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Abstract

A complete micromechanics-based model is here proposed using the concepts
of continuum kinematics and thermodynamics. A new constitutive framework is
proposed to describe stress-induced “shear-coupled” grain boundary (GB) migra-
tion. Like non diffusive phase-transformations, shear-coupled GB migration can be
considered on the thermodynamics point of view of conservative nature until high
temperature with respect to melting point (i.e. diffusionless but thermally acti-
vated). The micromechanics-based continuum model can include intra-crystalline
slip, GB sliding and shear-coupled GB migration as additive dissipative mecha-

nisms. To illustrate the present theory, the model is applied to shear-coupled GB
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migration in the case of three “flat” Cu bi-crystals [001] with symmetric tilt GB
(STGB): ¥17(410) (=28.07°), ¥5(210) (0=53.13°), 341(540) (§=T77.32°). Molecu-
lar dynamics (MD) simulations under simple shear loading are first performed to
identify the active shear coupling modes, the stick-slip behaviour at 0K and 500K
and the bicrystal finite size dependence on the shear stress responses. The results of
the micromechanical model are discussed in comparison with MD simulations. The
effects of anisotropic vs. isotropic elastic properties on effective elastic shear moduli,
overall shear stress drop magnitudes and dissipated energy during GB migration are

analyzed for these STGB.

Keywords: Grain boundary motion; Constitutive behaviour; Micromechanics;

Molecular dynamics; Copper

1 Introduction

Interfacial or grain boundary (GB) constitutive behaviour that takes into account
possible GB migration and grain size/shape changes at different temperatures is
today seen relevant to understand the complex mechanisms in grain boundary en-
gineering and nanocrystalline (NC) materials (Sutton and Balluffi, 1995; Cahn and
Taylor, 2004; Cahn et al., 2006a,b; Gianola et al., 2006, 2008; Mompiou et al., 2009,
2010, 2011; Farkas et al., 2006; Tucker et al., 2010, 2011; Tucker and McDowell,
2011). Furthermore, bridging methods between atomistic phenomena at GB and
continuum mechanics should be developed for the design of new engineering materi-
als that involve multiple plasticity mechanisms and various length scales (McDowell,

2008, 2010). The inelastic deformation accommodation mechanisms associated to GB
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significantly affect the mechanical behaviour of polycrystals.

Among these mechanisms, “shear-coupled” GB migration is now seen to compete or
interplay with other intra-granular GB mechanisms in a wide range of temperatures
(Cahn et al., 2006a,b). In NC metals, it now becomes challenging to understand
stress-induced GB migration because this is thought to enhance grain growth at
low temperatures, which is important for making stable structural materials for
engineering applications (Jin et al., 2004; Zhang et al., 2005). In these materials,
the interplay of GB migration with other possible GB deformation mechanisms like
GB sliding (Warner et al., 2006), grain rotation, diffusional creep, partial or perfect
dislocation nucleation and absorption at GB (Bobylev et al., 2010) becomes very
complex due to the high GB volume fraction. For instance, GB migration and pure
sliding can be considered as additive mechanisms which may both be present at
high temperature (Yoshida et al., 2002). In real polycrystalline metals, GB mobility
is also very difficult to capture because of different GB characters (Gottstein and

Shvindlerman, 2010).

Stress-induced GB migration was first discovered experimentally in the 1950’s (Li
et al., 1953) for low-angle grain boundaries (LAGB). For LAGB, stress-induced GB
migration was interpreted in terms of collective motion of single dislocations (Read
and Shockley, 1950; Read, 1953). In addition, high-angle GB (HAGB) were also
seen to move under applied stress (Biscondi and Goux, 1968). More recently, many
experimental data (Winning et al., 2001, 2002; Molodov et al., 2007; Gorkaya et al.,
2009; Molodov et al., 2011) confirmed this stress-induced GB mechanism for high-
purity planar Al bi-crystals with both [001] tilt LAGB and HAGB (from 0 to 90°
misorientations). By performing mechanical tests on Al bi-crystals on a wide range
of temperature (from 280°C to 400°C), Gorkaya et al. (2009) showed that GB mi-

gration is a thermally activated process and there is a misorientation dependence of



activation parameters like activation enthalpy and mobility pre-exponential factor.
The mechanism of stress-induced shear-coupled GB migration at room temperature
is today well identified by a shear deformation accompanying GB migration for sym-
metric (coincident) tilt GB (here denoted STGB) but less for general non symmetric
GB. This new deformation mechanism is different from strain-induced GB migration
studied for recrystallization phenomena. The latter essentially comes from spatially
heterogeneous intra-crystalline dislocation densities in the vicinity of GB (Busso,

1998).

In the same time, theoretical studies (Read and Shockley, 1950; Read, 1953; Cahn
and Taylor, 2004) as well as molecular dynamics (MD) simulations using the EAM
potential for Cu bicrystals with STGB (Cahn et al., 2006a,b; Zhang et al., 2008)
show that stress-induced GB migration is characterized by a shear “coupling factor”
(or shear deformation usually denoted () which is defined by the ratio of the shear
displacement parallel to the GB plane to the GB propagation normal to its plane.
This coupling factor is purely geometric and depends on the tilt GB misorientation.
“Shear-coupled” GB migration was recently analyzed by Cahn et al. (2006a,b) using

the “Frank-Bilby” equation (Frank, 1950; Bilby, 1955; Bullough and Bilby, 1956).

By performing in situ TEM observations of different grains with curved GB in
stressed nano-polycrystalline Al films, Legros et al. (2008) found that GB motion
essentially occurs near stress concentration regions like cracks with very large veloc-
ities (30 nm.s™*-200 nm.s™!). This would indicate that stress-induced GB migration
is a new relaxation mechanism different from long-range diffusion processes at GB.
For that reason, it is very similar to stress induced twin boundary migration, which
was very recently finely examined through MD simulations (Tucker et al., 2011;
Wang et al., 2011). Mompiou et al. (2009) also experimentally confirmed in ultra-

fine grained Al with random GB the minor role of diffusion in ultra-fine grained Al
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with random GB during the GB migration process and the absence of GB dislocation
emission. They showed a coupling factor exists between shear and migration, and
their measurement for HAGB was close to the theoretical value derived by Cahn et al.
(2006a,b). Later, the same group (Mompiou et al., 2010, 2011) developed a purely
geometric approach, called “SMIG model”, for GB not having necessarily specific
orientation relationships. For general GB, shear-coupled GB migration involves the

glide motion of more generalized defects than dislocations called “disconnections”

(Hirth and Pond, 1996; Hirth et al., 2007; Pond et al., 2008).

Due to the complexity of atomistic mechanisms in the case of general GB, we will
limit the present study to the constitutive behaviour of Cu STGB undergoing shear-
coupled migration. For Cu [001] STGB, two shear deformation modes associated
to <110> and <100> crystallographic directions linked to two coupling factors
(resp. negative and positive) were observed using MD simulations and confirmed
experimentally by Molodov et al. (2007, 2011). In particular, a dual temperature
dependent behaviour for certain misorientations (around 53°) may be observed at
finite temperatures. According to Cahn et al. (2006a), a transition exists above 800K
where the shear-coupled GB migration may be interrupted by occasional sliding
events. Between these sliding events, the GB plane continues to move accompanied
by shear. This suggests that pure GB sliding occurs through atomistic mechanisms
that preserve GB character. At medium and low temperatures, shear-coupled GB
migration has a stick slip stress versus time characteristic response which can be

retrieved by atomistic simulations (Mishin et al., 2007; Ivanov and Mishin, 2008).

The objectives of the present paper are the following. A complete micromechanics-
based constitutive model is here proposed using the concepts of continuum ther-
momechanics to describe shear-coupled GB migration in bicrystals. Kinematics and

thermodynamics associated with different additive dissipative mechanisms (intra-



crystalline slip, GB sliding and shear-coupled GB migration) will be introduced in
section 2. In this paper, shear-coupled GB migration will be considered as a shear
process in the local coordinates associated to grain boundary plane that can be
described in linearized kinematics by an eigenstrain (or plastic strain jump at the
discontinuity GB interface) similarly to deformation twinning (Christian and Maha-
jan, 1995; Fischer et al., 2003). To illustrate the present theory, section 3 will focus
on planar bicrystals and pure shear-coupled situations without sliding in addition to
intra-crystalline slip. It will be derived that the shear “coupling factor” [ is related
to plastic strain jump at the GB through an “orientation tensor” characterized by
GB interfacial Burgers vector and slip plane. In section 4, numerical examples and
MD simulations will be restricted to the shear responses of three Cu STGB exhibit-
ing shear-coupled GB migration with absence of bulk plasticity (crystal sizes will
be lower or equal to 10nm). In these situations, atomic scale deformation mecha-
nisms are well identified using the concept of “displacement shift complete” (DSC)
dislocations (Rae and Smith, 1980; Sutton and Balluffi, 1995; Cahn et al., 2006a) or
“disconnections” (Hirth and Pond, 1996; Hirth et al., 2007; Pond et al., 2008). These
interfacial defects will be introduced in the constitutive framework and a discussion
about the role of stress-induced GB migration coupled with anisotropic elasticity
on stress-strain characteristics is provided in the light of the micromechanics-based
model. Section 5 concludes and sketch some perspectives for the applicability of the
present bi-crystal constitutive framework in mean field polycrystalline modelling

involving NC materials and/or deformation twinning.

W

Throughout the paper, a “” indicates a spatial differentiation, a superposed dot a
particle time derivative (or rate). “[A]” denotes the jump of a bulk field “A” at a
discontinuity surface such that [A] = A — Al to be consistent with Fig. 1 where I
and II are both crystals forming a bicrystal (crystal II being the consumed crystal

during interface motion). “(A)” denotes the average of a bulk field A across the
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interface defined by (A) = 3 (AH—l—AI). The Einstein summation convention is also

used throughout the paper.

