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COMPUTATION OF SUM OF SQUARES POLYNOMIALS FROM DATA POINTS

BRUNO DESPRES* AND MAXIME HERDAT

Abstract. We propose an iterative algorithm for the numerical computation of sums of squares of polynomials
approximating given data at prescribed interpolation points. The method is based on the definition of a convex functional
G arising from the dualization of a quadratic regression over the Cholesky factors of the sum of squares decomposition. In
order to justify the construction, the domain of G, the boundary of the domain and the behavior at infinity are analyzed
in details. When the data interpolate a positive univariate polynomial, we show that in the context of the Lukacs sum
of squares representation, G is coercive and strictly convex which yields a unique critical point and a corresponding
decomposition in sum of squares. For multivariate polynomials which admit a decomposition in sum of squares and up
to a small perturbation of size £, G¢ is always coercive and so it minimum yields an approximate decomposition in sum
of squares. Various unconstrained descent algorithms are proposed to minimize G. Numerical examples are provided, for
univariate and bivariate polynomials.

Key words. Positive polynomials, sum of squares, convex analysis, positive interpolation, iterative methods.
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1. Introduction. The numerical and algorithmic motivation of the present paper comes from a
recent work [4] where an iterative algorithm for the computation of positive polynomials was proposed.
In the previous algorithm, the polynomials were univariate and the interpolation points, where the data
of the polynomials are given, were sliding points (it allowed for strong convergence properties). However
the structure of the algorithms was such that one needs to preprocess the data to be able to use the sliding
points, which brings restrictions for applications in Scientific Computing (SC). In the present work, we
relax this condition by constructing a new iterative algorithm which computes a sum of squares (SOS)
decomposition from the sole knowledge of prescribed interpolation data at prescribed interpolation
points. Also the method is much more general so it is formulated for multivariate polynomials as well
and does not need tensorization, something that was impossible with the previous method.

A modern reference in SC for control of the sign of polynomials at a finite number of prescribed
interpolation points is in the works of C.-W. Shu [22], with application to the discretization of hyperbolic
equations with high order methods. The point of view developed in this article is to control the sign
of polynomials on all points in a given compact (semi-algebraic) set K = R? which is much more
demanding. Preliminary tests for the construction of such algorithms are in [5], but the methods were
inefficient in terms of the time of restitution. In a fully different direction, one must mention the theory
of numerical approximation with splines, see [14, 1]: splines are widely used in scientific computing and
computer aided design (CAD) but often needs tensorization in multi-dimension; this limitation is not
encountered by our new methods because they can be implemented on any semi-algebraic set K in any
dimension.

In the community of numerical optimization [12] from which we borrow most of our notations, SOS
algorithms based on SemiDefinite Programming (SDP) are extensively used. It had been noticed by
Powers and Wormann [20] that finding an SOS decomposition is equivalent to SDP, that is optimization
in the cone of non-negative quadratic forms. Then algorithms based on interior-point methods were
developed to solve these problems [19, 18, 23]. However, these methods seem to be hardly directly
applicable in SC because they are based more on algebraic properties and not on interpolation data
which are of major importance in numerical analysis and SC. This leads us to the development of the
algorithm of the present paper, which is not based on SDP but rather on the resolution of a non-convex
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2 B. DESPRES AND M. HERDA

quadratic problem over Cholesky factors of the SOS decomposition. We solve the quadratic program
using a dualization of the problem, which leads us to a nonlinear convex program. Let us mention that
a similar reformulation of general SDP was proposed by Burer and Monteiro [3]. In our case however,
we use the particular structure of the interpolation data of the SOS to obtain some useful coercivity
properties on the dual function. Also, similar dualization ideas can be found in [16, 8], but unlike
here they are formulated on the Gram matrix rather than on the Cholesky factors. Our construction
will generate a functional with strong convexity properties for which standard descent algorithms are
efficient, as shown in the numerical section.

Let P[X] := P[X1, ... X 4] be the set of real polynomials with d variables. The subset of polynomials
of total degree less than or equal to n = 1 is denoted by P"[X]. Let K < R be a closed semi-algebraic
set defined through a finite number j, of polynomial inequalities

(1.1) K={xe R? such that g;(x) = 0 for g; € P[X],1 < j < Ju}-

Most standard cells (intervals in 1D, squares and triangles in 2D, ...) in SC can be implemented as
semi-algebraic sets, so it is not a restriction for further applications. The convex set of non-negative
polynomials of maximal degree n on K is

(1.2) Pg . [X] = {p € P"[X] such that p(x) = 0 for any x € K}, 7, = dim P"[X].

Famous examples of characterizations as SOS are the Lukacs theorem [24] or Putinar’s Positvstellensatz
[21]: a recent state of the art can be found in the books of Lasserre [12, 13]; some recent algorithmic
issues in the context of optimal control can be found in [10] and therein. In order to be constructive,
we focus in this work on the following version

Jx ik i Jx Jx  ix
(1.3) P=>9 (Z q%) = (Z gﬂ%) = > Y9
j=1 =1 1

i=1 \y= j=1li=1

where the maximal number of squares is equal to a predefined value i, > 1 independent of j. Next, the
notion of unisolvence which comes from the Finite Element Method (FEM) is convenient to formalize
properties of interpolation points. A unisolvent set of points (x;),; <r<ry is such that any polynomial
p € P"[X] is uniquely determined by its values p(x,.) = y, for 1 < r < ry. The number i, of polynomials
in the SOS (1.3) is a priori independent from the number of interpolation points. However in our context
the function G below is more naturally constructed assuming that

(1.4) ig = Ty.

That is why we will assume (1.4) throughout this work, except at early stages of the construction. With
these notations, one formulates the notion of positive interpolation: it is a recent adaptation [4] to SC of
the notion of a certificate of positivity for which the reader can find information in [12, 13]. A practical
way to understand the model problem below is the following: from the knowledge of the values of p at
only a finite number of given interpolation points, get a control of the sign of p at infinite number of
points (the whole set K).

PrOBLEM 1.1 (Iterative positive interpolation on K). Let p € Py  [X]. Take a unisolvent set
(XT)1<r<r*f and consider the interpolated values y, = p(x;). From (X,,y,)1<r<ry, compute iteratively
polynomials (g;;):; such that the SOS representation (1.3) holds at the limit.

The methods and results studied in this work can be summarized as follows. Consider the pa-

rametrization ¢;; € P [X] with n; = [(n — deg(g;))/2] where |-| denotes the integer part of a real
number. Consider the canonical basis made of monomials (but other basis can be taken as well, see
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Remark 2.1), with the standard multi-index notation a = (ay,...,aq) € N% |a] = a; + -+ + ag and
X = X7 ... X7%. The polynomials ¢;; write ¢;;(X) = Z|0¢|<"j cX“ and we store the coefficients in
a vector of coefficients ¢ = (c/), € R" where r; = dim(P"/[X]) = (‘”d”j). Gather the coefficients ¢!,
¢, ..., ¢ in a single column vector (called a Cholesky factor) U; = (¢, c2, ... ,cij*)t e R™* where
Ty = Z;’il r; (this equality can be relaxed, see Remark 2.2). Define the polynomial valued block matrix
B(X) = B(X)! € R™*x"s

(1.5) B(X) = diag (91(X)D™ (X), ..., g;,(X)D"* (X)), D’

LX) = XX, al, 8] < ny.

