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Quantum Kahlerian Lie groups from multiplicative unitaries

P. Bieliavsky? Ph. Bonneau! F.D’Andrea! and V. Gayral®

Abstract

We show that the deformation theory of Fréchet algebras for actions of Kéhlerian Lie groups developed
by two of us in [6], leads in a natural way to examples of non-compact locally compact quantum groups.
This is achieved by constructing a manageable multiplicative unitary out of the Fréchet deformation of
Co(G) for the action A ® p of G x G and the undeformed coproduct. We also prove that these quantum
groups are isomorphic to those constructed out of the unitary dual 2-cocycle discovered by Neshveyev and

Tuset in [24] and associated with Bieliavsky’s covariant x-product [3], via the De Commer’s results [10].

Keywords: Locally compact quantum group, Manageable multiplicative unitary, Covariant quantization,

Deformation of Fréchet algebras, Unitary dual 2-cocycle

Contents
1 Introduction

2 Deformation quantization for actions of Kihlerian Lie groups
2.1 Notations . . . . . . . o e e
2.2 Negatively curved K&hlerian Lie groups . . . . . . . . . . .. . o
2.3 Functions Spaces . . . . . . . ..o e e e e e e

2.4 Oscillatory integrals and deformation of Fréchet algebras . . . . . . ... ... ... ... ...

3 Quantum Kaihlerian Lie groups
3.1 Deformations of the Schwartz algebra . . . . . . .. ... ... ... . 0.
3.2 The deformed Kac-Takesaki operator . . . . . . .. .. .. ... . ... .. ...
3.3 The coproduct . . . . . . . L
3.4 The invariant weight . . . . . . . . . L e
3.5 Unitarity and multiplicativity . . . . . . . . . . .. L

4 Properties of the multiplicative unitary
4.1 Thelegs of Vo . . o o o o o o e
4.2 Manageability and the antipode . . . . . . . . . ... L e

4.3 Equivalence with De Commer’s approach . . . . . . . .. ... ... ... ... ........

A Proof of Theorem 2.5

*Louvain-La-Neuve University, pierre.bieliavsky@gmail.com
TLorraine University, philippe.bonneau@univ-lorraine.fr
TUniversity of Napoli Federico II, francesco.dandrea@unina.it
$Reims University, victor.gayral@univ-reims.fr

© O Utk W

13
13
15
17
20
24

25
25
27
29

33



1 Introduction

Locally compact quantum groups in the setting of von Neumann algebras [17, 18] (LCQG in short) is certainly
the most comprehensive and well established theory of quantum groups in the framework of operator algebras.
However, the theory still suffers from lack of examples. Until recently, there were only five individual
examples and two general procedures to construct new locally compact quantum group out of a given one
(see for instance [31, Section 8.4]). The situation changed recently after the seminal work of De Commer
[10] which, in fact, reveals a strong link between equivariant quantization and LCQG. (The relationships
between equivariant quantization on groups and operator algebras has a long history and was first observed
by Landstad and Raeburn [19, 20, 21, 22] and by Rieffel [26, 27, 28].) In turn, this paper fits in a research
program [5, 6, 7, 8, 14, 15] aiming to construct operator algebraic objects from equivariant quantization on
groups.

As a special instance of his general machinery, De Commer promoted cocycle deformation to the von
Neumann algebraic setting: one can produce a new LCQG out of a given one and of a unitary 2-cocycle.
We are mainly concerned here with unitary dual 2-cocycle on a LCQG (i.e. unitary 2-cocycle on the dual
LCQG) which, by combination with quantum group duality [17, 18], provides a deformation process for the
direct LCQG too. Already for a genuine locally compact group, an explicit construction of a unitary dual
2-cocycle is a very difficult task (while a unitary 2-cocycle is nothing but an ordinary T-valued 2-cocycle on
the group). To our knowledge, only one example of a non-classical dual 2-cocycle exists yet. By non-classical,
we mean an example which is not associated to an Abelian group (or subgroup) nor to the (quantum group)
dual of a non-Abelian group. In both cases, dual 2-cocycles correspond to ordinary group 2-cocycles (see
for example [12, 13, 16, 19, 28, 32] for applications of classical dual 2-cocycle deformations). (We shall also
mention [11], where a unitary 2-cocycle is constructed on the compact quantum group SU,(2).) Now, the
point is that a (nontrivial) dual 2-cocycle on a group is exactly the same thing than a (non commutative)
associative and equivariant product on functions on that group, an object which is naturally produced by
equivariant quantization on a group. This non-classical example of unitary dual 2-cocycle we mentioned
above, comes from the work of two of us [6], where a deformation theory for C*-algebras (generalizing
Rieffel’s construction [26]) for actions of Kélerian Lie groups (with negative sectional curvature) is obtained.
(In fact, the observation that the main object we were working with in [6] — the deformed product — was in
fact associated to a unitary dual 2-cocycle is due to Neshveyev and Tuset [24, Section 5].)

Our construction elaborates on Rieffel’s one and we shall describe the main lines of it now. Assume
that we have a locally compact group G and (H, ) an irreducible unitary projective representation of G.
(Projectivity is fundamental to get nontrivial constructions even when G is Abelian.) Then, by a G-covariant

quantization map on the group G, we mean a continuous linear map:
Q:D(G) — B(H) such that 7(9)Q(f)7(9)" = (N f), VgeG,

where A is the left regular representation and D(G) is the Bruhat space of test function (which is C°(G)
if G is a Lie group). When £ extends to a unitary operator from L3(G) to £L*(H) (the Hilbert space of
Hilbert-Schmidt operators on H), we can then give to L2 (G) the structure of a (unimodular) Hilbert algebra,
for the transported product:

Jix fo = QN (Qf1)Q(S2)) -

(All the examples of quantization on groups we have encountered meet the unitarity property but, in fact,
it is its invertibility that really matters. For instance, one can easily imagine to work the GNS space of an

NSF weight instead of the Hilbert-Schmidt operators.) Since the product x is G-equivariant on the left, it is



easy to see that there exists a distribution K on G x G (in the sense of Bruhat) such that

fix fg(g) = <K|)\g—1f1 ® )\g—lf2> , Vfi,fa € D(G) .

This is precisely the distribution K which is the object of main interest for us, for at least two reasons.
First, K allows to construct a natural candidate for a unitary dual 2-cocycle on the group G. Indeed,

define (with a little abuse of notations):

Fy = K(91792) )‘91 ®)‘92 dA(gl)d)\(gl) s
GxG
as an operator (formally) affiliated with the group von Neumann algebra W*(G x G). Then, the associativity
of the deformed product * is equivalent to the 2-cocycle relation for F, the formal adjoint of F on L3 (GxG).
That is to say, with A the coproduct of the group von Neumann algebra W*(G), we have

(Ff®1) (Aeld)(F) = (1© F3) (1do A) (Fy) .

Hence, for a G-equivariant unitary quantization on a group G, to produce a unitary dual 2-cocycle on G it
only remains to check the unitarity of Fy. Examples (beyond negatively curved Kéhlerian Lie groups) where
the unitarity property for the dual 2-cocycle holds true, will be presented in [7].

Second, the distribution K allows to construct a natural candidate for a deformation theory of C*-
dynamical systems for G (that is a generalization of Rieffel’s construction [26]). For that, we need to assume
that K is regular in the sense of Bruhat (that is, smooth for Lie groups). Let then (A, «) be a C*-algebra
endowed with a continuous action of G. One can then try to define a new associative product on A by the

formula:

ayl *q Q2 = o K(g1,92) Qg (a1) ag2(a2) d/\(gl)d)\(92) .
X

Of course, there is little chance to give a direct meaning to *, since the two-point function K is generically
unbounded. In practice, we first work with oscillatory integrals on a dense Fréchet subspace of A (typically
the space of smooth vectors when G is a Lie group) and then define a deformed C*-norm. This program has
been successfully carried out in [6], fully generalizing Rieffel’s construction [26], for all Kéhlerian Lie groups
with negative sectional curvature. (See also [5, 14] for super-symmetric and p-adic Abelian groups.)

The aim of this paper is to construct a quantum version of any negatively curved Kéahlerian Lie groups
from the deformation of Cy(G) through the action A ® p of G x G and from the undeformed coproduct and
Haar weight. Our construction is conceptually similar to Rieffel’s one [28]. But on the technical side, we
had to choose a different strategy because Rieffel construction used in a crucial way the commutativity of
the group to define the coproduct at the C*-level. Instead, and this is our first main result, we use the
deformation theory (of [6]) at the level of Fréchet algebras only to construct directly a multiplicative unitary
that we prove to be manageable in the sense of Woronowicz [33]. An important feature of this construction
is to setup a more general strategy allowing to construct quantum groups from covariant quantizations on
locally compact groups, when the underlying dual 2-cocycle is no longer unitary. We also prove, and this
is our second main result, that the resulting LCQG is (unitarily) equivalent to the one associated with the

underlying unitary dual 2-cocycle via De Commer’s construction.

2 Deformation quantization for actions of Kahlerian Lie groups

In this section, we review (and extend) the deformation theory for actions of Kéhlerian Lie groups built in
[6], but we only need the deformation theory of Fréchet algebras and not of C*-algebras. The only exception



is Corollary 4.15. At the level of Fréchet algebras, the results of [6] are essentially based on a construction of
an oscillatory integral (for each Kéhlerian Lie group) together with previous works of one of us [3, 4, 2]. Both
aspects rely on the geometric structures that Kéhlerian Lie groups are endowed with. Before explaining all

this, we start by fixing general conventions.

2.1 Notations

Let G be a Lie group with Lie algebra g. We fix a left-invariant Haar measure on G, which we denote by
d*(g) and we associated to it a right-invariant Haar measure by d”(g) := d*(g~*). We let L{(G) and LA(G)
the LP-spaces for the left and right Haar measures. We define the modular function®, xq, to be such that

the following relation holds true:
xa(9) d*(g) = d"(g) . (2.1)

By A and p, we mean the left and right regular actions of G, defined for a complex valued function f by

Mf()=Fflg7'd),  pefld) = f(d9).

Of course, X is unitary on L3 (G) and p is unitary on L2(G). When f is in L} (G) or when f is a distribution
on G (whenever it makes sense), we let A\(f) and p(f) be the integrated representations, always with respect
to the left Haar measure. By X and X, we mean the left-invariant and right-invariant vector fields on G
associated to the elements X and —X of the Lie algebra g of G:

d

=~ d
X = —
— dtl=0

= — NC P
dt lt=0 ()

p(e),
Given an element X of the universal enveloping algebra U(g), we adopt the same notations X and X for the
associated left- and right-invariant differential operators on G.

When looking at a group as a locally compact quantum group in the von Neumann algebraic setting
[17, 18], we use standard notations (see e.g. [24, Section 1.1] for a quick summary). In particular, we let
A:L>®(G) - L*(G x G) and S : L>®(G) — L>*(G) be the classical coproduct and antipode, defined by

Af(g,g") = [flgd),  Sflg)=flg7").

