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Dirac operators on hypersurfaces
as large mass limits

Andrei Moroianu, Thomas Ourmieres-Bonafos,
and Konstantin Pankrashkin

ABSTRACT. We show that the eigenvalues of the intrinsic Dirac operator on the
boundary of a Euclidean domain can be obtained as the limits of eigenvalues of
Euclidean Dirac operators, either in the domain with a MIT-bag type boundary
condition or in the whole space, with a suitably chosen zero order mass term.
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1. INTRODUCTION

1.1. Problem setting and main results. The aim of the present paper is to
make a new link between a number of recent papers on Dirac operators in bounded
Euclidean domains with the theory of Dirac operators on manifolds, which is a
classical topic in Riemannian geometry. Namely, let 2 C R™ be a bounded domain
with smooth boundary . We are going to show that the intrinsic Dirac operator
D, which acts on sections of the spinor bundle of ¥, can be interpreted as a limit
of Euclidean Dirac operators, either in €2 with a suitable boundary condition, or in
the whole of R", with a suitably chosen term containing a large mass.

Forn > 2 and N := 2151 et Qi,..., 0,11 be anticommuting Hermitian N x N
matrices with af- = Iy, where Iy is the N x N identity matrix. The associated
Dirac operator with a mass m € R acts on functions u : R® — CV (spinors) by the
differential expression

N ou
Dpu = —i ijl aja—xj + ma,1u, (1)

see e.g. [20]. We remark that the expression D,, does not correspond to the intrinsic
Dirac operator on R™ (see Subsection 2.2]) and can be interpreted as follows: the

intrinsic operator D in R"*! is defined as
~ n+1 8’[}
Dv — —i Nl
v 1 Z]:l a] 8[17] ’
and acts on functions v : R*"*!' — C¥, then assuming that v is of the form
(1, Tog1) = €™ (..., 1,) one obtains Dy = ™ +1 D, .
For x = (x1,...,2,) € R™ we define the associated N x N matrices I'(z) by
[(z) := ijl Ty (2)
Denote by v the unit normal at ¥ pointing to the exterior of €2 and consider the
N x N matrices
B(s) := —ia, 1D (v(s)), s€. (3)
By the Dirac operator A, in 2 with a mass m € R and the infinite mass bound-
ary condition (also called MIT Bag boundary condition) we mean the operator in
L*(Q,CY) given by
A, u= D,u
on the domain D(4,,) = {u € H(Q,C") : u = Buon T}, which is self-adjoint
with compact resolvent (see Subsection [2.1]). In addition, for m, M € R we consider

the following operator By, 5s in L*(R™, C"), which is the Dirac operator in the whole
space with the mass m in {2 and the mass M outside (2, i.e.

B = Do+ [mlg + M(1 = 1q)| i1 = Dy + (M — m)(1 — 1g) atng

with domain D(Bp,.ar) = HY(R",CY). We are going to show that the eigenvalues
of the intrinsic Dirac operator [ (whose construction is briefly reviewed in Subsec-
tion 2.2]) and of the Euclidean Dirac operators A,, and By, »s, are related to each
other for suitable values of m and M.



For a self-adjoint lower semibounded operator 7" and j € N we denote by E;(T)
the jth eigenvalue of T, if it exists, when enumerated in the non-decreasing order
and counted with multiplicities. First we show that the eigenvalues of [0 on ¥ are
the limits of the eigenvalues of the square of the MIT Bag Dirac operator A,, on €2
for large negative m:

Theorem 1. For each j € N there holds E;(]P?) = lim,,_, o E;(A2).

Then we show that, in turn, for any fixed m, the MIT Bag Dirac operators A,, on
(2 can be viewed as the limits of the Dirac operators B,, »s in the whole space with
a large mass outside Q (which justifies the use of the term “infinite mass boundary
condition”):

Theorem 2. For each j € N and m € R there holds E;(A},) = limp_ 400 Ej (B, 5f)-

Finally, by an additional construction we find an asymptotic regime in which the
eigenvalues of J)? on ¥ are directly recovered as the limits of the eigenvalues of the
square of the Dirac operator Bfm u on the whole space:

Theorem 3. For each j € N the eigenvalue E;(B2, /) converges to E;(D%) as
m — —oo and M — 400 with m/M — 0.

Let us comment on the three theorems. In the recent paper [2] the operator
A,, in three dimensions was considered, and it was shown that for each 7 € N one
has lim,,, o E;(A2,) = E;(L) for some operator L on X given by its sesquilinear
form. Hence, this result is extended in two directions: first, we consider arbitrary
dimensions and, second, we show that the operator L in question is in fact unitarily
equivalent to JDZ, which is our main observation. Some analogs of Theorem 2] in two
and three dimensions were obtained very recently in [I4l[19], and we extend them to
all dimensions. The result of Theorem [ providing an interpretation of ) using an
infinite mass jump on ¥ does not seem to have previous analogs. In a sense, it can be
viewed as a potential-induced collapse by analogy with Dirac operators on manifolds
converging to a lower-dimensional structure [T416]. As a possible application of our
results, we remark that estimating the central gap (i.e. the first eigenvalue) of A,,
or By, p in the respective asymptotic regime is reduced to the eigenvalue estimate
for the Dirac operator D, for which a number of results are available: we refer to
the book [9] for a review.

The text is organized as follows. In Subsection we recall a link between self-
adjoint operators and sesquilinear forms, choose a suitable notation, and then recall
two important tools of the spectral analysis: the min-max characterization of the
eigenvalues and the monotone convergence. In Section 2l we construct the sesquilin-
ear forms for the squares of all the Dirac operators in question, which will allow one
to obtain eigenvalue estimates based on the min-max principle: in Subsection 2.1
we recall the definition of various curvatures of ¥ and study A,, and B,, y/, and in
Subsection we introduce an operator L, which already appeared in [2] for the
three-dimensional case, and prove that it is unitary equivalent to J)?. The unitary
equivalence is shown using a Schrodinger-Lichnerowicz formula for extrinsic Dirac
operators whose elementary proof for our Euclidean setting is given in Appendix [Al
for reader’s convenience. In Section [3] we collect some preliminary constructions: in



Subsection [3.1] we study the eigenvalues and the eigenfunctions of one-dimensional
Laplacians S and S’ with a large parameter in the boundary conditions, and in
Subsection we give some computations in tubular coordinates near 3.

In Section (] we prove Theorem [I We first reduce the problem to the spectral
analysis is small tubular é-neighborhoods of ¥, and in order to work in ¥ x (0, ) we
use the computations from Subsection .21 The upper bound is obtained by taking
as test functions the tensor products of the eigenfunctions of (a small perturbation
of) the effective operator L on ¥ with the first eigenfunction of the model operator S
in the normal direction. For the lower bound we perform a unitary transform, which
is just the expansion in eigenfunctions of the second model operator S” in the normal
variable, thus transforming the problem into the study of a monotonically increasing
sequence of operators. A simple application of the respective machinery presented
in Subsection then shows that only the projection onto the lowest eigenfunction
of S’ contributes to the asymptotics of the individual eigenvalues, which induces an
effective operator acting on > only.

The proof of Theorem [2] is presented in Section Bl To establish the upper bound
we construct first an extension operator from X to the exterior of €2 with a suitable
control in terms of the mass M, and then use the corresponding extensions of the
eigenfunctions of A,, to construct test functions for B, used in the min-max
principle. For the lower bound we first decouple the two sides of 2 in order to deal
separately with €2 and its exterior, then it is easily seen that the exterior does not
contribute to the lowest eigenvalues, while the part in 2 appears to be monotonically
increasing in M and then easily handled with the help of the monotone convergence.
The overall scheme here is very close to the one used in [19] for the two-dimensional
case.

In Section [6l we prove Theorem [8l The proof is essentially by combining in a new
way various components from the preceding analysis, but we still provide a complete
self-contained argument. The upper bound is obtained by taking the eigenfunctions
of the operator L on ¥ and extending them on both sides of ¥ by taking tensor
products with the first eigenfunctions of the model operators S and S’ in the two
normal directions, and then using them as test functions in the min-max principle
for BZL - For the lower bound we again decouple the two sides of ¥ and eliminate
the exterior of €2 as in Theorem 2l The analysis of the part in €2 is then quite similar
to the one in Theorem [[} one is first reduced to the analysis in a thin tubular
neighborhood of €2, and then one applies a unitary transform in order obtain a
monotone family with an explicit limit operator. As will be seen from the proof,
the domain €2 and its exterior play symmetric roles, and, as a result, the eigenvalue
convergence in Theorem [Blalso holds in the asymptotic regime m — 400, M — —o0,
M/m — 0.

Our approach based on the monotone convergence was chosen on purpose in order
to obtain the main terms in a transparent way and to be able to concentrate on the
geometric aspects. A more precise analysis involving remainder estimates and a
more detailed operator convergence should be possible in the spirit of the recent
works on specific dimensions, e.g. [IL2L12], but a rigorous implementation requires
a considerably higher technical effort, and we prefer to discuss the related aspects
in a separate forthcoming paper.



1.2. Notation, min-max principle, monotone convergence. The most part of
the subsequent spectral analysis is based on the min-max principle for the eigen-
values of self-adjoint operators and uses rather sesquilinear forms than operators
(in particular, most operators are introduced just through their sesquilinear forms,
while the action and the domain of the operators are not specified explicitly). In
order to avoid potential confusions, and to make the presentation more accessible
to non-experts, we recall here some basic facts of the theory and introduce some
notation.

Let G be a Hilbert space, then by (-, -)g we denote the scalar product in G, which
is assumed antilinear with respect to the first argument, and the associated norm
is denoted || - ||g-

A sesquilinear form ¢ in G defined on a subspace D(t) of G is a map

D(t) x D) 3 (u,v) = t(u,v) € C

which is antilinear with respect to the first argument and linear with respect to
the second one, and it is called Hermitian if t(v,u) = t(u,v) for all u,v € D(t).
As a consequence of the polar identity, a Hermitian sesquilinear form ¢ is uniquely
determined by its diagonal values t(u,u) with u € D(¢). An Hermitian sesquilinear
form t is called lower semibounded if there is ¢ € R such that ¢(u,u) > c||ul[3 for all
u € D(t). Such a form is then called closed if D(t) endowed with the scalar product
(u,v); := t(u,v) + (1 — ¢){u, v)g is a Hilbert space. With such a sesquilinear form ¢
one associates a self-adjoint operator T in G uniquely defined by the following two
conditions: (a) the domain D(7") of T"is contained in D(t) and (b) t(u,v) = (u, Tv)g
all u,v € D(T), and we then say that T is the self-adjoint operator generated by the
form t. It is worth noting that D(T') # D(t) in general.

