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OPTIMAL AND DUAL STABILITY RESULTS FOR
L' VISCOSITY AND L~ ENTROPY SOLUTIONS

NATHAEL ALIBAUD, JORGEN ENDAL, AND ESPEN R. JAKOBSEN

ABSTRACT. We revisit stability results for two central notions of weak solutions
for nonlinear PDEs: entropy and viscosity solutions originally introduced for
scalar conservation laws and Hamilton-Jacobi equations. Here, we consider two
second order model equations, the Hamilton-Jacobi-Bellman (HJB) equation

Orp = Slglp{b(ﬁ) - D + tr(a(€) D)},

and the anisotropic degenerate parabolic equation
Otu + divF (u) = div(A(u)Du).

The viscosity solutions of the first equation and the entropy solutions of the
second satisfy contraction principles in L> and L! respectively. Our aim is
to get similar results for viscosity solutions in L! and entropy solutions in
L. For the first equation, we identify the smallest Banach topology which is
stronger than L! for which we have stability. We then construct a norm such
that a quasicontraction principle holds. For the second equation, we propose
a new weighted L! contraction principle allowing for pure L solutions. Our
main contribution is to show that the solutions of the HJB equation can be
used as weights and that this choice is optimal. Interestingly, this reveals a
new type of duality between entropy and viscosity solutions.
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1. INTRODUCTION

This paper is concerned with nonstandard stability results for two central no-
tions of weak solutions for nonlinear PDEs of hyperbolic or degenerate parabolic
type: entropy and viscosity solutions. Originally, these solution concepts were
introduced for scalar conservation laws [38] and Hamilton-Jacobi (HJ) equations
[22]; see [37, B0, 18, 20] for extensions to second order convection-diffusion and
fully nonlinear equations. Conservation laws are divergence form equations arising
in continuum physics [24], while HJ equations are nondivergence form equations
e.g. from differential geometry and optimal control theory [29 B [4]. The well-
posedness of such PDEs is a challenging issue that requires entropy and viscosity
solution theories in general. By now, the literature is enormous and includes lots of
applications. For reference books and states-of-the-art, see [29] 25] [5] (4] [46], 24] [21].

Here, we consider two model problems, initial-value problems for the Hamilton-
Jacobi-Bellman (HJB) equation
(1a) Orp = supgeg {b(&) - Do + tr (a(€)D%p) } zeRLE>0,

(1b) p(2,0) = po(x) xR,
and the anisotropic degenerate parabolic convection-diffusion equation
Oyu + divF (u) = div (A(u)Du) zeRYt>0,

u(z, 0) = uo(z) z € RY

(2)

where “D,” “D?” and “div” respectively denote the gradient, the Hessian and the
divergence in z, and “tr” is the trace. We assume that

£ is a nonempty set,
(H1) b: & — R% a bounded function,
a=0%(c)" for some bounded 0® : £ — R¥*E,

(H2)  FeW. X®R,RY) and A=o"(c")" for o€ LS (R,R>K),

oc loc

where K is the maximal rank of a(¢) and A(u). Problems () and ([2)) are well-
posed for L* viscosityl] and L! entropy solutions (cf. [37), 136} 20]) and satisfy the
contraction principles in L> and L' respectively:

B) e =9)le < llpo = dollo and |[(u—=v)(#)]|Lr < [luo = vollL1-

Our aim is to get the most natural and optimal versions of these estimates for
viscosity solutions in L' and entropy solutions in L>. Qur results will reveal new
duality relations between entropy and viscosity solutions.

1Strictly speaking, we mean the space of continuous and bounded functions.
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Let us first discuss L' viscosity solutions of ({I]). We refer to [17] for LP viscosity
solutions of uniformly elliptic PDEs, with p large enough. See also [41] [6] [16] for
first order HJ equations, and [I, 26] for second order degenerate PDEs. The two
last papers are not focused on L' viscosity solutions but contain related estimates.
Important differences with us are the linearity of the diffusion in [I] and the re-
striction to compactly supported initial data in [26]. Here, we consider the smallest
topology which is stronger than L' for which we have stability for all equations of
the form (Tal). We show that it is generated by the norm

lgollng = / sup ol dz
z+[—1,1]¢

(cf. Theorem 28) which is the norm of LSS, as defined in [2, [I]. Next, we look for
contraction properties. They depend on the nonlinearities in (Ial) since we have an
L' contraction principle if ([a)) is linear, but not in the general case. To measure
these nonlinearities, we introduce the norms |H |cony and |H|aqig on D2H and DX H

(see Section 2.4 where
(4) H:(p,X)€R? xSy supe{b-p+tr(aX)} €R,
is the Hamiltonian of (Ial), i.e.,

@@ << owp=H(Dyp D).
Now we have two main estimates for ([l) (cf. Theorems[BIl and B5]). The first is

53) e =) line < (1 +walt|Hlair)) (1 + t{Hleon)” 0 = Yollime ¥ >0,

for some modulus of continuity wy (depending only on the dimension). The second

states that there is an equivalent norm || - || of LgS, such that

(6) (0 — ) ()] < el leomVIHIam o5 —ypof| vt >0

(where aVb := max{a,b}). Contrarily to (@), (@) is a true quasicontraction estimate
as defined in semigroup theory [32] 27, [13] with the constant 1 in front of the
exponential. Estimate (Bl can not be written in this form since wy is typically an
n-th root. Contraction and quasicontraction semigroups are important for their
relations to accretive operators, product formulas, splitting methods, etc. Estimate
(@) is interesting since it involves the simple norm || - ||iny of L{S, while (@) is a
quasicontraction result for the semigroup associated to (@) in this optimal L! type
Banach space setting.

Let us now focus on L™ entropy solutions of (2. The well-posedness in the
pioneering work [38] is written for pure L solutions. Kinetic and renormalized
solution theories to handle pure L' were developed later in [42] 43| [12]. For second
order PDEs, isotropic diffusions were treated in [18], and anisotropic diffusion in
[20] via the L' kinetic approach. Well-posedness of ([@)) in L* is not standard,
but results exist in [30]: see also [19, 11l B, 26]. Our contribution concerns the
quantitative stability in L*°. There can be no L°° contraction since the solutions
can develop discontinuities in finite time. In the literature, the stability is therefore
quantified by weighted L' contraction principles like the well-known finite speed of
propagation property for first order PDEs:

(7) /ﬂc—mo|<R |U(z, t) - v(x7 t>| d : /|z—zo|<R+Ct |UO(1') o UO(SC)| dx,

see [38,[44]. An example for second order PDEs (cf. [14] 19, 48] [30]) is the following
estimate:

(8) /|u(:z:, t) —v(z, t)|e” VI dg < O / lug(z) — vo(z)|e” VI da.,
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Our main result is a very accurate weighted L' contraction principle for (@) (cf.
Theorem [B8]). It retains as much information as possible when the weights are
required not to depend on the solutions v and v. Our new weight is the solution of
a “dual” equation of the form (). Using a representation formula for this solution
from stochastic control theory [29], we can write the result in the following form
(cf. Corollary [42):

(9) /lz_%KRlu(x,t)—v(ac,t)|dx < [ 1us(o) (o) sup (7 ol < ),

where P is the probability, £, is an adapted control, and for a Brownian motion
B, X7 is an Ito process satisfying

dX?® = F'(¢,)ds + V20" (¢,)dB,, X*_, =z
S S S ’ s=0

This is the natural second order extension of ([7]). The idea to construct weights via
viscosity solutions was introduced in [26], and another extension of (7)) is given there
for isotropic diffusion. But this result is not so accurate, and valuable information
like the global L' contraction in (B]) cannot be recovered (cf. Remarks 2.7 (b) and
2.11 (e) in [26]). Here we not only generalize [3)), (@), (), and [26] but we also prove
that our weight is optimal in a certain class satisfying a semigroup property (cf.
Corollary 46)). This is our most original contribution. Interestingly, this optimality
result also reveals rigorous duality relations between the semigroups associated to
(@ and @) (cf. Theorem @] and Corollary [4T]).

The rest of the paper is organized as follows: Preliminary results are given in
Section 2] in Sections [3] and [4] we state and prove our main results, and at the end
there are appendices containing complementary results and technical proofs.

General notation. R* (resp. R™) denotes nonnegative (resp. nonpositive) real
numbers and S;l" nonnegative symmetric d x d matrices. A modulus of continuity
is a function w : R* — RT such that w(t) — 0 as t — 0. Finally, the symbols V
and A denote max and min respectively.

2. PRELIMINARIES

In this section, we recall some basic facts on viscosity and entropy solutions; for
proofs, see for instance [211, 29| Bl [4] and [20] [Tl 24] respectively. We also define
the space LS and the semi-norms | - |cony and | - |ais-

int
2.1. Viscosity solutions of (). Let ¢* (resp. ¢.) denote the upper (resp. lower)
semicontinuous envelope of .

Definition 1 (Viscosity solutions). Assume ([HI) and ¢o : R? — R is bounded.

(a) A locally bounded function o : R? x RT — R is a viscosity subsolution (resp.
supersolution) of () if
i) for every ¢ € C°(R% x R*) and local mazimum (x,t) € R% x (0,00) of
©* — ¢ (resp. mininimum),
Orp(x,t) < H (Do(x,t), D*¢(x,t))  (resp. >),
ii) and for every x € RY,
©"(2,0) < (po)*(x) (resp. u(x,0) =2 (o)«())-
(b) A function ¢ is a vicosity solution if it is both a sub and supersolution.

Remark 2. We say that ¢ is a viscosity subsolution (resp. supersolution) of ([Ial) if

(al) holds.

We recall the well-known comparison and the well-posedness for ().
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Theorem 3 (Comparison principle). Assume ([HI)). If ¢ and v are bounded sub
and supersolutions of (&), and

" (2,0) < ¢u(x,0) VoeR,
then ¢* < ¥, on R x R,
Theorem 4 (Existence and uniqueness). Assume (1) and ¢o € Cy(RY). Then
there exists a unique viscosity solution o € Cp(R? x RT) of ().

Remark 5. We also have the maximum principle inf ¢y < ¢ < supg, and for
solutions ¢ and v with initial data ¢g and g,

(5 8) = (5 B)lloe < llpo — Yolloo VE > 0.

We may take ¢g to be discontinuous as in ([@). In that case, we loose uniqueness
and we have to work with minimal and maximal solutions [23] 10} B1] (see also [4]
for bilateral solutions). From now on, we denote by BLSC' (resp. BUSC') bounded
and lower (resp. upper) semicontinuous functions.

Theorem 6 (Minimal and maximal solutions). Assume ([{I) and ¢o : R? — R is
bounded. Then there exists a pair of viscosity solutions of (),
(p,%) € BLSC(R* x RT) x BUSC(R* x RT),

where o is minimal and @ is mazimal in the sense that

<@ <P for any bounded viscosity solution ¢ of ().
Morever, att =0,

0(@,0) = (¢o)e(a) and F(2,0) = (0)*(2) Va € R

Note that ¢ and @ are unique by definition.

Proposition 7 (Comparison). Assume ([HI) and o : R? — R is bounded.
(i) For any bounded supersolution ¢ of ([) (resp. subsolution).
©<@u (resp. B=¢")
(ii) In particular, p < and P < ¥ for any bounded initial data po < 1.
For completeness, the proofs of Theorems [0l and Propotision [ are given in
Appendix [AT] because [23] 10, 31, 4] consider slightly different problems. Let

us continue with representation formulas for the solution ¢ from control theory
[29, [ 33, [34]. Throughout, “co” denote the convex hull and “Im” the image.

Proposition 8 (First order). Assume ([{I), a = 0, and po : R — R bounded.
Then the minimal viscosity solution of () is given by

(z,t) = sup (po)» V(z,t) € RY x RT,
x+tC

where C = co {Im(b)}.

In the second order case, we need a probabilistic framework. For simplicity, we
fix for the rest of this paper

(10) a complete filtered probability space (2, F, F, P), and
10

a standard d-dimensional Brownian B; on this filtration.
We will assume without mention that all stochastic processes in this paper are
defined on this filtered probability space, and that whenever we need a Brownian
motion, then we take the above Brownian motion. Let us denote the expectation
by E. Then:



6 N. ALIBAUD, J. ENDAL, AND E. R. JAKOBSEN

Proposition 9 (Second order). Assume ([I), o : RY — R is bounded, and
(11) the set £ is compact and the functions b(-) and o®(-) are continuous.

Then the minimal viscosity solution of () is given by

p(z,t) = S?p]E{(sao)*(Xﬁ},

where €, is a progressively measurable &-valued control and X% an Ito process
satisfying the SDE

dX? =b(¢,)ds +V20%(€,)dBs, s> 0,
X7 ==
These results are standard for continuous viscosity solutions [29] [4], see also

[4, 33, 34] for maximal solutions. For minimal solutions, we did not find any
reference so we provide the proofs in Appendix

2.2. Entropy solutions of (2). In the nonstandard pure L setting, the well-
posedness of ([2)) is essentially considered in [30] for smooth fluxes, see also [20, [11]
for L'. Let us now recall these results in the form we need and provide comple-
mentary proofs in Appendix [B] for completeness.

Definition 10 (Entropy-entropy flux triple). We say that (n,q,r) is an entropy-
entropy fluz triple if n € C?(R) is convex, ¢ = n'F’ and r' = n' A.

Given 8 € C(R), we also need the notation
Gl = [ od(©de and = [ oh©8© e
0 0

Definition 11 (Entropy solutions). Assume ([{2) and ug € L>=(R%). A function
u € L®(RY x RT) N C(RY; LL (R?)) is an entropy solution of @) if

loc

(a) o0, 0, Cin(u) € L2 (R x RY) for any k=1,..., K,
(b) forany k=1,... KcmdanyﬁGC( )

Za i Za Gik(u) € Lio(RY x RY),

(c) and for all entropy-entropy flux triples (n,q,r) and 0 < ¢ € C°(R? x RY),

d d
// n(u)0ed + Z%(U)azl(b + Z Tij (U)aimjgb dx dt
ReIXR i=1 ij=1
K [/ d 2
" /R n(uo())¢(x,0) dz > //R A ; <; azicz—k(u)> ¢ dz dt.

Theorem 12 (Existence and uniqueness). Assume (H2) and ug € L>(R?). Then
there erists a unique entropy solution u € L= (R% x RT) N C(R*; LL (R?)) of @).

See [30, Theorem 1.1] or Appendix [Bl for the proof.

Remark 13. (a) In the L' settings of [20, [11], the following contraction principle
holds: For solutions u and v of (2)) with initial data ug and vy,

HU(',t)—’U(',t)HLl S ||UO—’U0HL1 VtZO

b) In the L™ setting of [30], uniqueness is based on the weighted L' contraction
g g
principle (8], see also Lemma 03] in Appendix [Bl
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(¢) In all cases, we have comparison and maximum principles as stated in Lemma

in Appendix [Bl

In L°° uniqueness is based on a doubling of variables arguments developed in
[38, 18] [11]. This argument leads to inequality (I2) below, and this inequality will
be the starting point of our analysis of (2]).

Lemma 14 (Kato inequality). Assume (H2) and u,v are entropy solutions of
@) with initial data ug,vo € L>®(RY). Then for all T > 0 and nonnegative test
functions ¢ € C=°(R? x [0,T),

(12) /]Rd |u —v|(z, T)p(x, T)dx < /]R'i |uo — vol(x)é(z, 0) dz

d

d
+ // |u —v|0rd + Z qi(u, )0y, ¢ + Z ri; (u, v)aiﬂjgb dx dt,
R4 % (0,T) i—1

1,j=1

where
gi(u, ) = sign(u — v) / FI(6)de,  ry(u,v) = sign(u — v) / Ay (6) de.

See Appendix [Bl for a sketch of the proof of this lemma with references to com-
putations in [I1].

2.3. The function space L{;,. Consider the following normed space

L

int

(R?) := {vo€ L'n L>®(RY) s.t. llollee < oo}
where [|@ol|res = [ ess SUpg (,) ol dz and Q. (x) :=x+ [-r,7r]% for r > 0.
Theorem 15. This is a Banach space continuously embedded into L* N L (RY).

For the proof, see [2] [I] from which we have taken the above notation. From now
on, we would rather consider the pointwise sup, and to avoid confusion we then use
the notation

Jiollus = [ sup Jgol o
Q1 ()
Note that ||@ollint = ||@ollLss if o is continuous. Here is another result of [2] 1],

int

see for instance [I, Lemma 2.5.1].
Lemma 16. For any r > 0 and € > 0, there is a constant Cy . > 0 such that
/ sup |po| dz < CT,E/ sup |go|dz Vo : RY = R.
§r+g(w) @T(w)

Remark 17. (a) This result will be used with the pointwise sup for discontinuous
o, typically lower or uppersemicontinous.
(b) A more precise and possibly new result is given in Lemma[00 in Appendix

2.4. Semi-norms | |conv and |- |aig. The set of Hamiltonians associated to equa-
tions of the form () is a convex cone which we denote by

I':= {H:R* xSy — Rs.t. H satisfy @) for some (&,b,a) satisfying (HI)} .