The modular conjugations of the group G and of its dual (quantum group) G are given by:

Jfg) =), JTfle) =xd*(9)flg), VfeIi(G), (2.2)

V and W are the multiplicative unitaries of G, acting respectively on L2(G x G) and L3 (G x G), given by

Vf(g1,92) = f(g192,92) and W f(g1,92) = f(g1,97 ' 92) - (2.3)

Algebraic tensor products will be denoted by ®, while ® will be used for completed tensor products
(that will be specified in each context: von Neumann, Hilbert, C*, Fréchet ...). Our convention for scalar
products (.,.) of Hilbert spaces is to be conjugate linear on the left. By a multiplier of a Fréchet algebra
A, we mean a pair (L, R) of continuous linear operators on A satisfying L(ab) = L(a)b, R(ab) = aR(b) and
aL(b) = R(a)b, for all a,b € A.

¢

1'We insist on the terminology “modular function” because “modular weight” will be used later to define another function.



2.2 Negatively curved Kahlerian Lie groups

Let G be a Kahlerian group. By this we mean that G is a Lie group which, as a manifold, is endowed with a
left-invariant Kéhlerian structure. From the work of Pyatetskii-Shapiro [25], one knows that every Kéhlerian
Lie group whose sectional curvature is negative (negatively curved Kéhlerian group in short) is an iterated
split extension

GZ(SND(...)D(Sl, (24)

where each elementary block S is isomorphic to the Iwasawa factor AN of the simple Lie group SU(1,n).

As a manifold, S is isomorphic to R x V' x R, where (V,w) is a symplectic vector space, with group law
(a,v,t).(a’, v, ') = (a+ o, e vt e 24t + %ef“/w(v, V) . (2.5)

The Lebesgue mesure on R x V' x R therefore defines a left invariant Haar measure on S and the modular
function reads xs(a,v,t) = edim®)a,

In particular, every negatively curved Kéhlerian group is connected and simply connected, solvable, non-
unimodular and exponential (by which we mean that exp : g — G is a global diffeomorphism). One of the
most important feature (here) about Pyatetskii-Shapiro’s theory, is that the extension homomorphisms at

each steps in the decomposition (2.4) of a negatively curved Kéhlerian group in elementary blocks:
R’ € Hom((Sy % ...) x Sj41,Aut(S;)), j=1,...,.N—1, (2.6)

take values in the linear symplectic group Sp(Vj,w;). Here (V;,w;) denotes the symplectic vector space
attached to S;. In particular, the associated automorphisms of S; , Rf],, g € (Sny X ...) X Sji1, preserve
both left and right Haar measures on S;. This implies that the product of Lebesgue measures on the S;’s is
a left Haar measure on G in both parametrizations g = g1 ... gy and g = gn ... g1 where g € G and g; € S;.
This also implies that the modular function of G is xg(g) = X5 dim(8;)a;

Each elementary factor S possesses another important geometric structure, namely the formula
s(a,v,t;a' 0", t") := (2a — a’,2vcosh(a — a') — ', 2t cosh(2a — 2a’) — t' + w(v,v') sinh(a — a')) ,  (2.7)

endows the manifold S with the structure of a S-equivariant symplectic symmetric space, for the left-invariant
symplectic form given in coordinates (2.5) by Q := 2da Adt + w. This means that s : S xS — S is a smooth

map such that the associated symmetries
sg:S—=S, ¢ w—s(g,9), VgeS,
are involutive diffeomorphisms of S, admitting g as an isolated fixed point, satisfying the relations
Sg0Sg08g =55,y and s(gg’,99") = gs(g,9)

and leaving the symplectic form €2 invariant.
The automorphism group Aut(S, s, ) of the symplectic symmetric space (S, s,2) is defined as the sub-

group of symplectomorphisms ¢ € Symp(S, 2) which are covariant under the symmetries:

posy =5, 0p, VgES.

It is a Lie subgroup of Symp(S, Q) that acts transitively on S. It contains S via left multiplication and the
linear symplectic group Sp(V,w). In fact, Sp(V,w) ~ Aut(S) N Aut(S, s, Q).
Moreover, the partial maps s9 S — S, g — s4(g’) are global diffeomorphisms and this implies that the

symplectic symmetric space (S, 2, s) possesses a (unique) midpoint map

mid:SxS—=§S,



that is a smooth map such that syq(g,4(9) = ¢’ for all g,¢" € S. It is given by mid(g,g’) := (sg)fl(g’).
Since every ¢ € Aut(S, s, ) intertwines the midpoints:

@(mid(g,g")) = mid(e(g), (g")) ,

we deduce that the “medial triangle” three-point function

o Ss — 837 (91792793) = (mid(glaQQ)amid(92793)7mid(g3>gl)) 3

is invariant under the diagonal left action of S. Being morover a global diffeomorphism of S3, we can therefore
define

Ss(g1,92) := Area (4)71(6791792)) and  As(g1,92) := Jac(ll)/_Q1 (e,91,92) in C™®(SxS,R),

where Area(gi, g2,93) denotes the symplectic area of the geodesic triangle in S with edges ¢1,93,93. In
coordinates (2.5), we have with w the symplectic form on V:

Ss(ay,v1,t1;a2,v9,ta) = tasinh 2a; — 1 sinh 2as + w(vy,v2) coshay coshasg |

dim(V)/2 1/2
) ( :

As(aq,v1,t1;a9,v9,t3) = (cosha1 cosh ag cosh(a; — asg cosh 2a; cosh2asy cosh(2a; — 2a2))

In the case of an arbitrary negatively curved Kahlerian group G, with decomposition (2.4), and parametrizing
elements of G as g = g1 ...9n, g; € S; (that is with the reversed order), we set

N
)= Ss,(g5,9;) and Ac(g,g) H s, (95, 95)

For 0 € R*, consider the two-point function on G

4N .
WAG(ghm)eXp{#Sc(ghgz)}- (2.8)

Ky(g91,92) = =0

It has been shown by one of us [2], that the following formula
fixofa = : GKe(ghgz) (pgi f1) (pgsf2) A*(g1) d*(g2) |
X

initially defined on C2°(G), extends uniquely to an associative, continuous and left-G-equivariant product

on L3(G), for which the complex conjugation is an involution.

2.3 Functions spaces

In [6], we constructed two important functions spaces on a negatively curved Kéhlerian group: S(G) and
B*(G). We review it now.
The first one, S(G), is an analogue of the Euclidean Schwartz space where regularity is defined in term

of left invariant differential operators and decay is measured by the modular weight? 0 defined by:
1/2
3a(g) = (1 + |Ady|? + |Ad,—[2)"* . (2.9)

Here, |Ad,| is the operator norm of the adjoint action of G on g, for a chosen Euclidean structure on g. In
the case of an elementary negatively curved Kéhlerian group S and within the coordinates (2.5), 0s behaves
like the function (see [6, Lemma 3.27]):

(a,v,t) — cosha + cosh 2a + |v|(1 + €** + cosha) + |t[(1 4 €**) .

206 which should not be confused with the modular function xq-



In the general case of a negatively curved Kéhlerian group G, with Pyatetskii-Shapiro decomposition (2.4)
and under the parametrization g = g1 ...gn € G, g; € S;, we have the lower-bound (see [6, Lemma 3.31]):

N
oa(g) > CZOsj (95) -

In particular, 9, € L} (G) N L}(G) for all p > dim(G). Our Schwartz space is then defined by:
S(G):={feC=(@G): VX cU(g), VneN, [PEXf||_ <oo}.

To a given ordered basis {Xi,..., Xdim(e)} of g, we let {XB = Xf?lXQB2 ...Xﬁ;"(’é;c)), 8 € Ndim(G)} be
the associated PBW basis of /(g). This induces a filtration U(g) = (J,cnyUr(g) in terms of the subspaces
Ui (g) := {E\mgk CsXP, Cse R}, where || := B1 + - - + Baim(c)- We then endow the finite dimensional

vector space Uy (g), with the /*-norm |.| within the basis {X”,|38| < k}:

X|e:= > 1Csl it  X=) CsXPelhlg), (2.10)
1BI<k |BI<k

and we let Si(g) be the unit sphere of Uy, (g) for this norm. Then, one can define a topology on S(G) from
the following countable set of seminorms:

/1

zm = sup [[o% )N(fHOO, E,neN. (2.11)
XeSk(a)

Of course, this topology is independent of the basis chosen. It is proven in [6, Lemma 2.41] that the
Schwartz space S(G) is then Fréchet and nuclear. It is not hard to see that S, the antipode of L*(G), is
an homeomorphism of S(G). Hence, the topology of S(G) can be equally described using a variant of the
seminorms (2.11) constructed with right-invariant differential operators instead of left-invariant ones. We
will freely use this fact and we denote this new seminorms by |.[I,,; k,n € N. Finally, note that both
parametrizations of g € G = (Sy X ...) X Sy, given by g = ¢g1...gn or by ¢ = gn ... 01, gj € S, yield
topological isomorphisms S(G) ~ S(Sy X -+ X Sy).

The second important function space is a non-Abelian and weighted analogue of Laurent Schwartz’s
space B(R™). To define it, we need first to recall the notion of weights in the sense of [6]. A function g >0
on G is called a weight if for all X € U(g) there exists C; > 0 such that |Xpu| + [ Xu| < Cyp and if there
exists Co, L, R > 0 such that for all g,¢' € G we have u(gg’) < Cop”(g)u®(g’). The basic example of a
weight is precisely given by the modular weight d¢ (see [6, Lemma 2.4]) where Cy = L = R = 1. Given a
tempered (which means bounded by a power of 0¢) weight p, one can consider the space

BY(G):={feC=(@G) : VX eUlg), |n " Xf]|_ <oo}. (2.12)
The natural topology that B4 (G) may be endowed with, underlies the sequence of seminorms

£ 112 = )||u’1)?f||oo, keN. (2.13)
€Sk (g

It is shown in [6, Lemma 2.8] that BY (G) is Fréchet. For instance, it coincides for ;1 = 1 with the space of
smooth vectors for the right regular action within the C*-algebra of right-uniformly continuous and bounded
functions on G. (Our convention for the right uniform structure on a group is the one that yields strong
continuity for the right regular action.) However, contrary to the Schwartz space, By (G) is not stable under
the group inversion and one cannot use right-invariant vector fields to define its topology. So we also need

the right-invariant version of that space, namely

BL(G) :={f e C®) : VX € U(g), ||;L71Xf||oo < oo}, (2.14)



endowed with the sequence of seminorms
1flI5, == sup [u ' Xf|_, keN. (2.15)
XeSk(g)

Since the antipode S intertwine left- and right-invariant vector fields, we deduce that Bg(G) is Fréchet and
for p = 1, that it coincides with the set of smooth vectors for the left regular action within the C*-algebra
of left-uniformly continuous and bounded functions on G.

We then need the vector valued versions of these functions spaces. So, let £ be any Fréchet space. Since
S(G) is nuclear, S(G, &) can be unambiguously defined as the completed tensor product S(G)QE. It is
convenient to consider on S(G, £) the cross-seminorms:

IflIR ;= sup supdi(g) [ X f(9)]|.