On the other hand, let T" be a self-adjoint operator in § with domain D(T"). It
is called lower semibounded if for some ¢ € R one has (u,Tu)g > cljul|3 for all
u € D(T), or T > ¢ for short. In such a case, the completion of D(7") with respect
to the scalar product (u,v)q := (u, Tv)g + (1 — ¢)(u,v)g is called the form domain
of T" and is denoted by Q(7T). The map D(T) x D(T) > (u,v) — (u,Tv)g then
uniquely extends to a closed lower semibounded Hermitian sesquilinear form ¢ with
domain D(t) = Q(T"), which will be called the sesquilinear form generated by the
operator T'. In turn, T is exactly the self-adjoint operator generated by this form ¢.
To have a shorter writing (and to reduce the number of symbols in use), we will
write

Tu,v] := t(u,v) for u,v € Q(T),
in particular, one has the simple equality T'[u,v] = (u, Tv)g if v € D(T). We further
recall that due to the spectral theorem we have

oT) =D (VT - ¢) = DVITI);
Tu,v] = t(u,v) = (VT — cu, VT — cv)g + clu,v)g, u,v e Q(T),
and the operator 7" has compact resolvent iff its form domain Q(7") endowed with
the above scalar product (-,-); = (-, )¢ is compactly embedded into §. It follows

from the preceding discussion that a lower semibounded self-adjoint operator T is
uniquely determined by the knowledge of its form domain Q(7") and of the diagonal




values T'[u, u] of its sesquilinear form for all u € Q(T'). Many operators appearing
in the subsequent discussion will be introduced in this way.

Using the above convention let us recall the min-max characterization of eigenval-
ues. Let T be a lower semibounded self-adjoint operator in an infinite-dimensional
Hilbert space G. For j € N we denote

E;(T):= inf sup T[u,;,b].

SCo(T) ues Hqu

dim S=j u#0
It follows from the min-max principle that E;(T) is the jth eigenvalue of 7', when
enumerated in the non-decreasing order and counted with multiplicities, provided
that it is strictly below the bottom of the essential spectrum of 7', and E;(T)
coincides with the bottom of the spectrum of 7', see e.g. [I5, Section XIIL.1]. In
particular, if 7" has compact resolvent, then E;(T') is the jth eigenvalue of T for any
j € N. The main consequence of the min-max principle we are going to use is as
follows (the proof directly follows from the definition):

Proposition 4. Let T and T" be lower semibounded self-adjoint operators in infinite-
dimensional Hilbert spaces G and G’ respectively. Assume that there exists a linear
map J : Q(T) — Q(T") such that ||Jullg = ||ullg and T'[Ju, Ju| < T|u,u] for all
uwe Q(T), then E;(T") < E;(T) for any j € N.

We will also use some classical results on the monotone convergence of operators.
The following particular case which will be sufficient for our purposes:

Proposition 5. Let H be a Hilbert space and H, be a closed subspace of H endowed
with the induced scalar product. Let

o T, with n € N be lower semibounded self-adjoint operators with compact
resolvents in H,
o T, be a lower semibounded self-adjoint operator with compact resolvent
m Heo
such that the following conditions are satisfied:

e the sequence (T,) is monotonically increasing, i.e.
AT,) D AThy1), Tufu,u] < Thpqlu,u]  for alln € N and u € Q(Th41),

e one has the equalities

A(Tw) ={ue ﬂ Q(T,) :  supTplu,u] < oo},
neN
Toolu,u] = lim T,[u,u] for each u € Q(Ty),

n—-+o0o

then for each j € N there holds E;(Tw) = lim,,_, o E;(1},).

The result follows, for example, from the constructions of [21, Abs. 3]: Satz 3.1
establishes a (generalized) strong resolvent convergence of 7T, to T,, and Satz 3.2
gives the convergence of the eigenvalues. An interested reader may refer to the papers
[5L1821] dealing with the monotone convergence in a more general framework, i.e.
beyond densely defined operators with compact resolvents.



2. SESQUILINEAR FORMS

2.1. Sesquilinear forms for the squares of Euclidean Dirac operators. For
the rest of the text we denote

Q° = R"\ TL
The shape operator W : TY — T is given by WX := Vv with V being the
gradient in R", and its eigenvalues hq, ..., h, 1 are the principal curvatures of 3.

For k =1,...,n—1 we will denote by H}, the k-th mean curvature of ¥ with respect

to v defined by
Hk - Zl§j1<---<jk§n—1 hjl et hjk’

in particular, H; = hy + ...+ h,_1 = trW is the mean curvature, R = 2H, =
— W] with |[W|* := tr(W?) is the scalar curvature. We set formally Hj = 0 for
k> n.

Lemma 6. The operator A, is self-adjoint with compact resolvent and its eigen-

functions belong to C>=(2, CN). For all u € D(A,,) there holds
H
(it Az = [ (Va4 ao+ [ (mos DY P ds.
Q s

Proof. Remark first that the map x — I'(z) in (2)) gives a representation of the
Clifford algebra €(0,n). Furthermore, the self-adjointness is not influenced if one
adds a bounded operator, hence, it is sufficient to consider the case m = 0. The
operator Ay is covered e.g. by the analysis of [10, Section 2| by noting that B is a
chirality operator defining a local boundary condition. Hence, the self-adjointness,
the compactness of the resolvent and the smoothness of eigenfunctions follow from
[10, Proposition 1 and Corollary 2]. An interested reader may refer e.g. to [3] for a
more detailed discussion of boundary value problems for Dirac-type operators.

In order to obtain the representation (@) we use additional constructions. The

map I induces the extrinsic Dirac operator D* in L2(2, CV) given by

~ H "
D% = 71 Y —T(v) ijll [(e;)Ve, v

with (eq,...,e, 1) being an orthonormal frame tangent to . For u € H?(2,CY)
one has the mtegral identity, see [I1, Section 3, Eq. (13)],

/\D0u| dx—/\Vu|2d:c+/< ul? — (D, u)) ds,

where Dy is given by (1) with m = 0. Therefore, for u € H*(Q,CY) N D(A,,) one
has

(Amu, Am“)LQ(Q,CN) = <(D0 + man+1)u, (Do + man+1)u>L2(Q7cN)

= (Dou, Dou) r2(0,cny + 2m%(<D0U, Oén+1U>L2(Q,CN)> + m*{ant1u, an+1U>L2(Q,CN)
H ~
- / (IVul* + m*|ul’) dz +/ (71 lu|* — (Dsu, u)) ds
Q >

+ 2m%<(D0u, O{n+1u>L2(Q7CN)). (5)



The operator D* anticommutes with ['(v), see [11, Proposition 1]. As the matrix
Qppq anticommutes with all I'(z), it commutes with D* by construction. Therefore,
using the boundary condition for u© we have the pointwise equalities

(D™u,u) = <52 [ — i1 T (V)] u, u)
= <ian+1F( ﬁzu u> = <l~?2u —il'(v )an+1u>
= <D u, i, 11 (v > Dzu u)

implying (Ezu,m =0on X.
It remains to transform the third summand on the right-hand side of (). Recall
that due to the integration by parts for any v, w € H*(Q, C) we have

/szl(ajajv,wkw de = —/szl(v,ajajw)@v der/EZjl(ajij,w)CN ds,

which then gives
<D0U7an+1U>L2(Q,CN) :/Q<D0U>Oén+1u>czv dz
- /Q <u,D0an+1u>CN dx + /z ijl(—iajyju,an+1u)cw ds

—/ (ans1u, D0u>cN dx+/<—if(u)u,an+1u>cN ds. (6)
Q s

Therefore,

2m§R<<DOU> an+1u>L2(Q7cN)) = m<<D0u, an+1u>L2(Q7cN) + <an+1u, D0u>L2(Q7cN)>
= m/ (—il(v)u, an+1u>cN ds
b))

- m/ (— ian+11"(1/)u,u>(cN ds = m/ lu|gn ds.
2 s

This shows the sought identity () for the H? functions in the domain. It is then
extended to the whole of D(A,,) by a standard density argument. O

Lemma 7. The operator By, is self-adjoint, and for all w € D(By, ) there holds
(Bt By ) p2mn ovy = / (IVul> + m*|ul?) dz + / (|Vul®> + M?*ul?) dz
Q Qe

+(M—m)</2\?u|2d5—/2|iP+u|2ds), (7)

[N + B(S)
2

Proof. The self-adjointness is obvious with the help of the Fourier transform, so let
us concentrate on the sesquilinear form. Representing B, pr = Dar+(m—M)1gag 41
we have

where Po(s) := fors e X.

<Bm,Mu7 Bm,MU>L2(R",(CN)



= (Dyu+ (m — M)lgan 1, Dyru + (m — M) 1o, 1u) p2@n o)

= (Dyu, DM“)LQ(R”,CN) + (m — M)Q(lﬂOénHu, 1QOén+1U>L2(Rn,<cN)
+ (m — M) <<DMU, Lo@n 1) p2re oy + (laQniau, DMU>L2(R",CN))
:/ (IVul? + M2[ul?) dz + (m — M)?/Q|u|2dx
+ (m— M) ((DMu, Loopi1u) r2@n oy + (1o, DMU>L2(R7L,(CN)>.
Now using Dy = Dy + My, we transform the last summand as follows:
(m— M) [(DMU, Lot 1) p2@n oy + (LoQni1u, DM'U/>L2(R7L,(CN)i|
= (m — M) [(Dou + Moy 1w, Looy 1) 2@n o)
+ (loani1u, Dou + M%+1U>L2(Rn,<c1v)]
=2M(m — M)/Q lu|? dz
+ (m — M) (<DOU> Loan1u) p2@n vy + (lodn 1, DOU>L2(R",CN)>

=2M(m — M)/Q|u|2dx+ (m — M)/E(Bu,u)cw ds,
where we used the equality (6)) in the last step. This gives
(B, aty B ) p2mn ony = /Q (IVul> + m*|ul’) dz
+ /Q (|Vul?> + M?ul|?) dz — (M — m) / (Bu,u)en ds,

%

and it remains to remark that

(Bu, u)ex = 5 ((1+ Bl u)gy — 5 (1= Bu,u)gn

2 2
= (Piru,u)ey — (P_u,u)eny = |Pruley — |P_ucw,
where in the last step we used the fact that P, are orthogonal projectors. ([l

2.2. Intrinsic and extrinsic Dirac operators on Euclidean hypersurfaces.
The definition of the intrinsic Dirac operator ) on ¥ with a detailed presentation
of preliminary constructions can be found in the monographs [6,8,0]. Recall that
if S¥ is the intrinsic spinor bundle over ¥ with the associated spin connection YV
and carrying the natural Hermitian and Clifford module structures, then D acts on
smooth sections ¢ of S¥ by Py = Z;:ll e; - Vej@/), where (ey,...,e,-1) is an or-
thonormal frame tangent to X and - is the Clifford multiplication. For our situation,
the study of I is easier to approach through the so-called extrinsic Dirac operators,
which will be more suitable for the subsequent asymptotic analysis, and we explain
this link in the present section.