2 Continuum thermo-micromechanical model
2.1 Kinematics

Following Abeyaratne and Knowles (1990), Cermelli and Gurtin (1994), Simha and
Bhattacharya (1998), Fischer et al. (1998), the particle velocity vector jump at the
discontinuity interface (GB) denoted hereafter S can be decomposed as follows (Fig.
1)

[v;] = (0] + [0,)® (1)
where

] = = [ui ] njon (2)
is the particle velocity jump due to normal GB propagation assuming linearized
kinematics (Hadamard, 1903; Abeyaratne and Knowles, 1990) and [v;]® is the part
of particle velocity jump at the interface due to tangential GB sliding. In Eq. 2, [u; ;]
represents the jump of displacement gradient or total distortion at the discontinuity
interface S. wy is the GB normal velocity and n; is the unit normal vector to the GB
plane oriented from I towards II (Fig. 1). According to Fig. 1, the particle velocity

jump contains a tangential part v/l and a normal one v as follows
[Ui] = ’U”tz‘ + ani (3)

where vll reads
ol = Buy + v, (4)
In Eq. 4, v, = [vi](Q) t; is the tangential velocity due to GB sliding. This one has

to be specified by a constitutive law depending on a driving force. The constitutive



law for tangential GB sliding is not considered because only pure shear-coupled GB
migration configurations will be presented in the rest of the paper from Section 3.
Using Eq. 2, # can be identified as a function of the interfacial jump of displacement

gradient through the following expression

B = —[u; | njt; (5)

[ is a purely geometric parameter due to interfacial kinematics that can be identified
as the “coupling factor” following the terminology used by Cahn and Taylor (2004).

This section shows it does not depend on any constitutive law.

[V"] Y Crystalll
0y —
________________________ GB plane
Crystal |

Figure 1. Schematic representation of grain boundary (GB) migration and sliding (kine-

matics). [v;] = v/ — v;! denotes the jump of v; at the interface (GB plane) oriented by

unit normal vector n; from crystal I to crystal II.

In the case of a perfect interface (without GB sliding), the jump of displacement
gradient reads

[ui ] = Ain; (6)
where ); is an arbitrary vector measuring the magnitude and direction of displace-
ment gradient jump at the interface (this one can be obtained from the so-called
Christoffel matrix). It is noteworthy that Eq. 4 was postulated by Cahn and Taylor
(2004) without any direct link to continuum-based kinematics like in the present
contribution. Eq. 5 may serve to link the “coupling factor” /3 to the shear deforma-
tion component as revealed by Tucker et al. (2011) using atomistic simulations and
associated deformation metrics. Their Fig. 4c shows a typical shear-coupled GB mi-

gration process for a 33 (111) coherent twin boundary in f.c.c. materials. According
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to Eq. 5, this leads to a “coupling factor” close to 1/4/2 which is consistent with
twinning shear deformation in f.c.c. materials (Christian and Mahajan, 1995; Fischer

et al., 2003).

2.2 Thermodynamics

The mechanical dissipation D in the body V is defined as the difference between
the power of the applied forces denoted P.,; and the rate of change of the stored
energy @ (time derivative of the Helmholtz free energy), which corresponds under
isothermal and quasi-static evolutions to the time derivative of the elastic energy
(Coleman and Gurtin, 1967; Maugin, 1992; Maugin and Muschik, 1994; Maugin,

2011)

D=P,—® (7)

Neglecting the excess interfacial energy effects at GB in Eq. 7, ® is given by
1 &
@:/5%%M/ 8)
1%

where 0;; and €f; are respectively the Cauchy stresses and the elastic strains. The

power of external forces is defined as

Pezt = /UijnjvidV (9)
ov

where n; is the unit outward normal vector at a point of the external boundary of
V denoted OV and wv; is the material velocity at this point. As described in the
kinematics part (Subsection 2.1), the strains and stresses are discontinuous across
the moving interface. Consequently, the elastic energy density ¢ = %O—ijg,?j present in
Eq. 8 is also discontinuous through the moving interface S. Applying the transport

theorem for growing discontinuity interface S to Eq. 8, ® is given by (see also
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Cherkaoui et al. (1998, 2000); Langlois and Berveiller (2003))
b = / ddV — / [$londS (10)
\% S

In Eq. 10, the first volume term containing gb can be easily computed using ¢;; =

e p
gg; T &;; as follows

1% v
The second term of Eq. 10 which contains [¢] is defined as

o= 3 o8 (el =)~ o e =) "

This expression is much simplified in the case of linear homogeneous elastic proper-
ties and using the usual symmetries of the homogeneous elastic stiffness tensor Cjj

as follows
[¢] = <Jij> [51‘]’ - 5?]} (13)
Thus, the expression for @ is obtained using Egs. 10-12
b — / oy (25— 25) AV — / ($lwndS (14)
v S
The expression of external power P,,; can be simplified using the divergence theorem
starting from Eq. 9 as follows

Pext = /(Jijvi)yjd\/%—/ [Uijvi] ’I'L]dv =
S

v (15)

/(Uz’j,jvi+Uij€'ij)dv+/(<0ij”j> [vi] + [oijn] (vi)) dS

Because of the identity [o;;v;] = (0:;) [vi]+][04;] (vi) (Abeyaratne and Knowles, 1990),
static stress equilibrium without body forces in the bulk (0;;; = 0) and traction
vector continuity across S (i.e. [o;;n,] = 0) applied to Eq. 15 yields

Pewt = /O'ZJEZ]dV + / <0ijnj> [Uz] dS (16)
Vv S
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Introducing Eqgs. 1 and 2 in Eq. 16, it comes

Pext = /O'UEZ]CZV — / <Jijn]’> [ul,k] nkdeS —+ / (02-]-71]-) [UZ](Q) dS (17)
\%4 S S

From Eq. 6, the following identity holds (o;;n;) [u; ] nk = (oi;n;) Mingng = (045) Ain;
(0ij) [uij] = (0i;) [€ij]. Thus, Eq. 17 simplifies into

Pe;tt = /awsde — / <Jij> [6@'] deS + / (oijnj> [UZ}@) dS (18)
\% S S

By comparing Eq. 14 and Eq. 18, the total dissipation D of the system is positive
and reads according to Eq. 7

D= [ oV - [ (o) les] - [6) wndS + [ (o) )P dS (19)

For homogeneous elastic properties, Eq. 13 can be applied so that Eq. 19 simplifies

into

D= [asehav — [ (o) [eh] wndS + [ (oyn;) [0]® ds (20)
v S S
The first term in Eq. 19 is the classic bulk dissipation due to crystallographic slip

evolution in crystals without discontinuity interface. The second term in Eq. 19
is due to the propagation of interface discontinuities and can be related to shear-
coupled GB migration. The associated driving force on the interface S is given by
[¢] — (04;) [€4] for heterogeneous elastic solids and simplifies into — (o) {5%} for ho-
mogeneous elastic ones. This driving force can be related to the energy-momentum
tensor Pj; = ¢d;; —0;;u;,; introduced by Eshelby (1951, 1970) through the jump rela-
tionship [P;]n; = ([¢] — (0i;) [ei;]) nu for heterogeneous elastic solids. The last term
in Eq. 19 or Eq. 20 is due to a possible incoherent interface authorizing tangential
GB sliding (see Eq. 4.). In the following, we first highlight the application of the con-
tinuum kinematics and thermodynamics frameworks to stress-induced shear-coupled
GB migration. From the continuum mechanics viewpoint, GB is here considered as a

continuously distributed dislocation (in the sense of collective dislocations) for both
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LAGB and HAGB. In section 3, the transport of GB dislocations is fully examined

considering a bicrystal with planar GB and average mechanical fields in each crystal.

3 Bicrystals with planar grain boundaries and perfect shear-coupled mi-

gration
3.1  Transport equations and average fields

In this part and in the rest of the paper, interfacial sliding will be disregarded, and
we only focus on stress-induced motion of discontinuity interfaces like GB, assuming
they are coherent interfaces. This means that only the first two terms of Eq. 19 are
considered. This situation corresponds to “perfect shear-coupling” GB migration as
defined in Cahn and Taylor (2004). Thus, for a bicrystals with planar GB, such as

the one represented in Fig. 2, Eq. 19 yields the dissipation per unit volume
D I -pl II_pll -
v = faijgij + (1 - f)aij g + ([¢] = <0ij> [52'1']) / (21)

where f is the current volume fraction of crystal L. If crystal I moves into crystal II,
f describes the rate of growth of the thickness of crystal I due to normal motion.
In the particular case of homogeneous elasticity, [¢] — (0;;) [€;;] should be replaced
by — (o4;) {5%} in Eq. 21. Furthermore, the overall strain (resp. stress) evolutions
are given by the following transport equations (see also Petryk (1998)) involving the

strain (resp. stress) jump [qj} (resp. {Uij]) for the plane discontinuity interface S

By = ‘1/‘//éijdv B ‘1/5/ [gij}“NdS = fei+ (1= ey - [Eiﬂ‘] f (22)

I 1 : ; '
Sy = fout? = [ osfowas = el 0= 00 =[] (20
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Figure 2. Bicrystal configuration for shear-coupled GB migration with infinite planar in-

terface (GB plane). Here, the consumed grain (crystal II) is chosen as the reference lattice.

From Eq. 22 and assuming homogeneous elasticity, the overall plastic strain rate
reads
1 11 :
”_v/ 2dV — / b lwnds = fl + (1 - e [ F o (20)
5
For an infinite plane GB and considering heterogeneous elasticity, the strain concen-
tration equations (given applied homogeneous strains) are detailed in Appendix A
through Eq. A.3. The calculations give the following general expressions for E{j and
7

61]

eilj = A{jszkl —(1—1) Gijkl [o7]
(25)

e = AlluEy + [Gijn [o})]
where E;; are the overall homogeneous strains, A, A}, are respectively the strain
concentration tensors for crystals I and II, Gj;j; is a strain influence tensor which
depends on the anisotropic elastic constants in crystals [ and II. In Eq. 25, {afj} is
defined by
[ } Cdﬁcz - C]k;lgkl (26)

)

Al ALl [am and G, are given in Appendix A through Eqgs. A.4 and A.5.
The strain jump [g;;] can be easily derived from Eq. 25. In addition, the effective

(overall) elastic moduli cel ikl 7 of the bicrystal can be computed using Eq. 25 together
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with {JZ} = 0 and the static averaging rules. The complete expressions of the
effective elastic moduli C’Z};{ are given in Appendix A through Egs. A.6 and Eq.
A.7. Conversely, the effective (overall) elastic compliances are also given in Appendix

A (Egs. A.11 and A.12). For an infinite planar GB, and assuming heterogeneous

elasticity, the analytical expressions (the so-called stress concentration equations)