, kneN,jeld,
X€Sk(g) 9€CG ’

if {||.|;}je7 is a countable set of seminorms defining the topology of £. Of course, we may also consider the

equivalent family of cross-seminorms:

17,0y = sup supdg(g) | X f(9)]
X€Sk(g) 9€G

kkneN,jeJ.

7 9

To define vector valued versions of BY(G) and B%(G), there is much more degree of freedom and we
proceed as follows. We fix a family of tempered weights p := {y;};e, labelled by the same countable set
that the one labelling the family of seminorms of £. We then set:

BY(G,E) = {f € C®(G,E) : VX €U(g),Vj € J, sggugl(g)u)?f(g)uj < oo} . (2.16)
g
Endowed with the seminorms:

IR = sup sup ()| X £(9)],

, keN,jelJ, (2.17)
X€Sk(g) 9eG J

B%(G, &) turns to be Fréchet too (see [6, Lemma 2.12]). The space Bs (G, €) is defined in a similar way.
Since the antipode S preserves tempered weights, we observe the following obvious but nevertheless

important fact:

Lemma 2.1. Let £ a complex Fréchet space, pn = {pj}jecs a family of tempered weights and f € C*(G,E).
Then f belongs to B%(G,E) if and only if Sf belongs to BSJ(G, &), where Sy = {Sp;}je.

Finally, we will need the two-sided version of the spaces B5(G, ) and By (G, &):
BN BYG, &) = B{(G,€) N BLG,E)
endowed with the topology associated to the sum seminorms:
8 = 11

The space B%ﬁ B (G, €) is also Fréchet and for £ = C we denote it by By NB(G). Note that when we have
u=v =1, it coincides with the space of smooth vectors for the action A® p of G x G, within the C*-algebra

N T8, kEN jET,

of both left and right uniformly continuous and bounded functions on G. Note also that, in general, the space
BN B} (G) does not contain many interesting functions, besides elements of S(G). However, it follows from
6, Definition 2.1] that € By N B4 (G) whenever p is a sub-multiplicative weight on G. This is in particular
the case for the modular weight d¢ and for the modular function x¢g (see Lemma 2.4 and the discussion
preceding Definition 2.6 in [6]). The two legs versions of these spaces, namely S(G x G, £), B%(G x G, &),
B5(G x G,€) and B5 N B5(G x G, &) are defined in a similar way.



2.4 Oscillatory integrals and deformation of Fréchet algebras

The main results of [6], concerning the deformation of Fréchet algebras, are summarised in the next two
theorems.

Fix 6 € R*, £ a Fréchet space and p an associated family of tempered weights on a negatively curved
Kahlerian Lie groups G. (That is to say, p = {;};jcs is indexed by the same countable set than the one
indexing the seminorms {||.||;};es defining the topology of £.) Based on very specific properties of the
two-point kernels Ky given in (2.8), it is proven in [6] (combine Definition 2.31 and Theorem 3.35) that:

Theorem 2.2. The oscillatory integral

ﬂGMM%W,fH/M@mU@mNWWWM,

extends to a continuous linear map

—_~—

%@Mwwwfo/M@mﬁ@mMWMWM~

The main ideas behind Theorem 2.2 can be carried out for more general Lie groups than those considered
here and go as follow. We decompose the kernel Ky in phase and amplitude A ¢’ and we realise the Fréchet
space £ as a countable projective limit of Banach spaces [ | jed &;. Then, for each family of tempered weights
= {pj};es, one looks for a family D := {D;} e of differential operators on G x G satisfying the following
two properties. First, it should be such that the map

f—=D;(Af),

sends B (G x G,&;) to L' (G x G,&;) continuously. With DY the formal adjoint of D; on L3(G x G), the
second required property is that
Dre® =e®, VjelJ.

The oscillatory integral is then defined as the sequence of £;-valued Bochner integrals:

/m@mv@WNWmMm:{L ﬂmmmMﬁ@mmwwwm}

xXG jeJ

At a more concrete level, the operators D; constructed in [6] are finite products of differential operators
of the form
(1
f=X(—), (2.18)
ax
where the X’s are (specific!) left-invariant differential operators and the ax’s are strictly positive smooth

functions defined by
ax :=e ¥Xe .

Remark 2.3. In [6], we used C°(G) instead of S(G) for the initial domain of the oscillatory integral
but this makes no difference at all. Also, we have shown in [6, Proposition 1.32] that this extension of
the oscillatory integral depends (essentially) only on p. We however do not claim that this is the unique

continuous extension.

Let now (A, a) be a Fréchet algebra endowed with a strongly continuous action of a negatively curved

Kéahlerian group G. Fix {||.||;};es a countable family of seminorms defining the topology of A. We say that



the action « is tempered if there exists a family u = {y;};es of tempered weights on G such that for all
(g9,a) € G x A we have

leeg(@)ll; < ps(g) llalls -
Important examples of tempered actions are A and p on S(G) (see the proof of Lemma 2.8 below).

Let A° be the set of smooth vectors for the action a. By strong continuity, A*° is dense in A. On A,

we consider the infinitesimal form of the action «, given for X € g by:

Xal(a): d

= |, e (a), a € A>”

and we extend it to the whole universal enveloping algebra U(g), by declaring the map U(g) — End(A>),
X — X, to be an algebra homomorphism. The subspace A>° carries a finer topology which is associated

with the seminorms:

llalljx == sup || Xa(a)ll;, jedJ, keN. (2.19)
XeSk(g)

The point is that the action « on A is still tempered [6, Lemma 5.3] and that the function [(g1,92) —

ag, (a1) g, (a2)] belongs to By (G x G, A). The main result of [6, Section 5] can be summarized as follows:

Theorem 2.4. Let (A, a,G) be a Fréchet algebra endowed with a strongly continuous and tempered action
of a negatively curved Kdhlerian group. Then, there exists a family p of tempered weights on G' X G, such

that we have a continuous bilinear mapping:
AT x AT — B%(G X G’ ADO)’ (a17a2) = [(91?92) = Qg (al)a92(a2)] :

Moreover, for any value of the parameter 8 € R*, the bilinear mapping

—~

*g AT X AT — AOO, (al,aQ) = /K9(91392) Agy (a’l)ag’z(aZ) d)\(gl) d/\(QQ) )

is continuous and associative. We call (A, ) the Fréchet deformation of the Fréchet algebra A.

We now give a few results not proven in [6] and that we will need here. The first one concerns the right-
counterpart of Theorem 2.2, that is an extension of the oscillatory integral from S(G x G, €) to B5(G x G, &).
To do so, we employ the same strategy as the one sketched right after Theorem 2.2 but with right-invariant
differential operators instead of left-invariant one in (2.18), to construct the D;’s. The proof being purely
technical, it is relegated to the Appendix A.

Theorem 2.5. Let £ be a complex Fréchet space and p be an associated family of tempered weights on G.

Then, the oscillatory integral

S(GXG,E) =& fr /Ke(ghgz)f(91792)d)\(91)d)\(92) :

extends to a continuous map

—~—

BYGXG.E) 5 E, fr / Ko(g1, 92) F(g1,92) d*(91) d(g2)

Remark 2.6. We keep the same notation for this second extension of the oscillatory integral, because they
both coincide on By N B5(G x G, E).
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We need now to consider the non formal Drinfel’d twists on S(G x G) given by the oscillatory integral
mappings. To this hand, we fix a Fréchet space £ together with an associated family of sub-multiplicative
(to simplify the picture) tempered weights on G X G, and we make the following observations. First, we
see by definition, that B%(G x G, &) is its own space of smooth vectors for the right regular action p ® p of
G x G. Similarly, Bpﬁ(G x G, £) is its own space of smooth vectors for the left regular action A® A of G x G.
It is then not difficult to see that these actions are tempered. Hence, one may apply [6, Lemma 5.5] (or [6,
Lemma 2.15] applied to G x G instead of G) to deduce that there exists a family of tempered weights v such
that the map

f = [(91;92) — (ng ®pg2)f] )

is continuous from B5(G x G, &) to BY(G x G, B5(G x G, &)). Similarly, one deduces that the map

f = [(91792) = (>‘91 ®)‘92).ﬂ ’

is continuous from B5(G x G, &) to By (G x G, B5(G x G, &)) too (with the same v as above). Combining
this with Theorem 2.2, one gets the following well-defined notion of non-formal Drinfel’d twists:

Definition 2.7. For u any family of sub-multiplicative and tempered weights on G, we set

—_—

F):BH(G x G,&) - BY(G x G,E), [ /Ke(gugz) (Pgy ® pg,) f dM(g1) d*(g2) ,

and

—~—

F}:By(GxG,E) = By(GxG,E), frs /Kg(gl,ga Mgr @ Agy)f d(91) d*(g2) -

The next statement (mainly based on the results of [6]) shows that these twists (as well as variants of

them) preserves the Schwartz space S(G x G):

Lemma 2.8. Both twists ;' and F} defines continuous linear operators on S(G x G). The same is true if
n Fé\ one replaces AQ@ X by A @ p or by p® A\, or even if one replaces simultaneously the actions A\ or p by
the anti-actions [g — A\g-1] or [g — pg-1].

Proof. The actions p and A of G are clearly strongly continuous on S(G). Since right invariant vector fields
are finite linear combination of left invariant vector fields with coefficients in the ring of tempered functions,
and vice versa, (see [6, Remark 2.20]) S(G) is its own space of smooth vectors for both actions. Moreover,
p are X are tempered actions. This follows from [6, Lemma 5.3] together with the fact that S(G) coincides
with the set of smooth vectors (for any of these actions) of the Fréchet completion of C2°(G) for the topology
underlying the seminorms f — ||9% flls, 7 € N and on this Fréchet space, p and A are tempered due to the
sub-multiplicativity of the modular weight d¢ (see [6, Lemma 2.4]). Hence, Lemma 5.5 of [6] entails that
for f € S(G), the maps [g — A, f] and [g — py f] belong to B%(G,S(G)) for a suitable family u of tempered
weights. Obviously, we can repeat this reasoning in the two-legs case, showing that if f € S(G x G) then the
maps [(g1, 92) = (Ag, ®Ag,) f1, [(91,92) = (pg, ®pgo) 15 [(91,92) = (Ag, ®pg, ) f] and [(g1, g2) = (g, @ Ag,) f]
belong to B%(G’ x G,S(G x G)) Then, the first part of the proof follows from Theorem 2.2. The cases
where one uses anti-actions follow from what precedes combined with (the two legs version of) Lemma 2.1
and Theorem 2.5. O

It has been first observed in [24, Section 5] (see also [8, Appendix]) that F extends from S(G x G) to
L3(G x G) as a unitary operator. Since F}} = (S ® S)FE(S ® S) on S(G x G), it immediately implies that
F}) extends to a unitary operator on Li(G x G). Using Ky = K_gp, the unitarity of the twists combined with
the last part of the Lemma 2.8 (that is, when one uses anti-actions), imply that the inverses of F;' and F}

preserve S(G x () and are also expressible as oscillatory integrals:

11



Proposition 2.9. The twists Fg)‘ and F} are homeomorphisms of S(G x G) with inverses given by:

—~—

()7 F = [ Koalgrg0) A 92,00 P00) M (ga).