For n > 2 and K := 2[2) let B;,..., 3, be anticommuting Hermitian K x K
matrices with ﬁ} = Ix. The intrinsic Dirac operator D®" in R acts then by

R™ & U
D = 12]’:1 B]axja

and it is a self-adjoint operator in L?(R™, C¥) with domain H'(R™ C¥). Remark
that the expression Dy given in the introduction does not correspond to the intrinsic
Dirac operator on R™ as N # K in general. The eztrinsic Dirac operator D* on ¥
is a self-adjoint operator in L?(%, CX) with domain H'(3, CX) and given by
H n—1
>_ 21 ,
D¥ =2 = Bw) ) Blei)Ve,
where (ey,...,€e,_1) is an orthonormal frame tangent to X, and for = = (xy, ..., x,)
we denote [(x) = Z?Zl Biz;. It is a fundamental result that D* is unitarily equiv-

alent to P for odd n and to [P @ (— ) for even n; for even n the operator ) can be
identified with the restriction of 3(v)D* on ker (1 — 3(v)), see e.g. [0l Section 2.4].
In other words, the study of the eigenvalues of (D*)? is equivalent to that of J)?,
modulo the multiplicities for even n.

In turn, a classical tool for the analysis of the eigenvalues of (D*)? is provided by
the Schrodinger-Lichnerowicz formula (D*)? = (V¥)*V* + L H, I (whose proof we
recall in Appendix [A]), where V¥ is the induced spin connection

Vi =Vx + %B(V)B(WX) L C®(2,CF) = C>=(%,C), XeTx.

In other words, for u € H'(3, CX) one has

H 2
(D™, D ) (s oy = /2 (|v2u|2+%) dz, ®)

while in the local coordinates on X one has
n—1 . 1 1
012 Jjk/ 9. Z ) Z
AETED DN (Ohu+ 5 BW)B@w)u, o+ 5 BB . (9)

where (¢/%) := (g;r)~" and (gjz) is the Riemannian metric on ¥ induced by the
embedding into R".
For the subsequent analysis we introduce the Hilbert space

3= {7 € LXE.CY): f=Bf} M= [ 17ds (10)

with B given in (3)), and the self-adjoint operator L in H given by its sesquilinear
form as follows:
H2
Ll = [ [19sP+ (f - P s, on) = HE.CY N,
b

with Q(L) being the form domain (see Section3]). The operator L will arise naturally
in the asymptotic spectral analysis of the Dirac operators A,, and B, »;, and its
importance is explained in the following assertion:

Lemma 8. The operator L is unitarily equivalent to @2.

10



Proof. The proof is by direct computation, by constructing an explicit isomorphism
between L?(X, CN/?) and 3 and then by establishing a link with the extrinsic Dirac
operator D* using the Schrodinger-Lichnerowicz formula.

Following the standard rules, see e.g. [7, Chapter 15] or [22, Appendix EJ, for
n € N we define 2151 x 23] Dirac matrices v;(n) with j € {1,...,n} using the
following iterative procedure:

e Forn =1, set v1(1) := (1).

01 0 —i
e For n =2, set 7(2) := (1 0) and 72(2) := (i O)'
e For n =2m + 1 with m € N:
v(2m+1) :=v;(2m), j=1,...,2m,

m —[ m—1 0
Yom+1(2m + 1) == £i"y1(2m) - ... - Y2, (2m) = ( % [2m_1) ) (11)
e For n =2m + 2 with m € N:
, _ 0 75 (2m + 1) _
v;(2m +2) = <%(2m+1) 0 ., j=1,....2m+1,

samatom +2):= (i) 7).

One easily checks that at a fixed n € N the matrices ;(n) are Hermitian and
anticommute, the square of each of them is the identity matrix. Furthermore, if
(% (n)) is another set of matrices with these properties and of the same size, then
there exists a unitary matrix C' and a suitable choice of £ in (Il such that the
equalities 7j(n)C = ~;(n)C hold for all j, see e.g. [7, Prop. 15.16]. Therefore,
without loss of generality one may assume that the matrices «; in the expression
@) of B and the matrices 3; used in the definition of D* are chosen in the form
a; =7v;n+1), j=1,...,n+1, Bj=n7in), j=1,...,n. (12)

For z = (z1,...,2,) € R" and ¢ € {n,n + 1} we define a matrix I',(z) by
Po(w) = #7(0).
then one has the relations
Co(2)Th(y) + Th(y)Tu(z) = 2{x, y)rel, x,y € R", (13)
Consider first the case when n is odd, n = 2m + 1 with m € N. Represent

feHas f=(f,f) with fo € L?(X,C/?), then, under the convention (IZ), the
condition f = Bf takes the form

()-8 )6k ) (1)

which holds if and only if fy = +T",(v) f+. Therefore, the map

U:L*(%,CY?) = H, (Uf)(s) = % (81&53;?)

11



defines a unitary operator, and Uf € H*(X,CN) iff f € HY(X,CN2). As H; are
scalar functions, one has

(tte- Iy s = (- 2) 1 (14

In order to compute }V(Uf)’2 we use local coordinates on . One has

vl =33, o (o0 -rens) a0 -raws),.,
+ <8j ((1 + Fn(”>)f> > Ok <(1 + F”<V>)f> >(CN/2:|

= > [@f, Ok fhen + (0 (av)f), O(Talv) ) >W} .
We have then
(0,(Ca) 1) 0 (0 0)f))
= (Ta)0f + Tal@0)f Ta()0ef +Tul@)f )
- <aj F A Tu()Tn(00) f, Of + Do ()T (041) f>

(CN/Q’
and it follows that

VAP =" PO + S T ITOm) .00 + 5 Ta)Ta(0k0)f )

S nannns).

1 n—1 .
= [V¥f]* + SV Newe, V= ZMZI g T (Okv) T (O1).
Using the symmetry of (¢/*) and the commutation relation (I3) we compute
1

n—1 .
V= 92 Zj,k:1 9" (Pn(aj’/)rn(ak’/) + F"(a’“y)rn(ajy)>

CN/2

n—1 .
= Zj 9O, Oy T = VT = [WT = (H} — 2Hy)1.

By combining with (I4]) we arrive at

L[Uf,Uf]:/E(WEﬂM%fP) ds.

Due to the Schrédinger-Lichnerowicz formula () we conclude that L = U*(D*)2U,
while (D*)? is unitarily equivalent to [)* as n is odd. This proves the claim for odd
dimensions.

Now consider the case when n is even, n = 2m with m € N. As for the previous
case, we try to find a block representation for the condition f = Bf, which now
takes the form

2m
(f2m + 1y2me1(2m + 1) Z -

J

yj(2m+1)yj)f ~0. (15)

12



We first remark that for x = (zy,...,z,) € R" we have the block representation

2m N2 _ 0 Ax)
S e ey = 3 emie = 0w = (0. ). o)
Az) = ij_l v;i(2m — 1) z; — iwgm Lom-1.

Represent f = (¢_, ) with 1. € L*(3, CN/?), then we rewrite the condition (I5)
in the block form

6= D) G ) -6
where [ = Iyt Using A()A(w)" = Np)'Av) = I we see that the condition

v)*
f = Bf can be rewritten as ¢ = +i\(v) ¢,. Hence, the map

9 N/2 _ 1 <ii)\(y)w)
U:L*(S,CY?) = 3, Uy % y

defines a unitary operator, and at each point of ¥ there holds

Vo) =3"" g L (M) + A0, M) B + IO )
J.k=1 2

CN/2

1 (a7
on akww) -
We then transform
2 (N0, + MO AW + NG |+ (00 v
= 5 {00+ NN, O+ M) NOI) -+ 5050, )
= (00 + AW A@), 0 + gxu)wam@w

L2 W AE A AOw)

_ <ajw MA@, 0+ SA ) D))
+ 7 (@) M0w)w)

The substitution into (I7)) gives
n-1 1 1
VW)= 3" g (0 + AN NG, 00 + AN
2m—1 .
+ ZW” Videnpe, V= ZMZI FENO) N ).

In order to compute V' we introduce

CN/2

cN/2’

CN/2

2m—1

V= Zj - FFENOV)N (O,

13



then

(fo} 10/) :Zj:: g (A(ajy)g(aky)* A@jy)gmaky))

ZZm 1 j, )\(ajl/) 0 A(aklj)
YAy 9 8 (O;v)* 0 AOpv)* 0
2m—
- Zj,k=1 gmrn(aﬂ)rn@kl/)
1 2m—1 .
-3 Zj k=1 " (Pn(ajy)rn(ak;l/) + Fn(aky)rn(aj,,)>
2m—1 ik , , )
- Zj,kzl 9" (051, ) I = V'] = [WITT = (Hi — 2H,)1.

In addition, as the functions H; are scalar, we have

(oo, (1= FE)0), = (o (= TE)0) g v
and then
LUy, U]
_ /E Zz; gﬂ‘vk<ajz/; + %A(y)m(ajy)zp, Ot + %)\(u)*)\(ﬁku)z/;>cw2 ds

<¢a H2@/)>L2 ,CN/2y-

Now consider the unitary transform Uy : L*(3, CN/?) — L2(%, CN/2) given by Uyt =
A(v)*1, then a simple computation shows that

LIUUsw, UUy|
= [ (0 SAWIA@) .0 + AN y)*¢> ds
. k=1 J 9 J ) Yk 9 k N2
<¢a H2@/)>L2 ,CN/2)-
Using (I8)), for v € HY(X,CN/?) and v := (1_, ;) € H(Z,CV) one has
LIUUy-, UU-] + LUy, Uthy]
B n-l 1 1
- /E Zj,k:l g] <8ﬂ/} =+ irn(V)Fn(ajV)i/}, akw + §Fn<y)rn<aky)w>CN ds
1
+t3 (¥, Hyb) 25, cv)-
By comparing with the Schrodinger-Lichnerowicz formula (8)—(@) we see that the
operator (UfU*LUUy) & (U*LU) is unitarily equivalent to (D*)2. As (D*)? is now

unitarily equivalent to /0? @ JP* (because n is even), it follows that L is unitarily
equivalent to J?. O
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3. PRELIMINARY CONSTRUCTIONS FOR THE SPECTRAL ANALYSIS

3.1. One-dimensional model operators.

Lemma 9. Let § > 0 be fized. For a > 0, let S be the self-adjoint operator in
L*(0,8) with

2
)

SU. ] = / PP —afO), a(S) = {f € HY(0,6): £(5) =0},

then for oo = 400 one has E1(S) = —a?+0(e™°), and the associated eigenfunction
b with ||| 12005 = 1 satisfies |[$(0)[° = 2a + O(1).