The first diagonal block is square 71 x 71, ... until the last block which is square r;, x 7;,: all other
terms are zero. By construction, one has the identity

(1.6) Z 9;(X) Z g5(X) = ) ( gj(X)Q?j(X)> = Z (B(X)U;, Us).

i=1 \j=

Denote the evaluation of B(X) at interpolation points as B, = B(x,) € R™*™*. Define the function
G : R™ — R with domain D = {X € R"* such that >, * \.B, > 0} as follows. For A € D then

Ty -1 Ty
(1.7) G(\) = tr (I + ] )\TB,,> + ) g,
r=1

r=1

otherwise G(A) = +00. In the previous formula, tr(-) denotes the trace. Then our main results are the
following.

THEOREM 1.2. The function G has the following properties:
1. It is a proper closed convez function. It is C* on its non-empty open convexr domain and by
definition equal to +00 on the complement of D.
2. Each A € D defines computable polynomials (qij[A])1<i<ry,1<j<jy Such that

0G

(1.8) e

Jx Tk
A =y, — Z 95 (%) Z GiN(x), 1<r<ry.
j=1 i=1

If Ay € D is a critical point of G, that is VG(Ay) = 0, then the family (gi;[A«])i; is solution to
(1.3), that is a SOS.

THEOREM 1.3 (Existence of critical points in D). It is proved in two cases.

1. Taked > 1, K a semi-algebraic set, p = 0 on K. Assume that a technical condition on the linear
independence of the matrices B, is satisfied. Then, up to an infinitesimally small perturbation
(the perturbed polynomial p* has the interpolation data (y:)i<r<ry ), the function G° is strictly
convez, coercive and admits a unique critical point in D.

2. Taked =1, K a segment and p > 0 on K. Then the technical condition the linear independence
of the matrices B, is satisfied. Moreover G is strictly convex, coercive and admits a unique
critical point in D.

COROLLARY 1.4 (Solution to Problem 1.1). Under the hypothesis of Theorem 1.3, the minimum
of G (or G¢) in D yields a SOS decomposition of p (or p®). It can be computed by standard unconstraint
descent algorithms.

A practical scenario, which in our mind has interest for SC, is the following. Take a polynomial
without knowing its sign on K. If the descent method converges and recover p at the limit, then p is
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non negative on K. If the descent does not recover p at the limit, then for monovariate polynomials, p
is non positive on K. It shows that the descent method provides an iterative certificate of positivity. In
case of non convergence, the iterations provide nevertheless a non negative surrogate to p. We refer to
[4] for an illustration of the interest of non negative polynomial surrogates.

The outline of this paper is as follows. In Section 2, we propose a dual interpretation of Problem
1.1. This leads us to the introduction of the function G. Then, in Section 3, we discuss necessary
and sufficient conditions characterizing asymptotic properties and strict convexity of G. In Section 4,
we show that for univariate positive polynomials on a segment, the former conditions are satisfied
yielding strict convexity and coercivity of the associated function G. Besides, we provide a more precise
description the structure of the domain. In Section 5, we present the specific descent and Newton type
methods we use to compute the critical points of G. In Section 6 we provide numerical illustrations of
the efficiency of our new approach for computing SOS decomposition of polynomials in one variable on
segment and two variables on triangle. Finally, we provide in Appendix A some additional theoretical
results concerning the links between the asymptotic cone of the set D and the Lagrange polynomials in
the case of univariate polynomials.
Acknowledgements. Both authors are greatly indebted to Jean-Bernard Lasserre and Didier Henrion
for their kind explanations on the theory and state of the art of semidefinite programming and sum of
squares and would like to thank them for their invitation at LAAS and for their hospitality.

2. Construction of G (Proof of Theorem 1.2). The construction of G, leading to (1.7), is
done by recasting the model problem 1.1 as the convex dual of a Quadratically Constrained Quadratic
Program (QCQP) (see[2]). In order to have a more general discussion, we relax the condition (1.4) in
this part and in the next Section 2.1, that is

Ty # Ty

is possible. The condition (1.4) is reintroduced end of Section 2.1. Before going too far into the details
of the heuristic, we begin with some remarks on the objects introduced in the first section.

Remark 2.1. In the numerical experiments of Section 6, we use other bases than the monomials in
order to optimize the robustness and accuracy of the algorithms. It only changes the definition of the
matrix B(X) in (1.5) and thus of B, = B(x,) but every result of this paper still hold. More generally,
one could even generalize Problem 1.1 and replace the constraint of equality at interpolated values by
constraints of the type y, = L,.(p) where the family {L,. : P*"[X] > R, r =1,...,r,} is any base of the
dual space of P"[X]. In the context of SC, and more precisely in the numerical resolution of partial
differential equations, one deals with data points in finite difference discretizations. However, if one
is considering a finite volume discretization, one would rather work with mean values on some mesh
cells. This variant is easily manageable with our method by choosing the adequate linear forms L, and
modifying the matrices B, accordingly.

Remark 2.2. Consider the formula (1.3). The dimension of the polynomial space for p is r4. The
number of degrees of freedom involved in the right hand side is i4ryy with re, = ;”;1 rj. Since
the problem is to construct SOS which correspond to a given polynomial p, a reasonable assumption
is to find the solution in a space with more degrees of freedom than the number of constraints. It
means i4x7y5 = T'y. 50 the minimal hypothesis is the equality 744 = 74, which will be considered as true
throughout this work. Let us however precise that in abstract results of existence of SOS decomposition,
such as Putinar Positivestellensatz [21], the (non-optimal) degrees of the g;; may be higher than in the
present setting leading to r44 » ry with our notation. In practice it is harmless to increase the degree
of the r; and thus ry, in our algorithm but it leads to heavier notations with little gain in terms of
generality in the analysis.
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Remark 2.3. An interesting consequence of the Caratheodory Theorem ([9, Theorem I11.1.3.6 page
98]) is that if a formula like (1.3) holds for é4 > r4, then a similar one holds also for i, = 74 (but for
different polynomials ¢;;). Indeed the set W = 37*, g;(X)P™[X]? is a closed convex cone embedded
in p € P"[X]. Therefore any convex combination of i, > r, elements of W can be expressed as a convex
combination of only 7, = dim P"[X] elements of W (the coefficients of the convex combination can be
set to 1 after proper rescaling of the new g;;).