—~

(B = [ Koalg1,02) 9y 9 9,00 P01) 2 (g2).

Using Lemma, 2.1, it follows from definition 2.7 that the inverses of the twists, (FG)‘)f1 and (F}) 71, sends

B5(G x G, &) to itself continuously. Hence, we deduce in the scalar-valued case:

Proposition 2.10. The twists F} and F} are homeomorphism of BY ﬂBZ(G x @), for any tempered weights
w,v on G xG.

Remark 2.11. Unitarity of the twist F};' is a very important observation since associativity of x immediately
implies that the adjoint of the twist defines a dual unitary 2-cocycle on G (see [10, 24] for more informations
on dual cocycles for locally compact quantum groups). Now the point is that from De Commer’s results
[10], we can construct a quantum version (in the von Neumann algebraic setting) of any negatively curved
Kéhlerian group from the dual unitary 2-cocycle FG)‘*. To our knowledge, this is the first and only example
of a dual unitary 2-cocycle on a non-compact and non-Abelian group. One of our results here, is that the
locally compact quantum group associated with De Commer’s construction is unitarily equivalent to the one

constructed here from a manageable multiplicative unitary (Theorem 4.12).

Let 41, v be tempered weights on G. For fi, fo € B\ N B} (G), the coproducts Af1, Afs are a priori only
defined as tempered functions on G x G. But if we treat the first and the third variables or the second and
the forth variables in A f; ® A fo as parameters, we obtain functions in B’;@’“ N BZ®”(G x ). By Proposition
2.10 (and using usual legs numbering notations), the elements (F})13(Af; ® Afz) and (F2))od (Afi®Af)
are therefore well defined for f1, fo € BYyNB}(G) as a family of functions in BQL@"QBZ@”(G x () parametrized
by G x G. Now, since

(pg @I)ASf = (Id®@ A\,-1)AS,

we deduce the following decisive fact:
Lemma 2.12. For fi1, fo € B N B} (G), we have an equality of smooth functions on G*:
(F))13(Af1 @ Afs) = (FX)5) (Afi @ Afs)
We finish this section by an important property of the twist:
Lemma 2.13. Let f € S(G x G). Then, for g1,92 € G fized, the fonction
(B, h2) = B (N @ M1 F) (91,92
belongs to S(G x G).

Proof. Since f € S(G x G), we have with absolutely convergent integrals:
By g @ Mg ) 1920 = [ Kolgs,92) (P © po ) gy hags™) 0 (92) 4 (94) -
X

Setting for fixed g1, g2 € G, Vg,.9, = Pg; @ pg, f € S(G x G) and returning to a non-evaluated expression
(thus to oscillatory integrals), the function we need to control reads:

/Ka(93794)/’93—1 ® Pg1¥g1.90 d*(gs) d*(ga) -

The proof follows then by (the anti-action part of) Lemma 2.8. O
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3 Quantum Kahlerian Lie groups

This section is the core of the paper: we construct a multiplicative unitary out of the deformation theory of

Fréchet algebras for actions of negatively curved Kéahlerian Lie group [6].

3.1 Deformations of the Schwartz algebra

We have seen in the proof of Lemma 2.8 that the actions A and p of G on S(G) are strongly continuous and
tempered. Obviously, the same is true for the product action A ® p of G x G on §(G). Hence, Theorem 2.4
yields three possible deformations of the Fréchet algebra S(G). The first two are parametrized by 6 € R*
while the third is parametrized by (61, 62) € R* x R*. We shall use the following notations:

e %y for the product on §(G), deformed by the action p of G and parameter 6,
e x, for the product on S(G), deformed by the action A of G and parameter —0,

e *y for the product on §(G), deformed by the action A ® p of G x G and parameters (—6, ).

By construction, xg is equivariant under A and we call this product the left invariant deformed product.
Similarly, x, is equivariant under p and we call it the right invariant deformed product. However, %9 has no
(classical) equivariance property and we call it the doubly deformed product.

By [6, Proposition 4.16], the complex conjugation is an involution of the three Fréchet algebras (S(G), *g),
(S(G), x9) and (S(G), x0).

Remark 3.1. We could have used generic parameters (61,62) to define a more general doubly deformed
product. However, the only choice that makes the ordinary coproduct a morphism for such a (61, 82)-doubly

deformed product is (—6,8). This comes from Lemma 2.12.

By compatibility of the oscillatory integral with continuous linear mapping (see [6, Lemma 2.37]), we get
that these three different associative products on S(G) can be be written directely in term of the non formal
Drinfel’d twists of Definition 2.7:

Proposition 3.2. With u: S(G x G) = S(G), f — [g— [f(g,9)] the ordinary multiplication, we have for
fi.f2 € S(G)

fixofe = p(F{(f1®f2)),  fixefo = n(FA(f1®f2)),  fixofe = p(F2y F{(f1®f2)) = p(Ff FXe(f18f2)) -

By [6, Theorem 4.9], the group G still acts (strongly continuously and temperedly) on the left on
(S8(G),*p). Similarly, one can show that the group acts on the right on (S(G),x,). Hence, one can use
Theorem 2.4 one more time to deform (S(G), %) and (S(G),x,). As a special case of [6, Proposition 5.20],
we know that these two deformations coincide with the deformation of S(G) for the action A ® p of G x G:

Proposition 3.3. The algebra (S(G),*g) coincides with the deformation of (S(G),xg) for the action A and
parameter —0 and also with the deformation of (S(G),*,) for the action p and parameter 6.

We now give a more convenient expression for the doubly deformed product xg:

Lemma 3.4. For fi, fo € S(G) and for g € G fixed, we have the ordinary integral formulas:
fix fo(g) = /K—e(gugz) (Mg /1) %o (Ags f2) (9) d*(g1) d*(g2)
= /K9(91792) (P91 11)(9) %5 (Pg2 f2) (9) d*(91) AP (g2) -
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Proof. We prove the first formula only, the arguments for the second being similar. By Proposition 3.3, one
can view the algebra (S(G),*g) as the deformation of (S(G),*g) for the action A of G and parameter —6.
Hence by [6, Proposition 5.10], we have

fixe fo= /K—O(gth) (Agi 1) %o (Ags f2) d*(g1) d*(gz) - (3.1)
Now, by Proposition 3.2, we have

()‘Qlfl) ;9 ()‘ng2)(g) = Fep(/\glfl ® )‘92f2) (gug) ’

which implies since Fj commutes with left translations:

(Mg f1) %o (Ago f2) (9) = F§(fL ® f2) (91 '9.95 ' 9) -

By Lemma 2.8, F} (f1 ® fg) belongs to S(G x G). Since S(G x @) is stable under the group inversion
and right translations, we therefore deduce that for g fixed, the function [(g1,¢92) — ()\g1 fl) *g ()\gz f2)(9)]
belongs to S(G x G). Hence, we can replace the oscillatory integrals in (3.1) by ordinary one and we are
done. O

The following property is a key step to prove the morphism property of the undeformed coproduct for
the doubly deformed product *g.

Lemma 3.5. Let f1, fa € S(G). Then, for a fixed g € G, the function
[(91,92) = (Agm1f1) %o (Ag;1f2)(9)} ;
belongs to S(G x G).
Proof. We have by Proposition 3.2 and the fact that F}) commutes with left translations:
(/\g;1f1) *6 (Ag;1f2)(9) = (FX Ff ()\9;1 ® )\ggl)(fl ® f2))(g,9) = (F2 ()\9;1 ® )\ggl) F{(f1® f2))(g,9) -
By Lemma 2.8, F}(f1 ® f2) belongs to S(G x G), hence we may apply Lemma 2.13 to get the result. O
The following useful property survives:
Proposition 3.6. The undeformed antipode is anti-multiplicative on the Fréchet algebra (S(G),*g),’
S(fr xo f2) = (Sf2) %o (Sf1), Vi, f2€S8(G).

At first glance this preserved property may be surprising but it is not: S will appear to be the unitary
antipode (but not the antipode).

Proof. Note first that Kg(g1,92) = K_¢(g2, g1), which implies that we have for all f1, fo € S(G):

fl;e fo= fZ;—G fis f1t9 fo= f2t_9 fi, fi*e fa=fox_o f1. (32)

Since moreover the undeformed antipode satisfies S = p1 (S ® S) and intertwines F; with Fé\7 we get from

Proposition 3.2:

S(frxo f2) = (Sf1) % (Sf2), S(frxg fo) = (Sf)*x-0(Sf2), S(fi %0 f2) = (5f1) %0 (Sf2) . (33)

Combining the last equalities in (3.2) and in (3.3), we get the result. O
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Fix p, v two tempered weights on G. Note that the action A ® p of G x G on B N B (G) is tempered
and strongly continuous and that By N B} (G) is its own space of smooth vectors for this action. We can
then proceed exactly like in [6, Proposition 4.0] to show By N BY(G) acts continuously by xg-multiplication
(on the left and on the right) on S(G). Then:

Proposition 3.7. Let a € C. The pair of linear mappings

fexexofs f=fro X,

defines a multiplier of the Fréchet algebra (S(G),xg). Moreover, the constant unit function is the unit of the
multipliers algebra:
Leg f=frol=f, YfeS(@G).

R(a)
Proof. Continuity follows from the above discussion together from the fact that x& belongs to ch N

R(a)
By (G). The fact the constant function is the unit of the multipliers algebra follows from [6, Proposition
4.11]. O

Finally, we need the following density result:
Proposition 3.8. The linear subspace S(G) *g S(G) (finite sums of products) is dense in S(G).
Proof. This follows by [6, Proposition 5.19] which shows that the Fréchet algebra (S(G),*s) possesses a

bounded approximate unit. O

3.2 The deformed Kac-Takesaki operator

Our starting point is the obvious observation that on elementary tensors, the classical Kac-Takesaki operator

may be written as:
V(fi® f2)(91,92) = (()\gl—lf1)f2)(92) ~
Replacing the pointwise product by the doubly deformed product x4 leads to a natural deformation of V:

Proposition 3.9. The deformed Kac-Takesaki operator

Vo : f1® fars [(91,92) — ()\gl—lf1) *g f2(g2)]
sends S(G) ® S(G) to S(G x G) and extends uniquely to a continuous linear map from S(G x G) to itself.