I

for o;;

and O'Z-Ijl are derived in Appendix A through Eq. A.8 and take the general

form of

ol = B{jklzkl +(1-f) Fiin [eh]

v

(27)
U{j] = Bﬁm% — [ Fiju €]

where Y;; are the overall stresses, B}, BJJ}, are respectively the stress concentration
tensors for crystals I and II, Fjjz is a stress influence tensor which depends on the
anisotropic elastic constants in crystals I and II (see also the works of Stupkiewicz
and Petryk (2002); Franciosi and Berbenni (2007, 2008); Richeton and Berbenni
(2013)). The complete analytical expressions for Bl;,;, Bl and Fyy are given in
Appendix A through Eqgs. A.9 and A.10. The interfacial stress jump and average
directly follow from Eq. 27. Stress concentration equations for the particular case of

isotropic elasticity can be easily obtained from Appendix A or can be found in Rey

and Zaoui (1980).
3.2 Intra-crystalline slip
Assuming £ is a crystallographic slip system where lattice dislocation motion may

occur within both crystals I and II, then for each crystal, the plastic strain rates

present in Eq. 21 yield

: k 2k
5?]' = Z Ry (28)
k
where Rfj = % (mfn;“ + mfnf) is the classic Schmid (or orientation) tensor for crys-

tallographic glide, and the summation is over k (where k=1 to 12 for f.c.c. crystals
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like Cu crystals). Therefore, the dissipation density due to bulk crystallographic
glide is

O'ijéZ' = Z lek (29)
where 7% = Rfjaij are the resolved shear st];esses, i.e. the driving forces for crystal-
lographic slip along the active slip systems k.
In Eq. 21, let us now express the term ([¢] — (oy;) [e55]) f (general case) or — (o) [51;]1 f
(for homogeneous elasticity). These terms characterize the intrinsic dissipation per
unit volume due the shear-coupled GB migration mechanism. In the following, the
link between continuum-based GB dislocation density and the coupling factor ( is

detailed using the continuum dislocation density tensor introduced by Nye (1953).
3.8 Link between GB dislocation content and coupling factor

In the continuum dislocation theory (Nye, 1953; Kroner, 1958, 1981; Mura, 1963;

Willis, 1967; Acharya, 2001), the dislocation density tensor «y; is defined as the

e

Curl of the incompatible elastic distortion 35; (i.e. the elastic incompatible part of

the displacement, gradient u;; = f;; = 35 + (%, in the linearized theory) as follows

Qni = €nii By (30)

where €,; is the permutation tensor. According to the Frank-Bilby theory of sur-
face dislocations (Frank, 1950; Bilby, 1955; Bullough and Bilby, 1956; Bullough,
1965), the plastic distortion jump (or eigendistortion) due to the GB dislocations
(which is a continuum description of discrete GB defects present at the atomic scale
and responsible for GB migration) can be obtained from the expression of surface

dislocation densities (Bullough and Bilby, 1956; Mura, 1987) defined as follows
;= Enij {5}?} ny = Epij ( Il — ff) ny (31)

Applying the 1% order Hadamard compatibility relation (Hadamard, 1903) at the
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discontinuity interface (i.e. €p; [B]—} n = €py; ( ]If — ]IZ) n, =0) , Eq. 31 yields

Oé;gj = —Cjku 18] (32)

Assuming ¢ a given unit vector in the boundary plane (of unit normal n,, ) in Fig.
3 and w; a unit vector such as w; = €jpnnty, then the resultant Burgers vector of
dislocation lines cut by # is B; = afjwj . Using Eq. 32, €uSjmn = OkmOin — OknOim
and n,t, = 0, it comes

B = —[B]t (33)
The plastic distortion jump [5] results from plastic accommodation due the motion
of gliding surface dislocation embodied by afj. This formalism was first applied to
martensitic transformations by Bullough and Bilby (1956) and later by Cahn et al.
(2006b) for ”shear-coupled” GB migration. If crystal 1T is consumed during the
motion of crystal I into crystal II then crystal II will be considered as the reference

lattice. This is similar to a parent phase in martensitic transformations as described

in Bullough and Bilby (1956). Thus,

8] = —Bligy (34)

where [; and g¢; are unit vectors defined with respect to the reference crystal (see Fig.
3) so that the interface dislocations can be considered for LAGB as discrete distri-
butions of straight dislocations parallel to a unit vector. For HAGB, the interfacial
dislocations are described here as general Frank-Bilby surface dislocations (Frank,
1950; Bilby, 1955; Bullough and Bilby, 1956; Bullough, 1965). Eq. 34 characterizes
a simple shear of magnitude 3 defined as the “coupling factor” by Cahn and Tay-
lor (2004) during perfect shear-coupled GB migration (i.e. without sliding). This /3
factor was already identified in Subsection 2.1 without making any reference to the

Frank-Bilby surface dislocation concept like in the present section.

Here, [; gives the direction of the Burgers vector content B; such that B; = Bl;
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Crystalll

GB plane

Crystal |

Figure 3. Definition of surface dislocation Burgers vector B; with respect to reference
crystal II. [; is a unit vector in the direction of the Burgers vector, and g; represents the

unit normal to the gliding plane of the surface dislocation.

where B is its magnitude, and g; represents the unit normal to the gliding plane of

the GB dislocations, such as Eq. 33 and Eq. 34 give
B; = Bligit; = Bl; (35)

From the last equation, the relationship between B and [ is found

B

= — (36)
aity

In the case of STGB with a tilt axis direction given by the unit vector p;, =

Ejmnlm9n = €jmntmny , simple geometric considerations using Fig. 3 gives the ex-

pression of the coupling factor

B

= — 37

- 1)

This relationship is consistent with Cahn et al. (2006a)’s work through their Fq.

(21). In this section, the most important is the expression of [z—:m, the symmetric
part of { ;ﬂ, which reads from Eq. 34
5] = Ry (39)
with
— 1
Ry = B (lig; + gil;) (39)
E;j is defined as the “orientation tensor” associated to the shear deformation (or

slip) of magnitude S coupled to GB migration. From the previous definitions of ;
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p

and g; in Fig. 3, RT] and [Ei]} are traceless (i.e. R\k/k:()) so that the induced plastic

strain due to shear-coupled GB migration is incompressible.

3.4 Driving forces

From Eq. 21, the total dissipation per unit volume can be rewritten in the following

general form

D .
V= F; (B, Y0, X;) Xi (40)

where F; are the driving forces associated to internal variables X;. These ones depend

on the overall strains E;; or stresses >J;; and on the three internal variables X;

pl _pll

(i.e. €i;,€;; ", f). In this problem, the three driving forces Fopr, Fopir, Fy associated

pl _pll

respectively to 55, &, f (describing three independent inelastic processes) are listed

below using Eq. 21

Fepl — ']CO-{7

Foprr = (1= f)oll (41)

]

Fy = (9] — <Uij> [&j]

! (0i7), [¢] and [e;;] can be computed using Eq. 25 or Eq. 27. In the

where o, afjl ,
case of homogeneous elasticity without intra-crystalline slip, F simply becomes
Fy = —(0i;) {gﬁ’j] = (03;) Ri; 8 = 703 following Subsection 3.3 where 7 is the driving
resolved shear stress on the surface dislocation gliding plane associated to [5%}, Rv]
is the orientation tensor previously defined in Subsection 3.3 and 3 is the shear
coupling factor. In the thermo-mechanics of plasticity (Rice, 1975; Maugin, 1992;
Maugin and Muschik, 1994; Maugin, 2011), the critical forces (corresponding to
“threshold stresses” for the previous irreversible processes) are needed to complete

the theory. The considered constitutive expressions for the critical forces and the

kinetics law must be chosen with respect to a positive dissipation per unit volume
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in Eq. 40.

3.5 Critical forces for GB motion and constitutive equations

If the critical forces for intra-crystalline slip, here denoted FEC;,, Fgl ; in both crystals
I and II, are higher than their respective corresponding driving forces and only the

critical force for shear-coupled GB migration denoted F fC is reached by Fy then

For < F;{:z

Foir < FSur (42)

Fy=Ff
In the case of homogeneous elasticity, the last equation in Eq. 42 reduces to 7 = 7¢
for a given shear coupling factor § where 7¢ is the critical shear stress resolved on
the surface dislocation gliding plane. When F reaches F fC (or when 7 reaches 7¢ in

the case of homogeneous elasticity) in Eq. 42, the GB migration flux is given by the

expression of f for an infinite GB plane as follows

|
f:VS/WNdSZV:L (43)

where L is the total length of the deformed bicrystal in the normal direction to the
GB.

The overall Hooke’s law (see Appendix A, Eq. A.6) together with Eqgs. 22, 23, 43 give

the following constitutive relationship between the overall stress and strain rates

- e - w e
£y = Cff (Bu+ 2 (lew) = Sif2 lown) (14)

where [g;;] and [o;;] are respectively provided by Eq. 25 or Eq. 27 depending on

homogeneous strain or stress conditions prescribed on the boundary of the bicrystal.
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Thus, for heterogeneous elastic bicrystals, Eq. 44 also writes
: . i o
Sy = Cifil (Bu — EG") (45)

where EZQH is the effective (overall) plastic strain rate due to shear-coupled GB

migration defined as

- e w .
Ezpjﬁ = _TN ([%‘] - Sz‘jJ;ch [Ukl]) (46)

Finally, the explicit constitutive macroscopic law is

. e . e (-“-)N wN
S = Ciil By + Cif [en] 7 - 0] A (47)

If homogeneous elasticity is assumed, the last constitutive law simplifies into

. . w
Yij = Ciji (Ek, + [kl LN> (48)

which gives, using Eq. 38 in the case where crystal II is consumed,
. . — WpN
Xij = Cijki (Ekl - RklﬁL) (49)

wy is dependent on the driving force through a mobility function which may depend
on many variables such as GB misorientation, temperature, composition, etc. Follow-
ing recent experimental data (Gorkaya et al., 2009), stress-driven shear-coupled GB
migration exhibits a temperature dependence indicating that a thermally-activated
process is at the origin of the shear-coupled GB migration. It is noteworthy that
recent efforts were made to capture the kinetics law for the GB migration process at
finite temperatures and strain rates by Mishin et al. (2007). Because of the limited
time scale of classic MD, they used accelerated MD simulations like the parallel-
replica dynamics method for a particular Cu flat $13 (320) [001] (# = 67.4°) STGB
to cover a wide GB velocity range comparable to experimental ones at a fixed tem-
perature (T=500K). Through a one-dimensional analysis, they concluded that the
kinetics law for stress induced-GB migration is of stick-slip nature in a large veloc-

ity range at this finite temperature. They reported the following expression for the

20



tangential velocity vl during stick-slip dynamics

3

1 ;
0 2 AG(1 - Z)?

o — 77;(1_78) exp | - (kT %) (50)

where 7, is the critical shear stress (or peak stress) at finite temperature 7' (72 is the
critical shear stress at 0K), 7 is an effective friction coefficient, AGY is the stress-free
activation energy barrier and % is the Boltzmann constant. Eq. 50 was found to
work in a large range of velocities v/ from 5x107* to 5 m/s (Mishin et al., 2007).
Thus, the GB migration flux at finite temperature in the model could be determined
from Eq. 50. However, the accurate determination of the kinetics parameters for the
three investigated Cu STGB will need specific simulation methods (parallel-replica
dynamics, nudged elastic band methods) which are out of the scope of the present

study.