Note that the same H € ' can be represented by different (£, b, a) satisfying (HI)
as long as Im(b, a) is the same (see Lemma [87 or Remark B9@)). Let us endow T’
with semi-norms.
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Definition 18. For each H € T, set

|H|cony := inf sup|b(€) —bo| and |H|aug:=  inf  sup]|tr(a(é) —ao)l,
bo€ERY ccg S} 3a0<Im(a) €€

where (€,b,a) is a representative of H, i.e. a triplet satisfying (HI) such that (@)
holds.

Remark 19. (a) In the second inf, “ag < Im(a)” means that ag < a(€), V€ € €.
(b) You may think that these quantities depend of the choice of the representative
(€,b,a), but this is not the case: see Lemma [88 in Appendix [A4l

These semi-norms roughly speaking measure the nonlinearities of the Hamilto-
nians.

Proposition 20. The above |- |conv and |- |air are semi-norms. Moreover, for each
Hamiltonian H = H(p, X) € T, we have:

(13) {|H|COHV =0 <= H is affine in the gradient p, and

|Hlaig =0 <= H is affine in the Hessian X.
See Appendix [A4] for the proof.

Remark 21. Let us give an example. Let d = 1 and

€= {c,d} x{e, f}
for some c¢,d,e, f € R such that e, f > 0. Let b(§) = & and a(§) = & where
§=(£1,&2), and

H(p, X) := ?égp {b(&) - p+ tr(a()X)}.

Then
lc —d|

|H|conv = 9

and |Hlag=eV f—eAf.

Note also that
H(p, X) = max{cp, dp} + max{eX, fX},
so that for this particular example,

1
|H|conV:§/|a§pH| and |H|dlﬂ:/|8§(XH|
R R

in the sense of the total variations. For general dimensions and Hamiltonians, these
total variations may be infinite, but |H|convy and |H |qigr are always finite under our
assumptions.

See Remark B9 in Appendix[A4] for connections to support functions and convex
analysis.

3. MAIN RESULTS
We are ready to state our main results. The long proofs are given in Section [l

3.1. Some L' instabilities for (I)). Let us begin with (1) and explain why we
can not have pure L' stability results. Let us consider the unique viscosity solution
of the eikonal equation

d
(14) Orp = |0x,l,
=1

with a given initial data ¢y € Cy(RY). Under which condition is it integrable?
Proposition 22 (Integrability condition). We have
[o(t) e LNRY) Wt >0] <= [py € L'(RY) and ¢f € LTS (RY)].

int
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Proof. Use that p(z,t) = SUDPg, () 0 by Proposition ] and then Lemma O

We can therefore not expect general L! stability because of the positive parts.

Proposition 23 (L! instability for nonnegative solutions). Let o8 () := (1—n|z|)*
for all n € N, and ¢, be the solution of [[d) with ¢ as initial data. Then @ €
Cp N LY(R?) and

lim @8 =0 in L'(RY),

n—oo
but
lim @, (-,t) =1z () #0 in L'(R?), Vt>0.
n—00 t
Proof. Use again that o, (z,t) = SUPg, () ©g- (]

You might expect L' stability for nonpositive solutions, because the negative
parts behave better in Proposition 221 But this is not the case either:

Proposition 24 (L1 instability for nonpositive solutions). There exist nonpositive
00, o8 € Cy N LY(R?) such that

lim ¢ =¢o in L'(RY),

n—oo

but the solutions ¢ and ¢, of [[d) with initial data o and ¢ satisfy
liminf |@, (-, t) — @(, t)||Lr >0 Vit >0 (small enough).
n—oo

See Section for the proof. To see that L' is not good for pure diffusion
equations of the form (Tal) either, we consider an equation in one space dimension

(15) e = (0%,0)" .

Here again, to have L! solutions, we need pi € LSS

int*
Proposition 25 (LS and nonlinear diffusions). Let ¢o € Cy(R) be nonnegative
and ¢ be the solution of ([IT) with po as initial data. Then,
[o(,t) e L'(R) VE>0] <= ¢o€ L(R).

See Section for the proof. To simplify, we omit the analysis of nonpositive
solutions of (IT)) and discuss instead the lack of a fundamental solution. Consider
solutions ¢,, of (I3 with an approximate delta-functions as initial data:

(16) on(z,t = 0) = np(nz),
where 0 < p € C.(R) is nontrivial. Then:
Proposition 26 (Blow-up everywhere). lim, o pn(z,t) = 0o, Vo € R, Vt > 0.

See Section for the proof. For linear diffusion equations, ¢,, would converge

to the fundamental solution, but here it explodes pointwise and in all L}, .

3.2. Optimal L! framework for (). We now look for the smallest topology
which is stronger than L' for which we have stability. To get a general theory, we
restrict to normed spaces and results that hold for all equations of the form (Ial).
We will obtain a quasicontraction result for the corresponding semigroups. Let us
recall some definitions from [32] 27, 13].

Definition 27. Let E be a normed space. We say that Gy is a semigroup on E if
it is a family of maps Gy : E — E, parametrized by t > 0, satisfying

Gi—o = id (the identity), and
Gits = GiGs (meaning the composition) for any t,s > 0.
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It is a contraction semigroup if

|Grpo — GibollE < [lpo — %ol E,

and a quasicontraction semigroup if there is some v € R such that

G0 — Gebolle < € [lpo — Yol &,
for any wo,0 € E and t > 0.
For example, let ¢ be the unique viscosity solution of () and define
(17) Gy : o € Cy(RY) = (-, 1) € Cp(R?).
Then G; is a contraction semigroup. Consider now spaces E such that

E is a vector subspace of C; N L*(R?),
(18) E is a normed space,
E is continuously embedded?into L' (R?),

and for any triplet of data (£,b,a) satisfying (HI]), the associated semigroup (7))
is such that for any ¢ > 0,

(19) G maps F into itself and G; : E — E is continous.
The best possible E is given below.

Theorem 28 (Optimal L' setting for HIJB equations). The space Cy, N LS (RY) s
a Banach space satisfying the properties (I8)—I9). Moreover, any other space E
satisfying (IR) (@) is continuously embeddediinto Cy N LS (RY).

Remark 29. We have considered spaces E of continuous functions in order to avoid
uniqueness issues. But this is not restrictive since the best E above is a complete

space.

Let us now focus on explicit estimates. We first give a rough L{3 a priori
estimate.

Theorem 30 (General LS stability). Assume (HI) and T > 0. For any bounded

subsolution ¢ and supersolution ¢ of (Ial),

(20) / sup  (¢* —1p) T do < C/ sup (" — )" (-,0)dw,
Q,(2)x[0,T) Q) ()

for some constant C' = C(d, ||a]| s, ||b]|cs, T) > 0.

Note that the supremum in time is inside the integral. In the second estimate,
we precisely quantify the influence of the convective and diffusive nonlinearities.

Theorem 31 (Quantitative LSS, stability). Assume (HI) and let C = co{Im(b)}.
There exists a modulus of continuity wq(-) only depending on the dimension d such

that, for any bounded subsolution ¢ and supersolution v of (Ial),
(21) /jup (0" =)' (1) da
Q1 (x)

< (@t waltlHlan) [ _sw (0" =00 (0)ds ez
Q1 (z)+tC

The effect of convection is seen in the set tC and the diffusion in t|H |qig-

2Let X,Y be normed spaces such that X C Y. X is continuously embedded into Y if there is
C > 0 such that ||z|ly < C||z|x for all z € X.
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Remark 32. (a) For each r > 0, wg(r) will be defined during the proof as the
smallest real number satisfying

/ sup ¢ (-,r) dz < (1 + wa(r)) / sup (-, 0) da,
61(1) 61(1)

for any bounded and nonnegative subsolution ¢ of the equation

Op= sup AT,
AeSp(D?y)
where Sp(X) is the spectrum of X. In particular, the modulus wg(-) is optimal
for this prototypical diffusive equation with |H |4z = 1 and C = {0}.
(b) Formal computations suggest that wq(r) = C'/r, but we are not able to prove
it.

Let us now consider the semigroup (7).

Corollary 33 (Contraction like estimate in || - ||int). Assume (HI)) and wq(-) is
defined in Theorem [T Then, for any o, € Cpy N LS (RY) and t > 0,

HGt<P0 - Gt?/JOHint < (1 + wd(t|H|diﬁ>> (1 + t|H|COHV)d H‘PO - 7/)0Hint-

By this result and Proposition 20 the semigroup is quasicontractive or contrac-
tive (for the norm ||-||int) if the diffusion or the whole equation is linear, respectively.
Wihtout this linearity, the contraction properties may fail. Let us give counterex-
amples for the case d = 1 to simplify. To emphasize that only the linearity counts,
consider uniformly parabolic PDEs

(22) oo = |Opp| +02,p and
(23) dp = (02,9) +0%0
Proposition 34 (Lack of contraction property). The semigroup associated to ([22))

(resp. (23)) is not contractive (resp. quasicontractive) on Cp N L% (R) endowed
with the norm || - |int -

To get a quasicontraction principle for fully nonlinear PDEs, we need to change
the norm.

Theorem 35 (General quasicontraction). For any po € Cy N LS (R?), define

int
leoll := supe™ IG7*|0ol ;e -
t>0

[e.o]

where G4 is the semigroup on Cy N LSS (R?) associated to the model equation

Ovp=|Dpl+ sup AT,

A€Sp(D?p)
Then || - || is a norm on Cy, N LS, (RY) which is equivalent to || - ||ine. Moreover,
under (HI), the semigroup [@T) is || - ||-quasicontractive with
(24) IGepo — Grapoll < e leom VIHIa o5 — 4,

for any o, 1o € Cp, N L (RY) and t > 0.

int
Remark 36. The choice of || - || is inspired by linear semigroup theory, see Theorem
2.13 in [32]. Here, our semigroup is nonlinear, and remarkably || - || does not depend
on the particular semigroup G¢ that we consider as in [32]. More precisely, G
is a fixed model semigroup, and || - || is a fixed norm in which all semigroups of
equations of the form (Tal) are quasicontractive.



12 N. ALIBAUD, J. ENDAL, AND E. R. JAKOBSEN

Remark 37. This is the L' counterpart of the L® contraction for (),
[ =) D)lloo < llpo — Polloo-

In the L' setting we have

(o — ) ()] < el leom VIHlamE oy — o],

where, for some constant M > 1 and any ¢ = ¢(z),

Il < / sup |¢[da < o] < M / sup [¢]dz.
QI(I) Q1(I)

The proofs of all results in this section can be found in Sections [£.3H4.6l

3.3. Weighted L' contraction for (2). Let us continue with Problem (2)) and

state a new weighted L' contraction principle for L> entropy solutions. The weight

will be the viscosity solution of the following problem:

(25a) Oy = esssup {F'(§) - Do + tr (A(§)D2g0)} zeRLt>0,
m<E<M

(25D) p(2,0) = go(x)  zeR?,

for given m < M and . Here is the precise statement.

Theorem 38 (Weighted L' contraction). Assume ([H2), m < M, and take mea-
surable ug = uo(x) and vo = vo(x) with values in [m, M]. Take also a nonnegative
initial weight @9 € BLSC(R?). Then, the associated entropy solutions u and v of
@) and viscosity minimal solution ¢ of [25) satisfy

@) [ u- el < [

R

luo — vol(x)p(x,t)dz ¥Vt > 0.
d

Remark 39. (a) Problem (23] is of the form () with a pointwise sup taken over
the Lebesgue points of F’ and A.

(b) The right-hand side of (28] can be infinite. To get finite integrals, it suffices to
take o € LSS, or ug —vg € L.

(¢) The same result holds when ¢ is replaced by any measurable supersolution of
38, since it is greater than g

Let us be more explicit. By the representation formula for first order PDEs, we
obtain the following estimate on the domain of dependence:

Corollary 40 (First order equations). Assume (HI) with A = 0, m < M, ug
and vy are measurable functions with values in [m, M|, and u and v are entropy
solutions of ([2)) with initial data ug and vo. Then

/ |u—v|(m,t)dx§/ |uo — vo|(x) da
B B—tC
for any Borel set B C R* and t > 0, where

C =co {eSSIm ((Fl)hva])}

and essIm is the essential image.

Proof. Let U O B be an open set and take ¢y = 1y, the indicator function of U.
By Proposition 8, the minimal solution of (28]) is o(x,t) = 1y_c(x). Apply then
Theorem B8 and take the infimum over all open U O B. (]

Remark 41. The above result is also a consequence of [44]. In that recent paper, the
author gives similar estimates for (z,t)-dependent first order PDEs using different
techniques based on differential inclusions.
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For second order equations, we have the following result.

Corollary 42 (Second order equations). Assume (HI)), F'(:) and o*(-) continuous,
m < M, ug and vy in L>®(R%, [m, M]), and v and v solutions of @) with uy and
vo as initial data. Then for any open U C R% and t > 0,

/ lu —v|(z,t)dx < / |uo — vo|(x) sup P (X7 € U) dx,
U R4 €.

where &, is a progressively measurable [m, M]-valued process and X% is an Ito
process satisfying the SDE

dX? = F'(¢,)ds +V20"(€,)dBs, s> 0,
(27) v

Xi_og=1.

Remark 43. X7 is a stochastic process starting from x at time s = 0. The dynamics
of X7 is given by the controlled SDE (7)) where the control is determined to
maximize the probability for the process to reach U at time s = ¢t. Equation (25)
is the dynamic programming equation for this control problem.

Proof. Take o = 1y and apply Proposition [ to compute ¢ in Theorem 38 O
The proof of Theorem [B8is given in Section 17

3.4. Optimal weight and duality between () and (2). Let us discuss the
optimality of Theorem[38 First we give a reformulation of the definition of viscosity
supersolutions in terms of weights in L! contraction estimates for (2.

Theorem 44 (Weights and supersolutions). Assume ([H2), m < M, and 0 < ¢ €
BLSC(RY x R*). Then the assertions below are equivalent.

(I) For any measurable functions ug and vo with values in [m, M| and entropy
solutions u and v of ([2)) with initial data ug and vo,

[ =l 0pw ) ds < [ o= wl@et +5)ds Vs o0
R4 Rd
(IT) The function

1
pu(x,t) = liminfi/ p(z,t)dz
#(,?) r—o+ meas(Br(y)) Jp, () (=1

Yy—x

is a viscosity supersolution of (25al).
We have used the notation B,(y) :={z: |z —y| < r}.

Remark 45. The function ¢y satisfies (I) if and only if ¢ does since it is an a.e.
representative in space of .

Our weight is therefore optimal in the class of weights
WMo = {0 < p € BLSC(R? x R") satistying (@) and ¢(t = 0) > ¢} -

Corollary 46 (Optimality of the weight). Assume ([H2), m < M, and 0 < ¢g €
BLSC(RY). Then the weight ¢ from Theorem[38 belongs to the class Win ar,p, and
satisfies

(@), t) = inf {pg(x,t) : ¢ € W g} V(z,t) € R xR
Property (I) is stronger than (28] since it holds for any s > 0. This may be

interpreted as a semigroup property. In that context the above result reflects some
form of duality. For each ¢t > 0, let

Sy s up € L¥(RY) = u(-,t) € L=(R?)
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where u is the entropy solution of (2), and let

Gy o € Cp N LS (Rd)r—><p(~,t) e CynN L,

int int

(RY)
where ¢ is the viscosity solution of ([25). We have the following result.
Corollary 47 (A form of duality). Assume [H2), m < M, and Sy, Gy defined as

above. Then Gy is the smallest strongly continuous semigroup on Cp N L;’I?t(Rd)
satisfying

/ [Siug — Syvolpo dz < / luo — vo| G dz,
R4 R4
for every ug and vy in L=(R%, [m, M]), 0 < ¢ € Cy, N LS (RY), and t > 0.

int
Remark 48. (a) Here “smallest” means that any other semigroup H; satisfying the
same properties is such that
Grpo < Hypo YVt > 0,Vpo > 0.
(b) A “strongly continuous semigroup” means that ¢t > 0 — Gypg is continuous for
the strong or norm topology. This result is proven in Lemma
The proofs of Theorem 4] and Corollaries [46] and A7 are given in Section

Open questions. Denote by G;** the previous semigroup G; to emphasize its de-
pendence on these parameters. Then S; is a weakly-* continuous semigroup on
L>(R%) satisfying:

/ |Stug — Syvolpo da < / [ug — vo| Gy o dz,
R4 R4

for every m < M, ug and vg in L= (R?, [m, M]), 0 < ¢o € C, N L (RY), and ¢ > 0.
Here are natural open questions on the reciprocal duality:

(1) Is S; the only semigroup satisfying the above properties?

(2) If no, can we characterize all the other semigroups?

4. PROOFS
Let us now prove the previous results. We begin with Problem ().

4.1. More on viscosity solutions of (Il). We need further classical results that
can be found in |21} 29] [5, [4]. Let us begin with stability.

Proposition 49 (Stability by sup and inf). Assume (HI) and F # 0 is a uni-
formly locally bounded family of viscosity subsolutions (resp. supersolutions) of

[@&). Then, the function
(z,t) — sup{p(z,t) : o € F}
is a viscosity subsolution of [Ial) (resp. supersolution but with the “inf”).
The second result concerns relaxed limits defined as follows:

limsup* @, (x,t) := limsup @.(y,s) V(z,t) € R x RT,
(y,8)— (1)
e—=07T

and liminf, ¢, := — lim sup* (—¢.).
Proposition 50 (Stability with respect to relaxed limits). Assume (HI) and
(¢e)e>0 is a family of uniformly locally bounded viscosity subsolutions (resp. su-

persolutions) of ([{a). Then limsup* . (resp. liminf, ¢.) is a subsolution of (Ia)
(resp. supersolution).