Proof. Note first that for g1 € G fixed, ()\gl—l fl) *¢ fo is well defined as an element of S(G). Moreover,

Proposition 3.2 and the fact that F}} commutes with left translations, give:

(Agrif1) %o falgz) = (F2 Ff (A1 @1d) (1 © f2)) (92, 92) = (F25 (Ayo1 ©1d) Ff (1 @ f2)) (92, 92) -

Hence, it suffices to show that the map

e [(g1,92) = (F2 ()‘gfl ®1d) Ff f)(g2.92)] »

sends S(G x @) to itself continuously (and the extension of Vy to the whole S(G x G) will be given by that
formula). Note first that by Lemma 2.8, F}} is continuous on S(G x G) and thus it suffices to show that the
map

[ [(91a92) — (Fi\e (Agfl ®Id)f)(g2,g2)] )

15



is continuous from S(G x G) to itself. To see this fact, we first come back to the definition of the twist F?,
as oscillatory integrals, to get

—_~—

(F29 (Ay-1 ©1d) f) (92, 92) = /K—a(gs,géx) F(9195 92, 91 92) d*(g3) d*(9a) -

Note also that in term of V, the classical Kac-Takesaki operator (2.3), we then have

F(9195 192,931 92) = (P14, ® X0a)VF) (91, 92) -

Since V preserves S(G x G), it suffices to prove that the map

f — /K79(937g4) (1093—194 ® )\94)fd)\(93) d/\(g4) )

is continuous from S(G X G) to itself. To see this, note first that for f € S(G x G) and for g1,92 € G
fixed, the map [(g3,94) — (pg;1g4 ® Ag, ) f(g1,92)] belongs to S(G x G). Hence, provided one evaluates
the previous expression at the point (g1,¢92) € G x G, we may freely replace the oscillatory integral by the
ordinary one. Performing then the translation gs — gs4gs, followed by the group inversion g4 — g, L we are

left with

o K_0(95 93,91 ") xc(9a) (py-1 @ A1) f g1, 92) d*(gs) A (g4) -
X

As shown (for instance) in [8, Equation (2.2)], K_g(g; *93,9; ") = K_0(g4, g3). Going back to a non-evaluated
expression and hence back to oscillatory integrals, we see that the map we need to control coincides with

£ [ Koalgin30) x6(a0) (9, ©0,0)f D) Pon) . £ € S(G %G

The claim follows then from the last part of Lemma 2.8 and the fact that the modular function y ¢ is tempered,

hence it defines a continuous multiplier of the Fréchet algebra S(G) for the pointwise product. O
From the proof of Proposition 3.9, we get the following:

Proposition 3.10. The deformed Kac-Takesaki operator factorizes as:
Vo=(1exzYo(leoxe) VFEF), (3.4)

where Yy is the continuous (by Lemma 2.8) linear map on S(G x G), defined by:

Yyf = /K—e(gzvgﬁ (Py-1 @ Ag-1) fdMNg1) dM(g2)
and where the modular function xg is identified with the associated pointwise multiplication operator.
From this factorization, we deduce:
Corollary 3.11. The deformed Kac-Takesaki operator Vi is an homeomorphism of S(G x G).

Proof. The claim follows because all the operators entering in the factorization (3.4) are homeomorphisms
of S(G x G). For 1 ® x¢ and V it is obvious, for F} it follows from Proposition 2.9. For Yy, we get the
following formula for the inverse:

—_~—

Yeflf = /K0(92791),0g1 ® )\ng d’\(gl)d’\(gg) )

and the result follows again from Lemma 2.8. O
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3.3 The coproduct

In order to lighten the notations, from now on we will use the notation %y instead of xg ® *g, to denote
the doubly deformed product of S(G x G) (that is the deformed product by the action (A ® p) ® (A ® p) of
G? x G?).

Let A be the ordinary coproduct of L>°(G). Our task here is to define, for f € S(G), the element Af
as a continuous multiplier of the Fréchet algebra (S(G x G),g). This turns out to be a delicate question.
Indeed, even if, for f € S(G), the function Af is tempered on G x G, for f; € S(G) and fy € S(G x G)
there is no direct way to give a meaning to the product Af; xg f2 in term of oscillatory integrals.

Not surprisingly, the easiest answer we found uses the deformed Kac-Takesaki operator V. Indeed, since
the constant unit function is the unit of the algebra of continuous multipliers of the Fréchet algebra (S(G), *g)

(by Proposition 3.7), we may formally write, for fi, f2, f3 € S(G):

Afixo (f2® f3) = Afixe (1@ f3) %0 (f2®1)
= [(g1,92) — (>\gl—1f1) 9 f3(g2)] %o (f2®@1) = Vo(f1 @ f3) %o (f2® 1) .

The point is that the RHS above now makes sense as an element of S(G x G). Indeed, for f € S(G), the
function f ® 1 defines in an obvious way a continuous multiplier of (S(G x G), %) and, by Proposition 3.9,
Vp is continuous on S(G x G). By the last item of Proposition 3.2, we get with the usual leg numbering

notation:
Vo(f1 @ f3) %o (2@ 1) = (u@1d)(Ff FYg @ 1d) (Vo)13(f1 ® fo ® fs) -
Hence, for f1 € S(G), the map
L*(Af1): S(G)@S(G) = S(GxG),  fa® fs=Vo(fr ® f3) %0 (f201),
extends uniquely as a continuous linear map on S(G x G). The formula of the extension being given by
L*(Af)f = (p@Id)(Ff FYy @ 1d) (Vo)is(f1® f), fLeS(G), fESGXG).

Then, it is not difficult to see that the continuous map L** (Af), f € S(G), is a left multiplier of the algebra
(S(G x G),*g). Indeed, let fi,..., f5 € S(G) and, for fixed g2 € G, consider the function

Xe-1fi %0 f3(g2) == [g1 = Ao1 fi %0 f3(g2)] € S(G).
With this notation and, for g1, g2 € G, we have by definition:
(L*(Af1)(f2 @ f3)) (91, 92) = (Ae=1f1 %0 f3(92)) *0 f2(91) -

Hence we get

(L7 (Af1) (2@ f3)) %0 (f2® f5)(g1, 92) = (Ne=1.f1 %0 f3 % f5(g2)) %o f2 fa(g1)
= L*(Af1) ((f2 %0 f) @ (f3 %0 f5))
=L*(Af1)((f2® f3) %0 (f2® f5)) (91, 92) -

By density of S(G) ® S(G) in S(G x G), we get:
Proposition 3.12. Let f € S(G). Then the map
L*(Af1): f2@ fs = Vo(f1 @ f3) %o (f2® 1),

sends S(G) @ S(G) to S(G x G) and extends uniquely to a continuous left multiplier of (S(G x G),*g).
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Of course, we can proceed similarly to give meaning to R**(Af1) : S(Gx G) = S(GXG), fa = faxo Af1
as a continuous right multiplier. But there is in fact a more direct way to do it, namely using the involution
given by the complex conjugation:

R*(Af1) :S(GxG) = S(GxG), forsL*(Af)fy, f1€SG).
We are now ready to give the precise definition of the coproduct.

Definition 3.13. For f € S(G), we let Af be the element of the algebra of continuous multipliers of the
Fréchet algebra (S(GxQ), %) given by the above defined pair of left and right multipliers (L*0 (Af), R* (Af)).

To simplify notations, we will also denote by %4 the product in the algebra of continuous multipliers of

(S(GxG), *9). Of course, we can then express the deformed Kac-Takesaki operator in term of the coproduct:

Lemma 3.14. For f1, fo € S(G), the following relation

Vo(fi® f2) =Afixe (1® f2),
holds true in the algebra of continuous multipliers of (S(G X G),*q).
Proof. For f; € S(G), j=1,...,4, we have in S(G x G):
(Afi%o (1® f2)) %0 (f3® f1) = (Afi %o (f3® f2)) %0 (1 fa)
= (Vo(f1® f2) %0 (f3@1)) %9 (1@ fa) = Vo(f1 © f2) %o (f3@ fa)
and all the steps are justified by what precedes. O
The last ingredient we need is the morphism property for the coproduct:

Proposition 3.15. For all f1, fo € S(G), we have in the algebra of continuous multipliers of (S(G x G),*p):

Afixg Afa = A(f1 %o f2) -

Proof. Note first that both sides of the equality we want to prove are well defined as continuous multipliers.
But in fact, both sides are also well defined as tempered functions on G x G, by which we mean functions
that together with there left-(or right-)invariant derivatives, are bounded by a power of the modular weight
g x. For the RHS this is obvious (since f x¢ fo belongs to S(G)). For the LHS this follows from Lemma
3.5. Indeed for fixed g € G, the function

¢g = [(91792) — ()\gl—lfl) *0 (Ag;1f2) (g)] )

belongs to S(G x G), so we may apply to it the continuous operator F*, F} : S(G x G) — S(G x G) followed
by the ordinary multiplication u : S(G x G) — S(G). Hence, as a smooth function, we can define

Afrxg Afa(g1,92) = (F29 F§thg, ) (92, 92) -

Rewriting the function 14 in term of the twists yields

Afixg Afs = (pizpza) (F29)13 (F)13 (F29)2a (FY)2a(Af1 @ Afa)) .

Since all these twists commute, we can use Lemma 2.12; to get (with the usual leg numbering notation):

Afixg Afz = (pazpza) (F29)13 (F))21(Afi @ Afa))
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Using the facts that F 2‘9 commutes with right translations and that F] commutes with left translations, we
get the relation
(F29)13 (F)2a(Af1 @ Afa) = (A @ A)F2, FY(fL @ fa)
to finally deduce
Afi%g Afa = (pi3p2s) (A @ A)FX, FY (i @ f2)) = A(u(FX FY (fi @ f2))) = A(f1 %o f2)

which concludes the proof. [

We will also need the morphism property between Af and Ax®.

Proposition 3.16. For f € S(G) and o € C, we have in the algebra of multipliers of (S(G x G),*p):
Afxo Axg = A(f %o X&), AxG*o Af =AXG*o f) -

Proof. We only show the first equality, the second being similar. Recall that given a pair of tempered weights
p and v, the space By N BY(G) acts continuously by xp-multiplication (on the left and on the right) on S(G)

R (o

and that & belongs to B¢ FWB;(?M(G). This implies that Ax% = x& ® x& is a multiplier of (S(G x G), *p).
Consequently, both sides of the equality we have to prove are well defined as multipliers. (However, it is not
true for general F' € By N B}(G), that A(F) defines as a multiplier.)