Eq. 47 shows that once GB migration is active for a given normal velocity wy
(which also depends on the applied velocity to the bicrystal), the instantaneous stress
decrease due to induced plastic strain is dependent on the effective elastic moduli

fj;]lc (or Cyjp; in the case of homogeneous elasticity), the GB character (through
Rvj and () and the bicrystal finite size L. The calculation of f (or equivalently
the volume fraction increment dictated by the stepwise normal GB motion at each
GB migration event) will be specified and discussed in Section 4 (for 0K and 500K
temperatures) with application to particular [001] Cu STGB. For the latter, the

atomistic mechanisms and collective steps when GB migrates are known following

appropriate vectors of the DSC lattice (Rae and Smith, 1980; Cahn et al., 2006a).

21



4 Application to Cu [001] STGB

4.1 Shear coupling modes

Following Cahn et al. (2006a,b); Mishin et al. (2007); Zhang et al. (2008), we consid-
ered [001] STGB in cubic metals like Cu (f.c.c. metal). GB are generally characterized
by five angles. Four angles are set up by choosing the tilt axis and the GB plane is a
particular mirror plane of the bicrystal containing the tilt axis. The misorientation
angle 6 is defined as the tilt angle between the [100] directions of both crystals in the
counterclockwise direction, with 0 <6< 7/2 due to the four-fold symmetry around
the tilt axis. Hence, the GB plane lies along the bisector between the [100] directions

like in Fig. 4.

Crystalll

________________________ GB plane

B<110>

Figure 4. Definition of the misorientation angle 6 for [001]-type tilt boundaries. Two Burg-
ers vectors B; with directions given by unit vectors [; are possible which correspond to two
different mappings for Burgers circuit. The normal directions to the slip planes are given

by unit vectors g;. Angles 6 and ¢ are linked each other by @=m/2-6.

Following Cahn et al. (2006b), two mappings for the Burgers circuit allows two pos-
sible B; and two associated “coupling modes” to be defined. The first “coupling
mode” called the <100> mode (or “mode 1”) is such that ; is parallel to the cube

direction [010] of the reference lattice (crystal II) and the Frank-Bilby dislocation
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slip planes are (100) (Cahn et al., 2006b). The slip plane is represented to the left
of the GB normal in Fig. 4. For small § (LAGB), the expressions for B; and the
associated dislocation density can be resolved by a discrete distribution of single
lattice dislocations of Burgers vectors b; =ay [010] where ay, is the lattice parameter
(Bullough, 1965). For LAGB, the critical stress is proportional to the glide compo-
nent of the Peach-Koehler force required to initiate the collective glide of the arrays
of GB dislocations (Molodov et al., 2007). There are two kinds of LAGB: either for
small 0 or for 6 close to /2 (i.e. o= /2 - 6 near 0). The latter corresponds to the
GB “mode II” migration (<110> mode) where [; is parallel to the direction [110]
of the reference lattice (crystal I) and the associated resolved single dislocations are
of type b;j=ar,/2[110]. In this case, the Frank-Bilby surface dislocation glides along
(110) planes, which is represented to the right of the GB normal in Fig. 4.

For HAGB, the discrete distributions of single dislocations can not be resolved any-
more (Li, 1961) and the Frank-Bilby equation (Eq. 32) is here used for these STGB.
Disclination models would be possible to describe HAGB (Li, 1972; Clayton et al.,
2006; Upadhyay et al., 2011). These approaches are based on different kinematics
and couple-stress fields which are not discussed in the present paper. As established
by Cahn et al. (2006b), the Frank-Bilby equation (FBE) introduced in Subsection 3.3
provides two feasible solutions for [001] STGB and their continuous GB dislocation
density. These two solutions (as functions of €) correspond to Burgers vectors either
parallel to [010] (denoted as B; <100> for “mode I") or parallel to [110] (denoted
as as B; <110> for “mode I1"). Here, [010] and [110] are crystallographic directions
respectively defined in the crystal II and crystal I. For GB “mode I” migration, the
consumed grain is crystal I (reference lattice) such as f > 0, whereas for “mode II”
migration, crystal I (reference lattice) is consumed with f < 0. Under simple shear
loading, these two coupling modes compete with each other, and the transition from

one mode to the other occurs at a critical misorientation angle # which depends on
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temperature (see Fig 8 in Cahn et al. (2006a)). Note that as the temperature drops,
the 6 range of “mode II” expands and it may be the only active coupling mode
for all values of 6 at T=0K. The invoked reason is that the activation of “mode I”
requires the breaking of the mirror symmetry due to equivalent row translations by
lattice vectors 1/2[001] and 1/2[001]. This symmetry can only be broken at finite
temperatures where ledges and other defects may form easily. This issue was also
checked using the gamma-surfaces associated to both modes at 0K by Cahn et al.

(2006a).

Thus, due to the complexity of atomistic mechanisms in the case of general GB,
we here limit atomistic investigations to study the constitutive behaviour associ-
ated with the STGB shear-coupled migration. For this case, MD simulations are
conducted for three Cu [001] STGB with misorientation angles =77.32°, 53.13°,
28.07° which show the well-identified temperature dependent shear-coupling <100>
and <110> modes linked to two characteristic coupling factors § (resp. positive and
negative). According to Cahn et al. (2006a), the coupling factor 8 depends on 6 and

on the “coupling modes” as follows

B<100> = 2tan <0>
: (51)

B<ito> = —2tan (;D)

where ¢ = 7 — 0. MD simulations shown in Subection 4.2 will first provide the shear
stress response, the temperature dependent shear coupling mode as a function of the
GB character, the critical shear stresses (or “peak stresses”), the stress accommo-
dation due to shear (shear stress drop during GB migration) and the saw-tooth be-
haviour (stick slip character). Second, the results of the developed micromechanics-
based model regarding effective elastic moduli, shear stress drops and dissipated
energy will be discussed in Subection 4.3. The roles of GB character, bicrystal size

and anisotropic elasticity will be studied in Subection 4.3.
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4.2 Molecular dynamics simulations

4.2.1 Computational methodology

In this section, a few “flat” Cu [001] STGB, namely ¥41(540) (=77.32°), ¥5(210)
(0=53.13°), X17(410) (0=28.07°), were studied at 0K and at 500K temperatures
using the EAM interatomic potential provided by Mishin et al. (2001) for Cu. Note
that in the work of Cahn et al. (2006a) where MD simulations were performed under
simple shear loading at 800K, the first two STGB display “mode II” migration, and
the last one displays the “mode I” (see table 1 in Cahn et al. (2006a)). However, all
of them display the “mode II” (<110> mode) at 0K as can be inferred from the plots
in their Fig 8. Here, each bicrystal with [001] STGB is created using the coincident
site lattice (CSL) model by placing the first crystal on the top of the other using

the following procedure (Fig. 5).

The tilt axis (x3-axis) is along [001] direction. The horizontal plane (x1,x3) corre-
sponds to the GB plane, and [100] directions for crystals I and II makes an angle
. Several initial configurations are also tested by shifting the upper grain with re-
spect to the lower along the (x1) direction so as to obtain the lowest energy state of
a GB configuration after atomic relaxation. The energy minimization is performed
with the LAMMPS simulator? using a conjugate gradient method. The methodol-
ogy used to construct the bicrystal in a relaxed configuration (Fig. 6) is similar to
what has been done before by several authors (Cahn et al., 2006a; Spearot et al.,
2008). The methodology adequately accounts for in-plane shifts and result in a re-
laxed configuration with GB structural units same as those obtained by previous
authors. Similarly, interfacial energy values are also in excellent agreement with

previously published results given in Spearot et al. (2008). Each Cu crystal for sim-

2 LAMMPS Molecular Dynamics Simulator; http///lammps.sandia.gov/.
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vl =EL
E=10%"
ot = 1fs

Dynamic atoms

Grain Boundary

Dynamic atoms

Figure 5. Schematic figure of the computational atomistic unit cell box with coordinate
axes and periodic boundary conditions. L is the total length in the normal direction (as

defined in the text) to the GB plane for dynamic atoms subjected to shear.

ulations is approximately cubic shaped, and the simulation block for the bicrystal
contains between 30000 - 45000 atoms with periodicity in the (x1) and the (x3)
directions. System dimensions chosen were adequate for the problem considered and
with number of atoms very similar to those reported by Cahn et al. (2006a). Pe-
riodic dimensions in the (x1) and the (x3) directions are listed as follows: 4.7 x
4.7 nm for ¥41(540) (0=77.32°), 3.3 x 3.3 nm for ¥5(210) (#=53.13°), and, 6 X
5.8 nm for ¥17(410) (0=28.07°). After molecular static simulation to obtain op-
timized structure, the system was further equilibrated using Molecular Dynamics
(MD) simulations for 40 ps at 0.001 ps under isothermal-isobaric NPT ensemble.
Temperature was increased in increments and for every 100K temperature increase
(i.e. 100K, 200K, 300K, 400K and 500K), the system was further equilibrated for

40ps each with 1fs time step. MD simulations for shear loading were performed in
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the canonical NVT ensemble with Nose-Hoover thermostat under a fixed volume.

The structure is subjected to constant shear strain rate loading as follows.

35(210)

1% 0% 0% 0% 0% 0
%00 0@
L0 0. 0.0
e e". 4. 0. 0" 0
0. 0. 0% 0" 0" 0
T ™ et W b o
®
e 0 e e 0% @
1© @0 @0 g0 g0 @

[001]

517 (410)

[001]

[130]

341(540)

[450]

[001]

Figure 6. Structure of the Cu bicrystal showing the STGB Structural units from left to

right: $5(210) (6=53.13°), £17(410) (§=28.07°), 241(540) (6=77.32°). Crystallographic

orientation of the lower crystal are shown at the bottom.