Remark 51. The notion of solution is thus stable under local uniform convergence
(equivalent to limsup* ¢, = liminf, . ).
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Here is the case of extremal solutions, see Appendix [A1] for the proof.

Proposition 52 (Stability of extremal solutions). Assume (HI) and (¢8)n is a
nondecreasing (resp. nonincreasing) uniformly locally bounded sequence. If @,
(resp. @, ) is the min (resp. maz) solution of [A) with ¢ as initial data, then

supyp ~ (resp. inf, @, )
n
is the minimal (resp. mazimal) solution of () with initial data
o :=supgy  (resp. inf f ).
n n

Let us continue with regularization procedures. Given ¢ = ¢(x,t) and € > 0, we
define the space supconvolution of ¢ as follows:

|z —y|?
2 E(x,t) = *(y,t) — .
(28) o (x,1) ;:H% {w (y,1) 922

For standard properties of supconvolution, see e.g. [21] 29| [5] [].

Lemma 53. Assume ({I) and ¢ is a bounded subsolution of ([a). Then ¢° is a
subsolution of the same equation such that

¢° € BUSC(R? x RY) N L= (RT; Wh*°(RY))
and ¢*(z,t) = lime o | ¢°(x,t) for any x € R? and t > 0.

For supersolutions, we can regularize by convolution because of the convexity of
the Hamiltonian, see [7, [8] (the ideas were introduced in [39]).

Lemma 54. Assume ([{I), p € BLSC(RY x RT) is a supersolution of ([a), and
0< feLYR?xR™). Then p+,, f is a supersolution of ([Ia).

Here and throughout we extend the functions by zero to all ¢ € R to give a
meaning to the convolutions in time. Below is another version that will be needed.
We use the notation M! = (C})’ for spaces of bounded Borel measures.

Lemma 55. Assume ([{I), ¢ € Cy(R? x RT) is a supersolution of (Id), and
0<pu€ MY R?Y). Then ¢ x u € Cp(R? x RY) is also a supersolution (with * = *,
for short).

The latter lemma is not proven in [7 [§], but can be obtained via a standard
approximation procedure. Let us give it for completeness. Throughout this paper
p, is a space approximate unit as v — 0% of the form

1 T
(29) po(@) = =50 (2],

v
where 0 < p € C°(R?) and [ p = 1. Moreover 6 is a time approximate unit of the
form

1 [t
30 0s5(t) == =0 | =
(30) 0 =30 (3)
where 0 < § € C°(R™) and [0 = 1. Below § = v but these parameters may be
taken differently later.

Proof of Lemmal[3d By Lemma B4l o, := ¢ x, i x4 p, *¢ 0, is a supersolution of
(). It remains to pass to the limit as v — 07. We will show that the convergence
is local uniform towards ¢ %, p, which will be sufficient by stability of the equation.
With the assumed regularity on ¢,

lim ¢ %, py *¢ 0, = ¢ locally uniformly,
v—0+
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and ||¢ *z py *¢ 0|00 < ||¢]|oo. Moreover, for any x € R4, ¢t > 0 and R > 0,
lov — @ *g p|(z,) < | *a py *¢ O — @ *0 p(2, 1)

< | sup |@*z pu o+ 0, — @l (x —y,t) / du(y)
ly|<R ly|[<R
+ 2||<P||oo/ du(y).
ly|>R

This is enough to conclude since limp_, f|y|>R du(y) = 0. O

4.2. L' instability: Proofs of Propositions 24}, and

Proof of Proposition [24 Let us first consider the case d = 1 (i.e. € R). The
eikonal equation (I4]) reduces to

(31) Orp = |04
Let ¢o be a continuous approximation of —1(_y 1), e.g. @o(z) := —g(|z|) where
1 ifo<r<l,
glr):==<2—7r ifl<r<2
0 if r > 2,

and take ©f := @0 + L[_1/n,1/n) < 0 which is discontinuous. With this choice,
or = o in LY(R) as n — oo. Let now ¢ and ¢, be the exact and minimal
viscosity solutions of BI) with ¢ and ¢f as initial data. By Proposition [

olx,t) = sup @9 = —g(Jz|+t) and
a+[—t,1]

e (z,t) = sup ](%’)* = —g(|z| + 1) + L1/ t11/m)(2)
TH[—t,t

for t <(1—1/n)/2. Thus for 0 <t <1/4and n > 2, ¢ > ¢ by Proposition [T()

and
t+1/n
/(fn*ga)(z,t)dz:/ dx > 2t.

—t—1/n
Next we take continuous (@f), such that

¢0 > ¢o and  lim [lgg — gl = 0.
n—oo

Clearly, we have @8 — oo in L'(R) as n — oo, and the corresponding solutions of
(1) satisfy ¢, > ¢ by Proposition [Mlfll). Hence, for any 0 < ¢ < 1/4 and n > 2,

/(% —p)(z,t)dr > /(gn — o) (z,t)dz > 2t

Hence, liminfy, o [, (+,) — @(-,t)||zr > 0 and the proof for d = 1 is complete.
In d dimensions, we replace 1(_y 1y by 1(_; 1j«. The argument is the same and we
leave the details to the reader. O

To prove Propositions [25] and 26, we need the lemma below.
Lemma 56. For any (z,t) € R x RT, et

o) JU I/ ife>o,
d}( 7t). {1{0}(1‘) iftZO,

oo 5 oo 5 -1
U(r) = 00/ e~ Tds with co:= </ e T ds) .
r 0

where
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Then 1) is a BUSC' subsolution of ([[H) in R x RT.

Proof of Proposition [24. In addition to the above lemma, we also need Theorem 28
Theorem 28 says that £ = C, N LS (R?) satisfies (I8)-(). Hence, the semigroup

int

G associated to (T is such that
Gy : CyNLE(R) — Cy N LS, (R) € LY(R) Wt > 0.

int int

This immediately implies the if-part of Proposition Let us continue with the
only-if-part. It is based on the following pointwise lower bound:

(32) o(z,t) > U (1/\/1?) Jrs[u;; : vo Vr eR,Vt>0,

where U is the profile from the previous lemma, 0 < ¢y € Cy(R?) and ¢ is the
solution of (15 with ¢q as initial data. Let us prove B82)). Fix z and ¢. The sup on
the right-hand side is attained at some zy € « + [—1,1]. By the previous lemma,

(y,5) = wo(xo)U (|y - $0|/\/§)
is a BUSC subsolution of ([[3). At s = 0, it equals the function
Y= 00(70)1{z0) (y)
which is less or equal to ¢y = ¢o(y). By the comparison principle (Theorem []),
©(y,s) > o(z0)U (ly — zol/V's) Vy R, Vs >0.
Taking (y,s) = (x,t), we then get that

p(z,t) > &o(f_ol U (|:I: —x0|/\/f) :
N

=SUPg4[-1,1] PO

>U(1/V?)

This completes the proof of ([B2). From that bound the only-if-part of Proposition
is obvious since U(1/+/1) is positive for ¢ > 0. O
Proof of Proposition[28. Let zo € R and ¢ > 0 be such that

p= Cl{mo}v
where p is defined in (I6]), and define

Y (2,t) == ncyp (nx — z9,n°t)

where 1) is given by Lemma It is easy to see that v,, remains a subsolution of
([@@E). Moreover, it is BUSC with

o (2) > Yu(2,0) Vo eR

where ¢f is defined in (I6)). The solution ¢, of (I3)) associated to the initial data
@y is thus such that ¢, > ,, by the comparison principle. Hence, it suffices to
show that

lim 9, (z,t) =c0 Va € R,Vt> 0.

n—oo

But this is quite easy because
x
U (z,t) = ncU (‘z - WO‘ /\/Z) ,

for any « € R and ¢ > 0, and both the constant ¢ and the profile U(+) are positive.
The proof of Proposition 26 is complete. (I

Let us now prove Lemma
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Proof of Lemmalil. Let us first prove that v, defined as in the lemma, is a subso-
lution of ([I3). In the domain {x # 0,t > 0}, we have

in the classical sense, by direct computations based on the explicit formula for U(-).
If now = = 0, we have
0 (0,7) = 0 < (97,9(0,))

since (0, ) is constant in time.

Let us now show that ¢ is BUSC'. It is clearly continuous for positive ¢ and it
only remains to prove that

Loo>  limsw U (lyl/Vi),
RxR*(y,t)—(z,0)

for any € R. If = 0, the result follows since U(r) < U(0) = 1, for any r > 0, by
the choice of ¢p in the statement of the lemma. If x # 0, then we use that

|y|/\/f — oo as (y,t) — (x,07)

together with the fact that lim,_,. U(r) = 0. The proof of Lemma [Bf is now
complete. O

4.3. LgS, stability: Proof of Theorem 311

4.3.1. Preliminary technical results. Let us give several lemmas that will be needed.
They consist in constructing special supersolutions of ([al) or variants. The first
one involves the successive resolution of the pure convective and diffusive PDEs.

Lemma 57. Assume (HI) and ¢ is a bounded subsolution of (Ia)). Then, for any
x € R? and tg > 0, _
SD* ((E, tO) S (b(xa to)a
where ¢ is the mazimal solution of
(33) 9y = suptr (a(§)D?¢),  ¢o(x) := sup ¢*(-,0)
EeE x+toC

(with C = co{Im(b)}).

The proof uses another version of Proposition [@ which holds without assumption
(II). It involves the new control set

(34) % := {progressively measurable /-valued processes (g;, o)},

where U := {(q,0) € R? x Sy : (q,0?) € co{Im(b,a)}}. Here is this version:
Proposition 58. Assume (HI) and @9 € Cp(R?). Then the viscosity solution of
@) satisfies

oz, t) = sup E{(po)«(X7)} V(z,t) € R? x RY,
(q.,0.)e%

where the Ito process X% satisfies the Ito SDE

dX? =q,ds ++v20,dB,, s>0,
X ==

Proof. By Lemma [87]in Appendix [A-4] we can rewrite (Ial) as follows:

Oyp = sup {q - Dy + tr (02D2<p)} ,
(q,0)eU
where U is defined below (34). Since U is compact and (¢,0) € U + q € R?
and (q,0) € U — o € Sy are continuous, we can apply Proposition [@ (or directly
standard results from stochastic control theory [29]). O
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Proof of Lemma[57 Take the supconvolution in space, ¢° for € > 0, see [28). By
Lemmal53], it is a subsolution of ([al), Lipschitz continuous in z, and BUSC'in (z, t).
Let us first derive an inequality for ¢°. By the representation formula Proposition
and the comparison principle, we have

(ps(xato) < sup E{(pE(XifO’O)}
(q.,0.)e%

where X7 = m—i—foto q; dt—i—\/ifoto o+ dBy; indeed, the right-hand side is the unique
solution with initial data ¢°(-,0). By the definition of %, see (4], we infer that

to
/ q,(w)dt € toC V(qy,01) € U ,Yw € Q,
0
where (Q is the sample space of ([{I0). Hence, for such given controls,

@E(thovo) < sup 906(70)

Y%EO +toC

where Y =z + \/§f0t” o dB;. Let ¢ be the supconvolution of ¢g, then

. |22
©*(X5,,0) < sup  sup {80 (y+2,0) - 5.2
YEYF +toC z€R? €

2
= sup sup " (y+2,0) p — %
zeR? | | yEYE, +toC 2¢e

z ks
= Sup ¢0(Yt0 + Z) — @

zERC
= 05(Y5,)-
Taking expectation and sup over the controls, we get
(35) " (z,to) < sup_E{¢§(Y7,)}
o.evVo

for Y{ =z ++2[," o, dB;,
VD = {progressively measurable oy with values in \/5}

and

VD :={o €Syq:0? € co{lm(a)}}.
Here we have used that if (q;,0;) € % then necessarily o; € /2. But using again
the representation of Proposition B8] the right-hand side of (35 is the solution ¢,
of (B3) with initial data ¢5. Hence,

Sos(xa to) S (b&‘(‘ra tO) Vo € Rda

and we deduce the result as £ | 0. Indeed, since ¢§ | ¢¢ (pointwise) by standard
properties, ¢. | ¢ by the stability result for extremal solutions in Proposition
The proof is complete (since ¢° | ¢ too). O

The next lemma involves the convolution semigroup of the equation
(36) 8t<,0 =tr (aoDQ(p) R
with a fixed ag. Let us recall its definition, see [I5] and the references therein.

Proposition 59 (Convolution semigroups). For any 0 < ag € Sy, there exists a
family of measures iy € M*(R?), parametrized by t > 0, such that
(i) pe—o is the Dirac delta at x =0,

(ii) prets = pe * pus for any t, s >0,
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(i) ¢ > 0 — py is weakly-x continuous, i.e.

lim [ o dp — / poduy, Vto € RY Vo € Cy(RY),

t—to
(iv) pe >0 and p(RY) <1 for any t >0, and
(v) for any ¢o € C°(RY),
o(x,t) := ps * po(x) € C°(RT x RT)
solves BA) and satisfies p(-,t = 0) = @o(-).

Lemma 60. Assume b = b(£) and @ = a(f) satisfy (HI), and that ag € Sq is
a nonnegative matrix with convolution semigroup p:. Then for any bounded and
nonnegative subsolution ¢ of the equation

(37) D¢ = sup {B(g) - D¢ + tr (&(§)D2¢)} +tr (aoD?¢)
e
and any time t > 0,
(38) d)*(ﬂt) < e *@('705
where P is the mazimal solution of
(39)  dp=sw{HO) Do+u(@©OD%)}. o(.0)=(-0).
£e€

For the proof, we need a classical result for viscosity solutions (see e.g. [21]).
Let BUC be the spaces of bounded uniformly continuous functions.

Lemma 61. Assume (HI) and g € BUC(R?). Then the viscosity solution ¢ of
@) satisfies p € BUC(R? x RT).

Let us prove the previous lemma.
Proof of Lemma[60. Take the space approximate unit (29) and consider
(2,t) = p * pu ().
By Proposition (9 it is nonnegative, C;° in space-time, and solves:
B (e pu) = tr (aoD*(pe * pu)) s pe=0 * pu = pu-

Then take the supconvolution ¢° in space of ¢, as in ([28). By Lemma B3] it is
a BUSC subsolution of the same equation as ¢, that is (37). It is also Lipschitz
continuous in space, and hence by Lemma [6I] there exists a unique solution . €
BUC(R? x R*) of the PDE part of ([3J) with initial data

(Pe(" 0) = ¢E('a 0).

By the comparison principle, and since ¢ > 0, we know that . is nonnegative.
Now let 8, be the time approximate unit ([B0) with § = v, and define

Pe,v = Pe ¥zt (pvov)-

This function is nonnegative, C5° in space-time, and by Lemma 54l a supersolution
of the PDE part of ([BY). Now, we claim that:

(40)  The function ¢, (z,t) := e * py * pe, (-, t)(z) is a supersolution of (7).
This follows from the computations
Oi@e,w = it * Py * Ope,y + e * Op(pe * pu)
Z i+ py * SUp {5 Dy, + tr (dDQsoa,u)} + e # tr (aoD?(pe % py))
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by the equations satisfied by ¢, , and p; * p,. It follows that
at¢€,u 2 Sl;p {B ' (,ut * Py * D‘Ps,v) + tr (d (,ut * Py * DQQOE,V))}

+ tr (a0 (@, * D> (11 * p)))
= sup {b- Do., + tr (aD%0.,) } + tr (a0D%...)
&

which completes the proof of (0.

It remains to pass to the limits to obtain B8). Since p. € BUC(R? x R*), it
is standard that ., = @. *,+ (p,0,) converges uniformly towards . as v — 07.
Then ¢. ,(z,t) also converges uniformly towards p; * @, (-, t)(z) as v — 07. Indeed,

[9e. = e % Pellog = b 5 pu 5 e — bt * @ell
= llpe * (pv * e — el oo
< lpw * pen — el -
where the infinity norm is in space-time and we used that p;(R?) < 1, see Propo-

sition By stability, see e.g. Proposition B0, we infer that u; * ¢. is a BUC
viscosity supersolution of [B7) since ¢. , was by [@Q). Moreover, at the initial time,

Hi=0 * 508('5 0) = 906('7 0) = ¢E('ﬂ 0) 2 ¢*(7 0)

Comparing the sub and supersolutions ¢ and pu; * . of (37)) implies that

(41) O () S g x e (e,t) VE>0.

We now conclude by the stability of extremal solutions, see Proposition[52l Indeed,
recall that ¢.(-,0) = ¢°(-,0) | ¢*(-,0) as € } 0, so that the corresponding solutions
of B9 satisfy ¢ | ©. We then get (B8) by passing to the limit in (@Il using
the dominated convergence theorem. Let us justify this. Since the measure p; is
bounded, it suffices to derive an upper bound on ¢, uniform in €. To do so, use
the maximum principle p. < sup ¢<(+,0) and recall that ¢-(-,0) = ¢°(-,0) to find
that ¢. <sup¢. The proof is complete. (I

4.3.2. Proof of Theorem [Z]. We are now ready to focus on the proof of Theorem
BT that is to say of Estimate (2I). First we will roughly speaking reduce the proof
to considering the pure diffusive equation
(42) O = suptr (a(§)D?¢) .