We proceed similarly to Proposition 3.15 but to use the cancellation property of Lemma 2.12, we need to
show that Af g Ax® is expressible as (p13p24) ((F29)13 (F) )13 (F2g)24 (F)24(Af ® Ax®)). For that, and
for fixed g € G, we start to consider the two-variables function:

[(g1.92) = (Ag=1.f) %6 (A-1x¥) (9)] -

Since x is a character on G, this function coincides with

[(91,92) = (Ag-1.f) %0 X" (9) X" (92)] -

Hence, what we need to do is to define the doubly deformed product x4y between [gl — ()\gl—l f) *9 X (g)]
and x®. Since By N B} (G) acts continuously by xg-multiplication on & (G), it is sufficient to prove that the
function [gy > ()\g;l f) *o x*(g)] belongs, for fixed g € G, to S(G). What we know is that for fixed g; € G,
the five-variables function

Egy = [(hL 1 ha, hy) = [g = An,pns ()\gflf)(g))\thh; (Xa)(g)” ,

belongs to By(G*, S(G)). In term of oscillatory integrals (see Theorem 2.2), we then have

—_~—

(g1 f) o x™ = /K_g ® Kg(h1, by, ha, b)) Zg, (ha, By, ha, hY) d*(he) A (he) X (By) dM (RY)
Now, we need to permute the roles of the variables g and g;. Observe that
Eg, (h1, 1y, ho, By, g) = O4(ha, by ha by, g1)
if, for fixed g € G, we define O, to be the five-variables function given by:
Oy = X°(9) | (1, 1y, b2, B) 1= X ()X (R)ln = A o (0o f) (91)] ] -

Clearly, ©, € Bf(G‘L,S(G)) and since

9= (0 0) %0 X (9)] = / K_g @ Ko(hy, 1y, ha, h) ©g(ha, 1y, ha, ) d (he) d* (ha) dM () dX(h))

Theorem 2.2 shows that {gl — ()\gl—lf) *p Xa(g)] € S(G) as needed. O

19



3.4 The invariant weight

In this subsection we are going to prove that the Haar integrals (left and right) define continuous positive
invariant functionals on the Fréchet algebra (S(G),*g). Here positivity underlies the involution given by
the complex conjugation and invariance underlies the undeformed coproduct. The situation is completely
left /right symmetric but since we have chosen to deform V and not W, see (2.3), we shall mainly work with
the right-invariant weight.

From the discussion just before Definition 1.6, from Lemma 1.21 and from Proposition 3.10 of [6], one
knows that complex powers of the modular function act continuously by *g-multiplication on S(G). In fact,
it defines a continuous multiplier of the Fréchet algebra (S(G),*g). Hence, we may consider the following

continuous operator:
Ty : S(G) = S(G), frrxa*(fFaxd?). (3.5)

This operator played a key role in [8]. Here, we also need the right invariant version of it, namely the
operator
Ie = STQ S 5

which, obviously, is also continuous on S(G). In what follows, for o € C, we denote by M(xg) the
operator of pointwise multiplication by x&, by L*o (x&) the operator of xg-multiplication on the left by
X¢& and by R*e (x&) the operator of *p-multiplication on the right by x&. For instance, we then have
Ty = M(Xalm)L;@ (Xé:ﬂ)- The operators L*¢ (x&), R*e(x&), L*(x&) and R**(x%) are defined in a similar
way. By equation (3.3), it follows that L*e(x2) and R*e(x&) acts continuously on S(G). For L*(x&) and
R*(x%) the same holds true too by Proposition 3.7.

We now list the main properties of the operators Tg and T 4, properties coming essentially from [8, Lemma
2.1].

Lemma 3.17. Let 0 € R. Then
1. Ty and T4 are homeomorphisms of S(G) and they satisfy

T f =T of =Tof and T, f=T_ of =T,f, YfeS(G),

2. Te commutes with left translations and T, commutes with right translations,
3. As operators on S(GQ), Ty, T p, M(xa), L* (xa), B (xa), L*?(xa) and R*e(xg) commute pairwise,
4. For a € C, we have
Ty = OGO RO . I5 =106 R and T3 TG = L (™) B () -
5. Given with the initial domain S(G), Ty and Ty are essentially selfadjoint both on L2(G) and on
L3(G).
Proof. Consider the family of numerical functions
folw) = (1+7%0%%)"? £ 760, 6eR. (3.6)

Let E be the element of the Lie algebra of S characterized by the relation exp{tE} = (0,0,t) € S. In the
case where G is elementary, that is G = S, it is shown in [8, Lemma 2.1] that, with E the left invariant

vector field associated to E, we have:
Ty = foliBy s,
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In the general case, according to the semidirect product decomposition (2.4) of G, we define E; as the element
of the Lie algebra of G which coincide with the element E as defined above, for each factor S;. Observe that
Ey,---,En generates an Abelian subalgebra of the Lie algebra of G. Now, a direct generalization of the
computations done in [8, Lemma 2.1] yields:

N
Ty =[] foGiEj)mE/L . (3.7)
j=1

Since the (classical) antipode S intertwines A and p, we get S Ej S = E;, and thus

N
Ty =[] foGE,)™E/% . (3.8)
j=1
Then, the first item follows from the fact fo(—z) = f_o(z) = fo(z)~ 1.

The second item follows just from the facts that xg is equivariant under left translations while x, is
equivariant under right translations and that ys is a character on G.

We come to the third item. Note first that fg and T, commute. Indeed, fg is of the form p(®) while
T, is of the form A(®) for ® a distribution on G. Then, note that Ty and T, both commute with M (x¢).
Indeed, working in the coordinate system (2.5) for each S; and under the parametrization g = g1 --- gn of
G = (Sy X ...) X Sq, we have xg(g) = ezj'vﬂdim(Sf)aj, while Ej = 0, and E; = —e % 9,,. Now, when
G is elementary, we can deduce from [8, Lemma 2.1] that L*(xq), R*(xq), L*¢(xc) and R*e(xq) are
combinations of Tp, T, and M(x¢). But the computations made in [8, Lemma 2.1] (and thus the relations
between all these operators) extend directly for general negatively curved Kahlerian Lie group G. Hence the
result.

The first relation of the forth item come again from [8, Lemma 2.1] (extended to general negatively
curved Kéhlerian Lie groups). The second relation can be deduced from the first using Equation (3.3) and
the fact that S(x%) = x”. For the third relation, we proceed with formal computations which, however,
can be rendered rigorous working with oscillatory integrals. Let f € S(G) and o € C. We have:

L*(xg)f =xa*o f = /G4 Ko(g1,92) K_9(g3,91) (Pg, Ags X&) (PgaAgs f) A (g1)d* (92)d* (g3)d(g4)
=xa" /G2 Ko(91,92) (pg: X&) Pgs (/c:2 K_9(93,94) (Agax&) (Ngu f) d/\(93)d’\(g4)>d)‘(gl)d’\(gz)
=xg" /G Ko(g1,92) (par X&) (pan (XEx0.f)) AN 91)d* (92) = x6™ (x&xo (X&x6f)) -

Hence we get L**(x&) = M(xg®)L* (x&)L*e(x%). Since the complex conjugation is an involution for all
these deformed products, we get

R (xg™)f = L (xg™) f = M(x&)L* (xg*) L= (xg*)f = M(x&) R™ (xg* ) R** (xg")f -
From this and the first two relations, we get
L (X&) R* (xg™) = L* (X&) R* (xg™) L** (X&) R** (xg™) = Ty T5™ .

The statement in the last item comes from the fact that in the coordinate system (2.5) we have Ej = 0,
and E; = —e’“]ﬁtj while the left and right Haar measures read d*(g) = daydvidt, - - - daydvndty and
d°(g) = eXi=1 9mENG 4o dyydty - - daydvydty. O
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Remark 3.18. The forth item of Lemma 3.17 above implies that Tvé* (resp. T'%) is an inner automorphism
(in the sense of multipliers) of the product ¥ (resp. x,). But it will follow from modular theory that 7, o
and 149 are also automorphisms of the product xg. However, they are probably not inner.

Proposition 3.19. The right Haar integral 7, is a continuous, positive and faithful linear functional of the

involutive (for the complex conjugation) Fréchet algebra (S(G),*g). Indeed, we have for all f € S(G):
- ~ 2
To(f*o f) =7.(|To(F)]") -

Proof. Continuity is obvious. It remains to prove positivity and non-degeneracy. By [6, Proposition 5.10],
we have for f € S(G):

—_~—

?*0 f = . GKe(glagQ) (/0!]1?) *p (pg2f) d)\(gl)d)\(QQ) )

Since 7, : S(G) — C is continuous, we can use [6, Lemma 1.37], to get:

—~—

ro(Fxo f) = /G Kol01.92) 70 (00, ) 20 (00, ) €*(00) 2 (92).

The right invariant version of [8, Lemma 2.6] (obtained by intertwining everything with the undeformed
antipode S) gives 7,(fixyf2) = 7,(f1f2) for all fi, fo € S(G), and thus

—_~—

roF o f) = /G K0(1.0) 7 () (1) € 00) 2 (32)

Using [6, Lemma 1.37] backwards, one deduces

o(Fra D =7o( | Kolg1.92) (0 ) (psn ) d(91) d(g2) ) = 7(F 50 f) -

GxG

Since xg = XG/ Z*GXG/ (which follows from a direct computation — see also [8, Remark 2.2]) we get

To(fFof) = /f*ef 9) xa(g9)d Mg /f*ef ) xd Foxed > (9) dMg) -

Then, using a bounded approximate unit argument (see [6, Proposition 4.19]) coupled with [8, Lemma 2.6],

one can show that

2 —1/2)2 ~ 2
/f*ef 9) xe Foxdd(9) / | %oxd | (g / |(FFoxe!xe* " (9) 2 (9) = 7 (|To(H])
which implies positivity and non-degeneracy since Tg is invertible on S(G). O

We now come to right-invariance of the right Haar integral on (S(G),xg). We first establish an invariance

property for the deformed Kac-Takesaki operator.

Proposition 3.20. As continuous linear maps from S(G x G) to S(G), we have
(r,@Id) Vg =71, ®1d .
More generally, for f € S(G), then we have

(T @ L*(f)) Vo =7, @ L*(f) .
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Proof. For the first equality, we need to prove that for all fi, fo € S(G), we have

/C;(Agflfl)*e f2d”(g) = (/Gfl(g)dp(g))fz-

For the second equality, we need to prove that for all fi, fo, f3 € S(G), we have

/Gf1 *g (Ag-1f2) %o f3d"(g) = (/sz(g) dp(g))ﬁ *0 [3 .

Algebraically speaking, both equalities are obvious since by invariance under right translations we have

[ e = [ foe. vies@.
G G

and since the constant unit function is the unit for x¢ (in the sense of multipliers — see Proposition 3.7). But
this formal observation can be made rigorous by coming back to the definition of the oscillatory integral and
using the ordinary Fubini theorem to commute the integrals. O

Since (Id ® L*e (fl)) ‘/g(fg X fg) = (1 X fl) *0 A(fg) *9 (1 (24 fg), we deduce:

Corollary 3.21. The right Haar integral 7, is right-invariant on (S(G),*g, A):

7o @7, (1@ f1) %9 A(f2) x0 (1 © f3)) = 7,(f1 %0 f3) To(f2),  Vf1, fa, f3 € S(G) .

Definition 3.22. We let Hy be the Hilbert space completion of S(G) with respect to the inner product:

(f1, f2)o == Tp(f1 %6 f2) .