Proof. One easily see that the operator S acts as f — —f” defined of the functions
f € H*0,6) with f'(0) + af(0) = f(§) = 0. Let us estimate its first eigenvalue
as o — +00. Look for negative eigenvalues £ = —k? with k > 0, then using the
boundary condition at § we see that the associated normalized eigenfunction 9 is
of the form 1 (t) = csinh (k(§ — t)) with ¢ # 0 being a normalizing constant. The
boundary condition at 0 gives 0 = ¢'(0) + a)(0) = —k cosh(kd) + asinh(kd), i.e.

F(kd) = ad, F(x):= xcothz. (18)

One easily sees that F' : (0,+00) — (1,400) is strictly increasing and bijective,

and for ad > 1 the equation ([I8) admits a unique solution %, and then k§ — +o0

for « — +o0o0. Now rewrite (I8) as & = atanh(kd). Due to k6 — 400 we have

% < tanh(kd) < 1 implying 3a/4 < k < . Then using the equation again we have

atanh (% 045) < k < «a, while tanh (% 045) = 1+ O(e=%/2). Therefore, with some

¢1 > 0 one has Ei(S) = —k* = —a?(1 + O(e 3%/2)) < —a? + ¢1e7%* as a — +o0.
In order to find the value of the normalizing constant ¢ we use

J 1 )
_ 2 A2 2 _ — |2 ] —
L= 113200 = I / sinh? (k(6 — 1)) dt = |e[*( - sinh(2k0) - ).

then
sinh(2k9) 0

[0(0)|* = (sinh?(k9)) (T — 5)1 =2k 4+ 0O(1) = 2a + O(1). O

Lemma 10. Let 6 > 0 and § > 0 be fized. For o > 0, let S’ be the self-adjoint
operator in L*(0,8) given by

2
9

Q(s") = H'(0,0),

5
2
SUf1= [ 17 at=alr)f - 5176
0
then for o — 400 one has E1(S") = —a?+0(e™%). Furthermore, there exist by > 0
and b > 0 such that
b= 3% —b < E;j(S) <btj? forall j > 2 and a € R. (19)

Proof. The operator S’ clearly acts as f — —f” on the functions f € H?(0,§) with
F0) + af(0) = f'(0) — Bf(6) = 0. To estimate E;(S’) we remark that a value
E = —k* with k > 0 is an eigenvalue of S iff one can find (Cy, Cs) € C*\ {(0,0)}
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such that the function f : t — Cie* + Coe™** belongs to its domain. The boundary
conditions give

0=f"(0)+af(0)=(a+k)C + (o — k)Cs,
0=f(8) = Bf(6) = (k= B)eCr — (k + B)e ™ Cs,

and one has a non-zero solution iff the determinant of the system vanishes, i.e. iff &
solves (k+ a)(k + B)e ™ = (k — a)(k — B)e*, which we rewrite as

g(k) = h(k), g(k):= thj (k) == %6%5_

Both g and h are continuous, and g is strictly decreasing on (o, +00) with g(a™) =
+o00 and g(+o00)=1, while h is strictly increasing on («, +00) being the product of
two strictly increasing positive functions (we assume without loss of generality that
a > ), and h(a®) = e**(a — B)/(a+ ) < +o0 and h(+00) = 4o00. Therefore,
there exists a unique solution k& of ([20) with & € («,+00). To obtain the required
estimate we use again the monotonicity of h on («, +00):

k+ « a—f
= g(k) = h(k) > h(a™) = —= €.
o =0k = h(k) > ha®) = SFe
We bound the last term from below very roughly by e3*%/2 then

k+ o 3a8/2 14 e300 —3a6/2

mze ; kﬁ&mz&(lﬂLO(e ).
By combining with £ > o we arrive at the sought estimate

Ei(S) = —k* = —a?(1+ 0(e /%)) = —a® + a?0(e3/?) = —a® + O(e™).

To estimate E;(S") with j > 2 we remark that by the min-max principle for any o €
R one has Ej_1(Sy) < E;(S') < E;(Sp), where the operator S}, acts in L*(0,0)
as f — —f" on the functions f € H?(0,0) with the Dirichlet/Neumann boundary
condition at 0 and f'(0) — 8f(0). As the eigenvalues of both 57, \ satisfy the Weyl

asymptotics Ej(Sb/N) ~ 7242 /6% as j — 400, one arrives at the inequalities. O

(20)

3.2. Tubular coordinates. Recall that the shape operator W and curvatures of
3} were defined in Subsection 2.1 In what follows we will actively use tubular
coordinates on both sides of . In this section,

let €2, be either € or Q°,
and let v, be the unit normal on ¥ pointing to the exterior of €1, i.e.
v, =v, Wy =Wfor Q. =Q, v,:=—v, W,:=-W for Q, =Q°.

The principal curvatures and the (higher) mean curvatures of ¥ with respect to v,
will be denoted by A7 and Hj respectively, i.e.

hj» = h; and H; = H}, for (0, = Q,
h = —h; and H} = (—1)*H, for Q, = Q°.
For small § > 0 denote
II; ;==X x (0,6), ) ={zeq,:dist(z,2) <6}
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It is a well known result in differential geometry that there exists a small g > 0
such that for sufficiently small 6 > 0 the map

®, :TI5 — Q0 (s,t) = s —tr,(s),

is a diffeomorphism, and dist (<I>*(3, t), 8U) =t for (s,t) € Il;. Consider the associ-
ated unitary map

Qs : L2(Q) — L*(I5), wu s /det(P,)uod,
We will use several times the following computations:

Lemma 11. For v € R denote
H'*
Jy(u) =J / |Vu\2d:1:—|—/ (’y+ ) >|u|2d3 u e HY(Q0).

There exist &g > 0 and ¢ > 0 such that for any v € R and § € (0,6) the following
assertions hold true with v := Osu:

(a) for any u € H*(Q) with u =0 on dQ° \ ¥ one has
H* 2
J(u) g/ [(1+c5)|VSv|2+|8tv|2+(H;—( 41) +c§>|v|2] dsdt+7/ [o(s,0)[*ds,
s 2

(b) for any u € HY(Q2) one has

*\2
J(u) > / [(1 — 0)|Vu]? + [0 + (Hék - (h;l) — c§>|v|2] dsdt
115

+7/8U’v(3,0)}2ds—c/2}v(s,é)’zds,

where Vg is the gradient on X, i.e. with respect to the coordinates s € 3.

Proof. The metric G on I induced by the map @, is given by G' = go(1—tW,)+ dt?,
with g being the metric on ¥ induced by the embedding in R", and the volume form
is det Gdsdt = ¢ dsdt with ds being the volume form on ¥ and the weight

_ n—l gk _ ] *
o(s,t) = Hj: (1—thi(s)) =1+ Zm Hi( (21)
Denote w := uo®,, then the standard change of variables gives, for any u € H*(Q?),
H*
J(u) = \Vwﬁpdsdt—%/ (”y—ir—l) }w(s,O)}st,
I, ) 2

and we remark that the condition u = 0 on 99 \ ¥ is equivalent to w(-,d) = 0.
Due to the above representation of the metric GG, for a suitable fixed ¢y > 0 one can
estimate, uniformly in wu,

(1 = )| Vsw]* + |0pw|* < [Vw]* < (1+ cod)|Vsw]* + [dpw]?,
with V; being the gradient on ¥ (i.e. with respect to the variable s), which gives

H*
/ ((1—c05>|vsw|2+|atw|2)sodsdt+/ (v+ ) lw(s 0)ds
Ils % 2

17



}f) lw(s,0)] ds. (22)

Il b
Recall that w = gofév, and that ¢ =1 on X. Hence,

<7+ %) (s, 0)/" = (7+ %) lo(s,0)[,

which allows to transform the last summand in (22)). In addition,

1 2 1
|sz|2<p:‘vsv—%vvs<p = |Val? + ‘ - |V o|* — @%((st,vvsw)).

The Cauchy-Schwarz inequality gives |R(V v, vvscp)} < S|Vl + [v|2|Vspl?/d, and
in view of the expression (2I)) for ¢ one has |V p|* < ¢16? for some ¢; > 0 and all
€ (0,0). Therefore, for a suitable c; > 0 one estimates, uniformly in u,

(1-— 025)|st|2 — 025|v|2 <(1+ 005)|V5w|2<p < (1+ 025)|st|2 + 025|v|2.

We represent now

dyp (Dp)?
0] — ;_wat(W) + = |v|?

|Opw|?p =
t 4@2

1 2
o — —vdip| =
2¢

and performing an integration by parts with respect to ¢ in the middle term we have

9 (Orp)?
2 o 2 34 34 2
/H(; |Oyw|*pdsdt = /Hé <|8tv| + (@( SO) + 102 )|v| )dsdt

HY 0yp) (8,0 2
/ ‘ 5 O‘ ds —/27<25()£’5))‘v(5,5)‘ ds,

while the last summand vanishes for v(-,6) = 0, i.e. for u = 0 on 9Q° \ ¥. Putting
the above estimates together we obtain

Fp  (Owp)?
< 2 2 A 2
J(u) _/116 ((1+CQ5)|VSU| + (0| +<2(p e ol ds

+7/‘v(3,5)‘2d3, ue H'(Q), u=0o0nd\%,
>

(0
J(u) 2/ ((1 — 020)| V]2 + [80]? + (2—9" _ “" —025)\v|2dsdt
(0 )
+7/’v30} s _/L))y ; ds, ue H(2).
b
It remains to estimate, with a suitable c3 > 0,

|Gkt &so @_M_(H*_@>

2p 4?2 2 4 < 50

(%)

> Cs, ’
Le=(%)

and to choose ¢ := max{cs, c3}. O

18



4. PROOF OF THEOREM [

We are going to show that F;(A2)) — E;(]p?) for each j € N as m — —oc. Due
to Lemma [ for each j € N there holds E;(])*) = E;(L), hence, it is sufficient to
prove that

E;(L) = lim E;(A2) for each j € N. (23)

m——00

4.1. Dirichlet-Neumann bracketing. For small 6 > 0 denote )5 := {3: e 0
dist(z,¥) < 6} and II; := ¥ x (0,6) and consider the diffeomorphisms @ : II; —
Qs given by (s,t) — s — tr(s) together with the associated unitary maps Oj :
LQ(Q(;, (CN) — LQ(H(g, (CN), Osu = det(q)’) uo P,

Consider the self-adjoint operator ZF in L?*(£2;, CV) given by

H
Z[u, 4] :/ (IVul2 + m?[ul?) dx+/ (m+ 71) ul? ds, (24)
Q(Z5) ={ue H(Q,C"):u=BuonY, u=0ond\I},
the self-adjoint operator Z in L?(25, C) given by

H
Zolwid = [ (VuP 4 mtfuP)dot [ (me T juPds @9
Qs s
a(Z,,) ={ue H'(Q%,C") : u=Buon X},
and the self-adjoint operator Z! in L?(Q§, C") given by
Zylud = [ (IVuP 4 mtluP) o, a(2;) = H'(25,CY),
5

with Q¢ := Q\ Q5. Due to the min-max principle for any j € N and we have the
eigenvalue inequality

Ej(Z,, ® Z,,) < E;(A%) < E;(Z)).