2.1. Lagrangian duality (Theorem 1.2 item 1). In any dimension, the notation {-,-) will
denote the Fuclidean dot product and | - | will denote the associated norm. We define the algebraic
manifold
(2.1) U={U=(Uy,...,Uy) e (R™)™ such that » (B, U;,U;) =y, for all 1 <r <1y}

i=1

The vectors U; are called the Cholesky factors [18, 23] of the decomposition. With the unisolvence
assumption, finding a SOS (1.3) amounts to finding one element U € Y. In order to find a U el in a
constructive manner, our strategy is to start at a given V (probably outside ) and to project on U in
the quadratic norm. It writes as follows.

PROBLEM 2.4. Take V = (V1,...,V;,) e (R™*)™*. Caleulate U = argmin 1 Y% |U; — V,|2.
Ueld

The vectors V = (V;); may be thought of as a good initial guesses for the U = (U,);. The optimal
value of the cost does not matter. However Problem 2.4 seems even harder to solve than the original
problem we were concerned with. The finding is that the Lagrangian dual problem is endowed with
good properties provided V is conveniently chosen. In this case, the new Problem 2.4 provides a way
to determine an admissible U € U.

Still for any V, introduce the Lagrangian which is the sum of the functional and of the dualization
of the constraint (2.1) with a Lagrange multiplier A € R™*

1 & & 1
L(U,N) = 3 Z <||Ui —Vi|? + 2 Ar <BTUi,Ui>> —5 Ny) where y = (Y1) < <y -

i=1 r=1

Both the objective and the constraints are quadratic, so the optimality constraints are linear. Define
the symmetric matrix M(X\) = M(A\)! € R™**"*

(2.2) M\ =1+ i Ar By

r=1
where [ is the identity matrix in R™**"* . The first order optimality condition writes
(2.3) M(N)U; =V, for 1 <i<iy, <= M(A)U=V.

If the multiplier A € R™* is such that the matrix M ()) is invertible, then the candidate solution U can
be computed explicitly in terms of A and V as the solution of the linear system (2.3).

It is therefore natural to concentrate on a condition on A such that M () is invertible. In order
to obtain convexity properties in the following we even restrict A to the set of positive definiteness of
M(X). To our knowledge, this at this stage that our analysis differs from the standard exposition of
dual QCQP [2, 9] and from other dualizations in the context of SOS [3, 16, §].

DEFINITION 2.5. The domain of positive definiteness of M is D = {Ae R™ | M(\) > 0} c R™*. It
18 an open set and it is non empty since 0 € D.
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For a Lagrange multiplier A € D, the inverse transformation of (2.3) is U(\) = M(\)~'V.
Then, one can evaluate the Lagrangian at U(XA). An elementary computation yields L(U(N),\) =
s (Vi =<V, M(A)7'V;)) — 1{\,y). This motivates the introduction of the dual objective
function Gy : D — R defined by

(2.4) Gy () = 3 (Vi MO V) + L)

and which one should think of as a function to be minimized.
LEMMA 2.6. The function Gv is smooth on D. The first and second derivatives are
e & 082Gy )

i=1

(2.5)

In particular G is convex on its domain D.

Proof. The proof stems from the identity dx, M(\)™! = —M(\)"!B,M(\)~! and the symmetry
of the various matrices involved. Convex1ty follows from the p051t1V1ty of M(A) and the expression of
second derivatives yielding <V2GV s iy = 2 Zi:l (Ai(p, N), M i(py X)) = 0 where A;(p, A) =
St e BrU(A) for 1< < iy d

In order to address the behavior of Gy near the boundary, we will make us of the following notion.

DEFINITION 2.7. A convex function f : R™ — R u {+0} is said to be closed over its domain
Dy = {x| f(x) < o} if and only if the level sets {x | f(x) <t} are closed for t < +w: see [9] or [2,
Appendiz A.3.3.].

This property is extremely important in our approach because it yields a strong control of the objective
function at finite distance.

LEMMA 2.8. Assume the equality of dimensions (1.4) and that V € R™*"* 4s an orthogonal matriz.
Then one has the simpler expression where tr(-) denotes the trace of a square matriz

(2.6) G\ := Gv(\) = tr(M7PON) + O y).

Moreover the extension of G := Gv with value +00 outside of D is a closed convex function

Proof. The formula is a direct consequence of (2.4), because the number i, of orthogonal vectors
V,; is equal to the dimension r4 of the space. Thanks to the continuity on D, the closedness of Gv on
R™ amounts to showing that for any sequence (uy)r in D converging to a point of the boundary of
the domain 0D = {A € D | det (I + X%, A\, B;;) = 0}, then one has G (i) — +% as k — +c0. In the
light of the representation formula (2.6) 1nvolv1ng the trace of M(\)~! it is the case since the minimal
eigenvalue of M (uy) goes to 0 as k — +00. Clearly the function is independent of V. O

The equality of dimensions iy = 7, provides the closed and compact form of G. The notation i,
will not be used anymore in the rest of the presentation, only r,.

2.2. Critical points of G (Theorem 1.2 item 2). In this section, we formalize natural con-
sequences of the formulas (2.5) for the derivatives of G. These first properties are essentially a re-
formulation of the previous material. For each Lagrange multiplier A\ € D one defines the vectors
(¢9[N])a,; € R™ which are the components of U;()\), the latter being the ith column of M(A)~!. It de-

[e3

fines the polynomials g;;[A] € P"/[X] by q;;[A](X) = X4 <n, cJA]X. With (1.6), these polynomials

e
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define a sum of square p[\] € Py , [X]

(2.7) PAI(X) = Z 9;(X) <Z Q?j[k](X)> :

Using (1.6), p[A](x,) = D3i*, (B, U;, U;). So (2.5) is rewritten as

oG
oAy

(2'8) ()‘) = Yr _p[)‘](xr)'
The Proposition below characterizes that in order to solve Problem 1.1 it is sufficient to find critical
points of G.
PROPOSITION 2.9. Take p € Pi;  [X] and an unisolvent set of interpolation points (x;) in
K. Consider y, = p(x,) for 1 <r < ry. The following properties are equivalents
e \* €D is a critical point of G, namely VG(A\*) = 0.
o \* € D minimizes G.
o p(X) = p[N*](X).
Proof. Since G is closed convex, local minima coincide exactly with critical points, so the first two
points are equivalent. The equivalence between the first and third assertions follows from (2.8) and the
unisolvence assumption. O

1<r<ryg

2.3. Number of squares. Let us precise the number of squares in the SOS formula (2.7). This
information is additional with respect to Theorem 1.2. It brings the possibility to have a cheaper
implementation.

LEMMA 2.10. The number of non zero polynomials in 3 1%, q7;[N|(X) is less or equal to ;.

Proof. By construction (Uy(A),..., Uy, (A)) = U(X) = M(A)~! is a block diagonal matrix. The
blocks have size ry x 1 until 7;, x r;,. So, for a given j, the polynomials ¢;;[X] vanish for 1 <i <

ri+ -+ rjrand forry o b gy, F 1SS Ty 0

Remark 2.11. The result of Lemma 2.10 is nevertheless non optimal in dimension d = 1. Indeed
consider the Lukdcs Theorem (see Proposition 4.1) in the odd case n = 2k + 1 and take ¢;(X) = X and
92(X) = (1—-X) asin (4.3). Sory =n+1andr =ry =k+1. Assume that there exists a critical point
A to G. Then (2.7) yields a representation p(X) = X 3% | p2 [\J(X) + (1 — X) 7%, 1, pH ] (X).
In terms of the number of squares, here 2k, it is clearly non optimal with respect to the result of the
Lukacs Theorem which involves only two polynomials whatever n.