Endowed with the inner product (.,.)s and the involution given by the complex conjugation, we may be
tempted to see (S(G),*p) as a left Hilbert algebra. Indeed, by Proposition 3.8 one knows that S(G) xy S(G)
is dense in S(G) with respect to its Fréchet topology, topology that clearly dominates the Hilbert space
topology of Hy. Also we have for fi, fa, f3 € S(G):

(f1xo fo, f3)o = Tp(f2 %0 f1*0 f3) = (fa, f1 %0 f3)o - (3.9)

Moreover, it is not difficult to prove that the complex conjugation is preclosed on Hy. But what is missing at
this stage is the fact that S(G) acts by xg-multiplication on the left of Hy by bounded operators. However,

we can determine by hand the “modular datas”:

Lemma 3.23. Set Jp : S(G) — S(G), f— f{Q(f) and Iy : S(G) = S(G), [ — IN“(;‘L(f). Then Iy defines a
continuous involution of the Fréchet algebra (S(G),*g) and, moreover, we have for all fi, fa, f3 € S(G):

(fi, f2)0 = (Jofos Jof1)o,  (fis fo)o = Tofa, [1)e  and (fi*g fo, f3)o = (f1, 3 *a Lof2)o -

Proof. We observe that for f1, fo € S(G), we have by Lemma 3.17 and Proposition 3.19:

(f1, fo)o = Tp(Tofr Tof2) = 7o (Toofa T-of1) = (T2gf2, T2o 1Yo = (T; 2 fo, Ty 2 fi)o

and

(Fi. f2)o = 7o (T fi Tofo) = 7,(T; " i T f2) = 70 (T *Fo Tof1) = (T, * Fau fi)o
which are the first two relations we have to prove. Next we prove that Iy is an involution. First, items 1.
and 4. of Lemma 3.17 entails that Ig = Id. Then, from the second identity, we have:

(TIo(f1 %0 f2), f3)o = (F3, f1 %0 f2)o = T (f3 %0 f1 %0 f2) .
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On the other hand we get since the complex conjugation is an involution:

(Infa*o Iof1, f3)o = (Tof1,Io f2 %0 f3)o = (f3 %o Lo f2, [1)e
= (Iofo, f3*o f1)o = (Fs xo f1, f2)o = T, (f3 %0 f1 %0 f2) -

Thus, (I(f1 %o f2), f3)e = (Iofa xo Iof1, f3)e for all f35 € S(G) and hence we deduce by density of S(G) in
Hy that Io(f1 %o f2) = Igfo*¢ Iof1 as needed. Last we have to prove the formula for the (formal) adjoint of

the operator of xg-multiplication on the right. From what precedes we deduce:

(fi %6 f2: f3)o = (f3, Tofo %o Tof1)o = (Io o *o f3, lo fr)e = (fa %0 To fos o f1)e = (f1, f3 %6 Tof2)e »
which concludes the proof. O

Remark 3.24. By analogy with Tomita-Takesaki theory, we call Jy the modular conjugation and Ny := Tv(;‘l
the modular operator. Observe also that the canonical antilinear isomorphism from Hy to its conjugate
Hilbert space is then given on S(G) by f+— Juf.

Since the composition of two involutions is an automorphism, we deduce:
Corollary 3.25. The operator fg‘ is an automorphism of the algebra (S(G),*q).

Remark 3.26. We believe that the automorphism Tg is outer. Since, T’y = ngS , we deduce by Proposition
3.6 that T is also an automorphism of (S(G), ). We believe that it is outer too. Note last that in the

proof of Proposition 3.19, we have obtained

= — ~ 2
([ %0 [) =1o(fFof) =7 (|To(f)|), VfeS@G),
we deduce that fg‘ is an automorphism of the algebra (S(G),x,). Composing with the antipode S, we get

that 7% is an automorphism of the algebra (S(G),%g). We also believe that they are outer.

3.5 Unitarity and multiplicativity

We come to the main result of this section, which is now a straightforward application of what we have

already proven.
Theorem 3.27. The deformed Kac-Takesaki operator Vy extends to a multiplicative unitary on Hy.

Proof. Unitarity : From Proposition 3.15, we get for fi, fo € S(G):

Vo(f1® f2) %o Va(f1 ® f2) = (1@ fa) xo0 Afixo Af1 g (1@ fo) = (1@ fy) %9 A(f1 o f1) %o (1@ f2) .

Applying 7, ® 7, to both sides, Corollary 3.21 shows that Vj extends to an isometry on Hgy. By Corollary
3.11, Vy is invertible on S(G), hence its extension to Hy is surjective and, therefore, Vp is unitary on Ho&@H,.
Multiplicativity : Remark that, as Vp can be written (Lemma 3.14)

Vo(f1® f2) = Afi %o (1® fa) , for f1, fo € S(G) ,

in the algebra of continuous multipliers of (S(G x G),*p), and as g is associative, A is coassociative
and a xgp-homomorphism (Lemma 3.15), the pentagonal equation (which characterizes multiplicativity) is
automatically fulfilled (see [23, proof of theorem 1.7.4]). Then, by density of S(G) ® S(G) ® S(G) in
HoR@He@Hg, the multiplicativity holds, as needed, in Ho@HyQH,. O
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4 Properties of the multiplicative unitary

4.1 The legs of V,

The left and right legs, A(Vp) and A(Vy), of a multiplicative unitary are defined as the norm closures of the
vector subspaces of B(Hy) given by?

Ao(Vy) = {Id@w(Vp) : we B(Hg)} and Ag(Vy) :={w®Id(Vy) : we B(Ho)} -

In general, A(Vj) and A(Vy) are subalgebras of B(Hg) but need not to be %-subalgebras. We will prove that
it is indeed the case here. For fi, fo € Hg, we let wy, r, € B(Hg)+« be, as usual, the normal functional given
for A € B(Hg) by wy, 1,(A) = {f1,Af2)e.

For g € G, we define

po(g9) : S(G) = S(G), [Ty pyTof . (4.1)

By Proposition 3.19 we see that py extends to a unitary representation of G on Hy. Therefore, it yields a
representation (still denoted by pg) of the convolution algebra (L} (G),*) on the Hilbert space Hy. Since G
is solvable, it is amenable and thus the norm closure of pg(L}(G), *) is isomorphic as C*-algebra to C*(G),
the group C*-algebra of GG. Since the coproduct A has not been deformed, it is natural to guess that ;{(‘/9)
is isomorphic to C*(G). To prove this, we need some preparatory materials.

Lemma 4.1. Let f € S(G). Then we have the equality of tempered functions:
(Ty @ 1d)Af = (Id@ Ty )Af .

Proof. For f € S(G), we have (pg ® Id)Af = (Id ® )\g—l)Af, which (with the notations of the proof of
Lemma 3.17) implies that

(B o 10)Af = (0o (“E))AS, ¥j=1-N.

Therefore, using (3.7) and (3.8) together with the fact that fo(—z) = fo(z)~!, we get

N
(T 1) Af = (] foliBy) ™0/ 0 1a) A

j=1
N N
= (1@ [ fo(=iB) /) Af = (1@ [ foGE,) V) Af = (Ao T )AS
j=1 j=1
which completes the proof. O

Remember that for f € S(G), p(f) is the continuous operator on S(G) given by p(f) := [, f(g) pg d*(9).
Similarly, we define po(f) = [, f(9) pa(g) d*(g), where rhog(g) is defined in (4.1). (Note also that the

representation p of G is not unitary on Hg but pg is unitary on Hy.)

Lemma 4.2. Let f € §(G) and set Qg := fe_2ze_2~ As continuous operators on S(G), we have

p(f) = po(Qy'°1) .

3We use the definition of Baaj and Skandalis [1] for the left leg and not the one of Woronowicz [33]. But since we will prove

stability under adjunction, both definitions coincide here.
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Proof. Let f1, fo € S(G). Then

o0(f1)f2(g / filg PgTefz( Nd*g) = /Gfl(g) (fg_l ®Id)A(fgf2)(g/,g)d/\(g) .

Hence, Lemma 4.1 gives

po(f1)f2(g" / f1(g) (14 ® Ty) A(Tof2) (o, 9) d(g) -

Now, Lemma 3.17 implies that T is symmetric on L3(G) and T ,(f) = T, (f) for all f € S(G). Thus,

pe(fl)fz(g’):/G(L}lfl)(g)A(fefz)(g'vg)dk(g)=/ (T £1)(9) (Ag—1To f2) (9) d(g) -

G

Since Ty commutes with left translations, is symmetric on L3(G) and satisfies To(f) = fe_ L(F), we finally
get

pe(fl)fz(g’):/G(Tg‘llglfl)(g) (Ag-112)(9) dA(g):L(Tgllglfl)(g) (pgf2)(g')d (g) -

Therefore pg(f1) = p(fgll@_lfl) which implies that p(f1) = pe(TpT,f1) as needed. O

Proposition 4.3. For all f1, fo € S(G), we have

ld® Wiy, fa (VH) = pPo (XG nga—l/Q (f2 * f‘9_2J0f1)) )
Proof. Let fi1, fa, f3, f4 € S(G). Then, we have:
(fs.Jd@wy, 1, (Vo) fa)o = (f3 @ f1, Vo(f1 @ f2))e
= (fs@ f1,Afa%0 (1® f2))o = (fz, [9 = (f1, (Ag=1f1) %0 f2)0]),

where the last equality follows by Fubini. Then, with (.,.) the usual inner product of L2(G), Proposition
3.19 and the last item of Lemma 3.17 give

(f1, fa)o = (T} fr, fo) -
With that relation in mind, we observe:
(o (g £2) %0 F2)o = (T3 Fr. (g1 13) %0 o) = (Faxo (Ag-1T2). T3 Fa) = (Fa v (\g—1 7). Ty T
= Ng-1fas faxo Ty *F1)o = (N1 Fu T3 (fa2 0 Ty 1))
— [0 806 T (220 Ty ) (o) ()
[t

c(9) T3 (f2 %0 Ty *Fi)(d) (pg £2)(9) AX(g") = pxc T3 (f2 %0 Ty *11)) falg) -
Hence,
Id®wy, 1,(Vo) = p(xa T3 (f2%0 T, 1))

which by Lemma 4.2 and the fact that ngg commutes with the operator of pointwise multiplication by x¢
gives the result. O

By Proposition we know that S(G) %9 S(G) is dense in S(G), hence dense in L} (G) too. This implies
that the norm closure of {Id @ wy, 7, (Vy) : f1,f2 € S(G)} contains py(L}(G)) and therefore we deduce
(remember that G is solvable hence amenable and thus the reduced and full group C*-algebras coincide):
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Corollary 4.4. The left leg _;{(‘/9) of the multiplicative unitary Vy is isomorphic to C*(G) as C*-algebras.

We next go to the right leg of Vp. Remember that L*¢(f) is defined as the continuous operator on S(G)
of left xg-multiplication by f.

Proposition 4.5. For all f1, f» € S(G), we have

W ©1d(Va) = L* (g = (f1. pyf2)el) -
Proof. Let fu, fa, f, f1 € S(G). Then, we have
(fa,wpy.p, @1d(Vo) fa)o = (f1 ® f3, Vo(fa © fa))o
= (f1® f3, Af2xo (1@ fa))o = (f3,[9 = (f1,pgf2)0] %0 f1)o ,
which is the formula we were looking for. O

Our next task is to show that A(Vjp) is a C*-algebra. We will do this by obtaining an explicit formula for
the adjoint of wy, 5, ® Id (Vg). This formula will also be fundamental to prove manageability of Vj.