(It is sufficient to apply Proposition @ for the left inequality one takes T = A2
T :=2,®Z  and J: L*(Q,CN) — (f~, f) € L*(Qs,Q5) defined by f~ := flq,
and f' := f|qae, while for the right inequality one takes T := Z! T" := A% and
J: L*(Qs) — L*(Q) the extension by zero.) Noting that Z/, > m? we deduce that

Ei(Z,) < E;j(A2) < Ej(Z}) for any j € N with E;(Z}) < m*. (26)

Using the change of coordinates of Lemma [[1] to bound ZZ[O}v, ©fv] from above
and below we then obtain

Ej(Z,) < E;(Y,)), Ei(Z,) > Ej(Y,;) for any j €N

with Y= being the self-adjoint operators in L?(I15, CV) given by
2

H
Y v, v] = / [(1 + ¢8)|Vsvl* + |0v]* + <m2 + Hy — Tl + 05> |v\2] dsdt
II

+mL’v(s,0)’2ds,
a(Y,h) = {ve H'(Il;,C") : v(-,0) = Bu(-,0) and v(-,d) = 0},
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- 2 2 2 ik 2
Y, [v,v] = (1 —¢0)|Vsvl* + |0w]|” + (m + Hy — 2 05)|v| dsdt
I1s
—i—m/ ‘U(S,O)‘QdS—C/ ‘v(s,é)fds,
2 2
Q(YT;) = {U € H1<H57(CN) : U('70) = BU('7O)}7

where ¢ is independent of § € (0,9y) and m € R is arbitrary. Therefore, we arrive
at the two-sided estimate

E;(Y,)) < E;(A%) < E;(Y,}) for any j € N with E;(Y,}) < m®. (27)

4.2. Upper bound. To obtain an upper bound for the eigenvalues of Y, let us
consider the self-adjoint operator S in L?(0, ) with

2
)

)
SIf, f] = /O P dt + ml£(0)

Q(S) = {f € H'(0,8) : f(6) =0}

and let 1) be an eigenfunction for the first eigenvalue normalized by HlpH%Q(Q 5 =1
The analysis of Lemma [ shows that for some b > 0 one has E(S) < —m? + be~%I™|
as (—m) is large, and then S[¢),¥] + m? < be 0™l

Let ¢ > 0 be the same as in the above expressions for Y. For small a € R, let
L, be the self-adjoint operator in H given by

2

Lolgos) = [ (04 ca)l Vg + (Ha = 7+ ca)lgl] s,

4 (28)
Q(Ly) = HY(Z,CY)n K.

Remark that for a = 0 we recover exactly the operator L and that due to the
min-max principle one has

E;(L) = lim E;(L,) for each j € N. (29)

a—0
Let j € N be fixed and ¢y, ..., g; be linearly independent eigenfunctions of Ls for
the first j eigenvalues, then the subspace G := span(gy, ..., g;) is j-dimensional and
Lslg, 9]/ 119113 < E;(Ls) for any 0 # g € G. Consider the subspace
V= {ve L*(I;,CY) : v(s,t) = g(s)y(t), g € G} C Q(Y,)),

then for v € V' with v(s,t) = g(s)¥(t) and g € G one has ||v|| )= g]/2; and

2
L2(I15,CN

Yo [v,v] = Lolg, gl 13200 + (SEo 0]+ m2 1120 ) g1l
< Lolg, g] + be~ gl < (E;(Ls) + b)) g1l
= (B5(Ls) + b)) 032, o).

As dimV = dim G = j, it follows by the min-max principle that

Y+
E;(Y,;) < sup ri———
0#veV HU”LQ(H(;,CN)

[v, v] < Bj(Ls) + be°Iml,
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hence, limsup,, , . E;(Y,T) < Ej(Ls). As 6 > 0 can be chosen arbitrarily small,
the convergence ([29) implies limsup,, , . E;(Y,}) < E;(L), and then due to the
upper bound (27)) we arrive at
limsup E;(A2) < E;(L). (30)
m——oo
4.3. Lower bound. Now let us pass to a lower bound for £;(Y, ). In the construc-
tions below, the constant ¢ > 0 is the same as in the expression for Y, . Let S" be
the self-adjoint operator in L?(0,d) with
5
2 2
SU A= [ IFEat+mlfO)F - f@)F, o) = H(0.0)
0
Let ¢, € L*(0,8) with k& € N be real-valued eigenfunctions of S’ for the eigenvalues
E(S") forming an orthonormal basis in L?*(0,4d), which induces the unitary trans-
forms © : L*(0,0) — (*(N) given by (©f)r = (¢, f)r2(0,6), k € N. Recall that due
to the analysis of Lemma [I(] we have, with some b* > 0, b > 0 and by > 0,

Ei(S") > —m? — be ™ as m — —oo0, (31)
b k% — by < Ey(S") < b*k? for all k > 2 and m € R. (32)

Let us give some more details on the subsequent constructions. Let Y,, be the
self-adjoint operator whose sesquilinear form is given by the same expression as the
one for Y~ but on the larger form domain Q(V,,) = H*(Il;, CY). Tt follows easily
that the new operator Y,, admits a separation of variables. Namely, for small a € R
we consider the self-adjoint operator A, in L?(3, CY) given by

4

i.e. its sesquilinear form is given by the same expression as the one for L, in (28]
but without the restriction g € H. Now, if one identifies L?(II5,CY) = L?(0,0) ®
L*(3,CN), then Y, = (S’ + m*) ® 1 + 1 ® A_;. Using the unitary transform

= LA(1,) — (N) ® L2(3,CN),

AM@:LM+mWW+@r5imMﬂ®,mm=H@£w

5
=v = (vg), Ug:= / Yr(tv(t,-)dt € L*(3,CY),
0

*

and the spectral theorem we see that the operator }/}m = 2Y,,=" is given by

~

Ym[(vk), (Uk)] - ZkeN <A—5[”k’ k] + (Ek(sl) + m2) ||Uk||%2(2,<cN)>>

while the form domain Q(Y,,) consists of all (v;) € (3(N) ® L2(S,CV) with v, €
HY(%,C") such that the right-hand side of the preceding expression is finite. Using
the two-sided estimate ([32]) we can rewrite

(V) = {(vk) € 2(N) @ LA(,CN) : v, € HY(S,CV) for each k € N

and ZkEN (Hka%{l(E,CN) + k2||vk||%2(27(cN)) < OO} (33)
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As the sesquilinear form for Y, is simply the restriction of that for Y,, on the
functions v with v(-,0) = Bu(-,0), for the operator Y, := EY ~=* we have

oY) = {7 = () € Q(Y) : (1 = B)(ED)(-,0) = 0}. (34)

Using the lower bounds (BI) and ([B2) for E(5’), for all v = (v;) € Q(?n;) we
obtain the inequality Y, [v,v] = w;, (v, v) with the sesquilinear form wy, defined on
D(wn) = Q(Y,,) by

W (D, D) 1= A_s[vy, v1] — be ™ ||U1||%2 £,CN)

+ Zk>2 ( slvk, ve] + (b7K* — by + m2)||”k||%2(2,<c1v))-

It follows from representation (33) that the form w,, is lower semibounded and from
reprentation ([B4) that it is closed. Thus, it defines a self-adjoint operator W,, in
2(N) @ L*(%,C"N) with compact resolvent. For any j € N we have then

Ej(A%) > Ey(Y;) = Ej(Y,) > E(Wy,). (35)

We are now in the classical situation for the monotone convergence (Proposition Bl
to analyze the eigenvalues of W,,. Namely, consider the set

Q. = {a: () €, _, QW) = (V1) sup Wy [6,7] < +oo}. (36)

m<0

It is easily seen that a vector v = (vi) € Q(? ) belongs to Q. if and only if vy =0
for k> 2and 0= (1 — B)(EV)(-,0) = ¢1(0)(1 — B)vy, i.e. vy € H. This gives the
equality

Qo ={T=e1®@0v: v € H'(S,CY)NH}, e =(1,0,0,...) € A(N).

For each v € Q. one has

lim W,,[v,0] = lim (A_(;[vl,vl]—cle_é‘m‘Hle%z(E’Cz\r))

m—r—0o0 m——0o0

= A_s[v1,v1] = L_s[vy, v1];

we recall that L, was defined in ([28). Let W, be the self-adjoint operator in the
Hilbert space Hy, := 1 @H with Q(W) = Qo and Wy le1 @1, e1Qv1] = L_s]vy, v1],
then the monotone convergence principle (Proposition Bl) gives lim,, ,_o E;(W,,) =
E;(Wy) for each j € N. On the other hand, the operator W, is unitarily equivalent
to L_s, and by combining with (35]) we have liminf,, o E;j(An) > Ej(L_s). As ¢
can be arbitrarily small, the convergence (29) implies lim mfm_) o E; (A ) > E;(L).
In combination with the upper bound (30) one arrives at the sought hmlt @3)), Wthh
proves Theorem [II

5. PROOF OF THEOREM

5.1. Preliminary estimates. We are going to prove that foreachm € Rand 7 € N
one has limpy, o B (B, ) = Ej(A7). We recall that Q(B?, ;) = D(Bmy) =
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H'(R™ CY), and
Bme[u, u] = (B, mt, Br pt) p2 e o)

:/ (IVul* + m*|ul?) d:c+/ (IVul® + M?[ul?) dz
0 Qe

2 2
+(M—m)(/2|?_u| ds—/2|iP+u| ds), (37)
:/ (IVul®> + m*|ul?) d:c+/ (IVul® + M?[ul?) dz
0 Qe

+2(M—m)/ |?_u|2ds+(m—M)/|u|2ds
2 s

1+£3B
where P, (s) := T(S) for s € ¥, while

Q(A2) = D(An) ={ue H(Q,CY): P_u=0on X},

H
A2 [u, u] = (Apu, Ant) r2cv) = / (IVul* + m®[uf?) dz +/ (m + 71> |u|* ds.
Q 2

Taking any € € R we rewrite the above expression for Bfn’ alu, u] as
B2, ylu,u] = / (IVul®> + m*|ul?) dz
Q
, 2 2
+ <m —et 7)|u| ds +2(M —m) | |P_ul?ds
s 2

+/ (|Vul® + M?Jul?) dx—/

i (M ey %) luf?ds. (38)

Let us start with an additional estimate which will allow us to control the term in

the last line of (3§).
Lemma 12. For v > 0 let R, be the self-adjoint operator in L*(Q°) given by
H
Rluu= [ |Vude— / (7 + 71) w?ds, O(R,) = HY(Q), (39
Qe »

then:

(a) For some fized C > 0 and all large v > 0 there exists a linear map F, :
HY(X) — HY(Q°) such that for all f € H(X) one has F,f = f on ¥ and

RF f, F f] + 72|’vaH%2(Qc) < Hf”%{l(g)-

(b) For some Cy > 0 there holds Ey(R.,) > —v* — Cy for v — +o0.