3
Define ¢, (t) to be the smallest ¢ € [1, 00] such that for any bounded and nonnegative
subsolution ¢ of ({2,

(43) / sup ¢*(-,t)dz < c/ sup ¢*(+,0)dx.

Qi (z) Qi (z)
Henceforth it is agreed that (43]) holds whenever the left-hand side is zero or the
right-hand side is not finite. Note then that ¢ = oo satisfies ([43) because ¢* = 0
whenever ¢*(-,0) = 0, by the comparison principle. Actually, we shall see that
¢q(t) is always finite; but, let us first explain how to reduce the proof of ([ZI]) to the
qualitative analysis of this constant.

Lemma 62. Assume (HI)), and ¢ and v are bounded sub and supersolutions of
(@&). Then for allt >0,

(44) /Eup (¢" = )T (1) dz < cut) /7 sup (0" — ) (-,0) dz.
Q1 () Q1 (z)+tC

The proof uses the elementary result:
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Lemma 63. Assume [HI), and ¢ and v are bounded sub and supersolutions of
[@&). Then ©* — . is a subsolution.

Skecth of the proof. Let

He(p) :=b(§) - Do + tr (a(§) D*p)
and note that then
9i(¢ — ) = sup He(p) — sup He (¢) < sup (He(p) — He(¥))
(e (e ceg
which gives us the result. O

Rigourously, we need to argue with a test function. This can be done with the
help of the Ishii lemma and semijets, see [2I, Theorem 8.3]. Such a justification is
standard and left to the reader.

Proof of Lemma[62. Lemmal63implies that ¢* — 1, is a subsolution of ([Ial); hence,
Lemma [57] implies that

(" = ¥ (@, to) < d(x, t0),
for any x € R% and ty > 0, where ¢ is the maximal solution of [@2) with initial
data ¢o(r) = sup, 4 c(¢* —¥4)(-,0). Taking the sup in x over cubes, we get
sup (9" =) (- t0) < sup (), t0).
Q; (z) Qy(z)

Note that (¢)* is still a subsolution of ([@2), by the stability by supremum of
viscosity subsolutions, see Proposition g9 In particular,

/ sup ()" (-, to) dx < ca(to)/ sup (¢o)" dx

@1 (z) 61 (z)
by the definition of ¢, (tg). We then readily get the desired result from the previous
inequalities and using the definition of ¢q. (I

We now estimate ¢, (t) in terms of |H |qig from Definition [[8 We will need the
lemmas below.

Lemma 64. Let a = a(§) satisfy (HI), ap € Sa, 0 < ap < Im(a), and ¢ be a
bounded and nonnegative subsolution of [@2l). Then for anyt > 0,

(15) [ sw o de< [ sl
Q(z) Qi ()
where P is the mazimal solution of

o = ?ellf)tr ((a(é) — ao)D?*p),  (-,0) = ¢*(-,0).

Proof. We can rewrite ([@2) as follows:
Oy = sup {tr ((a — aO)D2¢)} +tr (a0D2¢) .
&

We recognize Equation B7) with b = 0 and @(¢) = a(€) — ap. Applying Lemma [60
we obtain that

d)*('ﬂ t) < e * @(7 t)ﬂ
for any ¢ > 0 and some nonnegative measure u; with mass ,ut(Rd) < 1. The
desired inequality (@3] then readily follows by a simple Young type inequality for
convolutions. (|

Corollary 65. Assume a = a(§) satisfies (HI) and cq(t) is defined in ([@3). Then
for any nonnegative ag € Sq such that ag < Im(a) and any t > 0,

Ca(t) < Caqy(t).
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Proof. This is immediate from Lemma [64] (I
Let us now define the modulus below.

Lemma 66. For any r > 0, let wq(r) be the smallest w € [0, 00] satisfying

(46) / sup ¢*(-,r)dz < (1 +W)/ sup ¢*(-,0)dz,
61 (z) @1 (z)
for any nonnegative and bounded subsolution of
(47) o= sup AT.
AESp(D2p)
Then, for any a = a(§) satisfying (HI) and t > 0,
(48) Ca(t) <14+ wy (t|H|diﬁ‘) .

The proof is based on the Ky Fan type inequality (see e.g. [45]),
d
(49) tr (XY) < Y M(X)A(Y) VXY €Sy,
i=1

where A\; < --- < )y denote the ordered eigenvalues.

Proof of Lemma[68. Let ¢ be a nonnegative bounded subsolution of ([@2). By ({9),
0o < | tr(a)]c  sup AT
AESP(D2¢)

in the viscosity sense. We recognize Equation ([47) up to a rescaling. Indeed, set

o(z,t) == ¢ (m m>

and observe that ¢ is a subsolution of ([@T). By the definition of wq(-) in @8], we
deduce that

/ sup ¢°( 1) da = / sup ¢ (1] 61(a) o)
QI(I) Q1(I)

< (1 + wa (1] (@) o0)) / s (0 ds

— (L (f] (@) [ sup 6°(0)da.
Q1 ()
Recalling that ¢ is an arbitrary nonnegative and bounded subsolution of (2], it
follows that
ca(t) < 1+ wq (] tr(a)]|o)
(this constant being the smallest one satisfying [@3])). Taking now ag € S;l" such
that ap < Im(a) and repeating the above arguments, we also have

Ca—ao(t) <1+ wa (]| tr(a — ao)l[) -
Using in addition Corollary [65l and taking the infimum in ag, we infer that

ag such as above

ca(t) <1+ wy (t inf || tr(a — a0)||oo) ,

by the monotonicity of wgs(-). This function is nondecreasing because the right-
hand side of (A7) is nonnegative such that the solutions of ([@7) are nondecreasing
in time. We recognize the above inf as the quantity |H |qig from Definition [I§ and
this gives us the desired inequality (48]).

Note finally that we have assumed || tr(a — ap)||oo to be positive when dividing
by it. If this is not the case then, a = ag for some ag and Equation [#2]) becomes
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linear. Its solutions are then given by Proposition (9] and it is readily seen that
¢q(t) = 1. This completes the proof. O

In order to establish Theorem 1] it remains to show that wg(-) is a modulus of
continuity. Here is a technical lemma. It involves again the profile

oo 52 oo 52 -1
U(r) = co/ e" T ds with ¢o= (/ T ds) .
T 0

Lemma 67. For any (z,t) € R x R, define
U — )T /VE) ift>o,
5z, = { (I = 1" /v7) i
1\z\<1 th =0.
Then ® is a supersolution of @T) which is BLSC on R% x Rt

Proof. The lower semicontinuity up to ¢ = 0 is immediate. Arguing as in Lemma
[B6, we observe that (7)) is satisfied for |z| < 1, since ® is constant in that region.
It is satisfied if |z| = 1, because the subjets are empty. Now if |z| > 1,

®(a,t) = U ((J2 = 1) /VE) |

so that

|SC| -1 5ij ZL'Z'SCj) z SCZ'ZL']' U”
Vi Pt

8t®:— 3 U/ and 8§I®<— 3
2t% " [ J|

Since U’ < 0 and U” > 0, we have

d 1
S 02, ohh; < 2
ij=1 t
for any h = (h;) with |h| = 1 (we have equality if h = 2/|z|). Tt follows that
1 /rU’
0,®— sup AT >-Z (r—(r) + U”(r))
)\ESp(DZ‘P) t 2

with 7 := (|z| — 1)/v/t. But the right-hand side is zero because of the definition of
U. O

Here are some properties on ®.

Lemma 68. Let ® be defined in Lemma[67] Then ® is nonnegative, nondecreasing
with respect to t, and integrable with respect to x.

Proof. The nonnegativity and monotonicity are clear from the definition of ®. Let
us compute its integral in = to check that it is finite—we provide the details because
the explicit result will be useful later. We have

/Rd O(z,t)dz = /}R U ((|z| - 1)+/\/£) da

< (U(O) /z<1 dz+/|x|>1U((|:c| ~1)/VE) dz).

Using that U(0) = 1 and polar coordinates to compute the second integral,

(50) /Rd O(z,t)dr < cq (1 + /100 ri=lU (r/\/i) dr),

e
=t2 f1°7\/2 s4=1U(s)ds

for a constant ¢4 which only depends on the dimension d. Recalling now the defini-
tion of U above Lemma[67] the last integral is finite. This completes the proof. [
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We are now in position to prove the result below.

Lemma 69. Let wy(-) be defined as in Lemma [68. Then wq(-) is a modulus of
continuity in the sense that it is everywhere finite and has limit zero at zero.

Proof. We would like to derive an upper bound on wy(r) for any r» > 0. Take an
arbitrary bounded and nonnegative subsolution ¢ of 7)) and let us try to get an
estimate of the form (@G) with a finite w independent of ¢. We have to be precise
enough to conclude in the end that wa(r) — 0 asr — 0F. If Supg, () (-, 0) da =
00, then (G]) holds for any w > 0. The interesting case is therefore when

(51) / sup ¢*(-,0)dz < oo,

61 (z)
which we assume from now on. The idea to get ([@8) is to construct an integrable
supersolution of (T, see also [26]. To do so, we need mollifiers p, in space, as in
29), and it will be important to choose them with supports

(52) supp(py) C By(0).
For any v > 0, let ¥, be the solution of ({@T) with initial data
Uy (+50) = pu(:)-

Next, for any ¢ > 0, we introduce

1/11/76 = \I]u *gt (96 Eup 90*(’ 0))
Q. ()

with the time approximate unit 65 from (B0). This notation means that
Yys(x,t) == // U, (x—y,t —s)bs5(s) sup ¢*(-,0)dyds.
RIXR- Q,(v)
Note that 1, s € BUC(R? x RT) since ¥,, € BUC(R? x RT) and
(2,t) = 05(t) sup *(-,0) € L*(R? x R7),
Q,(x)
by Lemma [61] and (&I]). It is also standard that
lim 9,5 =, := ¥, * sup »*(-,0) uniformly on R? x RT
5—0t o)
Q.0)
(with * = x,). The latter limit will be the supersolution of [#7) that we will use to
derive an L% a priori estimate of the form (@g]).
Let us first compare ¢ with v,. Note that v, is indeed a supersolution of (41

because so were all the 1, s by Lemma B4l It is also BUC up to t = 0 as a uniform
limit of BUC functions. Since, by (&2)),

wlw0) = [ ply) sup " (0)dy = @' (@.0) Vo e R
Q,(z—y)
the comparison principle implies that
" <.
It follows that for any » > 0 and = € Rd,

sup ¢*(-,r) < sup /\I/u(y,r) sup " (,0)dy
Q1 () z€[-1,1]¢

< / Uo(yr)  sup  (-0)dy,
Q1+V(I*y)
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so that
/ sup @*(-,7)dx < / Uy (y,7) dy/ sup " (-, 0)da.
61(1) R @1+V(1)
Applying Lemma [0 of the appendix, we get that

[ sw o< @rw) [ sw o0

61(1) 61 (z)

where
w:=(1+ I/)d/ U, (y,r)dy — 1.
Rd

This w is nonnegative since ¥, is nondecreasing in time as a solution of [{T). It is
also independent of ¢ so we can conclude that

(53) wa(r) < inf (14 l/)d/ U, (y,r)dy—1 Vr >0,
v>0 Rd

by the definition of wq(r) given in Lemmal[66 From this inequality, it is sufficient to
prove that ¥,, € C(R*; L}(R?)) for any v > 0, to conclude that wy(-) is a modulus
of continuity. Indeed, wq(-) will then be everywhere finite and have limit zero at
zero since [, (y,0)dy = [ p, =1 and v can be taken arbitrary small.

Let us check that ¥, € C(RT; L'(R%)) to finish the proof. We need the super-
solution ® from Lemma Let

c z 1

54 O, (z,t) =~ (L 1),
54) w0)= 5o (2.5)
for some constant ¢ > 0 and note that this is a supersolution of (@7 since so was
®. Take c so large that c1j.<; > p(-) which implies that

c 1 z
(I)V(-Tao) = F1|m|<u > Fp (;) = \I/V(-Tao)a
for any x € R%. It follows that ¥, < ®, by the comparison principle. The
continuity of ¥, in time with values in L'(R?) is then an immediate consequence
of the properties of ® stated in Lemma Indeed, fixing for instance T' > 0, we
have

(55) U, (z,t) <@, (2, T) VaxeRLVEE[0,T),

since ® is nondecreasing in time. The fixed integrable function ®,(-,T) can then
serve as a dominating function and continuity follows by the dominated convergence
theorem. The proof is complete. (I

End of the proof of Theorem [Z1. Estimates (44]) and (48] imply the desired inequal-
ity (2I0), with an wg(-) being indeed a modulus of continuity by Lemma [G9l O

4.4. Lo, stability: Proof of Theorem

int

Proof of Theorem[30. Let Ly := ||b]|co and L, := ||tr(a)||co and assume L, > 0. By
the Ky Fan inequality (@9), the Hamiltonian ({#]) of Equation (Ial) satisfies

H(p,X) < Ly|p| + Lo sup  A*,
AESP(X)
and hence, any subsolution of (Ial) is a subsolution of the equation
(56) Owp = Ly|Dp| + L, sup AT,
AESP(D2p)

By Lemma[63] if ¢ and ¢ are bounded sub and supersolutions of (&), then ¢* — .
is a subsolution of the same equation. In particular, p* — 1, is a subsolution of
[Ba). To prove Estimate (20), we will construct an integrable supersolution of (B6]).
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Consider again

52

U:TEO»—)CO/ e 4 ds
where ¢g > 0 is such that U(0) = 1, and

(57)  W(zt) ::U((|x|—1—th)+/\/L_at) with (2, = 0) := 1y

Arguing as in the proof of Lemma [67] we see that ¥ is a supersolution of (G6).
Define now
W= Uk, sup do,
Q:()

where ¢o(z) == (¢* — )" (z,t = 0). We will use Lemma [54] to show that 1 is
a supersolution of (B6). To do this, ¥ should be bounded and continuous, and
supg () ¢o integrable. The latter condition can be assumed since ([20) trivially
holds if not. Since ¥ is bounded continuous only for ¢ > 0, we apply Lemma [54] for
t > e > 0. Since ¢ is arbitrary, we conclude that v is a supersolution of (B8]). Since
U € C(R*,LY) and supg () ¢o € L (R9), this supersolution is continuous up to
t = 0 and satisfies

$(e,0) = / Lo s G0 dy> (@8 — ) (2.0)
Q,(z—y) ~
—(p*—1h.)(t=0)

Since ¢* — 1), is a subsolution of (56, (p* — 1¥.)" < 9 everywhere (where we can
take the positive part because ¥ > 0). Hence

/ sup  (¢* — 1/)*)+ dz < / sup Ydx
Q1 (z)x[0,T] Q1 (z)x[0,T]

S/ sup ‘P(y,t)dy/ sup ¢o dw,

t€[0,T] Q,(z)
by the Fubini theorem, etc. The first integral satisfies
/ sup W(y,t)dy < /U ((Iyl —1-LyT)" /\/LaT) dy < oo,
t€[0,T]

by (1) and since U is nondecreasing and integrable. For the second integral,
Lemma [I6] implies that

/ sup ¢odx < C/ sup (¢* —1.)" (-,0) dz,
62(1) al(x)

for a constant C' which only depends on d. Combining the three inequalities above
completes the proof of ([20) when L, = |[tr(a)]lec > 0. If L, = 0, there is no
diffusive part in (Ia)), and (20) follows from Proposition [§ and Lemma [T6l O

4.5. Consequences: Proofs of Theorem and Corollary [33]

Lemma 70. Assume ([HI) and ¢ and v are continuous viscosity solutions of (al).
Then |p — | is a subsolution of the same PDE.

Proof. By Lemmal[63], both o —1) and 1) — ¢ are subsolutions. Thus, by the stability
by sup, (¢ — )T = max{0,o — ¢} and (1) — )T are subsolutions and then also

o — 9 = max{(o — )", (¥ — )"} O
In the sequel, G; is the semigroup on Cj(R?) of () defined in (7).
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Proof of Theorem [23. Let us first prove that E = Cj, N LSS (R?) satisfies ([I8)—(19).

int

Property (I8) follows from Theorem [[5 The fact that Gy maps Cy, N LS, (RY) into

int

itself follows from Theorem BIl Indeed, if po € C, N LS, (RY), then the function

int
(x,t) = |Gipo(x)| is a bounded subolution of (Ia)), by Lemma [[0 with ¢ = 0.
Estimate (2I)) then implies that for any ¢ > 0,

1Geeollint :/_SHP |Gipol d
Q1 (=)

< (1+wd(t|Hldiﬁ))/ sup  |iol dz.
Q. (z)+tC

By the boundedness of C = m and Lemma [I6] these integrals are finite
whenever ¢g € Cp, N LS, (RY). It remains to prove that
Gy : CyN L (RY) — Cy N LG, (RY)
is continuous for any ¢ > 0. Let us apply again (21I) to
(@, 1) = |Grpo(z) — Gurpo ()],

which is a subsolution of (Tal) by Lemma[f0l As above we get that

(58) [Groo — Gitbollie < (1 + walt[Hlaier)) /7 sup |0 — to| du.
Q4 (z)+tC

Arguing as above we deduce the desired continuity. This completes the proof of the
fact that Cp N LS, (RY) satisfies (I8)—(T9).

int
Let now E be another normed space satisfying such properties and let us prove

that it is continuously embedded into C, N LS (R?). We will need the following
lemma (whose proof is elementary).