The simulation block (Fig. 5) is sandwiched between the top and the bottom layer

(along the (x2) axis) of thickness about 2 times the potential cut-off distance. These

two layers do not participate in computing data from the simulations and serve only

to impose simple shear loading. The bottom block is held fixed and the constant

shear velocity vy = vl = EL is applied to the top part of the block in the (x1)

direction, where E is the constant shear strain rate (£ = 10%s™') and L is the

simulation block length containing unconstrained atoms. Here, two different values

were chosen to keep initial crystal characteristic sizes lower or equal to 10nm to

mimic nanocrystals, namely L=12.2 nm and L= 20 nm. The time step is 1fs. These

simulations are conducted at 0.001K and at 500K, and the overall stress tensor was

computed using the standard virial expression averaged over all dynamic atoms.

The GB position was also tracked from the common neighbour analysis (CNA)

computation. The CNA value for atoms in f.c.c. lattice is 1 and for atoms forming
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GB structural units it is 5 (Faken and Jonsson, 1994; Tsuzuki et al., 2007). For
higher temperature (500K) CNA values averaged over 100 time steps (and centered
around the time step they were averaged) were computed due to thermal fluctuation.
Therefore, a threshold value of 4.9 was used to locate the position of the grain
boundary at 500K. For 0.001 K, threshold value of 5 was used to locate the GB

position.

4.2.2  Stick-slip behaviours at 0K and 500K

As shown by the MD simulation results (Fig. 7) performed at 0.001K (~ 0K i.e.
very close to the static case), the stress induced shear-coupled GB migration for
these Cu STGB is of stick-slip nature. The saw-tooth shape of the shear stress re-
sponses reported on Fig. 7 characterizes this stick-slip behaviour. This behaviour
is similar to serrated plastification due to collective motion of bulk dislocations in
different alloys which is characterized by intermittent bursts (Chihab et al., 1987;
Kubin et al., 2002). Here, the stick slip behaviour due to GB migration is due to
intermittent collective motion of GB dislocations as described in Subsection 4.1.
These shear stress — shear strain curves represent the typical behaviour at T=0K.
The most important features are the GB character-dependent effective elastic shear
moduli for bicrystals, the critical shear stresses for GB migration identified as the
peak shear stresses in Fig. 7 and the shear stress drops (or the lower stresses after
peak stresses). All these parameters are (quasi)-identically repeated during shear
deformation. In this paper, these features will be analyzed in Subsection 4.3 in the

light of the developed micromechanics-based approach.
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stress (GPa)

Figure 7. Shear stress vs. strain curves at 0K for Cu X17(410), ¥5(210), ¥41(540) [001]
STGB.

Fig. 8a shows the shear stress vs. strain curves for Cu 35(210) at both 0K and 500K
temperatures. The critical shear stress is lowered when the temperature increases
and important stress fluctuations at 500K are due to atomic thermal vibrations.
However, the bicrystal responses in terms of elastic shear moduli and shear stress
drop amplitude are not really sensitive to temperature change. It is noteworthy that
the obtained shear stress drop is consistent with Cahn et al. (2006a)’s work (see their
Fig 9) even though the simulation bicrystal size L may be different. Fig. 8b reports
the evolution of GB position during the mechanical test as a function of applied
shear strain. At each discrete migration event, a jump of GB position is clearly seen
at both temperatures. Furthermore, the negative motion direction with respect to
the (x2) axis means that for this STGB, the shear-coupled GB motion always follows

the same “mode II” (< 110> mode).

Fig. 9a shows the shear stress vs strain curves for Cu ¥41(540) at both 0K and
500K temperatures. Fig. 9b reports the evolution of GB position as a function of
applied shear strain. GB position jumps along the negative (x3) direction are clearly

seen at both temperatures. Again the shear stress drop magnitude at each GB mi-
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Figure 8. Shear stress vs. shear strain curves for Cu X5 (210) [001] STGB at 0K and 500K
temperatures (a), Simultaneous record of GB position (in Angstrom) as a function of shear

strain at 0K and 500K (b).

gration event does not seem to be affected by finite temperature in strong contrast
with the peak stress at migration activation. Note that for both temperatures, only
the <110> mode is present at both temperatures. These results are consistent with

Cahn et al. (2006a)’s work.
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temperatures (a), simultaneous record of GB position (in Angstrom) as a function of shear
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4.2.8 Bicrystal size effect on stress drop

We considered Cu [001] ¥5(210), 3¥17(410) and ¥41(540) STGB at 0K to study the
effect of the size of bicrystal on their shear stress response. It is first observed that
the peak stress and the elastic shear moduli are not really sensitive to the size L of
the deformed bicrystal in the direction normal to the GB plane (Fig. 10). In contrast,

the shear stress drop is very sensitive to L. This trend was also reported by Ivanov

and Mishin (2008) for Al [112] ¥21(241) STGB at finite temperature (T=300K). To
our knowledge, we did not find anymore STGB examples in the literature treating
these size effect on the shear stress drop. More specifically, it is seen that the shear
stress drop magnitude scales approximately with the inverse of L. This trend will
be further analyzed in Subsection 4.3 as an application of the micromechanics-based
model. Lastly, it is observed that the shear coupling “mode II” migration is always

active at 0K and does not depend on L.

4.2.4  Dual temperature dependent behaviour

Fig. 11 shows the plots of GB position vs. shear strain for Cu ¥17(410) at 0K and
at 500 K temperatures. Note that at 0K temperature, shear-coupled GB migration
exhibits the <110> mode (with negative § coupling factor) whereas at 500 K, it
now exhibits the <100> mode (with positive  coupling factor). This result is seen
at OK in Fig. 11a by a negative GB motion along (x3) with respect to a positive
applied shear at the top of the bicrystal along (x;). At 500K, Fig. 11b reports a
positive GB motion along (x2) for same positive shear along (x;). In Fig. 11c, it is
first observed at 500K that GB migration occurs earlier compared to OK. Hence, the

same trend as the two other STGB is observed (see Figs. 8b and 9b). In addition,
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Figure 10. Shear stress vs. shear strain curves at 0K with two bicrystal size L= 12.2 nm

and 20 nm for Cu 35(210) (a), £17(410) (b) and 341(540) (c).

the GB steps follow opposite directions and different magnitudes between two sub-

sequent GB migration events which reveal the presence of different GB slip modes.
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Figure 11. Snapshots of shear-coupled GB migration for Cu 317(410) STGB: at 0K from
0 to 0.11 shear strain (a), at 500K from 0 to 0.099 shear strain (b), STGB position (in

Angstrom) vs. shear strain at 0 K and 500 K (c).

4.8  Model results and comparisons with atomaistic simulations

The micromechanics-based approach is applied to the three previously investigated
Cu bi-crystals with [001] STGB. The motivation to study Cu bicrystals lies in the
fact that they exhibit a strongly anisotropic elastic behaviour characterized by the
following anisotropic coefficient (Hirth and Lothe, 1982): a = % = 3.26. The
cubic elastic moduli for Cu are taken as C1;=170 GPa, C2,=122.5 GPa and Cy;,=T76

GPa. These elastic constants are given by Mishin et al. (2001) and were used by these
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authors to validate the EAM potential for Cu. In this paper, the application of the
micromechanics-based theory is mainly focused on the effect of elastic anisotropy
on the shear stress-strain curves before and at the first shear-coupled GB migration

event (Fig. 12).

In the recent contribution of Luque et al. (2010), these authors did not consider the
effective elastic properties of the bicrystal in the computation of the macroscopic
plastic strain induced by shear-coupling GB migration (see their Eq. (2)). Further-
more, the so called “orientation factor” in the same equation is not defined as it is
here through Eq. 39. In the following, we show that this strong elastic anisotropy
results in elastic shear moduli (before migration events), shear stress drops and dis-
sipated energy that are very sensitive to the GB character. The results obtained by
atomistic simulations performed at 0K obtained in subsection 4.2 serve as bench-

marks for the predictions of the micromechanical formulation.

The explicit formulas obtained by the micromechanical scheme are developed for
general heterogeneous elasticity (see Appendix A) and can be applied to isotropic
elasticity and to anisotropic elasticity for [001] STGB (see Appendix B). The dis-
crepancies between both elastically isotropic and heterogeneous formulations on the
effective elastic moduli, the shear stress drops and the dissipated energy when shear-
coupled migration occurs are highlighted in comparison with the MD results. The
values of shear stress drop magnitudes for different bicrystal sizes are also reported

and discussed.

4.3.1 On effective elastic shear moduli

For homogeneous isotropic elastic properties, the isotropic elastic coefficients for Cu
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Figure 12. Schematic representation of the shear stress vs. shear strain curve and the
quantitative values predicted by the micromechanical model: effective elastic shear moduli,
shear stress drop, dissipated energy. The critical shear stress (also called “peak stress”) is
obtained by MD simulations.

are obtained using the classic Voigt-Reuss-Hill average model (Voigt, 1928; Reuss,
1929; Hill, 1952). This model gives u=47.8 GPa (isotropic elastic shear modulus)
and v=0.345 (Poisson ratio). The isotropic shear modulus is reported on Table 1
for comparisons with the effective elastic shear moduli derived for general elastic
anisotropy. The application of Appendix B gives the numerical values for elastic
moduli in both crystals using the cubic symmetry for 341(540) (0=77.32°), ¥£5(210)
(0=53.13°), X17(410) (#=28.07°) that can be used to derive the effective elastic
moduli (Eq. A.7 in Appendix A) for the three investigated bicrystals. We find for
f=1-f (initial effective elastic shear moduli) that the effective elastic shear moduli
(Table 1) are in good agreement with the atomistic simulations at 0K and at 500K.
In contrast, we remark that the classic isotropic assumption obtained from Voigt-

Reuss-Hill average is sometimes far from the atomistic results for the studied Cu

36



[001] STGB, which means that the simple elastic isotropic assumption is not real-
istic for Cu bicrystals. It is noteworthy that after a few GB migration events (e.g.
four events like the ones present in Fig. 7), the effective elastic shear moduli repeat
quasi-identically. This is due to the fact that the total GB displacement after four
events is very small compared to L. This trend can be explained by the model since f
still remains close to 1-f in Eq. A.7. Conversely, when one of both crystals is totally
consumed by the other (the study was not investigated due to large CPU times for
atomistic simulations), the micromechanical model is able to predict a change in the
effective elastic moduli when f or 1-f tends to zero in Eq. A.7, depending on the

shear coupling mode.

Effective elastic shear moduli (GPa) X41(540) X5(210) X17(410)

Atomistic simulations 25.4 35.6 57.4
Present model (anisotropic) 25.7 39.5 61.8
Voigt-Reuss-Hill average (isotropic) 47.8 47.8 47.8

Table 1
Elastic shear moduli obtained by the MD results and by the present micromechanical
model accounting for anisotropic elasticity for ¥41(540), ¥£5(210), ¥17(410) [001] STGB.