3. Coercivity of G (Proof of Theorem 1.3 Item 1). A sufficient condition for the existence
of a critical point is that G is infinite at infinity, this is called coercivity,

(3.1) lim G(\) = +oo0.
[A]|—+o0
A sufficient condition for the uniqueness of the critical points is strict convexity.
In the following, we start in Section 3.1 by investigating the asymptotic behavior of G along rays
starting at 0. From this knowledge we derive conditions characterizing coercivity in Section 3.2. We
characterize strict convexity in Section 3.3.

3.1. The asymptotic cone. There are two types of directions in D. For d € R™ with |d| = 1,
one defines the rays Rq := {A =td |t > 0} issued from the starting point 0 € Rq. Two possibilities
occur: either Rq intersects the boundary 0D either it does not. In the first case if one notes tq > 0 the
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unique real number such that tqd € 0D, then lim,_, i G(td) = +o0. So the function G is bounded from

below and coercive in the direction d.

In this section one is interested in the rest of the directions. They generate the so-called asymptotic
cone or recession cone of D. The asymptotic cone is closed, independent of the starting point and is
classically defined [9] by Cy = {\ € R™* such that Vue D, ¢t = 0, u+t\ € D}.

LEMMA 3.1. The asymptotic cone of D is Cop, = {A € R"™* | >7* N\, B, = 0}.

Proof. Let A,y such that >, * '\ B, > 0and I + Y%, p, B, > 0. Then, I+ > * (ur +tA\)B, > O
for all ¢ = 0, so A belongs to the asymptotic cone. Conversely let A such that for all y and ¢ >
pw+theD. If Z 1 A By had a negative eigenvalue then for ¢ large enough I + tzr* Ar B, would also
have a negative elgenvalue which would contradict the fact that tA € D. ]

The main question is the asymptotic behavior of G in directions in Cg,.

Let us derive a condition which rules out unboundedness from below in the asymptotic cone. One
introduces the polynomial valued vector L(X) with components being the Lagrange polynomials asso-
ciated with the set of points (x,)i1<r<r, evaluated at x, namely

(3.2) LX) = ((X))1<r<r, € R™,

where the Lagrange interpolation polynomials [, € P"[X] are defined by [, (x5) = dps for 1 < 7,8 < 1y,
where §,; denotes the Kronecker symbol. The vector L(X) will be called a Lagrange vector. The
polynomial p which takes the value y, at x,. satisfies the Lagrange interpolation formula

(3.3) Zyw ) = {y, L(X)).

One can show another interpolation property characteristics of our problem.

LEMMA 3.2. One has B(X) = X' *,1,(X)B,. For x € K, B(x) is positive semidefinite and L(x) €
Cup.

Proof. Let W,Z € R™* be the coefficients of some polynomials (p;)i<j<j, and (¢j)i<j<ji- BY
definition (1.5-1.6) of B(x) which is symmetric one knows that

<W ( x) — Z lr(X)BT> Z> = Z (gj(x) Z lr(x)g; (%r pj(xr)%(xr)> =0.

Since W, Z are arbitrary, it yields the first part of the claim. Also for x € K, one has that g;(x) > 0.
Therefore (W1, B(x)W1) = 3%, g;(x)p;(x)? = 0 which yields that B(x) > 0. One gets that L(x) €

Cyp- O
In the following there are three different results concerning the behavior of G in the asymptotic
cone: either, Lemma 3.3, inf;~¢ rec, G(tA) = —oo; or, Proposition 3.4, inf;~g rxec,, G(tA) > —o0; or

even better, Proposition 3.8, the function G is coercive.

LEMMA 3.3. Assume that there exists z € K such that p(z) < 0. Then lim;_, o G(tL(z)) = —©
and thus the corresponding function G is not bounded from below in Coy.

Proof. The half line generated by L(z) is included in D by Lemma 3.2 and so all for ¢ > 0, one
has G (tL(z)) = tr (M(tL(z))™') + tp(z). Since A = tL(z) € Cy, one has M(\) > I so G(tA) <
ry + tp(2z) o T |

PROPOSITION 3.4. Consider p € PHQ#[X], a unisolvent set of interpolation points (XT)1<r<r* n K
and define y, = p(x;) for 1 <r < ry. The following properties are equivalent.



ITERATIVE COMPUTATION OF SOS 9

e For any A\ € Cy, one has (\,y)y = 0.
o There exists polynomials q;; for 1 < j < jyx and 1 <i < ry =7y such that

pX) = 3 0;(X) Y] a2 (X).

Proof. For W € R"™, define the vector sw = ((B,W,W)), .., € R™. A equivalent definition
of Cy is Cyp = {A € R™ such that (sw,A) >0 for all W € R™}. In order to prove the result, one
can invoke the Generalized Farkas Theorem ([9, Theorem I111.4.3.4 page 131] with the correspondence
y = b). It already states that our first assertion is equivalent to y being in the closed convex conical hull
of the linear forms sw, that is y = Y. *, a;sw, where a; > 0 for all 4, and 7, is sufficiently large. It is
rewritten as y = > 1%, sz, for Z; = (a;)2W,. Using (1.6), the latter rewrites as our second assertion.O

3.2. Coercivity. Now we investigate the conditions such that G is infinite at infinity (coercivity).
A first negative result about coercivity is the following. The proof easily adapted from the one of
Lemma 3.3.

LEMMA 3.5. Assume there exists z € K such that p(z) = 0. Then G(tL(z)) remains bounded as
t — 400 and G s not coercive.

Thus we can only hope for coercivity starting from strictly positive polynomials. Let us know define
a specific useful polynomial denoted as pp.

DEFINITION 3.6. Define the polynomial pp(X) = tr (B(X)) € Pg , [X], where B(X) is the matriz
defined in (1.5).

A key property of this polynomial is the following.

LEMMA 3.7. Assume that the matrices {Br}lSTST* are linearly independent. Then there exists a
constant cy > 0 such that

Tx
(3.4) e A< ) Mepp(xn), VA€ Co
r=1

Proof. Let A € C. The matrix ), A, B, is symmetric and positive semidefinite. So its matrix norm
can be controlled by its largest eigenvalue and thus by its trace, namely [> 7% A\ B,|| < tr 3%, A\ B,) =
S0k ApB(x,). Second we also know that A — Y7* | X, B, is injective thanks to the linear independence
assumption. Thus there a constant ¢, > 0 such that c,|A| < |27*; A B,|. Combining both inequalities
ends the proof. O

The result of the next Proposition holds in any dimension. It shows that any polynomial which has
a SOS can be approximated with our approach, provided one shifts positively the SOS by epp where
e > 0 is as small as desired. It proves Item 1 in Theorem 1.3.