=|Q

Proof. For a small § > 0 consider the sets Qf := {2z € Q° : dist(z,¥) < §} and
II; :== ¥ x (0,6) together with the the diffecomorphisms ®¢ : II; — Qf given by
¢(s,t) > s+ tr(s) and the associated unitary maps O5 : L*(Qg) — L?*(Ils) with

Su = /det ((°)) uo @°.
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Let us prove (a). Consider the self-adjoint operator S in L?*(0,d) given by

SU. ] = / PP —A[fOF, a(S) = {f € H'(0,5): f(5) =0}

and let 1) be an eigenfunction for the first eigenvalue normalized by ¢(0) = 1. By
Lemma [0 with some b > 0 one has F;(S) < —y* + b and Hi/fﬂiz(o,(;) < b/y asyis
large. For f € H'(X) define v € H'(Il;) by v = f ® 1, i.e. v(s,t) = f(s)u(t), and
then set

2
)

Due to f € H*(X) and ¥(d) = 0 one has F,f € H'(Q°), and the equality F,f|s =
v(-,0) = f holds by construction. Furthermore, using the result and the notation of
Lemma [[Tl(a) we obtain, with some a > 0,

R“/[F’\/fa va] +72||Fyf||2 = J—’Y(F’Yf) +'72||Fﬂ/f||2
< [ (VP 100 + 02+ o) s = [ | gds
I »

= [ (Vs s+ (Bi(S) 497 + ) 1) ds 1o

_ b C
< [ (a9rPas + (b 4 @)y ds 2 < gy
b Y Y

with C':=b(b+ a). Hence, the assertion (a) is proved.
To prove (b) we remark first that due to the min-max principle one has the
inequality Ey(R,) > E1(R) @ R!) where RY is the operator in L*(£25) given by

H
Rfu) = [ (VuPdo = [ (v 5 lulds, o() = H'()
g =
and R/, is the self-adjoint operator in L?(€2f), with Qf := Q°\ Qf, given by
Rfuu = [ [Vufds, o(R;) = H'(5),
§

Due to R, > 0 one has FEi(R,) > min{E;(R)),0}. By Lemma [II(b) one has
Ei(RY) > Ey(X,) with R being the self-adjoint operator in L*(II5) with

dsdt—y/ }v(s,O)’zds—a'/ }v(s,é)’st
by ou

and Q(X,) = H'Y(Q§), with some o' > 0. Let S" be the self-adjoint operator in
L*(0,4) given by

J 2
$MH=ALﬂ%%wU@!—ﬂﬂ®

As |[Vv]? > 0, due to Fubini’s theorem one has E1(X,) > E;(S") —d’, and now it is
sufficient to remark that by Lemma [[0l one has E;(S") > —~% —ay with some ay > 0
as vy — +o0o. ]

Xfoal = [ |d19ab ok -al
ILs

i

Q(S") = H'(0,6).

24



5.2. Upper bound. Pick m € R and j € N, and let uy,...,u; be linearly in-
dependent eigenfunctions of A% for the first j eigenvalues, then for any function
u € V := span(uy,...,u;) there holds AZ [u,u] < EJ(A%)HuH%Q(Q cvy- Recall that

due to Lemma [f one has V' C C*°(©2,C"), and then
a := sup {||u||§{1(27CN) cu €V with ||u||%2(Q7CN) =1} < oo0.

Using the linear map F,, as in Lemma [I2|(a), for u € V define u € H'(R",C") by

- U in Q

with 1 understood as the identity operator in CV, then for any v € V we have

- ~ Hiy -
/ (IVal* + M?|af?) dz — / <M - —1) [ul? ds
Qe b3 2
- C Ca
= ((Rar+ M%) @ 1) i) < lulldnen) < o lullZagen

with C' > 0 independent of u. Noting that for u € V we have P_u = 0 on ¥ and
substituting the preceding upper bound into (B8] with the choice ¢ = 0 we arrive at

B, = A2 )+ (Ras + M) © 1) < (E,(A2) + 5o B v

For u € V there holds HUHL?(Rn oy 2 ||u||L2(Q vy, and V :={u: u eV} is therefore
a j-dimensional subspace of H 1(R" CY) = Q(B}, r)- The min-max principle gives

BrQnM[Uav] = sup Brzn,M[,lj7ﬂ]

Ej(Bj ) < sup.
i( mM) ||v||L2 (R CN) o;éueV ||u||L2(]R"(CN)

OyévEV
Ca
(E542) + =) lulaaem) ,.  Ca
< sup < Ej(AL) + =7
0#ueV || ||L2(R",CN) M
which implies limsup,, o, E;(B2, ) = E;(A2).

5.3. Lower bound. Now we use the representation (B8) with an arbitrary fixed
¢ > 0. By the min-max principle, for any j € N one has

EJ(BVZn,M) > Ej(Km,M,a ©® chu,s) (40)
where K, . is the self-adjoint operator in L*(Q,CY) with the form domain
Q(Kpmare) = HY(Q,CN) and

Ko e[u, ] :/ (IVul® + m*|ul?) dz
Q

+/< —e+ )\u\2d5+2(M m /|iP ul*ds,
5
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and K§, _ is the self-adjoint operator in L?(Q°, C") with the form domain Q(K7,.) =
H'(Q°,C") and

Kﬁ/m[u,u]:/ (|Vu|2+M2|u|2) d:p—/

(M —e+ E) lu|? ds.

> 2

Using the operator R, from Lemma [I2 one easily sees that Kf, . = (Ry-. ® 1) +
M? with 1 being the identity in CV, and then, using Lemma I2(b), Ei(Kf,.) =
Ei(Ryr—.)+M?* > eM as M is large. Due to the upper bound proved in the preceding
subsection we know already that for each fixed j € N there holds E;(B?, ;) = O(1)

for large M, hence, Eq. (40) implies
E;j(Br ) = min { Ej(Kpue), BE1(K5 ) } = Ej(Kpoue) as M — +o0.

As the operators K, y. are increasing with respect to M, with the help of the mono-
tone convergence (Proposition ) for each j € N one obtains limps_, oo £; (K pre) =
E;(Cy,.), where Cy, . is the self-adjoint operator in L?(2, C) given by

H
Conslic) = [ (FuP s+ do+ [ (=4 5 )upas,
Q » 2
Q(Cre) = {u c H'(Q,CY): P_u=0on Z} =Q(A%).

This shows that liminfy o E;(B}, 3) > Ej(Cne). As € > 0 is arbitrary and
we have the obvious limit lim._,o E;(Cp,.) = Ej(Cno) = E;(A2,), we arrive at the

sought lower bound liminf o0 E; (B, yr) > E;(A7,), which finishes the proof.

6. PROOF OF THEOREM [3

We are going to show that for each j € N the eigenvalues Ej;(B7, ),) converge to
E;(ID*) asm — —oo and M — 400 with m/M — 0. Due to Lemma[§ for each j € N
there holds E;(]P?) = E;(L), hence, it is sufficient to prove that E;(B2, ) converges
to E;(L) in the same asymptotic regime. The proof is essentially by combining in a
new way some constructions used in the proofs of Theorems [I and

6.1. Upper bound. Let us recall the important technical ingredients. For small
d > 0 consider the sets Qs := {x € Q : dist(x,X) < ¢} and II5 := ¥ x (0,9) as well
as the diffeomorphisms @ : II; — Qs given by ®(s,t) = s — tv(s) and the associated
unitary maps Oy : L?(Qs, CY) — L2(Il5, CV) with Osu = /det(®’) u o .

Consider the self-adjoint operator S in L?(0,4) with

2
)

)
ﬂﬁﬂleﬂ%HnWm) Q(S) = {f € H'(0,6): £(5) =0}

and let ¢ be an eigenfunction for the first eigenvalue normalized by ||@Z)||%2(07 5 =1
By Lemma [9 with some b > 0 one has
Ei(S) < —m? + be 70, W(O)}Q < blm|, as (—m) is large.

Also recall that due to Lemma [[2[(a) one can find ¢ > 0 such that for § € (0, y) and
u € H'(Qs) with u =0 on 9Qs \ 3 there holds, with w := O;u,
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H
|Vu|2d:p+/ (m+—1)|u|2ds
o ou 2
2

< / [(1 + ¢d)|Vsw|® + |dw|* + <H2 — % + 05)\w|2} dsdt
I1s

+m/2’w(s,0)}2ds. (41)

We will use the representation (B8) with ¢ =0, i.e.
Byl ] = /Q (1Vul>+m?|uf?) dx+/Z (m—l—%) 2 ds+2(M—m) /Z P uf?ds
+ /Q (IVul? + M2Jul?) do — /E (M n %)st, we HY(R",CN). (42)
For small a € R consider the operator L, in H given by

LJ%Q]::K;Rl+%ﬂﬂVgF%—(Hé—5%5+%ﬂ>mﬁ}d& (43)
O(L,) = HY(Z,CN) N AH.

Finally, by Lemma [I2] for large M > 0 there exists C' > 0 and a linear extension
map Fy : HY(3,CY) — HY(Q¢,CY) with (Fy/f)|s = f and

H C
/ (IVEMf? + M?|Fy f?) do — / (M + —1) |Farf]?ds < — ”f”?{l(z,cN)-
Qe b 2 M

for all f € H'(X,CN).

Let 7 € N and vy, ..., v; be linearly independent eigenfunctions of Ls for the first
j eigenvalues, then for v € V' := span(vy, ..., v;) one has Ls[v,v] < E;(Ls) ||v||3 =
Ej(Ls) ||[v]|2(5,cny- Denote

ap 1= sup {Hv”%ﬂ(z,@v) v eV with |v5 =1} < oo
For v € V construct u € H'(R™, C") as follows:

O;' (v @) in Qs,
u= < Y(0)Fyv in Q°,
0 in \ Q(g.