Lemma 71. For any o : R? — R?, sup |¢o| < |sup po| + |inf @o].

Recall then that (I9) is required to hold for any data b = b(§) and a = a(&)
satisfying ([HIJ). Choose for instance the eikonal equation

d
8t50 = Z |81150|
1=1

and denote by GY its semigroup. By the representation Proposition 8]

Gf@o(iﬁ): sup  @o-
z+t[—1,1]¢

Since G$_, maps E C L*(R?) into itself by assumption, the function

T sup o
z+[—1,1]¢

belongs to L'(R9) for any ¢y € E. Using that E is a vector space, —pg € F, and
the function

r+ inf
x+[71,1]d(‘00

also belongs to L'(R?). By LemmalTT] we conclude that £ C C,N LS (R?). Finally
we use that

Gi_,:E—=F
is continuous at pg = 0 to obtain that for any ||¢{|z — 0,

IGS_108le — 0 asn — occ.
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Combining this with the continuity of the embedding £ C L'(R%), we obtain that

— 0.
L3

sup @
z+[—1,1]4

Using once again that F is a normed space, the same holds with —¢yg, that is

— 0.
L

inf o
z+[—1,1]¢ o

By Lemma [7T] we conclude that ||¢f|/int — 0 which completes the proof. O

Before proving Corollary [33] we need a technical result.

Lemma 72. Assume (HI) and let |H|conv be defined in Definition[I8. Then there
exists by € R? such that C = co{lm(b)} is included in the cube Qg (bo).

Proof. Let (b}), be a minimizing sequence in R? for the infimum
|H|conv = inf [[b— boloo
bo €Rd N ——r’
=SUP¢ee [b(&)—bol

The sequence is bounded since b is bounded, and (a subsequence of) it converges
to some by. But then |H|cony = limy, 00 ||b — 0]l = ||b — bol|co- Hence,

Im(b) € Qs (b0) = Q... (b0)
because for any £ € £ and i =1,...,d,

d
[(b(€))i — (bo) D[ Y (b — (bo); )% = 1= boloc-
j=1
The convex envelope C is therefore also included in this cube. ([

Proof of Corollary[33. Let us continue the computations from (G8). We have, for
any o and 1y in Cp N LS (R?), and any ¢ > 0,

int

|Gipo — Githolie < (1 + Wd(t|H|d1ﬁ‘))/ sup |0 — ol dx
al(I)JFtC

< (1 + wa(t[Hlaisr)) /_ sup lo — 1ol dz,
Ql(z)+tQ\H\conv (bo)

for some center by € R? given by Lemma We change the variables z + tby — x
to find that

1Grgo — Grtolle < (1 + walt| Hlain) / swp o — dol de.
Q1+t\H\com(I)

Applying the inequality given by Lemma 00 in the appendix, then leads to
G100 — Getbolline < (1 + wa(t|Hlaier)) (1 + | Hlconv) |00 — Yol |int- O
4.6. LS, quasicontraction: Proofs of Proposition 4] and Theorem

Proof of Proposition [3f Let us prove that the semigroup associated to ([22) is not
contractive. We proceed by contradiction assuming (22]) is contractive. From now,
let us fix an initial data 0 < g € Cp° N LS (R) satisfying:

int

(59) o is even and nonincreasing on RT.
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We shall see later why this is useful. Let ¢ be the solution of ([22]) with ¢ as initial
data. Contractiveness then implies that

(60) / sup go(-,t)d:ng/ sup @odx Vt>D0.
z+[—1,1] z+[—1,1]

Our plan is to integrate Equation ([22]) to contradict this inequality. To easily justify
the computations, let us regularize the drift. Take for instance

(61) Oppe =\ €2 + ((91905)2 —e+ aiz@sv @e(t =0) = po.

For any ¢ > 0, the new solution is Cg° up to t = 0, see [40]. Since

He(p):=Ve*+p*—e<|p| WpER,
this @ is also a subsolution of (22]). Hence, by the comparison principle and (€0),
/ sup @ (,t)dz < / sup @odx Vt>0.
z+[—1,1] z+[—1,1]

But from our choice of g, see (B9), we can compute the right-hand side and find
that

(62) / sup e (-, t)dr < 2@0(0)+/<Po vt > 0.
z+[—1,1]

Moreover, we claim that ¢. satisfies the properties of o in (B9) for any fixed
time. It is indeed clear that it is even in z because (z,t) — @.(—x,t) is a solution
of (1) which is equal to ¢. by uniqueness. Checking that ¢. is nonincreasing
in z on RT x RT is equivalent to showing that d,¢. is nonpositive there. By
the assumptions on g, this is true for ¢ = 0. Moreover, d,¢. is odd in x and
therefore is zero at x = 0. Take then the parabolic PDE satisfied by d,¢. and
apply the maximum principle in the half-space Rt x R™. Since 0,¢. is nonpositive
on {t = 0,z > 0} U{z = 0}, it is nonpositive everywhere in the half-space. This
completes the proof of the claim. Hence,

/ sup Ws('at)dz:2906(07t)+/906($7t)dx

z+[—1,1]

and then by (62)),

(63) / oo, t) do < 2 (0(0) — 9 (0,)) + / 0.

Let us now integrate the equation for .. We obtain that

/_Zsoa(w,t)dw = /iwo(w)dw

¢ R t R
+/ / H. (0yp:(x,s))dzds +/ / 02, (x,s)dxds,
0o J-R 0o J-r

for any R > 0 and ¢ > 0. The last term equals

t
2 / Oz pe (R, s) ds.
0

We claim that it vanishes as R — oo. This can be justified by the dominated
convergence theorem. To find a dominating function, we use that ¢. is Cp°. To
see that 0,¢-(R,s) — 0 as R — oo, for any fixed s > 0, we use that d,¢. is
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uniformly continuous and integrable in x. It is indeed integrable since . satisfies
the properties of ¢ in (B9) and thus

/|8zg0€|dx:—2/ Oz pe du,
0

which is finite because ¢ is bounded by the maximum principle for Problem (61]).
Passing to the limit, we then find that

[etetnas= [ [ [ et aras

by the monotone convergence theorem. Using also (G3]), we deduce that

2(@0(0)—wa(0,t))+/<po > /tpo-i—/Ot/RHE (8ppc(z, 5)) da: ds.

Dividing next by ¢ and letting ¢ — 07, we conclude that

_2615(;06(0; 0) > /Ha (81900) .

Here, the passage to the limit is justified by the regularity of . and Fatou’s lemma.
But, the regularity up to t = 0 also implies that the equation of ¢, is satisfied at
the initial time too. Hence,

~2H. (Ds00(0)) — 202, 00(0) > / H. (920)

Using that d,00(0) = 0 and H.(0) = 0, once again because of (59)), we have

/ H. (9a00) < —20%,00(0).

By a final passage to the limit as e — 07, we conclude that

/ Baip0] < —20%,00(0),

for any nonnegative ¢y € Cp° N LS (R) satisfying (BY). Now choosing such a
nontrivial function such that 92,¢(0) = 0, we get the desired contradiction. This
completes the proof of the failure of the contraction principle for (22]).

Let us now consider Equation (23] and show that its semigroup is not quasicon-
tractive. We use similar computations. Fix then an arbitrary Cp° N LS, initial data
satisfying (B9]), as before. Since the equation is uniformly parabolic and convex,
the solution is smooth up to t = 0, at least C? by [28, [47] which will be enough.

Arguing by contradiction we assume that

/ sup @(',t)dzéewt/ sup @odx Vt >0,
z+[—1,1] z+[—1,1]

for some v € R independent of ¢g. Arguing as before, we can use again (B9) to
rewrite this inequality in the form:

(64) /(p(:l:, t)dx

< 2(0(0) — (0, 1) + / 0+ 2(" — 1)po(0) + (¥ — 1) / 2.

as before additional terms
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Moreover, integrating Equation ([23) gives

/_};go(x,t)dxz/R o(x) da
// mSDZCS) dxds—i—// 92.p(x,s)dx ds,

for any R > 0 and ¢t > 0. The last term vanishes as R — oo, for the same reason
as before, so letting R — oo and injecting (64)) leads to

2 (00(0) — 9(0,)) + 2(e™ — 1)ge(0) + (€ — 1) /

/ / 92, 0(,s) " dzds.

—26t90(0,0)+2wo(0)+7/<po Z/(C’?izwof

Dividing by ¢ and letting ¢ — 07, we now get

Using Equation (23] (which is valid up to ¢ = 0) to compute the first term, we
conclude that

for any 0 < o € Cp° N LS

o (R) satisfying (B9) (and with v independent of ¢g). To
conclude, let us choose ¢g as an approximation of 1(_; ;). Taking for instance the
convolution ¢ := p, * 1(_1,1), with an even and radially nonincreasing mollifier
satisfying (29]), we obtain that

+
(0220) " () = =0upy(|2] = 1)
for any || > 1 and v small enough so that supp(p,) C [—1,1]. In particular,

/ (8§z900)+ >2p,(0) » 00 asv—0".

The left-hand side of (B5) thus explodes where as the right-hand side remains
bounded at this limit. This gives us the desired contradiction and completes the
proof. O

Now it only remains to prove Theorem Recall that Gp°? is the semigroup
associated to the model HJB equation

(66) o =|Dp|+ sup AT,
reSp(D2¢)

00
int

It is a semigroup of Lipschitz operators in Cy N L
Recall also that

(67) leoll = supe™ |Gy o] [l -
>0

(RY) by the previous analysis.

To show that it is a norm, we need to know that the modulus from Theorem [31]
does not increase faster than an exponential at infinity.

Lemma 73. The modulus from Theorem [T1] satisfies

(VBN

wa(r) = O(r

) asr — oo.
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Proof. We have established in (G3]) that

wq(r) < inf (14 l/)d/ U, (y,r)dy — 1,

v>0 R4
where, by (54) and E5), ¥, (y,r) < cv™4®(yr~1, rv=2) for a ¢ > 0 independent of
v,y,r. Taking v =1,
wa(r) < 2d0/ ® (y,r) dy,
Rd
and the result easily follows from Estimate (G0). O
Let us now establish that:

Lemma 74. The function || - || defined in @7) is a norm on Cj, N LS, (RY) which
is equivalent to the usual one || - ||int-

Proof. Assume first that it is a norm and let us prove the equivalence. Simple com-
putations show that |H|cony = |H|aig = 1 for the Hamiltonian of (IBEI)E Applying
Corollary B3] to that equation, we deduce that
mo d
G o0llline < (1 +wa(t)) (1+1)" llgo]line,
for any wo € Cp N LS, (RY) and ¢ > 0. Hence, by Lemma [73]
G |20llline < Me[lspo]lint

for some constant M = M (d) > 1. From that, the equivalence between the norms
is clear.

Let us now prove that || - || is a norm on C, N LS, (RY). Using again the previous
inequality, we deduce that the sup in (@1) is always finite. Moreover, given any
initial data ¢o and v in Cp N LSS (RY), the sum of the solutions

int
oz, t) = Gr*tlpo|(z) and  ¢(z,t) := G|l (x)
is a supersolution of the same equation; indeed,
O(p +) =sup{...} +sup{...} >sup{... +...}.
Hence, the comparison principle implies that, for any ¢ > 0,
G lpo + ol < G (ol + |thol) < GF*ol + Gy [¢ho]-

It is thus clear that [loo + 4ol < [lgoll + [[¢of]- To obtain that [lagol| = |allleoll, for
any o and scalar v € R, we use that

Gyaspo| = | G ol
This follows from the invariance of Equation (66]) with respect to multiplication of

|| > 0. Finally, if |Jeo|l = 0, then choosing ¢t = 0 in its definition implies that
lleoll > ll@ollint = 0 and so ¢ = 0. The proof is complete. O

At this stage, it only remains to obtain (24)). Here is a first inequality.
Lemma 75. Assume (HI). Then for any o, o € Cy N LS, (R?Y) and t,s > 0,

int
G |Grpo — Geipo| < GG [po — ol
where Gy and G™* are the semigroups associated to [{dl) and (66)).
Proof. By Lemma [T0] the difference |Grpo — Gibo| is a subsolution of (Ia)). By
comparison, we obtain that
|Grpo — G| < G lpo — ol ,
for any t > 0. We conclude by next using the comparison for Equation (G6)). ([l

3Use that the Hamiltonian of (B8) is H(p, X) = supg{q - p + tr((§ ® §)X)}, where the sup is
taken over the set £ = {(¢,d) € R? x R s.t. |ql,|q| < 1}.
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In the next lemma we use the translation operator 7; defined by Treo(:) =
@o(- — h) for h € R%.

Lemma 76. Assume (), by € R?, ag € Sy, 0 < ag < Im(a), and p; is the convo-
lution semigroup corresponding to ag given by Proposition[59d. For any nonnegative
oo € Cp N L?I?t(Rd)

T Gro'Groo < e+ {G3d 00} VE, 5 >0,
where ¥ = ||b— bo|lec V || tr(a — @o)]|co-
Proof. We will show that ¢(x,t) := Girgo(x) is a subsolution of an equation related
to ([66). Starting from its equation ([Ial), we have

O = sup {(b —bg) - Do+ tr ((a — aO)D2¢)} +bg- Do+ tr (aODngS)
< sup{(b bo) - Do} +sup {tr ((a — ao) )D? @)} +bo- Do+ tr (aOD ).

For the first term, we have
sup {(b—bo) - Do} < [[b— bolloc| DI,

and for the second one,
sup{tr( a—ag)D?*¢)} < ||tr(a—a0)||oo sup AT,
AESp(D2¢)

by the Ky Fan inequality ([@9). Hence

(68) 01 < ||b—bolloo|Do| + | tr(a — ao)[lec  sup AT +bo - D+ tr (agD?¢) .
AESP(D2¢)

We almost recognize (G6). To get rid of the linear convection term, we use the
change of variables:

G(x,t) 1= p(x — tho, ) = Trn, S, 1),
and we rescale to normalize the coefficients:
$(a,t) = dla,v7') with = b~ bolleo V || tr(a — ao)]oc.
Then q:3 satisfies the PDE
(%(z < |D(z| + sup AT 7t tr(aODQQZS),
A€ESp(D?¢)

in the viscosity sense, i.e. ([@0) plus a linear diffusion term. We have a PDE of the
form @7). By Lemma [60, we deduce that for any ¢ > 0,

(z('ﬂ t) < oy =1y ¥ {G?Odg('v 0)} = Hy—1g ¥ {G?Od(b('ﬂ 0)}

for the convolution semigroup u; associated to the diffusion matrix ag. Note that

by scaling, the semigroup associated to vy~ 'ag is Hry—1¢. Since

&(',t) = (5('777115) = ﬂ*ltb0¢('a771t) = T e *1t¢0;
we conclude that
T 116 G 18P0 < fhy—1y * {G¢o},
or equivalently
TivoGrdo < e x {GZi" o}
At this stage, we fix ¢ and let only s move. If we apply the semigroup G=°¢ to the
previous inequality, we get that

G Tino Grobo < G2t { e + G2 o }
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for any s > 0. This is a consequence of the comparison principle for (66]). Using also
the invariance of (66) with respect to the fixed translation —tbg, we can commute
the operators Gr°* and T,

(69) Tine G2 Gedpo < Gt {pe = G o } -

vyt
Moreover, by Lemma [55]
(x,8) — pug * {G:OdG$§d¢o} (x)
is a supersolution of ([GG). At s = 0 we have
Gz {me * Gyt bo b = pue + G o = pu + { GG do b

so we can use again the comparison principle for (@6) to deduce that
(70) Grot e+ Goido } < e+ { GG o},

—_———

_ d
=GRS0

for any s > 0. By (@) and ([{0) we can conclude the proof when v = ||b — bg||oo V
[[tr(a — ag)|loo > 0 (we divided by it when we rescaled). If 4 = 0, Equation () is
linear and the same reasoning applies without rescaling the time. (|

We are now ready to prove the theorem.

Proof of Theorem [33. The norms are equivalent by Lemma [74] so it remains to
show Estimate ([24):

(71) e " |GF*Grpo — Gaol |

< e(‘H‘convv‘H‘diff)t

int sup e’ ||G:Od|(p0 - w0|||int )
720

for arbitrary ¢g, o € Cyp N LSS (RY) and times ¢ and s. By Lemma [T5 with ¢g :=

|0 — o], it suffices to show that
(72) 0" |G Giro iy < el Hleom VIl sup =7 (| Got gy |
720

int
for any t and s. Indeed that lemma shows that
G Grpo — Getho| < GY"Grgbo,
where the left-hand side is nonnegative by the comparison principle for (G6l). Hence
1GE|Grpo — Gitbol lline < G Grho|

and ([[2) will imply (T1)). To show (2] we use Lemma [f6 It implies that for any
by € R? and ag € S;r such that agp < Im(a),

7;130 G‘snOth(bO S Mt * {Grsnifyt(bo}a
for some measure j; > 0, ps(R?) < 1, and
v =11b=bollso V [ tr(a — ao)][ oo

Since these functions are nonnegative by the comparison principle, Young’s inequal-
ity implies that

int

[ Tevo G5 Grbo llint < [|G55e%0|lint,
for any t and s. Changing variables as before, we see that
| sw GrGion(aty—tnydo= [ sup GrGuon(e - y) da.
ye[-1,1]4 y€[-1,1]¢
which means that

1GE*Gidolline = [ Tevo G5 Grolline < 1GETS e ollins

—S

and mutiplying by e™* it easily follows that

eisHG:‘Oth(bO”int < e(Hb*bUHooVH tr(a—ao)l|oo)t SupeiTHG?OdQﬁOHint’
>0
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for any t, s, bo, and ag. Taking the infimum in by and ag implies ({2) and thus the
desired estimate (24)). O

The proofs of the results of Section are complete.