PROPOSITION 3.8. Let p € Py ,[X] which admits a SOS (1.3). Take a unisolvent set of in-
terpolation points (Xr),<,<,, i K and assume that the corresponding matrices {B:}, ¢, ,, are lin-
early independent. Take € > 0 and set p°* = p + epp. Then the function G built from x, and
ye = p°(xXy) = yr + epp(xy) for 1 <r <1y is coercive.

Proof. The asymptotic cone Cy, does not depend on y or y° and we desire to show firstly that
G¢ grows linearly to infinity for directions in Cy,. One has the identity > % Ays = 3%, My, +
X ¥ App(x:). Take A € Cop: proposition 3.4 yields > * | A\,y, = 0 because p is a SOS by assumption;
then Lemma 3.7 shows that for any A € Copp X0 %, A\pyr = 0+ ec4||A| which yields uniform coercivity in
the directions in the asymptotic cone.



10 B. DESPRES AND M. HERDA

In order to show coercivity (3.1) which is a stronger statement, the proof is by contradiction.
Assume it does not hold. Then there exists a constant K € R as well as a sequence (fy,,dm),,cx
such that t,, — 400, |dy| = 1 and G(t,d,) < K. By convexity, and since G(0) = ry, one has
G(td,,) < max(ry, K) for t € [0,t,]. Up to the extraction of a sub-sequence there exists d, with
[d«|l = 1, such that G(¢tdy) < max(ry, K) for t € Rt. In particular the ray with direction d, cannot
intersect the boundary 0D so it belongs to the asymptotic cone Cy. By the first estimate G(tdy) = ecyt,
so it cannot be bounded which yields the contradiction. 0

Remark 3.9. With the same strategy of proof, it is possible to show that any polynomial in a
neighborhood of pg, that is {g € P"[X] | |l¢ — pp|l < &}, generates a function G which is coercive. It
yields that all polynomials in this neighborhood admits a representation as a SOS.

3.3. Strict convexity. Strict convexity, if it holds, yields uniqueness of a critical point. This
information is additional to Item 1 of Theorem 1.3.

PROPOSITION 3.10. Letp € Py [X] be strictly positive on K. Take a unisolvent set of interpolation
points (X’f)1<r<r* in K and assume that the corresponding matrices {Br}lsrgr* are linearly independent.
Then G is strictly conver.

Proof. From (2.5) one has that (V2G(AN)p, pny = 2377%, (A; (1, A), M(A\) 7 4; (1, A)) = 0 for all
w e R™, where A;(u,\) = 3%, ur-Br)U;(A) for 1 < i < 7y Since M(A)7! is positive definite, its
columns U;(A) form a basis.

By contradiction, assume now G is not strictly convex. There exists p # 0 such that <V2G (N s u> =
0. So the vectors A;(u, \) vanish for all . So > *, u,B, = 0, and p = 0 by linear independence of the
matrices (By)y—1,...r,. This is a contradiction so V2G(A) > 0 and G is strictly convex. a

The strict convexity of G can be measured with the minimal eigenvalue of its Hessian a(\) =

. V2Gv(\)u, . . . .
inf, 4o % > 0, for any A € D. An important property which motivates the design of one of

our numerical methods is the following.

LEMMA 3.11. Under the assumptions of Proposition 3.10, then « has a cubic degeneracy at infinity
in the interior of the asymptotic cone of D. For all d € R"™* such that |d| = 1 and >)*,d.B, > 0,
there is Cq > 0 such that a(td) < Cq(1 +t)~3 for all t > 0.

Proof. Let A = td. Then for a constant C' depending only on the data one has <V2G()\)u,,u> <
C||M(N)7Y||3|lp?. Note that under the assumptions the minimal eigenvalue of M () is given by 1+ eqt
with eq the minimal eigenvalue of Y,/ * | d, B,. Hence |[M(X) 7| = O((1+¢)71).

4. Univariate polynomials on a segment (Theorem 1.3 Item 2). In this section, we focus
on univariate polynomials, namely when d = 1, over the segment K = [0,1]. This case is interesting
because it is central for for numerical computation of functions of one variable and also one can easily
prove the coercivity and the strict convexity. The notation is simplified by using the real variable x € R,
more adapted to analytical methods.

We check that the various assumptions granting coercivity and strict convexity are satisfied. In view
of Proposition 3.4, Proposition 3.8 and Proposition 3.10 of the previous section, it suffices to exhibit an
appropriate choice of functions (g;); and of interpolation points such that: any non-negative polynomial
admits a (possibly non-explicit) SOS decomposition; and the matrices {B,}, are linearly independent.
The first point follows from the Markov-Lukdcs Theorem, see [24, 5, 6, 11] for a proof.

PROPOSITION 4.1 (Markov-Lukdcs). Let us consider p € P"[z] and K = [0, 1].
e Even case: If n = 2k, then p is non-negative on K if and only if there are polynomials a and
b with degree less or equal to k and k — 1 respectively such that

(4.1) p(z) = a*(z) + 2(1 — 2)b*(x).
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e Odd case: If n = 2k + 1, then p is non-negative on K if and only if there are polynomials a
and b with degree less or equal to k such that

(4.2) p(x) = za®(x) + (1 — 2)b?(z).

Now let us precise the setting. One takes j, = 2 and

43) forniseven: g¢i(z) =1 and go(x)=2(1—x),

4.3
fornisodd: ¢i(z) =2 and go(z)=1-—2x.

Concerning the interpolation points, we choose any . = n + 1 distinct points (z,)r=1,... n+1 on the
segment [0,1]. The polynomials are represented along monomials so that the matrices B, have the
block structure

g1(zr)W] @ Wi 0 (n+1)x (n+1)
4.4 B, = - - | €R
(44) ( 0 go(x,)Wh @ W}
where " t
for n = 2k : w{=(17xr,...,xﬁ) andw§=(1,acr,...7xf—1) ,
forn=2k+1: w{=w§=(1,xr,...,x’j)t.

With these notations, the equalities (4.1) and (4.2) are equivalent to y, = (B, U,U) for 1 <r <n + 1.
In the odd case n = 2k + 1 one has U = (ag,...,ax,bo,...bx)" € R""! with a(x) = Z;LO az' and
b(x) = Zf:o biz'. In the even case n = 2k, U = (ag, ..., ax,bg,...by_1)" € R*TL

COROLLARY 4.2 (of Proposition 3.4). Take p € P[TM and set y, = p(x,). Then, for all A € Cy,
one has that (\y) = 0.