The isotropic Voigt-Reuss-Hill average is also given for comparisons.

4.3.2  On overall shear stress drops and dissipated energy due to shear-coupled GB

migration

The mechanical responses given by the micromechanical model can be enriched by

the critical forces F fC or the critical resolved shear stresses on the GB slip plane 7¢
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in Eq. 42 directly obtained from the peak stresses (or critical shear stresses 7¢) of
the atomistic results (see Subsection 4.2). These peak stresses resulted from simple
shear performed at an applied material velocity vl parallel to the GB plane (see

Figs. 5 and 7).

In this part, we focus on the analysis of shear stress drops and dissipated energy in
the light of the micromechanical approach when the first GB migration event occurs.
Hence, we set f=1-f in the constitutive model assuming either isotropic elasticity or
fully anisotropic elasticity in both crystals. We start by the analysis of first shear
stress drops when the “mode II” (<110> mode) is activated at 0K for the three GBs
and at 500K for 341(540) and ¥5(210). Then, the model is applied to the case when
the “mode I" (<100> mode) is activated at 500K for ¥17(410). Lastly, the model
is applied to understand the origin of bicrystal size effects on stress drops at 0K for

the three STGBs.

As seen from atomistic simulations, “mode II” is a dominating shear mode especially
at 0K for the three GBs. According to Fig. 4, [; and ¢; are defined so that the <110>
s 0

mode (“mode I1") is characterized by l;n; = g;t; = — cos (529) = — COS (f — 7) which

gives [; = (sin (g — g) , — COS (% — g) ,0) g = (—cos (% — g) , —sin (% — g) ,O) and
j%;- from Eq. 39. Since crystal I is the parent grain, only crystal II undergoes plastic
deformation, thus [gfj} = 5%11 = —E}B . When the critical shear stress is reached,
shear-coupled GB migration is active. Then, time integration of Eq. 47 during the
first shear-coupled GB migration event yields

: eff AN (et

850t = Cff Ewdt + = (CH [ew] — lo]) (52)
From atomistic results, the time step 0t for each single shear-coupled GB migration
event is a few ps. This time scale is out of the scope of continuum mechanics for

which GB migration is seen as instantaneous. In Eq. 52, the strain and stress jumps
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(resp. [ei;] and [o;]) can be computed using the expressions for strains and stresses
given in Appendix A for homogeneous stress or strain boundary conditions. These
jumps depend on the elastic properties of both crystals as given in Appendix B and
depend on j%; and 3. In Eq. 52, hy denotes the normal step height during stepwise
GB motion (at the first GB migration event) which corresponds to the characteristic
step height due to GB disconnection loop nucleation (Hirth and Pond, 1996; Hirth
et al., 2007; Pond et al., 2008; Wang et al., 2011). This mechanism is supposed to
be present for the investigated STGB which are all considered as HAGB (since their
misorientation is higher than 10 °) (Cahn et al., 2006a). In the case of “mode I1”, the
GB plane moves down (negative motion with respect to the (x9) axis in Fig. A.1) to
a new position when 7¢ is reached for which the activation energy for GB migration
is overcome. The stored energy released at each increment of the GB motion is
immediately dissipated and the temperature returns to initial temperature so that
an isotherm assumption can be justified (this would not be the case for materials
problem with slow energy dissipation). In the present formulation, the second term
in Eq. 52, that contains the strain and stress jumps, hy and the effective elastic
moduli, is responsible for shear stress drop when migration is active. Without trying
to determine the complete activation energy profile for the three studied STGB
(like Eq. 50), the transition from an unstable state to a metastable state associated
with the dissipative GB migration event is then described by a normal step height
hy. This characteristic distance hy is also linked to the DSC lattice vector for
coincident (CSL) GB. The DSC lattice is the largest lattice including all the sites of
the lattices of both crystals. According to Rae and Smith (1980), King and Smith
(1980), Cahn et al. (2006a), the disconnection step height hy is linked to the DSC
lattice spacing. Thus, the expression of the disconnection step height hy depends

on the GB character (through #) and on the lattice parameter ay. For the <110>
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mode, hy is negative and is given by (Cahn et al., 2006a)
hy <> = ~ L cos (¢> (53)

where ar,= 0.3615 nm for Cu. The numerical values obtained for Ay from MD sim-
ulations are computed by averaging the different GB position steps in Figs. 7b and
8b. The comparisons between these values and the theoretical ones given by Eq. 53

are provided in Table 2 and show a very good agreement.

hy (nm) for <110> mode Y41(540) ¥5(210) 17(410)
Atomistic simulations (average values)  -0.255 -0.248 -0.220
Theory -0.254 -0.242 -0.219

Table 2
Normal step height hy average values obtained by Eq. 53 (theory) compared to MD results

for Cu $41(540), £5(210), £17(410) [001] STGB.

Here, the shear-coupled GB migration event is assumed instantaneous at the contin-
uum mechanics time scale so that during the stepwise GB motion AE;; = E’ijét =0
in Eq. 52, thus

AXij = hg (Ciit lew] = [o4]) (54)

Assuming linear isotropic homogeneous elasticity, Eq. 54 simplifies into

AY,; = —2/?@}5 (55)

since Ry, = 0 (see Subsection 3.3).

In the following, the tensor to matrix convention introduced in Appendix A is used.
The pairs of subscripts ij and kl are converted to single subscripts as follows: 11— 1,

22— 2, 33— 3, 23 and 32— 4, 13 and 31— 5, 12 and 21— 6. For simple shear

40



parallel to GB plane in the (x;) direction as performed in the MD simulations,
and assuming a pure shear stress state over the bicrystal, the overall shear stress

increment is obtained from Eq. 54 as follows

hn

A = X (Ot o] + Ol [ea] + Ot [eo]) (56)

since [og] = 0 (see Eq. A.2 in Appendix A). Here, the strain concentration equations
(Eq. A.3 in Appendix A) are applied (shear strain-controlled problem). For isotropic

elasticity, Eq. 55 simply yields

with Rg = cos (% — 9). The overall effective plastic strain increment is obtained

from Eq. 46 (using [04] = 0) and computed as follows

hy

A%ﬁzA%:—L

([e6] = S5 [04] — S8 o] — St (o)) (58)

For isotropic elasticity, Eq. 57 yields the overall plastic strain increment

Bn —
AB = "2 Ry (59)

The present micromechanics-based model is able to describe the shear stress drop
magnitude in the stick-slip behaviour (Fig. 11). The shear stress drop magnitude
can be defined as the absolute value of the shear stress increment |AYg| obtained
from Eq. 56 or Eq. 57. The stick-slip behaviour is dependent on the grain boundary
character (through 0), the effective elastic properties of the bicrystal, the lattice
parameter (through hy) and the bicrystal finite size L. The numerical values re-
garding shear stress drop magnitudes for 341(540) (=77.32°), 35(210) (6=53.13°),
¥17(410) (0=28.07°) are reported in Table 3 both from atomistic results and from
the micromechanical approach (either Eq. 56 for anisotropic elasticity or Eq. 57 for
isotropic elasticity). The S-110> coupling factors are respectively -0.222, -0.667, -

1.200 for ¥41(540), ¥5(210), ¥17(410). The quantitative comparisons reported in
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Table 3 give reasonable agreement with the atomistic results in the case of anisotropic
elasticity for the three investigated STGB. The relative errors with respect to MD
results on overall shear stress stress drops are respectively ~ 27 %, ~ 44 %, ~ 5
% for £41(540), ¥5(210), X17(410). Conversely, the isotropic elasticity assumption
give sometimes unrealistic results which are far from the MD results especially for
Y41(540) STGB where the relative error reaches 116 %. The results show that the
isotropic elastic assumption may only be relevant for the particular case of ¥£5(210)
STGB.

Another example where the micromechanical approach can be applied is the spe-

|AYg| (MPa) for L=12.2nm $41(540) £5(210) $17(410)
Atomistic simulations 100 (0K,500K) 417 (0K,500K) 1080 (0K)
Micromechanical model (anisotropic) 127 603 1024
Micromechanical model (isotropic) 216 506 485
Table 3

Shear stress drop magnitudes (in MPa) obtained by the MD results and by the mi-
cromechanical model with anisotropic and isotropic elastic formulations for Cu 341(540),

$5(210), $17(410) [001] STGB with L=12.2nm.

cific Cu ¥13 (320) (0 = 67.4°) STGB investigated by Mishin et al. (2007) for which
[=-0.4. In this case, the shear stress drop magnitude obtained by the authors us-
ing atomistic simulations at 0K with L=6 nm was found to be ~ 450MPa (Mishin
et al., 2007). Taking into account anisotropic elasticity (Eq. 56) and the fact that
the “mode II” is active at 0K (Eq. 53), the present model gives |AYs|=573MPa,
which represents a relative error of ~ 27%, while isotropic elasticity would give

|AX|=T36MPa (relative error of ~ 63%).

For Cu X17 (410) STGB, “mode I” occurs at 500K according to Fig. 1lc. In
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this <100> mode, B; (or [;) forms an angle /2 counterclockwise with respect

to n; (Fig. 4) such that l;n; = git; = cos (g) = (— sin (g) , COS (g) ,O) g =

(cos (g) , Sin (g) ,0) . Here, crystal II is the parent grain and only crystal I under-

goes plastic deformation, thus [sm = —5%1 = —sz»j [ where RTJ is given by Eq. 39.
In this case, the first shear stress drop obtaind by MD simulations is ~ 300MPa.
The micromechanical model can also be applied in the same way to the “mode I”

observed at T=500 K. In this case, the theoretical hy value is now positive and is

given by (Cahn et al., 2006a)

<100> _ 9L 4
hy = cos <2> (60)

Using Eq. 56 (elastic anisotropy), we obtain |AXs|=322MPa, which represents a

relative error less than 8%.

The continuum-based model is also able to describe the dissipated energy during
shear-coupled GB migration (Fig. 12). The methodology to compute the dissipated
energy during the first GB migration event is described by the grey area in Fig. 13
and is applied to the three STGB in comparison with MD simulations performed
at OK for L=12.2nm. From the knowledge of the critical shear stress denoted %§
in Fig. 13 (left) which is obtained from MD simulations, the grey area (dissipated
energy) is computed with the model by the product LZAEE (see Fig. 13 (right))
with Xf = X5 + AXg/2. AEY and AXg are respectively obtained from Eqs. 58
and 56 in the case of anisotropic elasticity and from Egs. 59 and 57 in the case
of isotropic elasticity. The quantitative comparisons between the dissipated energy
using the previous methodology and the grey area directly obtained under the stress-
strain curve given by MD simulations at 0K (see Fig. 7) are reported in Table 4.
These results confirm a reasonable agreement with the atomistic results in the case
of anisotropic elasticity for the three investigated STGB. In this case, the relative

errors with respect to MD results on dissipated energy are respectively ~ 14 %, ~
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23 %, ~ 6 % for £41(540), £5(210), £17(410).