By construction one has

||u||%2(]R",(CN) > ||u||%2(§25,(CN) = ||U||%2(2,<CN)||¢||%2(0,5) = HUH%Q(E,CN) = [Joll%,

hence, the subspace U = {u : v € V} C HYR",C") is j-dimensional. By the
above properties of F; and v one has

| 0vak s arupyas = [ (a4 s
= WW(/ (IVFyol* + M| Fyol?) daz—/ (M+%>\FMU|2@13>
¢ b
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2 C C |m|
< O & oleny < bl < aolEagcn) = a2 ol

and due to (AI]) there holds
2 20,12 H, 2 2
/(\w + m2ul )dx+/ (m+Z9)u ds+2(M—m)/\fPu\ ds
Q 2 2 >
H
E/ (IVul®> + m?|ul?) d:p+/ <m+—1>|u|2ds
= 2

Qs

g/j/z {<1+ca)\vs<v®w>}2+}&(v@w)f

+ <m2+H2 - HTIZ +c§)‘(v®w)}2} dzsdt—l—m/E ‘(v@zlj)(s,())}zds

_ (/2 [(1+ o) Vol + (Hz — HI% +ed ) [of?] ds) ¥ 320,

§
([ WE - mpOF + mf i) ol
= Lo, o] + (Bu(S) + ) ol < (B (L) + be ) ol

Inserting the preceding inequalities into the expression ([{2) for B2 .0 One sees that
for all w € U there holds

B2, ulu] < (Ey(Ls) + b 1 agpC Y follZ e o) > ol

and the min-max principle gives

82 u,u BZ U, U
E;(By, y) < max M = max M < Ej(Ls) +be”""™ +aq bC
) 04l [[ul|o@n oy 0AEV [l 72 gn ey

[m|

Therefore, one has imsup,, , . a0 Ej(Bi ) < Ej(Ls). As 6 can be chosen
arbitrarily small and lims_, £} (L(;) E; (LO) E;(L) one arrives at

limsup  E;(Bp, ) < Ej(L). (44)

m——oo, m/M—0

6.2. Lower bound. Now we will use the representation (B8]) with ¢ = ¢¢/|m/| and
an arbitrary but fixed g > 0, i.e.

Bfn,M[uau]
:/(|Vu|2+m2|u|2) dx+/ (m—g—o——>|u|2ds+2(M m)/|fp_u|2ds
Q X |m| X
H
+/ (|Vu|2+M2|u|2)dx—/<M %+71>|u|2d5, ue H' (R, CY).
¢ by

Due to the min-max principle for any 7 € N one has

Ej (BZLM) Z Ej<Km,M S Krcn,M>7 (45)

28



where K, 5 is the self-adjoint operator in L*(Q, CY) with the form domain given
by Q(K,, ) = HY(2,CV) and

Km,M[u,u]:/(\Vu|2—|—m2\u\2) dx
Q

H
+/ (m—g—o——1)|u|2ds+2(M—m)/|:P_u|2ds
b ud 2 b

and K¢,/ is the self-adjoint operator in L*(Q°,C") with Q(K¢, ,,) = H'(Q°,CV)
and

Ky, alu,u] = /Q (|Vul* + M?[u)?) dz — /z (M — E—ﬂz + 7)\u\2ds.

Using the operator R, from Lemma [I2] we see that in the asymptotic regime under
consideration we have, with some Cy > 0,
c0 N\ 2
By(Kfyag) = Fa(Ruseojn) + M2 2 M2 = (M ﬁ) ~ Gy
M 2
oM B e
im| - m?
As we have already the upper bound E;(B3, ;) = O(1), it follows from (43) that
E;(B2, 1) > Ej(Kma). One can assume in addition that M > 0 and m < 0, then
2(M —m) > —2m > 2|m|, which implies
Ej(By vr) = Ei(Ko), (46)
with K, being the self-adjoint operator in L*(Q, CV) with Q(K,,) = H*(©2,C") and
H
Ko, u] = / (1Vuf> + m?[ul?) d:c+/ (m— 2= 1) fuf? s + 20 / P uf? ds.
Q by m 2 by

In order to obtain a lower bound for the eigenvalues of K, we take a small 6 > 0
and consider the domains Q5 = {z € Q : dist(z, 0)} and Qf := Q \ €, then due to
the min-max principle one has

Ej(Km) = E;(K;, © K), (47

where K/, is the self-adjoint operator in L*(Qs, CY) with the form domain Q(K/,) =
H'(Q5,CN) and

~—

H
K;I[u,u]:/ (IVul> + m?|ul?) dx+/ (m—ﬂ——1)|u|2ds+|m|/|iP_u|2ds,
Qs > 2 >

while K is the self-adjoint operator in L*(Q§, CY) with

Q) = HYO5.CY), Kpfuu] = [ (19l + mi?luf?) da.
5
and Ei(K),) > m* — +o0. By combining [#6) and (@7) one sees that E;(B}, /) >
E;(K], ® K},). As we already have proved the upper bound Ej;(B2, ,,) = O(1), it
follows that
Ej(By, ) 2 Ej(K}). (48)
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Using now the diffeomorphism
O Il — Qs, Iy :=% x(0,0), P(s,t) — s—tv(s),

and the unitary maps O; : L?(Q;, CN) — L?(Il5,CY), Osu = +/det(®’) u o ®, with
the help of Lemma [[T((b) one obtains E;(K!,) = F;(0;K},05) > E;(K?) with K,
being the self-adjoint operator in L*(II;, CV) given by

2

K2 v, v] = / {(1 —c6)|Vsu|* + [0w]* + (HQ — % — c§> |v|2] dsdt
IIs

+(m—%)/E}U(S,O)‘st—c/E‘v(s,é)}2d5+\m|/z‘ﬂ)U(S,O)‘st (49)

on the form domain Q(K?) = H'(Il;, C"), where ¢ > 0 is chosen independent of §
and v. With this choice of ¢, let S’ be the self-adjoint operator in L?(0,d) with

ST, 1= / JP e+ (m= ) PO =@, a(s) = H'0,9).

and ¢, € L*(0,0) with k£ € N be its eigenfunctions for the eigenvalues Ey(S’) forming
an orthonormal basis in L*(0,5). Due to Lemma [0 we have, with some b* > 0,
b > 0 and by > 0,

2
Ei(S') > —<|m| + ‘%0') “beml > i 30 as m — —oo, (50)
b k2 — by < Ex(S') < bE2 for all k > 2 and m € R. (51)

For small a € R, in addition to the operator L, in H defined in (43) we consider the
self-adjoint operator A, in L?(X, CY) given by

Adlg, d] :/E [(1+ca)|vg|2+ <H2 - HTIZ +ca)\g|2} ds, 0(A,) = H'(Z,CN).

Let K} be the self-adjoint operator in L?(Ils) having the same form domain as
K? and with the sesquilinear form obtained from the one of K, by omitting the last
summand in ([@9), then K! admits a separation of variables: using the identification
L*(T1) ~ L*(0,0) ® L*(3,CY) one has K} = 5’ ®1+1® A_s. Using the unitary
transform

@:LQ( 5)_>£2(N)a (@f)k_<¢kaf>[/205) keN)
the identification L?(Ils) ~ L?(0,6) ® L*(X,CY) and another unitary transform

E:=0®1: L*(I;) = A(N)® L*(%,CV),
Ev= () =0, vy —/ (1) Ndt € L*(%,CN),

for the self-adjoint operator K := ZK1 =* in (*(N) ® L2(S,CV) one has

~

K, [0,9] = ZkeN (A,g[vk,vk] + (Ek(SI) + m2) ”Uk”%%z,cN)v
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while Q(K}) consists of all v € £2(N)® L*(3, CV) with v, € H*(Z, CV) such that the
right-hand side of the preceding expression is finite. Using the two-sided estimate
(1)) one can rewrite

Q(I?}n) = {i)\: (vp) € A(N) @ L*(%,CN) : v, € HY(X,CY) for each k € N

and ZkeN <Hvk”§-ﬂ(2,CN) + kQHUk”%]l(E’CN)) < OO} (52)

For the operator I?% := ZK? =* one has the same form domain and

~ PP —~ 2
Ky [0,0] = ZkeN (A—é[vkavk]+(Ek(S,)+m2)||vk||%2(2,<cN)>+|m| /2 |P_="5(-,0)| ds.
Using the lower bounds (50) and (5I) for E(S"), for any © € Q(K”) we obtain the
inequality K° [0,7] > w,,(0,7) with the sesquilinear form w,, in *(N) @ L*(%,C")

~

defined on D(w,,) := Q(K?) by

Wy, (0,0) := A_s[vy,v1] — 350”7}1”%2(2,(21\’)

_ L )
+ Zk22 (A,(s[vk,vk] + (0K — by + m2)“vk|]%2(27<c1v)> + |m| /z |P_=*0(-,0)|” ds.

Using the above representation (52)) one sees that the form w,, is lower semibounded
and closed, hence it generates a self-adjoint operator W, in (?(N) ® L?(X, CV) with
compact resolvent, and then E;(K%) > E;(W,,) for all j € N. By summarizing
all the preceding constructions, for any j € N in the asymptotic regime under
consideration one has

E;j(By ) > Bj(Wi). (53)
For the analysis of the eigenvalues of W,, as m — —oo we are now in the classical
situation for the monotone convergence (Proposition [l), as W, are increasing with
respect to |m|. Namely, consider the set

Q= {T=(m) e _, 0Wn) = Q(KS), supWo[6,7] < +oo},

m<0

then a vector v = (vg) € Q(I?,Qﬂ) belongs to Q. iff the following two conditions are
satisfied: (i) v, = 0 for all £ > 2 and (ii) P_=*v(-,0) = 0. The condition (i) gives
v =e; ®uv with e; = (1,0,0,...) € £*(N), and then the condition (ii) reduces to
P_vy =0, ie. vy € H. Therefore,

Qoo = {61 Xv v € Hl(E,CN> N j{}
Moreover, for any e; ® v; € Q. one has

lim Wm[el K v, X U1] = L—é[vl,vl] - 350““1”3{7

m—r—0o0

while we recall that L_; is defined as in ([A3]). Therefore, if one denotes by W, the
self-adjoint operator in e; ® JH given by

Weler @ v1,e1 @ v1] = L_glvy, v1] — 360’\?11’\3{7

then it follows by the monotone convergence (Proposition [l) that for each j € N
there holds lim,,_, o E;(W,,) = E;(Wx) = Ej(L_s) — 3so. By (G3) one has
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lm inf pr, 4 oo m—s—oom/mi—0 = Ej(L_5) — 39. As both 0 and gy can be chosen arbi-
trarily small and we have the convergence lim,_,o F;(L,) = E;(L), we arrive at the
inequality lim inf /4 o0.m——oo,m/M—0 Ej(Bme) > E;(Ly. By combining it with the
upper bound (@4]) we arrive at the result of Theorem [l

APPENDIX A. SCHRODINGER-LICHNEROWICZ FORMULA FOR EXTRINSIC DIRAC
OPERATORS ON EUCLIDEAN HYPERSURFACES

Let ¥ C R" be a smooth compact hypersurface with the outer unit normal field
v and endowed with the Riemannian metric induced by the embedding. Recall
that the standard scalar product in R" gives rise to the induced scalar product in
T3, which we simply denote by (-, ) in this section. Denote by W the Weingarten
operator, WX = Vv for X € TY, with V being the gradient in R™. Recall that
the Levi-Civita connection V' on ¥ is given by the Gauss formula

VY =VxY+ (WX, Y)v, XY eTX.
We denote
oy — WP
2 b
i.e. H; is the mean curvature and Hs is the half of the scalar curvature of X.