Proof. Indeed the second statement of Proposition 3.4 holds with i, = 1 by taking p;; = a and
p12 = b with a, b provided by Proposition 4.1. 0

Let A € R**!. Using the structure (4.4) of the matrices B,, one has the Hankel matrices

n+1
([ H 0
(4.5) EATBT = ( 0 H )

]+

where
k k
for n = 2k : (Hyv,w) = 2 Sitj1viw;, (Hav,w) = Z (Sitj — Sitj+1)Viw;,
i,j=0 i,j=0
k k—1
forn=2k+1: <H1V,W> = 2 Si4+j+1V;Wy, <H2V,W> = 2 (Si+j+1 — si+j+2)viwj.
i,7=0 4,j=0
. 1 ; . . .
The s;’s are given by s; = Z:L:l Arzk. The linear map A — (sg, ..., sy) is one to one, since (s, ..., Sn)

is obtained by multiplying A by a Vandermonde matrix, which is invertible. A direct consequence is the
following.

LemMMA 4.3. The matrices {B:}, .,,, are linearly independent.

Proof. Assume Y,'_ A B, = 0. Then (4.5) and the definition of Hy and H, yields that s = --- =
sn = 0. It yields A = 0. So the {B,},,,, are linearly independent. 0
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PROPOSITION 4.4. For any univariate polynomial p that is strictly positive on K = [0,1], the as-
sociated function G is strictly convex and coercive. As a consequence, it has a unique critical point \*
which defines a sum of squares decomposition p[A*] = p.

Proof. Thanks to Corollary 4.2 and Lemma 4.3, the assumptions of Proposition 3.8 and Proposi-
tion 3.10 are satisfied which yields the result. ]

5. Numerical algorithms. Now we introduce several descent and Newton methods for the com-
putation of sum of squares decompositions, via the minimization of G.

5.1. Descent methods. Descent methods (5.1) are based on the minimization of the dual function
G either by a descent type algorithm, either by the direct search of a critical point with a Newton type
methods. All the methods enter the generic iterative framework

(51) )\erl = >\m - TmH;fVG()\m), )‘0 = 07

with H,, and 7,,, to be defined. The latter is an adaptive time step ensuring the decay of |[VG(A\p,)||
at each step. We recall that this quantity actually measures the Euclidean norm between the current
sum of squares (p[A,](z,)), and y. The adaptive time step 7, is defined as follows. Let us define
AR Z N, — 2_’“7'7(75)H;11VG(/\m). Then we denote by k,,, the smallest integer such that HVG()\%C))H <
[VG(Ams1)|. From there we define 7,,,1 = 27%=7,, for k,,, > 0 and 7,,1 = 27, for k,,, = 0. Another
possibility for the control of the steps 7, is proposed in conclusion.

5.1.1. Forward descent method. The first method we use is the classical descent method which
consists in taking H,, = I the identity matrix.

5.1.2. Backward descent method. Given a sequence of positive time steps 7,,, the following
iterative scheme A, 41 = arg minyep G\ + i [A— S\mHQ with initial guess Ao = 0 is well defined since
G is convex. It corresponds exactly to the implicit Euler discretization of the gradient flow with variable
time steps. At step m we look for the critical point of the strictly convex objective function by making
one step of a Newton method starting at \,,, yielding the scheme (5.1) with H,, = I + 7, V2G(\,).
The adaptive time step is chosen as in Section 5.1.

5.2. Newton-Raphson methods. Newton-Raphson methods can be understood as acceleration
techniques for descent methods. We also threshold the maximal time 7,,, < 1, since it is the theoretical
value of the Newton-Raphson method.

5.2.1. Newton-Raphson method. A straightforward method for a direct search of the critical
point of G is the classical Newton method H,, = V2G(\,), with V2G the Hessian of G. The time step
Tm 18 computed as in Section 5.1.

5.2.2. Modified Newton-Raphson method. The Hessian of G degenerates at infinity as showed
in Lemma 3.11. In practice, a classical Newton-Raphson method for solving VG(A) = 0 can be in-
accurate at the first iterations in some cases. Instead one may notice that A, is a critical point
of G(\) if and only if it is a critical point of (G(A) — C)? where C is a constant which is smaller
than the infimum of G. One expect the latter function to grow quadratically at infinity thus improv-
ing the conditioning of the Hessian. This suggests the modified Newton method (5.1) with H,, =
amVGAp) @ VG(A\p) + V2G(\y). The time step 7, is chosen as in the previous sections. Several
choices are possible for a,,. Following the heuristic one could impose a,, = (G(\,) — K)~!. In practice,
we found out that the (empirical) choice ay, = [VG(An)|/(IVG(Am)| + [VG(0)]) yields good results.

6. Numerical experiments. In this section, we perform various numerical experiments in order
to illustrate the theoretical results and to explore the behavior of the numerical algorithms. The
implementation has been performed with Matlab and Python, with no noticeable difficulties.
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FIG. 1. Test case 1. Sum of square interpolation of p(z) = x®+1. (Top left) Error |VG(Am)l||2 vs. iteration m; (Top
right) Step size Tm vs. iteration m; (Bottom) Data (yr = p(zr))r and sum of squares p[A](z) satisfying |[VG(N)| < 1078.

6.1. Univariate polynomials on a segment. Here we consider univariate SOS polynomials. We
proceed as explained in Section 4, except that the monomial basis is replaced here by the orthogonal
basis of shifted Chebychev polynomials (T;(x))i=1,... r satisfying T;(cos(f) + 1)/2) = cos(i6), for all
f € R. The only modification of the method presented earlier concerns the definition of the D, matrices
which become D, = wiw, € R™*" with w, = (To(z,), T1(2,), ..., Tr(x,))" € R™. The reason is that
shifted Chebychev polynomials have much better behavior in terms of numerical approximation, since
they produce "uniformly distributed” polynomials in [0, 1], see [7] for comprehensive mathematical
treatment. On the opposite, monomials z* which concentrate at & = 1 for i — 400 are non optimal for
numerical approximation in the segment [0, 1]. One can refer to [5] for a comparison between the use
of Chebychev polynomials and monomials. In the following we propose different test cases to illustrate
the various properties of the various descent and Newton-Raphson type methods proposed in Section 5.
For univariate polynomials, the tests 1-2-3 are performed with the odd order option (4.3) of the weights:
similar results are observed with ¢;(z) = 1 and g2(z) = z(1 — z), and so are not reported. Test 5 is
performed with both the odd and even options.

6.1.1. Test case 1. We compare the convergence of the methods for an easy objective polynomial,

that is a polynomial with low degree and far above 0: we take n =5, 7y =iy =n+1=6, p(x) = 2° +1
and the weights g1 (z) = x with g2(z) =1 —z (s0 jx = 2).
We observe on Figure 1 that the Newton type methods both reach the threshold precision of 1078
after only 6 iterations. The implicit Euler and gradient descent methods need respectively 573 and
2727 iterations to reach the same error: this low convergence has been observed for many other test
problems. This is why we continue the tests with the Newton methods only.

6.1.2. Test case 2. In this second test case, we illustrate the better performance of the modified
Newton-Raphson method compared to the standard Newton-Raphson method. We choose a highly
oscillating objective polynomial with lower bound equal to 0. It is given by n = 21, ry = 14 = n+1 = 22,
p(x) = To1(z) + 1 and the weights gy (z) = x with ga(z) =1 — 2 (S0 jx = 2).

