results, we obtain Algorithm 2. We iterate until the relative error

on uF, pgk) and pgek) is sufficiently ”small”, i.e.

- k k—1 k k—1
| u® — D 30 + o~ B, + 117y 2 B,

2
< e (4.19)
k k
I u® B+ 15 e, + 125 B,

4.3 Solution for (4.2)

The solution of (4.2) is straightforward. Indeed, we use Riesz’s representation theorem to

define the operators B: W — Wand C : V — W by:

(Be, b)w = (BVe, Vi) +L(u, ¢,8), Vi e W. (4.20)

(Cu,V)w = (Ee(u), V), Yy € W. (4.21)
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Algorithm 2 Uzawa block relaxation algorithm for (4.8)
Initialization: r > 0, p(¥ = (p¢ © pl0 )) and A0 = ()\(0) )\( )) are given.

k+1) _ (pgk+1) p(k+1)) and AF+D —

Iteration: k > 0. Compute successively w1 pl Dy

(A£k+1), )\Sckﬂ)) as follows

Step 1 Set ;52 ) = rpgk) — )\((;k), ;ngk) = rpgck) — )\;k). Find u**1Y € V such that

e ) @) + (@D o), +r(@D o)r, = FO0) + Y, v,

+ @ vr,, VeV

Step 2 Compute the auxiliary contact and friction variables

pED u&’”lMHA&“—max( 0 A +r(uf ) — )],
P s g DY ) G

g ) ey (4 4t
: ORSCPS

Step 3 Update the Lagrange multipliers

AEHD 3B g (D) (k)
k+1 k k+1
)\;+ ) = )\Sc)—i-r(u(fﬂ) —p§£+ N.

Hence, Equation (4.2) can be write in the following form
(BSD(HH),T/))W = (Cu(n+1)’ g)W + (q’ g)Wa vEeWw. (422)

Then, we deduce that
Bt = ey 4 ¢, (4.23)

It is easy to see that the operator B is a strongly monotone Lipschitz continuous operator

on W and therefore
et = p=ley ™t 4 gl (4.24)

In the case when the obstacle is a perfect insulator, the operator B is given by

(Be,¥)w = (BVe, Vi), Vo eW. (4.25)

4.4 Algorithm

With the above results, the solution method for (4.1)-(4.2) is presented in Algorithm 2.
We iterate until relative error on (u(™, (™) becomes ”sufficiently” small.
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Algorithm 3 Solution method for (4.1)-(4.2)

Initialization: u(?) and ¢(© are given.

Iteration: n > 0. Compute successively w1 and ¢("*+1) as follows

Step 1 Compute u(*Y using Algorithm 2
Step 2 Compute ™1 as solution of

B+ — cym ) 4 g

5 Numerical experiments

Algorithm 3 of the previous section was implemented in Matlab, using piece-wise linear
finite element and vectorized codes [9], on a Linux workstation with 2.67GHz clock fre-
quency and 12GB RAM. The test problem used is designed to illustrate the behavior of
the algorithm more than to model contact actual phenomena. The deformed configuration
is plotted with a magnification of the displacement.

The stopping criterion in Algorithm 3 is

| ul) — a5 ) + 1ot — o [T )

<1072
| u) ”%2(9) + o) H%z(g)
In Algorithm 2, the stopping criterion is
| u®) — yh=1) ”%2(9) + | P(k) —P(kfl) H%mﬂc) 19
® 2 ® |2 <107,
| w HL2(Q) +1Ip HLQ(I‘C)
where we have set p = (pc, py).
1
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Figure 1: Mesh sample for Q = (0, 2) x (0, 1)
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We consider the two-dimensional domain (figure 1) Q@ = [0, 2] x [0, 1] with T'p =
{0} x [0, 1], T. = [0, 2] x {0} and 'y = [0, 2] x {1}. OnTI'p, u = 0 and ¢ = 0 are
prescribed. On I', non-homogeneous Neumann boundary conditions are prescribed,

o(u)-n=—2z.

The normalized gap between I'. and the foundation is g(x) = 0.01. The material constants
are

e Elasticity: E = 58.7102GPA, v = 0.3912, vy = 0.6 (friction coeflicient);
e Piezoelectric (C/m?): ey = —5.4, e33 = 15.8, egq = 12.3;
e Dielectric (nF/m): fag = 8.11, B33 = 7.35

In the plane deformations setting, the constitutive equations (2.3)-(2.4) can be expressed
as follows

o11 A+ 2u A 0 0 ez €11

092 A A4 2u 0 0 €33 £99

o2 | = 0 0 po eq 0 2e03 |,
D, 0 0 —eaq P22 0O —Ey

Dy —e32  —e€33 0 0 fs3 —E3

where A and p denote Lamé (positive) constants. These coefficients are related (in plane
deformations) to the Young modulus £ and the Poisson coefficient v by

vE E

AT AT a=w) P air

The penalty parameter is r = 3.25F for all mesh sizes.

To determine the known contact pressure S, we first solve a pure contact problem in
the initialization step. Then we set S = vf|o,|. Note that in Algorithm 2, A, ~ o, and
A\ & oy, see e.g., [10, 12].

We first consider a uniform mesh with size h = 1/32 (i.e. 2145 nodes and 4096
triangles). With ¢ = 8V (the potential of the conductive foun dation), Algorithm 3 stops
after 2 iterations. The deformed configuration is shown in Figure 2 while the contour plots
of the electric potential ¢ are shown in Figure 3. Figure 4 shows the stress distributions
on I'.. The sticking zone (Joy| < S) and sliding zone (|oy| = S) are clearly identified.
Table 1 shows the performances of Algorithm 3 using various values of the potential of
the conductive foundation. One can notice that, the number of iterations is virtually
independent of the potential of the conductive foundation ¢y, for a fixed mesh size.

We now study the scalability of Algorithm 3 by studying the evolution of the number of
iterations versus the mesh size. The largest mesh has 131,841 nodes and 262,144 triangles.
We report in Table 2 the performances of Algorithm 3 in terms of number of iterations
and CPU time. One can notice that the number of iterations is virtually independent of
the mesh size. Note that the timing results in Table 2 do not include the time to assemble
the matrix systems; this time can be significant for large size meshes.
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Figure 3: Contour plots of the electric potential

0r(V) 2 4 8 16 32
max (X 10_5\/) 1.6958 3.3916 6.7832 13.5667 27.1338
Iterations 2 2 2 2 2

Table 1: Performances of Algorithm 3 with various values of ¢, h =1/32.

Mesh size h 1/8 1/16 1/32  1/64 1/128 1/256
Iterations 2 2 2 2 2 2
CPU Time (in Sec.) | 0.025 0.034 0.190 1.587 9.618 54.391

Table 2: Performances of Algorithm 3 with various mesh sizes
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Figure 4: Stress distribution on I';: o, contact pressure, o; tangential stress

6 Conclusion

We have investigate theoretically and numerically a decomposition method for unilateral
contact problem with Tresca friction arising in electro-elastostatics. Rather than solving
the coupled problem, we proposed a method solving successively a displacement sub-
problem and electric potential subproblem. Numerical experiments have shown that the
method is robust and scalable (i.e. the number of iterations is virtually independent of
the mesh size).

The practical implementation of our algorithm still faces the problem of the optimal
choice of the penalty parameter r. Indeed, the number of iterations in the Uzawa block
relaxation Algorithm 2 is highly dependent of the penalty parameter r. Further work is
underway for the automatic penalty adjustment procedure. The problem of a deformable
foundation is also under study.
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