Let N € Nand ~vy,...,7, be N x N anticommuting Hermitian matrices satisfying
%2 = I, with I being the identity matrix, then the matrices

v(x) = ijl v, *=(z1,...,2,) €R",

satisfy the commutation relation v(z)y(y) + v(z)v(y) = 2(z, y)Iy for all z,y € R™.
Let us recall the definition of the associated extrinsic Dirac operator D* on X
following [I1]. The induced spin connection V* on ¥ is defined by

Hy :=trW, |W|*:=te(W?), Hy:=

1
V¢ =Vx + 57(1/)7(WX) L C®(8,CN) = Cc=(%,CY), XeTy,
then D* acts on functions ¢ € C*(%, CV) by

DY i= =) 3" (e V2w

with (eq,...,e,—1) being an orthonormal frame of TYX. Recall that vy(e;) anticom-
mute with v(v) and, furthermore,
n—1
ijl V(e))y(Wej) = Hi 1 (54)

(which is seen by testing on an eigenbasis of W), and we may rewrite

D% = 2 —2() 3" (e Ve,

Being viewed as an operator in L2(2, CV), the operator D* is known to be essentially
self-adjoint on C*°(3,RY). We would like to provide a elementary direct proof,
adapted to the Euclidean setting, of the eminent Schrodinger-Lichnerowicz formula

n—1

J=1

(D¥)? = (V*)'V* + % I, (55)
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where the first term on the right-hand side is the Bochner Laplacian associated with
the above spin connection V= which is a self-adjoint operator in L*(3,CY). (We
refer to the original papers [13,[17] and the monographs [6,&,[9] for a more general
setting.)

In what follows we use the standard identification of T and T with the help
of the musical isomorphism. Remark first that for ¢ € C°°(X%,CY) we have the
decomposition

n— n— 1
V=3 e o VEs =3 @ (Ve + 39n(Wey) o, (56)

Let us compute the adjoint (V*)* : T*Y @ C*(%,CY) — C=(X,CY). For X €
TY ~ T*% and p,9 € C°(3,CY) we have

<(VZ) (X ® ), @/)>Lz (£,CN) =(X® %V ¢>T*2®L2(2 cN)
1
= <S07 wa + 5 ’Y(V)/Y(WX)@Z)>L2(E7(CN) = <()07 VX¢>L2(E,(CN)

+ (5 WX W),

Using Leibniz rule and the divergence theorem we have

(0, Vx) 2z vy = / X{(p,)en ds — (Vxp, V) r2(s.cv)
>

= —<(divz X)p + Vxo, ¢>L2(27<CN)’

where divy is the divergence on ¥,

divy X = Z ej,

L2(2,CN)

Therefore,
(V5)(X ® 0) = ~(divs X) o — Vg + 3 1(WX (v
By combining (56) with the last expression, for 1 € C*°(3, C) one obtains
(V9)V® = Z’,“(VZ)* e ® (Ve, + 5901 (Wey))y)
=— Z d1Vg e <Ve]. + %V(V)’Y(Wej))lp

£ { =V, (Ve, + %v(l/)v(Wej))@/)

3V 0)(T., + 5901We) o | =50+ 5

To simplify S; we first use the Leibniz rule and the orthogonality of (e;) to obtain

. n—1 , n—1 ,
divye; = Zk:1<6k’ Ve ==> (V. ere)

k=1
and

Sy = ijl (Ve ere) Ve + 5 Z (V. er ey (v)y(Wej)v
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Furthermore,

; 1wk <We]>ve]w+1v<vvej> (Ve + 7

- Z] 1 vejve]w 5 ( )7(vej<wej>)w - ’V(V)’V<W€j)vej¢}1/f - Z |W|2’§D,

and then
n—1
(Vz) vzqu) = Zj:l [vajejd) - Vejvej,lvz)
1
b0 (WL = V., (We)) b =10 We) V.| - 1 WP

V..(We;) + |We;|*>v and Leibniz rule we have
— V., (Wep) + [Wey|Pv = (Vi W)ej + [Wey|*v
W)e; )+ |We;[*), and then

Using V, (We;) =
WV/EJ_ €; — vej<W€j> = WV'ejej
implying "Y(V)’Y(Wvlejej —Ve,(Wej))o = _’7<’/)’7((V;j

S\ * oS n—1
(V ) v ,QZ) = Zj:l |:VVéj6j,l7Z) - Vejvejd)

= 30T W) = 20D 1 (W) Vey] + 5 WP (58)

On the other hand,
D¥D%yp = <H7 ~ v )Zj;V(eﬂ‘)V@) (5
RIS S

T )Y e V)

= U2,
) Y )V 1) 3 e (e (e Ve
+7(v) Z?; (€)Y (Veser) Ve,
+7(v) Z?; (€))7 (ex) Ve, Ve, .

| (59)

The sum of the second, third and forth terms is zero, in fact,

_ % ’7(7/) Z: 11 (ej)vej’ll) Hl (I/) Z:ll 'y(ej)vejd)
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n—1

W) D e (Weg)y(en) Ve, v
——H )Y e Ved 4200 S e (We(en) Ve
= 'Y(V) Zz;i ( Hy + Z W@))’Y(Gk)vek’ll) =0

as the term in the parentheses identically vanishes due to (54]). Therefore, Eq. (59)
rewrites as

n—1

H2 n— n—
(D% = T = 2 Y e (Ve v = 3 (e (V) Ve

n—1
=2 V() Ve Vet

We transform the last term in this expression as follows:

n—1
Zj,k:l 7(€j)7<ek)v€j Vekw

(60)

% Z _ (7(€j)7(6k)vejvek@/) + v(ek)v(ej)vekvejw>
= % ij; (7(61)7(%) + v(ek)fy(ej)) Ve, Ve b
D v<ek>v<e->(vekvej AL

E n y € ;ejw J
Jj=1
where

J = Z:,k11 v(ej)j/(@k) (Vejvek - V@kvej>w = Zéil 7(6j)7(6k)v[ejvek}¢'

Jik=1

Representing [e;, ex] = So1— (e1, [ej, ex) yer, we have

n—1
J=Y e (e Ve = (e, Vi,e) | Vo,

and using
Z:le ejler, Vi, e5) = — Zj:j (Ve e5) = =V, e
we rewrite
J=- Zj;llwej) WL Vet + 3 AT ex) 7(es) Vot
_ ijll YV, ) Ve,

> 1(v<e]>v<v,ek> +(Veex) ) <e~>)vek¢
n—1 ,
= - ij 1 V ek ekw+22 6]7 ek>vek,¢)
n—1 ,
= _ ij , e] (V. ek ekw—QZ V e],ek Ve, ¥
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= — anll €J €k Veki/i QZ

The substitution into (60]) gives

H2 1 n—1 n—1
z%w————ﬁw)E;ﬂ @xmimw—Ejklw%wwz@Wgw
> v%vqw—%Ej )NV e) Vet + ) Vo e
The sum of the third and the fifth terms 51mphﬁes as
n—1
_ ij eV (Veyen) Ve, b + Z e;) (V. ex) Ve, 1)

n—1 n—1
= Zj,kzlfy ;)Y Vejek — Ve,er)Ve, b = ZM:l v(e;)v((Wej, exyv) Ve, b
n—1 n—1
=D ele Wed) v () Ve =0 A(Wer)y(v) Ve, v,

hence,

=" 1o >Zj‘1 (€)(Ve, H1) 6

+Z A(We)y (1) Ve b — Z Ve]Ve]erZ Vv, eV

By comparing the last expression with (58) we obtain
Dt — (V¥)' V¥

o1 | " -
- - WP =) ZJ-:ll’V(ej)(VeHlW 2 17<W€j>7<”>vf%d’
* % Zj_ll Y(W) 7 (Ve W)ej)t + Z V(We)Ve,d.

Noting that the sum of the fouth term and the sixth term on the right hand is zero,
we arrive at

(D2>2w o (VE)*VEQ/J
= =50 Y AT ) U+ 5 3 ) (9, Wes )
= ot (VW - X e )

Therefore, in order to show the sought identity (55) it is sufficient to prove the
equality
n—1 , . n—1
ijl (Ve,W)e; = ijl (Ve, Hi)e;. (61)

In order to check (GI) let us remark that VxVyZ — VyVy — Vixy)Z = 0 for any
X,Y,Z € TY. Using the definition of V' we have

0=Vx(VyZ— (WY, Z)v) = Vy(VxZ — (WX, Z)v) = Vixy|Z + (W[X,Y], Z)v
=V (VyZ — (WY, Z)v) = (WX,VyZ — (WY, Z)yv) — Vi (VxZ — (WX, Z)v)
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+ (WY, VxZ — (WX, Z)v) = VixyZ + (W[X,Y], Z)v.
Using V'yv = Vxrv = WX we then arrive at
0=VyVyZ — (V\W)Y, Z)v — (W(VY), Z)v — (WY, VZ)v — (WY, Z)WX
— (WX, VyZyw =V V% Z + (ViW)X, Z)v + (WVy X, Z)v
+ (WX, VyZ)v + (WX, Z)WY + (WY, VZ) — Vixy1Z + (WIX,Y], Z)v
=VXVyZ = VyVNZ = NixyZ — (WY, Z)WX + (WX, Z)WY
+ (VYW X, Z)v — ((VY\W)Y, Z)v
+ (WYX, Z)v — (W(VY), Z)v + (WX, Y], Z)v.
As VY =V, X = [X,Y], the sum of the terms in the last line vanishes, and consid-
ering the normal components of the remaining equality we obtain ((V}, W)X, Z) =
((V\W)Y, Z), and then ((V4, W)X, Z) = (Y,(VxW)Z). Taking Y = Z = ¢; and

summing over k we arrive at
-1

S VLX) = 3 e (VW )er) e 30 (X (VL W)er) = Yk,

Using the last equality for X = e; we obtain

n—l n—1 n—1
> Do e (Vi Wen)es = 327 (Ve ey

and the left-hand side simplifies to Z:(V;kW)ek, which gives (6I)) and finishes
the proof of (B3]).
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