We observe on Figure 2 that the modified Newton-Raphson method reaches a precision of around
10~® in 40 iterations. In the case of the standard Newton-Raphson method, the adaptive time step
quickly reduces to a very small value in order to keep decreasing the error at each iteration. A similar
phenomena happens near convergence for the modified Newton-Raphson method. These behaviors
can be interpreted thanks to the evolution of the condition number of the matrix H,, also showed on
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FiG. 2. Test case 2. Sum of square interpolation of p(x) = To1(x) + 1. (Top left) error |[VG(Am)|2 vs. iteration m;
(Top right) Step size T, vs. iteration m; (Bottom left) Condition number of Hy, vs. iteration m; (Bottom right) Data
(yr = p(zr))r and sum of squares p[\](z) satisfying |[VG(N)| < 1076.

Figure 2. Let us recall that this matrix needs to be inverted at each iteration. On the first hand, for the
Newton-Raphson method, H,, is the Hessian of G which degenerates when A is far from the minimizer
of GG, as explained in Lemma 3.11. The modified Newton-Raphson method seems to prevent a bad
condition number of the tweaked Hessian in the first few iterations. On the second hand, since the
objective polynomial has a 0 lower bound, strict convexity and coercivity of G are not granted and it
may explain the bad conditioning of H,, near convergence in the case of the modified Newton-Raphson
method. Indeed recall that when VG(\,,) is small H,, almost coincides with the Hessian in the modified
Newton-Raphson method.

Nonetheless we found in many numerical experiments that the latter numerical method is the most
robust and efficient of the four. This the reason why we only use the modified Newton-Raphson method
in the following series of tests.

6.1.3. Test case 3. Now, we illustrate the influence of the lower bound of p on the convergence
of the method. To proceed, we compute a sum of squares approximation of the polynomial p(x) =
Ti1(x) + 1 + o for various lower bounds o (n =5, 14 = ix, = n+1 =6, jx = 2).

The results are displayed on Figure 3. We observe that the number of iterations required to reach a
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precision of 107® seems to increase proportionally with [log(«)|. The condition number of H,, and
the norm of A, at convergence decays like some negative power of a. Interestingly enough, one also
sees that the quadratic convergence of the (modified) Newton method seems to degenerate to linear
convergence when a goes to 0. All these behaviors can be interpreted thanks to the results of Lemma 3.5
and Lemma 3.11. We know from Lemma 3.5 that for o = 0, p has a root zg in [0,1], and thus the
coercivity of G is lost in some direction of the asymptotic cone of D (that of the Lagrange vector L(x)).
Thus as @ — 0, the minimizer A\¥ may go to +0 in the asymptotic cone which would explain here the
explosion of the norm of A and of the condition number of H,, as predicted by Lemma 3.11 and shown
on Figure 3.

6.1.4. Test case 4. In this fourth test case we illustrate the influence of the degree n of the
objective polynomial p(x) = 2™ + 1 on the convergence of our method, with ¢g;(z) = x and go2(z) = 1—2x
for n odd and g;(xz) = 1 and g2(x) = z(1 — ) for n even.

The result are displayed on Figure 4. We observe that the number of iterations required to reach
an error of 10~% increases with the degree, but weakly. We also observe that the condition number
cond(H,,) = |H.||| H,, | near convergence deteriorates with n, approximatively quadratically.

6.2. Bivariate polynomials on a triangle. We use the minimization algorithm for the compu-
tation of a sum of squares representation of some positive polynomial p € P, [X, Y] on the triangle.

6.2.1. Numerical setting. The barycentric coordinates corresponding to the vertices S, So and
Sy of the triangle are denoted as p; for j = 1,2,3: pi(z,y) =1 —x —y, po(z,y) = x and ps(z,y) = y.



16 B. DESPRES AND M. HERDA
°
2] 15 |
3 10 © ¢ esesesce 10 .o‘.
= - o’
g © © 000000 © © s ..o
= m 1010 |
= 8 (XX X X)) =
& g
__g o oo ) 105 |
E 6| e
Z. o
o T T T 100 1@ T T T
0 10 20 30 0 10 20 30
Degree n Degree n

FI1G. 4. Test case 4. Influence of the degree n in the sum of square interpolation of p(xz) = ™ + 1. (Left) Number
of iterations to converge vs. n; (Right) Condition number of Hm at the last iteration vs. n.

Domain and interpolation points

S3
1 o\
[} o\
> 0.5 ) ) o\
[} ° ° o\
(s o ® ® °® ()
Sl SQ
T T T T T T T T
—-02 0 02 04 06 08 1 1.2
X

Fic. 5. The simplex K and interpolation points for n = 4.

The triangle is K = {x = (z,y) € R? | pu1(x) =0, p2(x) =0, pz(x) = 0}. The interpolation points
are X, = (z,,y,) for 1 <r <ry = (n+1)(n+2)/2 are the distinct points of a cartesian grid intersected
with the triangle. For a given polynomial p € P*[X] of a given degree, the data is z € R™* which is the
vector with components z, = p(z,,y,). An illustration of the geometry is provided in Figure 5 where
the degree is n = 4.

We consider the ansatz (x = (z,y))

61 NG = 306 Pl + 0200 palN60? + g3(x) ps N ? 04 () pual )

where, arbitrarily with respect to the literature [12], the weights are

gi = pi for i =1,2,3 and g4 = pypzps,

6.2
(62) g1 = M2 3, g2 = p3 p1, g3 = p1 p2 and gg = 1.

forn=2k+1,
for n = 2k,

With this choice we recover in every cases ry = 11 + r2 + 73 + 4. All polynomials are parametrized on
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F1G. 6. Test case 5. Bivariate sum of square interpolation of the degree 8 polynomial p(x,y) = (Tu(z) + 1)(Ta(y) +
1)/4 + 1073 on the 2D simplex. (Left) error |[VG(Am)|2 vs. iteration m; (Right) surface plot of the converged sum of
square.

the basis of bivariate monomials since Chebychev polynomials are not available on the triangle.

6.2.2. Test case 5. We approach the polynomial p(x,y) = (Ty(z) + 1)(T4(y) +1)/4+ 1073 on the
2D simplex with the modified Newton method. The parameters are n = 8, ry = i, = 45 and j, = 4.

We observe on Figure 6 that our method converges in this multivariate setting and reaches a
precision of less than 108 in 210 iterations. The error decays slowly during the first 200 iterations
before reaching usual quadratic speed of convergence of the Newton method near the minimizer of
G. This result illustrates the ability of our algorithms to provided a computational strategy for the
computation of positive polynomials on bi-dimensional sets.

6.2.3. Test case 6. In this last test case we are interested in the SOS approximation of the
Motzkin polynomial [17] p(z,y) = 2%y* + y?x* — 322y + 1.