4.7. Weighted L' contraction: Proof of Theorem B8l We recall that we will
use the “dual” problem (23]), which can be written with a pointwise supremum
taken over the Lebesgue points of F/ and A. It is therefore of the form () and the
viscosity solution theory applies.

Proof of Theorem[38. Recall that m < M, uw and v are the solutions of () with
initial data up and v in L>®(R%, [m, M]), 0 < @9 € BLSC(R?), and ¢ is the
minimal solution of ([23]) with ¢ as initial data.

We have to show that

(73) /]Rd lu —v|(z, T)po(z)dz < /]Rd lug — vol(x)@(x,T)dz VI > 0.

Let us use the Kato inequality (I2)). For almost every = € R? and t > 0,

d d
ZQi(uﬂv)aﬂEi(b + Z rij(ua U)a§i1j¢ (xa t)
i=1 ij=1
— {q(u, v) - Do + tr (r(u, v)D2¢)} (x,t)
u(x,t)

::ﬁgnmwz,wA—iwz,w>jf [F/(€) - Dole,1) + tr (A(€)D?(z. 1)) } d

v(x,t)
< |u(z,t) — v(z,t)] esssup {F'(€) - Do(x,t) + tr (A()D*¢(x,t)) }

m<E<M

where we have taken the sup over [m, M| because of the maximum principle Lemma
Injecting into ([I2)), we get that

@) [ o=l Dole e < |

g |uo — vo|(x)¢(,0) dx

+ // lu — v (8@ + esssup {F'(§) - D¢ + tr (A(€)D?¢) }) dx dt.
R4 x(0,T) m<ESM
In the third integral, we recognize the backward in time version of (25al). The proof
of (3) then consists in taking ¢(z,t) := p(z,T —1).

Simplified case: 0 < ¢g € C.(R?).
Now (25) has a unique viscosity solution ¢ which coincides with . It belongs to

BUC(R? x R*") by Lemma [61] and it is continuous in time with values in L!(R?)
by Lemma Let us regularize it by convolution

Yy =@ *m,t (pueu) )
with the mollifiers 29)) and (B0). It follows that
@, € C®(R? x RT) N C(RY; L} (R?))

along with all its derivatives. This is enough to take ¢, (z,t) := @, (x,T —t) as
a test function in (74]) by approximation. Note that ¢, is a supersolution of the
backward version of (25al) by Lemma [54] i.e.

Oy + esssup {F'(€) - Doy, + tr (A(§)D?*¢,)} <0 forany t < 7.
m<E{<M
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Inequality (7)) with the test function ¢, then implies that
/ lu —v|(z, T)py(x,0)dx < / |ug — vol(x)py (2, T) da,
R4 Rd

for any 7> 0 and v > 0. By the C(R*; L}(R?)) regularity of ¢, the convolution
v = @ %44 (pu0,) converges to ¢ in C([0,T]; L*(R?)) as v — 0F. Passing to the
limit as v — 07 then yields (73).

General case: 0 < g € BLSC(Rd).
We would like to pointwise approximate ¢q by a monotone sequence g 1 ¢o such
that 0 < o8 € C.(R%). Take

n(x) .— inf ( )1 +n2|x B y|2 >0
LCR yER? POY) Hlyl<n 2 =

Then ¢y is continuous as an infconvolution. Also,

508(35) < wo(x)l\mKn Vz € Rd?
which implies that o2 € C.(R). In the limit n — oo, we have ¢2 1 (¢0)s = ©o-
Let ¢, be the solution of (25) with initial data ¢f}, then by the previous step,

/ fu — o]z, Tl () da < / o — vl () on (. T) da,
Rd Rd

for any T > 0 and n. By the stability of extremal solutions (see Proposition [(2]),
these solutions satisfy ¢, 1 ¢ pointwise. So we conclude the proof of (Z3)) by passing
to the limit as n — oo using the monotone convergence theorem. O

4.8. Duality: Proofs of Theorem [44] and Corollaries and @7l We need
some auxiliary lemmas. Here is a first classical result on entropy solutions.

Lemma 77. Assume [{2) and ug € L=(R?). Then, the entropy solution of (2
is a distributional solution of (),

d d
I (w04 > Rwons+ Y Aswez, o | dear
R xR+ i—1

i,j=1
+/ uo(z)p(z,0)dz =0 Vo € C°(R? x RY),
Rd

where A;j(u) == fou A;;(6)deE.

Proof. Take n(u) = twu successively in the entropy inequalities, Definition [LTi).
O

Here is another result on the continuity in time.

Lemma 78. Assume ([[(2), ug,vo € L>®(R?) with ug — vy € L'(R?), u and v
entropy solutions of (@) with initial data ug and vo. Then u —v € C(RY; L(R?)).

To prove it, we need the following result on viscosity solutions.

Proposition 79 (Limiting initial data). Assume (HI) and (pe)es0 is a uniformly
locally bounded family of viscosity subsolutions (resp. supersolutions) of ([[a). Then
lim sup* . (resp. liminf, ¢.) satisfies

{limsup” ¢. } (z,0) = {limsup*(p:)*(-,0)} (z) Vz € R?
(resp. {liminf, ¢. } (z,0) = {liminf.(¢.).(-,0)} (2)).
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Remark 80. For subsolutions this means that

limsup  ¢e(y,s) = limsup(ve)”(y,0),
RdXR+3(y,s)~>(x,O) Risy—z
e—0t e—0t

where (p:)* is the upper semicontinuous envelope computed in (x,t). The proof

can be found in [9] and [5] Theorem 4.7]E
Proof of Lemma[78 By Theorem B8 with ¢ = 1, we have
[u(,t) = v(0)llzr < fluo —wollr V= 0.
Since the left-hand side is finite, u — v € L®°(R*; L}(R?)). By the continuity in

time with values in L{ (RY) of these functions, it remains to prove that

(75) lim sup / lu(z,t) —v(z,t)|de =0 VT >0.
R—coteio,1) J|z|>R

To do so, we will use again Theorem B8
Fix m < M such that ug and vy take their values in [m, M], and consider

x
ot (z) == o (E) , R>0,
where g = po(z) is some kernel such that

0 S ®o S Cb(]Rd)v
wo(x) =0 for |z| < 1/2,
and ¢o(z) =1 for |z| > 1.

With that choice, pff — 0 as R — oo locally uniformly. We then claim that the
solutions g of (Z5) with initial data @& converge locally uniformly to zero too.
This is a consequence of the method of relaxed semilimits [9]. Let us give details
for completeness. By the maximum principle,

lerllo < lleglloo = llvollee VR > 0.

We can then apply Propositions B0 and [[9] to lim sup* pr as R — oo and get that
it is a subsolution of (25al) satisfying

limsup* pg(z,0) = limsup* pff(z) =0 Vo € RY.

Similarly, liminf, ¢g is a supersolution of (Il) with zero as initial data. The com-
parison principle then implies that

limsup* pr < liminf, pg.

Hence ¢r converges locally uniformly to the unique solution of (23] with zero initial
data, that is zero itself.
Now we can show (75). By Theorem B8 with the previous m, M, and ®{f,

/ lu(z,t) —v(z, t)|de < / |u(z,t) — v(z, t)|¢§(x) dx
2|>R

Rd

< [ Juofe) = wo(@erat)dr < [ fuo(e) ~ wo(o)] sup gn(s,s)da.
Rd Rd €[0T
for any T' > ¢t > 0. The right-hand side vanishes as R — oo by the discussion above.
and the dominated convergence theorem. The proof of (7H) is complete. i

ALet us briefly recall the ideas for the reader’s convenience. First consider ¢ = limsup™ ¢e,
wo(x) = {limsup™(pe)*(-,0)}(x), and show that min{dr¢ — H(Dy, D%¢), ¢ — o} < 0 in the
viscosity sense, fix then some z and use the viscosity inequalities at a max (¥,?) of the function
@(y,t) —|y—x|? /e — Ct with C large enough such that = 0. We get (=, 0) < ¢o(y) and conclude
as C — oo and € — 0F.
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Let us continue by introducing a regularization procedure for the weights.

Lemma 81. Assume ([H2), m < M, p, and 0, are defined in 29) and B0), and
0 < ¢ € BLSC(R? x R") satisfies () in Theorem [J4. Then for any v > 0, the
convolution

Yy =54 (puby) € C°(R? x RY)

also satisfies (Il) in Theorem [}

Proof. By assumption,

(76) /Rd lu —v|(z,t)p(z,s)dx < /

o = vol@)p(a,t + ) d,
R

for any t,s > 0, ug and vy with values in [m, M], and entropy solutions u and v of
@) with ug and vg as initial data. Our aim is to get the same result for ¢,. Let us
use (70 not for ug and vy, but their translations ug(- + y) and vo(- + y) for some
fixed y € R%. Since the PDE part of (@) is invariant with respect to translation,
the corresponding solutions are u(x + y,t) and v(z + y,t). Hence,

[ =l v s do < [ Juo = wl(e + g)otat + ) do
R4 R4
for any t, s > 0. By changing the variable of integration, we obtain that
[ el tp = yes) o< [ fuo— wl(ehpla .1+ 5)da.
R R
Now we fix 7 < 0 and apply this formula, not for s but s — 7. We deduce that
/ lu —v|(x, t)p(x —y,s — 7)da < / |lug — vol(x)p(x —y,t + s — 7)dx.
R4 R4
Multiply then by p,(y)0,(7) and integrate over (y,7) € R? x R~ to conclude. [

We want to pass to the limit and compare the functions

@y = liminf, o, asv— 0"

and
1
77 ou(x,t :Hminfi/ p(z,t)dz.
(77) #(z,1) I s (B, @) ) (2,1)
y—T
To do so, we assume in addition that
(78) supp(py) € B,(0) and supp(d,) C (—v,0).

Let us first give fundamental properties on ¢, and ¢4.

Lemma 82. Under the assumptions of the previous lemma and (8)), we have:
(i) The limit @, is the pointwise largest function in BLSC(R® x R*) less than or
equal ¢ a.e. Moreover v, = ¢ a.e.
(ii) For any t > 0, pu(:,t) is the pointwise largest function in BLSC(R?) less
than or equal ¢(-,t) a.e. Moreover w4 = ¢(-,t) a.e.
Remark 83. It is understood that “a.e.” holds in (z,¢) in () and z in ().

Proof. Let us prove (). Note first that ¢, is lower semicontinuous as a lower relaxed
limit. To prove that it is not greater than ¢ a.e., it suffices to do it for the Lebesgue
points of . Such points (z,t) € R? x (0, 00) satisfy

1
lim

L ¢y, 8) — pla,t)|dyds = 0,
o [l e et
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so by the assumptions on the mollifiers, see [29]), BQ) and (Z8), we find that

1
foulat) ~ ol@ 8] < oar [ [oly:9) = ol 0)] -
v ] B () x (4.40)

— t—
p(w y)@(—s) dyds -0 asv—0T.
v

v
It follows that
@b(zat) < lim (pl,(il',t) = w(zat)v
v—0t
at any Lebesgue point. Moreover, for any fixed (z,t), lower semicontinuity of ¢
implies that

wules) = | wwapﬁ‘ﬂef‘jmmzwmwmm
By (y)x(s,s4v) S—~— v v

>p(a,t)+o(1)

as (y,s,v) — (z,t,07), and we conclude that
(pb(ZC, t) = liminf, (PV(ZE, t) > (,D(ZC, t)

We conclude that ¢, = ¢ a.e.
Now, to conclude the proof of (i), it remains to prove that ¢, > v pointwise for
any other 1 € BLSC(R? x R*) such that ¢ < ¢ a.e. Given such a function, let

Wy = liminf, ¢ %, (pu0,).
As above, ¥ < ), pointwise; but also ¥, < ¢, pointwise since

w *m,t (pllel/) S "2 *z,t (pueu)
This completes the proof of (). The arguments for (i) are similar. O

Here is now a general inequality between ¢, and 4.
Lemma 84. Under the hypotheses of the previous lemma, (p4)« < @, pointwise.

Proof. Let us first prove that ¢4 is measurable in (z,t). We have

::K,Dn(z7t)
(2,1) nf |, Inf ; / e
x,t) = sup in M Tneas(B.(uN rent
P nztmen kvt meas(Br(w)) J,q)
lyl<+
=:0n,m(x,t)

where n and m are integers. For each + <r < L and |y| < 1, the function

1
(2,8) = meas(B,(y)) Lr(y) plo+z1)dz

is lower semicontinuous by Fatou’s lemma and ¢ € BLSC (assumption in the
previous lemmas). The infimum ¢, ,, remains lower semicontinuous, because r
and y live in compact sets. Hence, ¢, = inf;,>n ©n,m is measurable in (z,t) and
SO IS g = Sup,,>1 ¥n-

We can now prove the lemma. For any ¢ > 0, the measurable functions ¢, p4
satisfy o4 (-,t) = ¢(-,t) a.e., hence we may use the Fubini theorem to conclude that

Lo, dzdt:/ (/1 o dz>dt0.
//RdXR+ {on=v} R+ Rd {p#(z,t)=p(z,t)}

This proves that ¢x = ¢ a.e. in (z,t), so that (px). < ¢ a.e. in (z,t). Hence
(p#)« < ¢, pointwise by Lemma [S2I(). O

Here are further properties that we will need.
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Lemma 85. Let p,7 € BLSC(R? x RT) and p4,v9x as in (T0). Then

(1) ¢ < (pg)« pointwise, and

(ii) if ¢ < u pointwise, then g < Pu pointwise.
Proof. We can show that ¢ < pu from the definition of ¢4 and the lower semi-
continuity of ¢, exacty as we showed that ¢ < ¢, in the proof of Lemma In
particular, ¢ < (¢4). which is part (). For part (), use Lemma B2[]). It says
that ¥4 (-,t) = ¢¥(-,t) a.e. in z, for each fixed ¢t > 0. Hence, ¢(-,t) < ¢(-,t) a.e
and the desired inequality follows again from the definitions of ¢4 and 4. (I

Proof of Theorem[{4] Let us proceed in several steps.

1) () = @
By (), (¢x)« is a BLSC supersolution of (25al). In particular, for any fixed s > 0,
the function

(@, 1) = () (2, t + 5)
is also a supersolution of (25al). By Remark BY(@), we can apply Theorem B8] to
this supersolution with the BLSC initial weight (¢4 )« (-, s). The result is that

/ ]z, £) () (2, 5) dar < / o — vl () () (2, £ + 8) d,
Rd Rd

for any ug = ug(z) and vg = vo(x) with values in [m, M|, u and v entropy solutions
of @) with up and vy as initial data, and ¢,s > 0. This is exactly (I) but with
(px )« instead of ¢. To replace (px). by ¢, we use Lemma [BEIf) for the left-hand
side. For the right-hand side, we use that (px)« < ¢4 pointwise and the fact that
ou(z,t+5) = ¢(z,t+s) for almost each x, see Lemma[82)([). This implies (Il) with
©, as desired.

2) (M) = () for smooth weights ¢.

Let us prove the reverse implication when 0 < ¢ € C°(R? x RT). We will appro-
priately choose ug and vy later. For the moment, we assume that
m<wvg<uy<M and wug—uvy € L' (R?).
By Lemmas @5 and [78 0 < u — v € C(R*; L*(R%)), and then we can use (I to get
@ [ 0@ e < [ (- w) el T+ ) da.
Rd Rd
for any T',s > 0. Let us fix s > 0 and determine what PDE ¢ satisfies. This will be

done by injecting the weak formulation of (2) into (79) and then pass to the limit
as T — 07. By Lemma [T

/Rd(u—v)(x T)p(z,T)dx = //RdX(OT) ( u—v 8t¢+z (v))0a, &

d
+ ) (Aij(u) — Aij ()07, 6 | dedt

+ [ (w0 = w)(a)o,0)da,

for any ¢ € C®(R? x [0,T]) and Aj; = A;;. Note that we have rewritten the
equation given by Lemma [77] with integrals in ¢ < T and an additional final term at
t = T. This follows from standard arguments using the L] . continuity in time of
w and v. Since ¢ € C§°, u—v € Cy(LL) and u,v € L™, a standard approximation
argument shows that we can take ¢ to be

¢(1"ﬂt) = Sﬁ(z,tJr s — T),
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and get that
(80)

/Rd(u —v)(z, T)p(z,s)dr = //}RdX o ((u —0)op(t+s—T)

Jrz Fi(v)0z,0(t+s—1T)

+ Z (Aij(u) — Aij ()03, p(t + s = T) | dedt

+ /Rd (uo — vo)(z)p(x, s —T)dx.