Critical shear stress Z;°

4 (peak stress, MD)
W |AZ|
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Figure 13. Schematic representation of the dissipated energy during first shear-coupled GB

migration event (left), method to compute the dissipated energy with the micromechanical

model and the knowledge of ¥§ (right).
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Dissipated energy (M.J/m3) for L=12.2nm ¥41(540) X5(210) X17(410)

Atomistic simulations (0K) 5.31 12.70 39.90
Micromechanical model (anisotropic) 6.04 15.60 37.55
Micromechanical model (isotropic) 10.26 15.08 18.59

Table 4
Dissipated energy (in M.J/m?) obtained by the MD results and by the micromechani-
cal model with anisotropic and isotropic elastic formulations for Cu ¥41(540), ¥5(210),

%17(410) [001] STGB with L=12.2nm at 0K.

4.3.8  Prediction of bicrystal size effects on shear stress drop

Regarding the bicrystal size effect investigated in Subsection 4.2 for 341(540), ¥5(210),
Y17(410) on shear stress drop magnitude, the results of the micromechanical model
for L=20nm are given in Table 4 (for both isotropic and anisotropic formulations).
Overall, the bicrystal size effect is well reproduced for both STGB in the case where
anisotropic elasticity is accounted for, especially for ¥41(540) and ¥17(410). Even
though the micromechanical approach supposes mean strain and stress fields in both
crystals (no intracrystalline shear stress fluctuations along the normal axis (x3) to
the GB plane, see Eq. A.2), it is found that the bicrystal size effect (characterized
by the internal length scale L) on the shear stress drop magnitude scales with hTN
Here, hy is fixed for a given STGB because it is linked to the lattice parameter a, in
Eq. 53. Following Eq. 56 and the fact that the terms C&i7 [e] + Cel [e4] + CELY [e6]
are not length scale dependent (see Appendix A), the stress drop magnitude ratio
lfig{lﬁ;im = % ~ 1.64 is in good agreement with the one obtained by atomistic

simulations for ¥41(540), 35(210) and X17(410) which are respectively 1.67, 1.71

and 1.68 from Tables 3 and 5.
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|AXg| (MPa) for L=20nm $41(540) 5(210) ¥17(410)

Atomistic simulations (0K) 60 244 641
Micromechanical model (anisotropic) 78 368 624
Micromechanical model (isotropic) 132 309 296

Table 5
Shear stress drop magnitudes (in MPa) obtained by the MD results and by the mi-
cromechanical model with anisotropic and isotropic elastic formulations for Cu 341(540),

$5(210), $17(410) [001] STGB with L=20nm at 0K.

4.4 Discussion

It looks clear that the large discrepancies sometimes observed between the atomistic
results and the micromechanical model with the isotropic elastic assumption are
mainly due to a poor estimate of the effective elastic shear modulus and the strains
in both crystals. The predictions of shear stress drops and dissipated energy during
first shear-coupling GB migration are in reasonable agreement with MD results
when anisotropic elasticity is considered in the formulation. Furthermore, it has been
checked that atomistic simulations give approximately same averaged shear stresses
in crystals I and IT which is here consistent with the continuum stress equilibrium
requirement (see Eq. A.2). In the continuum model, a small strain formulation is used
with only linear elastic effects. No normal applied stress is considered for boundary
conditions. It is assumed that the overall stresses of the bicrystal are in pure shear
stress under controlled shear strain for the calculations of stresses and strains in each
crystal during shear-coupled GB migration. According to Fig. 14, MD simulations

show the presence of overall normal stress (i.e. the averaged stress over all dynamic
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atoms along the normal direction to the GB plane) in addition to overall shear stress.
This normal stress nonlinearly increases with applied shear and the normal stress
variation at the occurrence of shear-coupled GB migration reaches 130MPa. These
second order non linear effects (with respect to first order linear anisotropic elasticity
effects) might contribute to the differences observed between the continuum-based
model and MD results. Geometrical and material nonlinearities (see e.g Wu (2005))
are not considered in the present micromechanical model and are left for further

studies.
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Figure 14. Overall shear stress (solid line) and normal stress (dotted line) computed by

MD simulations for ¥5(210) at 0K (L=12.2nm) during applied simple shear deformation.

The results of the present study show that as grains grow due to shear-coupled GB
migration, it is seen that both GB character and elastic anisotropy will produce
elastic and plastic incompatibilities under shear deformation which can affect the
kinetics and morphology of grains during plastic deformation. In real polycrystalline
metals, GB mobility is very difficult to capture because of the presence of different
GB characters. An arbitrary mixed GB boundary with tilt and twist components

or asymmetric GB (Zhang et al., 2008) could also be considered by the present
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continuum-based approach. Inspecting the general expression for the driving force
F for normal GB motion in Eq. 41, it is found that for elastically anisotropic crys-
tals (like Cu), the shear stress can create a volume driving force due to the difference
between the elastic strain energy densities in the grains. Conversely, shear-coupled
GB migration may also be forbidden for specific situations which cancel Fy. In poly-
crystals, GBs have generally no pure tilt or pure twist characters. However, it was
recently observed (Morawiec, 2009) for polycrystals with cubic symmetry that more
than 80% of random GB are near tilt GB and less than 5% are near twist ones. The
mechanical framework developed in this paper holds for both low angle and high
angle GBs. It is also thought that extended kinematics for shear-coupled GB migra-
tion (Mompiou et al., 2010, 2011) could also be incorporated in this framework and
merits further studies. Twin boundaries are special cases where the present model
can also be applied (twinning does not involve diffusion) by considering the charac-
teristic twinning shear as input of the model. In this particular case, the continuum
model can also be applied without preliminary atomistic studies to identify shear
modes and integrated in recent polycrystalline models (Shiekhelsouk et al., 2009). As
another application of the present constitutive model, stress-induced GB migration
can produce grain shape changes during plastic deformation of nanocryscrystalline
materials. Today, it is important to well handle in-use mechanical properties of
nanocrystalline materials by a good compromise between yield strength and ductil-
ity. These materials exhibit a strong yield stress (due to the Hall-Petch’s behavior
even though this one is seen to be reversed at very fine grain sizes) but for most of
them ductility appears to be poor (Dao et al., 2007). Shear-coupled GB migration
is another deformation mechanism in competition to diffusional creep, dislocation
nucleation and slip, which is characterized by a different grain-size and temperature
dependencies of the strain rate. This mechanism should be especially important in

the study of the deformation behaviour of nanocrystalline materials where grain size
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distribution (Berbenni et al., 2007; Nicaise et al., 2011) and GB mechanisms (Barai
and Weng, 2009; Schillebeeckx et al., 2011) play a key role on their overall behaviour.
Due to the high resolved shear stresses required to move STGB, it is expected that
GB migration would play a key role in the understanding of inverse Hall-Petch ef-
fect in addition to GB sliding or GB dislocation nucleation-propagation-absorption.
Furthermore, it is important to well model the inelastic accommodation mechanisms
at grain boundaries and junctions in order to understand the initiation of cracks in

these materials (Bobylev et al., 2010).

5 Conclusions

A new micromechanics-based model was investigated to describe shear-coupled GB
migration in bicrystals. Both MD simulations (at 0K and 500K) and a microme-
chanical model assuming Frank-Bilby GB dislocations were applied to three Cu [001]
symmetric tilt GBs: ¥41(540) (6=77.32°), ¥5(210) (6=53.13°), X17(410)(0=28.07°).
The critical shear stresses (or peak stresses) for shear-coupled GB migration have
been obtained by MD simulations under fixed temperatures. The role of copper elas-
tic anisotropy on the stick-slip features of shear-coupled migration has been observed
on the shear stress-strain curves. These ones have been analyzed in the light of the

micromechanical model.

The B geometric parameter (the so-called shear coupling factor) used in materials
science) is derived from the Hadamard’s kinematics relation for particle velocity
jump at the interface. This is also consistent with the kinematics of GB migra-
tion studied at the atomistic level (Tucker et al., 2011). This shows the efficiency
of the continuum-based approach even at the nanoscale. The driving forces for

shear-coupled migration can be developed using either isotropic elasticity or cubic
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(anisotropic) elasticity. The formulation is consistent with the concept of configu-
rational forces and the Eshelby energy-momentum based thermo-micromechanics.
The effective elastic moduli of the bicrystals computed with anisotropic elasticity
well match the atomistic results using the EAM potential for copper from Mishin
et al. (2001). The jumps of plastic strains and plastic distortions at the interface
(eigenstrains and eigendistortions) are derived and depend on the [ geometric pa-
rameter and an orientation tensor for GB dislocation slip. The effective plastic strain
rate of the bicrystal during a GB migration event is computed and depends on the
strain and stress jumps at the interface. This formula which is based on transport

equations is quite general and can be applied to other GB without any difficulty.

It is found that the predictions of shear stress drops and dissipated energy during
first shear-coupling GB migration event at fixed temperatures are well described by
the micromechanical approach especially when anisotropic elasticity is considered in
the formulation. The model may also be extended to various strain rates and tem-
peratures assuming the shear-coupling modes can be easily identified by atomistic
simulations. Interestingly, for very low velocities up to bm/s, the shear stress drop is
not very sensitive to shear rates (Mishin et al., 2007). Advanced atomistic methods
dedicated to obtain the kinetics parameters of shear-coupled GB migration should
be developed to improve the constitutive kinetics law and to obtain the GB mo-
bilities at finite temperatures. Real experimental data for Cu STGB would be also
ideal to validate the model in addition to atomistic simulations. Nevertheless, ex-
periments to observe the stick-slip behavior should consider not too large grain size
(i.e. preferably in the nanoscale range) which needs in situ high-resolution electron

microscopy.