This polynomial is non-negative over R? and famous for not being a sum of square in the sense
that it admits no decomposition (1.3) with weigths g; = --- = g;, = 1 (whatever the choice of iy or,
equivalently in this particular case, jy). The parameters are n = 6, ry, = iy = 28 and j, = 4. We use
our method to approach this polynomial with the sum of square ansatz (6.1) but with two different
weights: on the one hand we use the weights g; (6.2) for which we expect some convergence of the
algorithm; on the other other hand we use the weights g; = 1 for i = 1,2, 3, 4.

In the latter case our experiment on Figure 7 show the method does not converge (in coherence with
the non-existence of a sum of square decomposition for the Motzkin polynomial). The algorithm with
weights g; converges while the algorithm with weights §; does not converge (bottom right illustration
in the Figure).

7. Concluding remarks. All our numerical results show that the modified Newton-Raphson
algorithm is able to compute polynomials which respect a sign condition on a given simple semi-algebraic
set. However more needs to be investigated to evaluate the full potential of such methods. Here we
detail to possible domains of research which are consequences of the multiple connections of our methods
with the ones of Scientific Computing.

e It is possible to look in more details in the case i, # 74. It allows greater generality of the construction,
which can be convenient for optimization purposes. In such cases, the function G should be replaced
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by Gv.

e The technical conditions on the linear independance of the matrices B, in the multivariate case
needs further examinations. In this direction there may be links with algebraic properties such as the
Archimedeanity of the quadratic module associated with the weights g; (see [12, proof of Theorem
2.14]).

e A C++ implementation needs to be tested. On this basis it will be possible to couple with codes in
scientific computing (such as the ones evoked in [22] and the references therein) to evaluate the gain in
robustness with the new algorithms. Comparisons with other established softwares like the primal-dual
interior-point SDP Mosek-Yalmip package [15] in Matlab will be a plus. Such benchmarks are left for
future work.

e Finally we mention that an implementation of the gradient algorithms with absolute guarantee of
the condition A™*! € D is possible. Indeed start from A™ € D. Since A™*! = A — Atd™ for a given
direction d™ = (d™), the condition A™*! € D is satisfied provided M(A\™) — At d'B, > 0. It is
satisfied under the sufficient condition p (3, d}'B,) At < p (M(A™))™": here p(A) denotes the spectral
radius of a given square matrix A. This condition is very much a CFL stability condition.

Appendix A. The asymptotic cone for univariate polynomials.

One can obtain a much better understanding of the cone at infinity, which exemplifies the role of
the Lagrange interpolating polynomials. Given a subset S = R™*! one denotes by coni(S) the conical
hull of S that is the set of linear combinations with non-negative coefficients of elements of S. The
asymptotic cone can be constructed from the matrices (4.4) or (4.5) in the univariate case. The main
result is the following, where the the Lagrange vectors are defined in (3.2).
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THEOREM A.l. The asymptotic cone of D is generated by the Lagrange vectors L(x) for 0 < x <1,
that is Cop = coni({L(z) € R"*1 | x € [0,1]}).

We need some intermediate results in order to prove Theorem A.1. First, let us define CL = {\ €
Co | SN =1} € Cyp. Since Y7* 1.(z,) = 1 for all 1 < r < 7y, one has Y% [,(X) = 1.
Therefore, with Lemma 3.2, we know that {L(z) € R"™! |z €[0,1]}  CL. The main point of the
proof is to show that CL < {L(z) € R"*!,| z € [0,1]}. To do so we identify C}, with a subset of Borel
probability measures on [0, 1] using the theory of the moment problem for which an comprehensive
reference is [11]. The proof of the Theorem invoked below in the proof is strongly related to the Lukacs
decomposition of Theorem 4.1.

PROPOSITION A.2. Let A € R" L. The following are equivalents: a) The vector \ belongs to CL;
b) There is a Borel probability measure o on [0, 1] such that

n+1

(A.1) Z A B, = B(z)do(x).
r=1 [0,1]

Proof. Using (4.5), one can say that A € CL, <= (so, ..., s,) are such that H; and Hy are positive
semidefinite matrices and sg = 1. By [11, Theorem 2.3, Theorem 2.4], this is equivalent to the existence
of a Borel probability measure o such that (A.1) holds. d

COROLLARY A.3. The set C1, is compact.

Proof. Since, by Proposition A.2, the s;’s are moments of a Borel probability measure on [0, 1], one
has (8o, ...,sn) € [0,1]"*L. Therefore, since A — (so,...,sy) is linear and invertible (see Lemma 4.3),
CL is bounded. 0

We recall that a point A of a convex set C' is said to be an extreme point (see [9, III, Definition
2.3.1]) of C if for any A;, A2 € C such that A = (A1 + A2)/2, one has A = A\; = A2. We denote by ext(C)
the set of extreme points of C.

PROPOSITION A.4. The set of extreme points of CL is ext(CL) = {L(z) | = € [0,1]}.

Proof. Let )\ € ext(CL). Since extreme points of a convex set are located on its boundary there is
a vector V # 0 such that <Z"+11 A BV, V> = 0. Let o be a Borel measure satisfying (A.1) and define

=
q(X) =(B(X)V,V) = 0. One has S[O,l] q(z)do(z) = 0. Since ¢ is not identically zero, the measure o
must be supported on a subset of the finite set of roots of ¢ intersected with [0.1]. Since g has degree
n, o has the form o = Y| agdy, where > o =1, 0 < ag < 1 and z, € [0, 1], for some distinct
x1,...,2, and where §,, is the Dirac measure at x. Now assume that for some index k, oy, € (0,1).
Then there is k' # k such that ap € (0,1). Then let 0 < € < min(ag, ax, 1 — ag, 1 — ags) and define
01 = 0 — &0y, + €0y, and o9 = 0 + 6, — €6,,,. The measures 01 and o3 are two Borel probability
measures generating different sets of moments for at least some ¢ in the range. Since A — (sq,...,8,) is
linear and invertible there are distinct A1, Ag € Colo satisfying (A.1) for the respective measures o1 and o9
and one has A = (A1 +\3)/2. There is a contradiction. Therefore either o = 0 or o = 1 s0 o must be a
dirac measure at some point 4 € [0,1]. Hence 3"*! X, B(z,) = B(z) so in particular Z:f;l Nk = ok
for any 0 < k < n which yields A = L(z4). Conversely if A = L(z4) and A = (A1 + A2)/2, then there
are probability measures o1 and oy such that 0., = (01 + 02)/2. Therefore o and o3 are supported at
x4 and since they have the same mass one has 0, = 01 = 02,50 A€ ext(CL). O

Proof of Theorem A.1. Denote by co(S) the convex hull of S, the set of linear combinations of
elements of S with non-negative coefficients whose sum equals 1. By the Minkowski (or Krein-Milman)
theorem [9, ITI, Theorem 2.3.4], any compact convex set is the convex hull of its extreme points, therefore
Cl, = co(ext(C},)). Remark that Co = |, tCo, and the result follows. 0
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