Here we asume that s > 0 and T is so small that s — T > 0. Inserting (80) into

([@9), we get
/Rd(uo —vo)(x)p(x,s +T)dx — / (ug — vo)(z)p(x,s — T) dx

R4
> //]Rdx(o,T) () dx dt.

We now would like to divide by 27" and pass to the limit as 7" — 0%. All the com-
putations are justified, again because ¢ € Cp°, the solutions v and v are bounded,
and u — v € C(R*; LY(R?)). We get that

[ wo(e) = (el ) da

= % /]Rd <(u0 — v0)0sp(s) + Z(Fz(uo) — F;(v0))0x,0(5)

+ Z i UO 1] (UO))ailzjcp(S) dz.

7,j=1
Substracting the term [(ug — v9)9s¢(s) dz/2 of the right-hand side implies that
(81)
[ wola) = vl ol ) do
R

d

d
= /]Rd Z(Fz'(uo) — Fi(v0))da,0(5) + > (Aij(uo) — Aij (0))02,,,0(s) | da

ij=1

uo ()
/Rd/ () {F'(&) - Do(z,s) + tr (44 (€) D%z, 5)) } d dz,

for any s > 0 and 0 < up — vg € L'(R?) such that both ug and vy take their values
in the interval [m, M]. It remains to choose ug — vy as an approximate unit, up to
some multiplicative constant.

Let us introduce new parameters: 2o € R, ¢ > 0and m < a < b < M. We
would like to choose

ug — Yy = (b — a)lz0+(_876)d,
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with the constraint that both ug and vy only take the two values a and b. Writing
x = (x;), take for instance

u ((E) L a lf xr1 > (:Co)l +€7
RN DT not,

and
.f o d
vo(z) = a %x1>(z0)1+sorz€xo+( g, €)%,
b if not.

Then m < vg < uyg < M and ug — vg € Ll(Rd) as required. Inserting our choice
into (8I)) and dividing by (b — a)e?, we deduce that
1
- Osp(x, s)dx
zo+(—¢,6)d

b
> 1L / : / {F'(&) Do, s) + tr (Ai; () Do (x, 5)) } d€ da.

d
3 o+ (—e,e)? b—a

Let now & € (m, M) be any Lebesgue point of any arbitrarily chosen a.e. represen-
tative of (F’, A). Take first the limit as a,b — £ such that £ is the center of each
[a,b] in order to use the Lebesgue point property; take next the limit as e — 0.
This gives us that

dsp(x0, 8) > F'(€) - Dp(wo, s) + tr (Aij (§) D¢ (20, 5))

for any x9 € R?, s > 0, and Lebesgue point . That is ¢ is a supersolution of (2H).
This completes the proof of the remaining implication in the case where ¢ is C;*
(and then @z = @).

3) (M) = (M) for nonnegative BLSC weights ¢.
In this case we use the regularization procedure of Lemma [RIl By this lemma

P = @ *zt (pueu)
satisfies () since ¢ does by assumption. By the previous step we deduce that o,
is a supersolution of ([25al). Hence

o, = liminf, @,

is also a supersolution by stability (cf. Proposition Q). But to prove (II}), we need
to show that ¢4 is a supersolution. We will do this by showing that ¢, = (px).
pointwise (at least for positive times). We already have (px). < ¢, by Lemma [84
To prove that ¢, < (¢4)«, we need to use (). By (I),

/ ft — |z, pla, s) da < / o — vol (2l £ + ) d,
Rd Rd

for any uo and vg in L>(RY,[m, M]) and corresponding solutions u and v of (&)
and t,s > 0. By Lemma [B2(i), we also have that ¢, = ¢ a.e. In particular, there is
a null set N C RT such that (-, s) = ¢, (-, ) a.e., for any s ¢ NE Fixing T > 0,
there thus exists a sequence s, — T~ such that s, ¢ N, for any n. Choosing
moreover t, := 1T — s,, we deduce that

/ lu —v|(z, tn)py (2, $p) da < / |ug — vol(x)p(x, T) da.
R4 Rd

Let us pass to the limit as n — oo in the left-hand side. To do so, we use Fa-
tou’s lemma, which is possible because of the lower semicontinuity of ¢, and the

continuity of entropy solutions with values in L{ (R?) which implies that

lu —v|(z,tn) = |uo — vol(x) for a.e. x

5To find N use that Jgaxrt 1{p,=p} dzds =0 = [+ meas{x(,s) = ¢y (-, s)} ds by Fubini.
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(along a subsequence). In the limit, it then follows that
[ o= wl@or(e, D) ds < [ juo - vl@)ola, 7) do
R? R

for any ug and vy in L (R¢, [m, M]) and T' > 0. To continue, we argue as in the
previous step where we chose 0 < ug — vg € L'(R?) to be an approximate unit up
to a multiplicative constant. The same arguments imply that for any 7" > 0,

o, (-, T) < (-, T) ae.

By Lemma B2({), we conclude that ¢, < ¢4 pointwise (for positive times). Hence,
¢y, < ()« and then ¢, = (@)« (for positive times). This implies that (v4)« = ¢,
is a supersolution of ([25al). The proof of Theorem [l is complete. O

Let us finally prove Corollaries 46 and @7

Proof of Corollary[76] We already know that ¢ € #,, a1, by Theorem B8 Let us
prove the formula with the inf. Take ¢ € %, ar.,y, which means that ¢ € BLSC
and satisfies Theorem E4|I)) with ¢(t = 0) > (. By this theorem, ¢ satisfies ()
as well, that is 4 is a supersolution of (25a). Recall that ¢ < (¢ ). pointwise by
Lemma BHI[I). In particular

(p#):(t =0) = ¢(t = 0) > 0.

Thus ¢4 is a supersolution of the Cauchy problem (25), and ¢ < ¢4 by Proposition
[@). Then Lemma RO implies that (¢)x < ¢4, and we conclude that

()4 (x,t) = inf {pp(x,) 1 ¢ € Mo} V(2,1) €R? X RT

(with an equality because ¢ € #in a1,4,)- The proof is complete. O

Proof of Corollary [{7 Let H: be an arbitrary strongly continuous semigroup on
Cy N LS, (RY) satisfying

/ |Stug — Stvo|po do < / |uo — vo| Hiepo da,
Rd Rd

for any ug and vy in L= (R?, [m, M]), 0 < g € Cy N LS,

< (R%), and ¢t > 0. We have
to prove that for any such ¢y and ¢,

Gipo < Hypo,

where Gy is the semigroup corresponding to (25). For any such ¢g, the minimal
solution of (23] is the unique continuous solution, that is

o(x,t) = Gepo(z) VY(z,t) € RT x RT.
Moreover, the above assumption on H; implies that
Hipo(z) € Win, M p0-
By Corollary B8 we deduce that for any z € R* and ¢ > 0,
(Gipo) y () < (Hipo) 4 (2),

where we recall that

1

G =liminf ————F— G d
(Grpuly (2) =imint S [ o Gon ()

Yy—x

(and similarly for H). Since both Gypo(z) and Hypo(z) are continuous in z, we have
(Gepo)y = Grpo and (Hepo)y = Hipo pointwise and the proof is complete. O
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APPENDIX A. TECHNICAL PROOFS

A.1. Min and max viscosity solutions. Here are the proofs of Theorem [6] and
Propositions [M and (2 the ideas are inspired by [23] 10, B1] and the details are
given for completeness.

Proof of Theorem 6l Consider the inf and supconvolutions of ¢y,

(o)e(®) := yiélﬁd {(900)*(3/) el }

2e2

and

(0)* (@) := sup {(@o)*(y) - M}

yERd 252

Recall that they are at least Cy, with inf vy < (¢0)e < o < (po)¢ < sup go,
3 _ _ 3 g __ ¢ g __ *
lim 1 (¢00)e = ig}g(@o)a = (#o)« and lim | (po)* = inf(0)" = (¢0)",

see e.g. [21, 29, 5, 4]. Let p. and ¢° be the viscosity solutions of ([a]) with initial
data (¢g)e and (¢g)¢, whose well-posedness is ensured by Theorem @l By the
comparison and the maximum principles, see Theorem Bl and Remark Bl we have
the bounds

inf o < ¢ < ¢° < suppo.
We can then define real-valued and bounded functions by
p:=supy. and @ := inf ©°.
- >0 e>0
We will see that these are our desired extremal solutions. First note that ¢ and
p are respectively lower and upper semicontinuous, as sup and inf of continuous
functions. Moreover, ¢ <, so that at the initial time we immediately have

(t=0)=(po). and (p)*(t=0) < B(t =0) = (po)*

This means that (the lower semicontinuous function) ¢ satisfies the desired discon-
tinuous conditions of Definition [ifall). Also, we have the exact pointwise initial
data p(t = 0) = (¢o)+ as claimed in the theorem. We argue the same way to get
the desired initial data for . Let us now show that these functions solve (Ial).
By the stability of sup and inf, see Proposition 49 we already know that ¢ and @
are sub and supersolutions, respectively. To get the other viscosity inequalities, we
need to use that, as ¢ — 0T,

(82) ¢ =liminf,p. and P = limsup*y°.

This follows by elementary arguments (see e.g. [5[4]) since ¢ (resp. ¢.) increases
(resp. decreases) as ¢ | 0, which again follows by comparison since (¢g)¢ (resp.
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(p0)e) increases (resp. decreases) as € | 0. For the reader’s convenience, we do it
for . For any fixed (z,1),

liminf, pe(z,t) < lim @ (z,t) = @(z,1).

e—0+t

Moreover, for any sequence (Zp,tn,&n) — (z,t,07) such that &, < g, for any
n > m, we have ©c, (Tn,tn) > @e,, (Tn,tn). Fixing m and taking the limit in n,

liminf o, (Tn, tn) > Um @c (Tn,tn) = @e,, (2, 1)
n— oo

n—oo

by the continuity of (., . Taking the limit in m,
liminf o, (zn,t,) > lim @, (x,t) = o(x,t).
n—oo m—00 -

This proves the first part of (82) and the second part can be obtained similarly.
By the stability with respect to lower and upper relaxed limits, see Proposition [50]
we conclude that ¢ and % are viscosity solutions of (Ial), and thus of () since we
already established (Ih]) in the sense of Definition [Mi(ai).

At this stage, it only remains to prove that these solutions are extremal. Let ¢
be another bounded discontinuous solution. Noting that

(P0)e < (po)s < @ult =0) <™t =0) < (0)" < (o),

we use once more the comparison principle to deduce that

e < o < 5,

for any € > 0. In the limit as ¢ — 0T, we conclude that ¢ < ¢ < and the proof
is complete. (I

Proof of Proposition [} To prove ({l), we simply argue as in the end of the proof of
Theorem [6] For instance, assume that ¢ is a bounded supersolution of (). Then,

(¢0)e < (p0)s < st =0)
and, by comparison, ¢. < ¢ for any € > 0, etc. Part () follows from part ). O

Proof of Proposition [53. We only give the proof for the minimal solutions, the other
case is similar. Let ¢ denote the minimal solution of (I) with initial data ¢g :=
sup,, pg. We have to prove that P =sup, @ , where @, is the minimal solution
of () with initial data ¢f. By Proposition [[l), we have ¢, < o for any integer
n. We thus already know that ¢ > sup,, ¢ and it only remains to prove the other
inequality. To do so, it suffices to show that sup,, ¢ is a supersolution of @) (with
initial data ). Indeed, by Proposition (), we then get ¢ < sup,, @, It is at this
stage that we need to use monotonicity. Recall that n — ¢ (z) is nondecreasing for
any x. By the comparison principle, the same monotonicity holds for the solutions
which means that n — ¢, (z,t) is nondecreasing for any fixed x and ¢t. Hence, as
before, we can easily deduce that

sgpgn = hmlnf*gn as n — o0.
By stability, see Propositions B0 and [79, we deduce that lim inf, i, is a supersolu-
tion of (al) with initial data
lim inf, e, (t = 0) = liminf, fg

(the first limit is taken in (x,t) and the second only in z). But this initial data is
precisely

lim inf, fg = Sup ¢ = ¥o,
n

by the monotonicity of ¢f in n. This completes the proof. (I
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A.2. Representation formulas. Let us prove Propositions8and[@ These results
are classical in the control theory, but usually written for continuous or maximal
solutions, see [29] [4] [33] [34]. Here we give the proofs for minimal solutions.

Proof of Proposition[8 By the assumption that a = 0, (&) is now

Orp = sup{b(§) - Dp} = sup{q - Dy},
(e qeC

where C = co {Im(b)} is compact. By control theory [, 4] the viscosity solutions
of () is given by

p(x,t) = sup o
z+tC

if o9 € BUC'. In the general case, consider the infconvolution

(po)e(w) = e, {wo(y) I et T } .

2e2

Recall that (¢p). € W (R?) and (p0)- T (o)« pointwise as e | 0. It follows that
the solution of ([Tal) with (¢g)< as initial data is

@e(w,t) = sup (po)e-
x+tC

By Proposition 52 the minimal solution of () is thus

p(x,t) = sup @ (x,t) = sup sup (o)e = sup sup (¢o)e = sup (o)« O
e>0 e>0 z+tC z+tC >0 z+tC

Proof of Proposition[d. Equation (Ia)) is given by
Orp = Sup {0(6) - Dp +tr (a(€)(a*)"(€)D?*¢) }
€

where £ is compact and the coefficients b and o® are continuous by (II). By
stochastic control theory [29], the viscosity solution of () is given by

p(z,t) = Sng{wo(Xf)},

if oo € BUC and where &, and X7 are defined as in Proposition @ Let us now
repeat the argument of the proof of Proposition [ considering the infconvolution
(¢o0)e and the corresponding solution of (Tal)

Pe(z,t) = SEPE{(%)E(X?)}-

We find that the minimal solution of (1)) is

p(z,t) = ig}g%(% 1) = Sup sup E{(p0)e(XF)}-

Since (0)e T (o)« as € | 0, we conclude the proof using the monotone convergence
theorem:

sup E{(¢0)e(X7)}

= lim 1B {(¢0)=(X})} = B{ lm 1(20):(X7) } = E{(00)u(X])}. O



48 N. ALIBAUD, J. ENDAL, AND E. R. JAKOBSEN

A3. L, strong continuity in time. During the proofs, we have assumed that

the solution of () is continuous in time with values in LS. Let us prove it here.

Lemma 86. Assume (HI), Gt is the semigroup associated to ({l) defined in (1),
and o € CyNL>®(RY). Then the function t > 0 — Gypo € CpN L¥(R?) is strongly
continuous, i.e.

lim |Gypo — Giyolline =0 Vto > 0.

t—to
Proof. Fix g € C, N LS (R?) and let us prove that

t >0 Gypo € Cp N LS (RY)

int

is continuous. That is to say, fix also to € RT and let us show that

/ sup |Girpo — Giopoldx — 0 ast — to.
51 (@)

The pointwise convergence follows from the continuity of (z,t) — Gipo(z) (this
function being the continuous solution of (). Moreover, a dominating function is
given by

T~ _sup |Gso(y)|-
(y,5)€Q, () x[0,t0+1]
It is indeed integrable by the uniform in time estimate of Theorem O

A.4. Main properties of |- |conv and |- |air. Let us prove what we have claimed
in Section 24l We need support functions hg of sets E (cf. e.g. [35] for their
standard properties). For any () # F C R% x Sy, hg is the function

he:(p,X) €RYxSq—~ sup (q,p)- (Y, X),
(¢, Y)EE

where (¢,Y) - (p, X) := q-p+ tr(Y X) is the inner product of R? x S.

Lemma 87. Under (HI), the Hamiltonian of [Ia) defined by (@) satisfies H = hx
where KK = co{Im(b,a)}.

Proof. Since H = hyy(p,q) by definition, it suffices to use that hg = hm for any
set E.

Let us now prove the assertion of Remark [[9(b)), that is the result below.

Lemma 88. Let H : R? x Sq — R be such that there are two different triplets
(€,b,a) and (&,b,a) satisfying (HI) for which

H(p,X) = supg{b-p+tr(aX)} = supg{b- p + tr(aX)}.