As some perspective to polycrystal modeling and applications, the present work

developed for bicrystals with shear-coupled GB migration can be applied to study
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stress-induced twin boundary migration and nanocrystalline materials as discussed
previously. The constitutive framework will be imported in polycrystalline models
like the ones recently developed by the authors (Berbenni et al., 2007; Shiekhelsouk
et al., 2009; Nicaise et al., 2011) by considering GB character dependent behaviour

in addition to crystals behaviours.
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Appendix

A Stress and strain concentration equations, effective elastic behaviour

for planar GB with general heterogeneous elasticity

Here, a “representative” volume V' as the one represented in Fig. 2 is considered
where crystal I occupies a volume fraction f=V;/V and crystal II occupies a
volume fraction I-f. In order to find the “effective” elastic moduli of the bicrystal
with planar grain boundaries, different techniques can be applied like the one
described in Stupkiewicz and Petryk (2002),using in-plane and out-of-plane
components for stresses and strains, or the one described in Franciosi and Berbenni
(2007, 2008) using the “Transformation Field Analysis” (TFA) for two-phase
material introduced in the nineties by Dvorak (1990). In this paper, we will avoid
the calculations of the TFA influence tensors from the elastic concentration
tensors, and we will apply the framework given in Stupkiewicz and Petryk (2002)
to a general elastic anisotropic bicrystals constituted of crystals I and II (Fig A.1).
Here, we give the explicit expressions for general anisotropic elasticity in both
crystals after setting the strain (resp. stress) concentration equations and the
effective elastic moduli (resp. compliances). It is noteworthy that only the stress
concentration equations were reported in Stupkiewicz and Petryk (2002) (not the
strain concentration equations as detailed and applied in the present paper). The
linear elastic behaviour of a crystal with plastic strains (or eigenstrains) denoted
e;; is governed by the elastic Hooke’s law in the form o;; = Ciju (e — €)) or its
inverse relationship Eij = SijklOkl + efj, where Cjjand Sijp are respectively the
components of the elastic moduli and compliance tensors. Here, we adopt the
following tensor to matrix convention (Nye, 1957) in which pairs of subscripts ij

and kl are converted to single subscripts: 11— 1, 22— 2, 33— 3, 23 and 32— 4, 13
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and 31— 5, 12 and 21— 6. Thus, each of the tensor components is associated with

a matrix component as follows

011 012 013 01 0¢ 05
_>
022 023 02 04
033 03
1 1
€11 €12 €13 €1 56 3¢5
— 1
€22 €23 €2 35&4
(A.1)
€33 €3
Oz'jk:l — Omn

Sy ifm, n =123

Sijkt = S—g”‘ if either m or n = 4,5,6
Smn if both m and n = 4,5,6
The Hooke’s law writes 0, = Cpy, (6, — €7) and &, = S0y, + €2, for

m,n=1,2,...6 where C,,,, S,,, are respectively the 6x6 square matrix forms of
elastic moduli and compliances. Considering the bicrystal’s configuration in Fig.
A.1, the in-plane matrix components are denoted P=1, 3, 5, and the out of plane
(or anti-plane) components are denoted A=2.4,6. The application of both traction

vector continuity and tangential strain continuity (Hadamard, 1903) yields

oAl =00l =cl =%,

lepl=0&ch =cl = Ep
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where the averaging rules ¥;; = fol, + (1 — f) oll and Ejj = fel, + (1 — f)el]

apply.

& Con 5" Co
Crystal I Crystal II
X3

Figure A.1. Schematic representation of the bicrystal with the coordinate axes used to

derive the tensor or matrix components throughout the paper.

After some algebraic manipulations, we find the strain concentration equations for
the out of plane strain components as follows (with summations over repeated

indices A=2,4,6 and P=1,3,5)

el = AL Ex+ AL pEp — (1 — f)Gaa[0h] (A3)
.3

el = Al Ea+ AllpEp + fGaa[0h)]
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where Al ,, AL, AL, Al (elastic strain concentration components), G 44 and

[0%] are given as follows

A,I4A = (C:ZA>_IC,{1{4
Alp = (1= f)(Cia) " [Cap)
A,I41A = (02A>_10,{1A
(A.4)
Allp = = (C3,) " [Cap)
Gan = (Ciy) ™"

II pH 11 _pll 1 pl
(0] = Ci + Cypep —CAA5 CAP5

with C% 4 = (1 — f) Ch4 + fCL,. According to Eqgs. A.2 (second equation) and

A.3, the elastic strain concentration tensors Aj;;;, Alf, and G;,; can be recast as

ijk ijk
o |
igkl —
0 I
(A.5)
Giim =
0 0

By setting [0%] = 0 (no plastic strain) in Eq. A.3 and using the static averaging

rules, we find the effective elastic moduli C’f]];j; as follows

I cll el || Ea celf et
= — CZJ;’; = (A.6)
Sp celi ol )\ Ep col cdf

From Eq. A.6, the expressions of C5f, C4, CT. C¢1 are obtained after

algebraic manipulations using the elastic Hooke’s laws for crystals I and II and
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Eqgs. A.2-A5

Cl = fCLU(CL) O+ (1= HCEL(Cr) T
eff fOPA(CAA> OAA +(1— f)C’{;{L‘(CZA)_leM
CHl = fChp+ (1= N)CHe — F(1 = ) (CHy = Cha) (Ca) 7 (Chp — Chp)

Cd = FChp+ (1= CH, — F(1 = £) (CHy = CLL) (Coa) 7 (O — Chp)
(A7)

The relations in Eq. A.7 are consistent with the expressions given in Stupkiewicz
and Petryk (2002) (note that C¢{ and C%/{ are here written in a simpler form).
Let us now focus on stress concentration equations. In addition to Eq. A.2 (first
equation), we can directly follow the same authors to obtain the in plane stresses

in both crystals

0113 = BppEp + BpyXa+ (1~ f)Fpp[eh]

= BppXp + BpuXa — [Fppeh)

where BL,, BY,, BL,, BE, (elastic stress concentration components), Fpp and

[e%] are given by

BJIDP = (S;P)_IS{D%
Bpa=(1—f)(Spp) " [Spal
BJIDIP = (S;P)_lsép

By = —f(Spp) " [Spa]
Fpp = (Spp)~"

bl =’ — <k
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with Stp = (1 — f) Shp + fSEH,. Following Eq. A.2 (first equation) and Eq. A.8,

the elastic stress concentration tensors B{jkl, B{fkl and Fj;;, can recast as

I 0
LI _
B =
LI gLl
pa bpp
(A.10)
0 0
Fiju =
0 Fpp

By setting [¢/,] = 0 (no plastic strain) in Eq. A.8 and using the averaging rules, we

find the effective elastic compliances Sw 4 as follows

Ex Seff Seff Y Seff Seff
Ep Seff sell || =p seff gel!

From Eq. A.11, the expressions of S&7, S, ST S¢/T are obtained after

algebraic manipulations using the elastic Hooke’s laws for crystals I and II and

Egs. A.2, A.8A.10

Sgp = [Sbp(Spp) " Spp + (1= F)SHp(Spp) ™' Shp
S = 1S4p(Spp) " SEp + (1 = 1)S4p(Spp) ' Shp
ST = 1S4+ (1= 1)SEL — (1= ) (S5 — Shp) (Spp) ' (SHy — Sha)
S = FSha+ (1= )SP — F(1 = £) (SHp = Shp) (Spp) ™ (SHa — Sha)

(A.12)

The relations in Eq. A.12 are also consistent with the expressions given in
Stupkiewicz and Petryk (2002). In order to determine AL, AL, Gin.Ciil. Bly,
Bl Fijwi, SZJ;J; in Egs. A.4-A.12, the different matrix forms and are detailed in

the particular configuration of Fig. A.1 as follows (the formulas remain valid for

o7



any other configuration with different axes using indices permutation)

1,11
CPA -

1,11
S =

1,11
Spa

LIT LT
Co " Oy

LIT ~IIT
Cyp Cu

LIT LT
Ces ™ Cei

LIT ~IIT
Ciy Gy

LIT LT
Csy7 O

LIT I IT
Css ™ Csj

*
CAA_

*
22

*
42

*
62

*

*
44

*
64

IIT oI oIl
So3 - Sai T S

LIT oIIT oI IT
Si o Su Sk

1,11
7CPP -

26

*
46

*
66

LIT _
; SPp

o8

[IT ~IIT ~IIT
Co" Oy Cy

LIT ~IIT LT
Cyi” Cu O

[T ~IIT ~IIT
Coi” Ces ™ Cgs

LIT ~IIT LT
Ci7 Ciy° O

IIT ~IIT ~IIT
Csi7 O35 O

IIT ~LIT LT
Csi” Cs3™ Csp

— Gaa = (Ch0) ™"

IIT oI oIl
Sor Say T Sa3

IIT oIIT QI IT
Sai” Siy " Sy

(A.13)

(A.14)

(A.15)



* * *
Sll Sl?) SIS

Sbp= | 85, St Si | 7 Fep= (Spp) " (A.16)

S51 S53 S5
For a given volume fraction f of crystal I, the strain and stress jumps [e;;], (03]

and stress average (0;;) are easily obtained from Egs. A.3 and A.8.

B Application to cubic elasticity and bicrystals with [001] STGB

In the reference cubic crystal with the cubic axes, there are only three independent
elastic constants, namely C41, Co, Cyy such as in this frame
Ciiii = C1, Cyyjj = Cha, Cyji; = Cag with i # j (no summation over repeated
indices). Then, for cubic symmetry, the elastic anisotropic constants in an
arbitrary coordinate system are obtained by the following transformation rules
(Dederichs and Leibfried, 1969; Gemperlova et al., 1989)

3

Cijt = C12010k1 + Caa (0051 + 0465) + Co > 625)65-5)655)655)

) = (B.1)
Sijkl = 8125ij5kl + 1544 ((5%5]‘1 + 5il5j/€) + Sy Z 655)6(5)6](:)61(8)

J
s=1

where eV e!? ¢® are the unit vectors of the cubic lattice system ([100], [010],

[001]), Cy = Cyy — C12 —2Cyy and Sy = S11 — Si2 — £S4 . The elastic compliances
and moduli are linked by
S = (Ci1 + Cr2)/ {(C11 — C12)(C11 + 2C12) }
Sz = — C1a/ {(C11 — C12)(C11 + 2C12)} (B.2)
Sy =1/Cyy
For bicrystals with [001] STGB, the cubic unit vector [001] is parallel to the (x;)

axis (tilt axis) (Fig. A.1). If we denote v the rotation angle around the tilt axis of
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the cubit unit vector [100] with respect to the (x2) axis normal to the GB plane,
then ¢! = —g and !l = g such that 6 = ¢!l — ! is the misorientation angle. In

this configuration, the unit vectors of the cubic lattice system read

cos Y —sin 0
1 (2) _ (3) _
€% = |siny |°&% T | cosy [G T |0 (B.3)
0 0 1

Thus, Eqgs. A.12-A.16 can be computed using Eqs. B.1-B.3.
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