Then
Hleconv = inf sup|b(€) — byl = inf sup|b(€) — b
[Hlco btk geIg>| (&) = bol o= é€?| (&) = bol
and
Hlgg= _ inf  sup|te(a(€) —ao) =  inf  sup|tr(a(é) - ao)l.
S} 3a0<Im(a) £€€ §F2a0<Im(a) fcé

Proof. By LemmaRT7, H = hx = hg where K = co{Im(b,a)} and K = co{Im(b, a@)}.
It follows that K = K because any closed convex set is entirely determined by its
support function. It thus suffices to prove that |H|convy and |H|qig only depend on
K. Let us do it for |H|qgis. Define the projection

D := projg, (K) = co{Im(a)}.
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Since ag < Im(a) if and only if ag < D,

|H|aig = inf suptr(a—ag),
S}2a0<D €
where
suptr(a —ag) = sup tr(Y —ap) = sup  tr(Y — agp).
£ Y €Im(a) Y eco{Im(a)}

It follows that

|H|aig = inf  sup tr (Y —ag) for D= projg, (K).
S}2a<DYED

We show in the same way that
|H|cony = inf sup|q —bg| for C = projra(K).
boER geC
This completes the proof since these formula only depend on K. O

Let us now prove the last result of Section 2.4]

Proof of Proposition[20. We only do the proof for | - |qig since the argument is
similar for |- |cony- Let us first prove that it is a semi-norm. It is clearly finitely
valued because a = a(€) is bounded. Given H, H € T with some respective triplets
of data (€,b,a) and (€,b, @) satisfying (HI), we have

H(p,X)+H(p,X) = supg {b-p +tr(aX)} + supgs {l;-ertr(dX)}
= sup {(66) +56) -+ ((al©) +2()X ) },

for any (p, X) € R? x S;. This identifies some data which we can associate to the
Hamiltonian H + H € T". Let us denote the diffusion matrix by a ® a,

a®a: (&8 al€) +a),

and fix ag and @ in S} such that ag < Im(a) and ao < Im(a). It follows that
ap + ap < Im(a @ a) and

|H + Hlaige < sup tr ((a(€) + a(§)) — (ao + o))

EXE
=suptr(a — ag) +suptr(a —ap).
€ £

Taking the infimum in ag and ag, we deduce that
|H + Hl|ag < |Hlaig + | H|aisr-
We argue similarly to show that |« H|qg = «|H |4, for any a > 0.
Let us now prove (I3). Take a minimizing sequence (af}),, for the infimum
|H g = inf [Itr (@ — ao)]|, -
S;Bagglm(a)
It is bounded since a = a(€) is bounded and hence a} — ag for some matrix ag € S}
up to a subsequence. In the limit, we get that

[Hlaig = Tim || tr(a — ag)lec = [ tr(a — ao)lloo-
n— oo

Hence if this semi-norm is zero, then a = ag and the diffusion is linear. Conversely,
assume that H(p, X) is affine in X, for any p, and let us prove that |H|qig = 0.
Since

X eSqg— H(0,X)eR
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is linear by assumption, Riesz representation theorem implies that there exists
ag € Sq such that H(0,X) = tr(apX) for any X € S;. But we also have

H(0,X)=suptr(aX) = sup  tr(YX)
2 Y eco{Im(a)}
and therefore co{Im(a)} = {ap} (again because a closed convex set is entirely

determined by its support function). In particular,
[ Hlaigr = || tr(a — ao)[oc =0
and this completes the proof. (I

During these proofs, we have seen some interesting connections with support
functions. Let us summarize them for completeness.

Remark 89. (a) Recall the cone defined in Section 2.4t

I' = {H:R*xSy — Rs.t. H satisfy @) for some (&,b, a) satisfying ([I)} .
It satisfies
I'= {support functions of compact convex sets K € RY x S:{} ,

where the support function of I is

hi(p,X) = sup (¢,Y)-(p,X)
(¢,Y)eK

for the inner product (¢,Y) - (p, X) =¢q-p+ tr(Y X).
(b) If C = projga(K) and D = projg, (K) are the projected sets, then
i) |Aic|conv is the minimal radius of balls containing C, and
(¢) For any triplet (€, a,b) representing H = hy,
K =co{lm(b,a)}, C=co{lm(b)} and D = co{lm(a)}.
A5. An optimal LS, inequality.

Lemma 90. For any nonnegative pg € USC(RY), r > 0 and ¢ > 0,

r+e\?
/ sup o dx < ( ) / sup (o dx.
Qpie(@) " Q@)
Remark 91. This is Lemma with an explicit estimate of the constant. The
constant is optimal, for instance for ¢g = 1y,,} and any fixed x¢ € R4,

Proof. Assume the result holds for d = 1, and let x = (21, 4#) € R x R¥"1. Then by
assumption

fixed USC and nonnegative function of z;

/ sup podxy = / sup sup vo(r1 +y1, &+ 4) dr
)

Qpye(z1,2 y1€[—r—e,rte] GE[—r—e,r+eld-1
r+e o
< / sup sup wo(z1 + y1, & + §) day,
r y1€[—r,r] g€[—r—e,r+e]d-1

for any & € R?~!. Integrating in &, we get
/ sup o dx < rte / sup wo(z + ) d.
Qrye(®) T yelrrlx[-r—erteldt

Starting from the integral to the right, we interchange the roles of x; and x2 and
repeat the arguments. Continuing in this way leads to the result.
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Let us thus focus on the case d = 1. A standard approximation procedure allows
to reduce the proof to the case where g is a step function,

wo(z) = Z aily (),

for some a; > 0 and bounded disjoints intervals I;. To see this, it suffices to take
the supconvolution followed by upper Riemann sum approximations of integrals.
The details are rather standard and left to the reader. Let us focus on the step
functions above. Let 0 < &1 < -+ < @, be all the possible different values taken
by a;, and

m
po(x) =Y Bily, (),
i=1
with nonnegative 8y := a1, B2 := a2 — a3, etc., and domains

Ji = {po > &;}

which are finite unions of intervals. For any r > 0, we have a similar representation
for

lﬂo(x) = S[U.p ](PO = Zﬁil{diozﬁci}(x)v
x4+ |—r,r i=1
where by definition of )y,
{tho > &;} = Ji + [-r,7].
In other words,
sup  @o = Zﬁil.]ﬂr[fr,r] (:C)
z+[—r,r] i—1
By construction, it follows that
/ sup @odx = Zﬁimeas(Ji + [—r, 7).

z+[—r,r] i—1

The same formula holds for r 4+ ¢ and it thus suffices to prove that

meas (J; + [-r —e,r +¢]) L rte
meas (J; + [—r,7]) -

Vi=1,...,m.

To do so, rewrite
Ji + [—r,r] = U§:1Kj

as a disjoint union of intervals K;. In particular,
k
meas (J; + [—r,7r]) = Zmeas (K;).
j=1

Observe also that
Jit+[-r—er+e < Ule (K; + [—¢,¢]),

where the union to the right no longer needs to be disjoint. Nevertheless, we have
the estimate
k
meas (J; + [-r —e,r+¢]) < Zmeas (K + [—¢,¢))
j=1
and the proof further reduces to proving

meas (K; + [—¢,¢]) crte vi=1....

(83) meas (K;) - r Y
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since then

meas (J; + [—r —¢e,r +€]) < Z?:l meas (K; + [—¢,¢€]) crte
meas (J; + [—7,7]) - E?:l meas (K) - r

To prove ([B83), remember that J; + [—r,r] = Ué?:lKj is a disjoint union of intervals.
Because of the addition of [—r,r], each intervals K, has a length greater than 2r.
To fix the ideas, let us say K; = [a, ] (the reasoning being the same with an open
interval at a or b, etc.) Then b —a > 2r and

meas (K; + [—¢,e])  b—a+2¢ < 2r+2 r+e

meas (K;) b—a ~— 2r r

T+e

because the function 7 > 0 — === is nonincreasing. The proof is complete. O

APPENDIX B. COMPLEMENTARY PROOFS FOR ENTROPY SOLUTIONS

For completeness, we recall the proof of Theorem [[2 which is Theorem 1.1 in [30]
under ([H2). We will take the opportunity to give details, but we will not perform
the doubling of variables to show Lemma [I4] for which we will refer to [I1].

Recall that [20, 1] proved the well-posedness of L! kinetic or renormalized
solutions which are equivalent to entropy solutions in L' N L. The definition of
entropy solutions in L' N L uses the energy estimate (2.8) of [20],

K [/ d 2
1
// E E O, Cir(u) | dadt < =lugllz < oo ifug€ LI N L™,
RIXRY () 2

=1

where
Canlw) = / o (€) dt.

As a consequence “L?” was used e.g. in [L1, Definition 2.2] instead of “L} " in
Definition Il But we have the following result:

Lemma 92 (Local energy estimate). Assume ([{2), up € L®(R%), 0 < ¢ €
Cx(R%), and T > 0. If u is an entropy solution of (@) in the sense of Defini-
tion [[1] and

luollzoe + l|ulle + [|@llwza < M,

then there is a constant C' only depending on T', M, F' and A such that

K d 2
//R > <Z Oz, Gine (u(z, t))) o(z)dzdt < C.

x(0,7) =1 \i=1

Proof. We use Definition [Tl) with the entropy n(u) = |u|* and the corresponding
fluxes

g(u) =2 /0 Cer(e)de and r(u) =2 /O CeAe) de.

We also take a test function ¢(z)1jo7)(t) where 0 < ¢ € C2°(R?). It is not smooth
in time but a standard approximation argument shows that it can be used in Def-

inition [i[@) if we add also a final value term at ¢ = T. Here we need the L] _
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continuity in time of entropy solutions. The result is

>0

2

/Rd u2(96, T)é(x) de 42 // i (i azigk(u)> ¢dxdt

RIx(0,T) 1=

=1
d d
< [ o ds+ [ S )i+ S (w2, 6| dedt
R Réx (0,T) \ i Py

By assumption ||ug||ze + [[u| L~ + ||¢[lw21 < M, so it follows that

{||Q(U)||Loo(Rde+,Rd) < 2MPesssup_y << pr | F'(€)], and
|7 (u) || oo (e s+ Raxay < 2MZ esssup_yr<e<nr [A(E)].
With all these estimates, the conclusion readily follows. O

Let us now show the Kato inequality.

Sketch of the proof of Lemma[Ij] Copy the proof of Theorem 3.1 of [1I] with | = oo
and zero renormalization measures ' = pf = 0. With the aid of the previous local
energy estimate, check that every computation holds until (3.19)—even if « and
v satisfy @)-(0) of Definition [T with L . and not L? as in [I1]. This gives (I2)
with ¢ € C2°(R% x (0,00)). Use an approximation argument for ¢(x)1o 7y and the
continuity in time with values in L{ _ to get initial and final terms. d

To show the uniqueness of entropy solutions, it suffices to find a “good” ¢ in
([@2), for instance an exponential as in [19, [30]. This gives the result below.

Lemma 93. Assume (H2) and u,v are L> entropy solutions of @) with initial
data ug,vg € L=(R?). Then for any t >0 and m < M such that m < u,v < M,

/ ju—vl(z, t)e” " dz < e<LF+LA>t/
Rd

|uog — ’U0|($)€7|I| dz,
R4

where Lp = esssup|_,, yp |F”| and L4 := esssup_,, a tr(4).

Remark 94. We can take m < M such that ug and vy take their values in [m, M]
by the maximum principle. At this stage of this appendix, this principle is only
known in L' N L* (or L') by [20, 1] and it will follow later in L.

Sketch of the proof. The proof is inspired by [19] [30]. Consider
be(z,t) := e(LF+LA)(T—t)—\/82+|I|2,
for some arbitrary € > 0, and check that

d d
|u - ’U|(9t¢)5 + Z Qi(uﬂ v>axi¢€ + Z Tij (u; v>8£ﬂj d)s

i=1 i,j=1

< |u—v|{0t¢E+LF|D¢E|+LA sup )\+} <0
AESp(D2¢.)

by the Ky Fan inequality [9). Then by the Kato inequality (I2) with ¢,
/ lu—v|(x, T)e” VTP qz < e(LFJrLA)T/ lug — vol(x)e™VEHP 4z
R R

and the result follows in the limit € — 07. O
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Proof of Theorem [I2. By Lemma [@3] it remains to show the existence. The proof
is inspired by [20, [T1]. Given ug € L>=(R?), take a sequence of approximate data
(ul)n in L' N L°°(R%) such that

(84) essinfug < ufy <esssupug and uf — ug in L. (RY).

Let u, be the entropy solution of (2) with initial data u{. By the maximum
principle (in L' N L>°), we know that

(85) essinf ug < u, < esssupuyg.
Moreover, by Lemma [03] we have for any R > 0, T' > 0, and integers n, m,

l|twm — un||C([O,T];L1({|z|<R}))

= sup / [t (2, t) — un(x,t)| da
tel0, 7] J|z|<R

<ef sup / |t (2, 1) — (22, 8)| e 1% Az
te[0,T] J R4

< effe(Lr+La)T /d luf () — ul(z)|e”*! dz,

R

where the latter integral tends to zero as n,m — oo by (&4]). Hence there exists
some u € L®(R? x RT) N C(R*; LL _(R?)) such that

loc

(86) lim u, =u in C([0,T); Li.(R%)), VT >0.

n—oo

It remains to show that u is an entropy solution with initial data uq.
We begin with the L2 _ energy estimate of Definition [Ti@). By Lemma [32] and

loc

the L* bounds in (8], the sequence

d
{Z amcik(un)} c L*(R? x RT)

is uniformly bounded in L2(K), for any k = 1,..., K, and compact K C R% x R*.
As a consequence, it weakly converges in L?(K) (up to some subsequence) to some
function

f(x,t) € L3 (RY x RT).

loc

Forany ¢ € C*(R? x RY) and k=1,..., K,

//WX]R+ <i &ﬂik(%)) pdadt = —//}Rdx]R+ (i Cik(un)aziéf)) dz dt.

i=1 =1

Since
G = [ ah©d for o} € Lix (R RIH),
0

the function (;x(+) is locally Lipschitz continuous. By the strong convergence stated
in ([BG) and the L* bounds in (8H), we infer that (i (u,) converges towards (i (u)
in C([0,T]; LL . (RY)) for all T > 0. Hence, at the limit, we deduce that

loc

//Rdxw fodedt = - //Rdxw <zd: Cik(u)azisb) dz dt.

i=1

By the definition of a weak derivatives, this means that

d
3 0uCinlu) = f € L3, (R x RY),
=1
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and the proof of part (@) in Definition [[Tlis complete. Moreover we have found that

d

d
Zalezk(Un) - Zazlclk(u) in LQ(IC)a
=1 i=1

for any k=1,..., K and compact L C R? x R*.
To show the chain rule in part (B of Definition [[1l we start from the chain rule
for uy,,

d d
(87) D00, Gl ) = Blun) Y O Ginlun) € L*(RY x RY),

i=1

valid for any 8 € C(R), k =1,..., K, and integer n. Recall also that

By the previous convergence results and bounds, the right-hand side of (87) con-
verges weakly to 3(u) Z'ii:l Oy, Cir:(u) in L2(K). We can argue as before to show
that the left-hand side converges weakly in L?(K) to Zle azigﬁ (u). We thus get
part (b)) of Definition [T in the limit. Moreover,

d d
(88) > 00, (un) = > 00, (u) in LA(K),
=1 =1

for any B € C(R), k= 1,..., K, and compact K C R? x RT.

Now, it remains to prove that the limiting function u satisfies the entropy in-
equalities in Definition [Ti@). Let n € C?(R) be a convex entropy with correspond-
ing fluxes (¢,7), ¢ € O (R? x R*) a nonnegative test function, and consider the
entropy inequality for w. From the previous results, it is standard to pass to the
limit in the left-hand side of the inequality in Definition [T(@). The only difficulty
concerns the right-hand side, because we have a quadratic term and mere weak
convergence. Let us therefore only focus on this limit and leave the others to the
reader. We take 8 = /" and apply the chain rule Definition [T,

//wxw Z <Z<9 G (un) >2¢dzdt

k=1
d
:// n//(un)z (Z@xﬁzk(t@ﬂ) Zaijjk(Un) b dz dt
R xR+ P Pt J:1
//]Rdx]RJr Z (;a \/7 Un > Zazg un ¢d1’dt

//Rdxw Z (2; 0, G (un) \/5)2 da dt

Za G (un) /B
But, by (88]), we have for any k =1,..., K,

Z&m 7 (un) /6 — Zaﬁgﬁ )Wo in LA(R? x RY).

2

L2(R4xR+)
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It follows that

Zaﬂh W w)\/p <hm1nf Zaﬁgﬁ Un) /b ,

L2(R4xR+) L2(RExR+)
that is
K d 2
liminf// "(un, Oz, Cit (Un, ¢dxdt
n—0oo ]Rdx]R+ kz ; (1)
K 2
>3 Za T (WVe
k=1 |li=1 L2 (R4 xR+)
2
- W03 (3 0ncutw) ) odrdr
]Ral><]R+ =1 \i=1

where similar chain rule computations have been used for w. This is enough to
pass to the limit in the entropy inequalities of Definition [II[B) and the proof is
complete. (I

As a byproduct of the previous proof, we get the lemma below.

Lemma 95. Assume ([2), ug € L>®(RY), and u is the entropy solution of (@).
Then essinfug < u < esssupug. Moreover, if v is the entropy solution with initial
data vy, then ug > v implies u > v.

Proof. Take the previous sequence of solutions u,, with initial data ug. Recall that
ug converges to ug in LIOC(Rd) and has values between essinfuy and esssupug
(see (B4)). We then showed that u,, converges to u in C([0,T]; LL (R%)), T > 0.
We can assume this convergence to hold a.e. without loss of generality, up to
taking a subsequence if necessary. The fact that essinfuy < u < esssupug is then
obtained at the limit, since essinf ug < u, < esssupug by the maximum principle
(in L' N L*°). To get the comparison principle, note that u§ can be chosen as

uo(x) if —n <wglx) <mn,

Uy (@) = +n if +ug(x) > n.

It follows that v{, similarly constructed, is less than ug if ugp > vo. Applying the
comparison principle (in L' N L°) and passing to the limits, as before, completes
the proof. 0
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