Proposition 4.6. For all f1, fo € S(G), we have
W fo @ Id(Vg) = wf;2J6f17f3Jef2 ® Id(%) .

Hence the adjoints of the elements in Aog(Vy) still belong to Ag(Vy). So, the right leg of the multiplicative
unitary Vo, A(Vy), is a C*-algebra.

Proof. We have by Proposition 4.5 and equation (3.9):

Wi f, ®1A(Vy)" = L ([g = (f1, pgf2)e])” = L™ ([g = (f1, pgf2)0]) -

Hence, we deduce by Lemma 3.23:

(Fr.pgf2)0 = (pgfo. frYo = (Jofr, Jopg f2)o = (Ty 2 Jofr, pefade = (Ty *Jof1, pgTaJo fo)e .

which completes the proof. O

4.2 Manageability and the antipode

For an Hilbert space H we denote by H the conjugate Hilbert space and by H — H, n — 7, the canonical
antilinear isomorphism. Recall that a multiplicative unitary V on H is manageable in the sense of Woronowicz
[33] if there exist a unitary operator V on H&H and a densely defined positive self-adjoint operator () on
H with densely defined inverse Q~!, such that for all n;,7 € H and all & € Dom(Q), & € Dom(Q 1), we
have

<771 ®§1,V(le ®€2)> = <ﬁ2 ®Q§1,‘7(ﬁ1 ®Qflfz)> and V*(QeQ)V=(QcQ).

Note that in our context, the antilinear isomorphism Hg — Hy is implemented by the modular conjugation

Jg. We will prove manageability with @ = TVJ 2152 and V = V. To this end, we need preparatory lemmas.
Lemma 4.7. In the algebra of continuous operators on S(G x G), Vy commutes with Ty ® Id, o € C.
Proof. Let fi, f2 € S(G). Since T31 = 1, we have

(T5 @ 1) Vo(f1 ® fo) = (T @1d) (Afr %o (1@ fo)) = ((T§ @ TA)Af1) %o (1@ f2) -

Since T§ commutes with right translations, we have (T§ ® Id)Af; = A(T§ f1) from which the result
follows. O
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Lemma 4.8. Given with the domain S(G), the operators Qp = TgQIo_Q and Q;l = fgzz are essentially

selfadjoint and positive on Hg.

Proof. By Proposition 3.19, fg defines a unitary operator from Hgy to Li(G). Hence, an operator A on Hy
is essentially selfadjoint if and only if T, gATV(; ! is essentially selfadjoint on Lf)(G). But since Tj commutes
with Ty, we get Tgnggl = @Qy. By Lemma 3.17, Q¢ is the product of two commuting, domain preserving,
essentially selfadjoint operators on L2(G) with initial domain S(G). Thus Qg is essentially selfadjoint on
L2(G) and so on Hg too. Positivity is clear. O

Lemma 4.9. In the algebra of continuous operators on S(G x G), Vo commutes with Qf ® Qf, a € C.
Proof. By Lemma 3.17, we have Q§ = L*¢ (Xg/2)R*e (Xaa/z) on §(G). Take f1, fo € S(G), we then have:
(@5 ® QVa(f1 ® f2) = (& @ X&) 0 Dy xo (10 f2) %0 (6™ © X&)

= Axg/ %0 Afr %0 (X" @ faxo x6™")
= AX(XG/2 xg Af1xp AXE;Q/Q *g (1 ® XZ/Q *g f2 %o X(_;Q/Q)
= A(Xg/2 *g f1 %6 Xaa/Q) *g (1 ® XZ/Q *g f2 %o Xaaﬂ)
= A(Qf f1) %o (1® QF f2) = Va(Qf @ Q§)(f1® fa) ,
where we used Proposition 3.16 in the forth equality. O

Theorem 4.10. For all f1, fa, f3, f4 € S(G), we have

(f1® f2,Va(fs® fa)), = (Jofs @ Qo fa, Vg (Jofr © Q;1f4)>6 :

Hence, the multiplicative unitary Vy is manageable in the sense of Woronowicz.
Proof. We have by Proposition 4.6:
(F1® f2.Vo(f3 ® fa))g = (o 0pr. 5 ©1A(Vo) f1) g = (wir.po ©14(Vo) " fo, f1) g
= <wT9—2J9fljezJ9f3 ®1d(Va) f2, fa), = (Vo (T3 Jofs @ fa), Ty > Jof1 @ f1)y
= (T3 Jof3 @ f2. Vi (T, 2 Jo 1 ® fa))y = (Jof3 ® fo, (T§ @ 1) V5 (T, @ 1d) (Jo 1 ® fa)), -

Now, Lemma 4.9 gives (le ® Qe_l)‘/g(Qg ® Qg) = Vp on S(G x G). Passing to the adjoints we get
(Qo ® Qo) Vy (Qy' ®Qy') = Vy. Hence, we deduce the equality of operators on S(G x G):

(T @ 1d)Vy (T, 2 @ 1d) = (T3 @ 1d) (Qs ® Qo) Vs (@5 ® Q5 1) (T, % ® 1d)
= (L5° ®Qo)Vi (L52 Qp) = (1d® Qo) V7 (Id® Q)
where the last equality follows from Lemma 4.7 (passed to the adjoint). This concludes the proof. O

For a manageable multiplicative unitary, there is a well defined notion of antipode Ay(Vp) — A(Vy),
unitary antipode A(Vy) — A(Vy) and an associated one-parameter group of automorphisms on A(Vy) [33, 32].
We are going now to describe these objects at the level of the Fréchet algebra (S(G), *g).

Recall that the antipode is defined as the linear map

Ao(Va) = A(Vg), w@Id(Ve) = w®Id(Vy) .

Let fi1, f2 € S(G). Then, since wy, 5, @ 1d(Vy) = wy, 1, ® Id(‘/]g)* we deduce from Proposition 4.6 that on

such normal functionals, the antipode coincides with the map

Wy @ Id(Vg) — wfngefmTe_z)Jah X Id(Vg) .
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Since the bilinear map

S(G) x S(G) = S(G) x S(G), (i, f2) = (T3 Jof2, Ty 2 Taf1)
squares to f;* X fg 4 we immediately see that in our situation, the antipode cannot squares to the identity.
More precisely, we have:

Proposition 4.11. At the level of the Fréchet algebra (S(G),*p), the antipode Sy coincides with Tv;z STV(;Q,
the unitary antipode Ry coincides with the undeformed antipode S and the analytic generator ¥ of the

associated automorphisms group is Qe_l.

Proof. We just give the formula for Sy since the formulas for Ry and 77 follow by polar decomposition. By
Proposition 4.5, we have

W fo @ Id(VG) =L ([g = <flvpgf2>0]) .
Hence, we need to show that

TQ_QSTQ_Q[Q = (f1, pgfa)e] = [9— <f92J0f2,ngg_2Jef1>e] .

Since T, 9_2 is a right convolution operator (see Lemma 4.13 in the next subsection for the explicit form), we
have

T2 (g = (Fr.pgf2)e) = [9 (1 pgTy 2 fa)e)
and thus B B
STy %[g = (f1.p9f2)0] = [9 = (fr,pg1Ty % f2)e] -

In term of the unitary representation pg of G on Hy given in (4.1), we get

(fropg-1T5 2 f2)o = (1. Topa(g™ )T, > f2)o = (Tofr. polg~ )T, > f2)e
= (po(9)To f1,T; > f2)o = (pg T3 f1, Ty * fa)e -

By Lemma 3.17, we have f‘;Qf = fg?, thus

T(Q_2ST9_2 [g (d <f1,ng2>9] = [g = <pgf04flafg_4f2>9} .

To conclude, we use Lemma 3.23, to get
(a3 11, Ty fodo = (JoTy " foy Jopy Ty fr)o = (T Jofo, Ty *pgTy i = (T3 Jo o, paTy > Jof1)o

which concludes the proof. [

4.3 Equivalence with De Commer’s approach

Near the end of section 2.4, we have mentioned that the adjoint of the twist Fé\ defines a unitary dual 2-cocycle
for G (see [24] for more details). In the notations of [24] and of [8], F;" is Q. Using De Commer’s machinery
[10], one can therefore define a locally compact quantum group Gy, deforming an arbitrary negatively curved
Kéhlerian Lie group G. The most difficult part in De Commer’s work is to construct the invariant weights
of Gy. In [8, Proposition 2.8], we were able to determine the modular conjugation of De Commer’s deformed
weight and therefore we were able to obtain an explicit formula for /Wg, the multiplicative unitary of De
Commer’s locally compact quantum group Gy [8, Equation 2.12]. Explicitly, /Wg is the unitary operator
acting on L3 (G x G) given by

Wy=(JJ)F) W (JoJ)F}), (4.2)
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where J and J are the modular conjugations of the group G and of its dual (quantum group) G given in
(2.2) and W = TW*X € W*(G)®L>(G) is the multiplicative unitary of the dual quantum group of G:

W f(91,92) = (9291, 92) -

Let Uy := STp. Then Uy defines a unitary operator from Hy onto L3 (G). We will spend the remaining

of this section to prove the following unitary equivalence result:

Theorem 4.12. With the notations displayed above, we have the equality of unitary operators on L3 (G x G):
(Us @ Ug) Vo (Us @ Up) = W .

Before giving the proof of Theorem 4.12, we need two technical results. The first one follows easily from

Equation (3.7) (see also the computation in [8, Lemma 2.1]).

Lemma 4.13. For a € R, define @, to be the distribution on G given by the relation Tv(gx =: p(®y). Then,
under the parametrization g =g1---gn of G = (Sy X ...) X Sy and in the coordinate system (2.5) for each

S;, we have with F the ordinary Fourier transform* on R and fy the function given in (3.6):

N
H olaj) do(v;) F (f;dlm(Sj)M)(tj) .

Consider the three-point kernel Kj : G* — C, (9,¢',9") — Ko(g7'¢', 97 g"). It it obvious that K} is
invariant under diagonal left-translations and it follows from the definition of the two-point kernel Ky that
K} is invariant under cyclic permutations. The following distributional identity is the key step to prove
Theorem 4.12:

Lemma 4.14. For o, € R and ¢, g"" € G, we have in the sense of distributions:

/G 2o(9) ®al9) K3(9.4'-g") 4 (9) = x5™*(d'd" V) Kold'-g")

Proof. From Lemma 4.13, we get

adim(S;)
/Gxg(g)‘l’ (9)K3(9.9',9")d" / (Hf ) (15) ) K3 ((0,0,41) -+ (0,0, ), ', ")ty -ty
Now, by Equation (2.8) (and the formulas that precedes it), we have
N
Kg((()’(),tl) - (0,0,tN), ¢’ ) Ko(q'.q" H 24 sinh(2a);—2a/) ’

and therefore

N
/Gxg(g) Ca(9) Ki(9,9',9") AMg) = Kold'.9") || <Af(f§dlm(sj)/4)(tj) Gty sinh(2a)—20) gy >

Jj=1

Then, since fy(z) = e2nh(m02) e get

/]R]:(f;ldim(sj)/‘l)(tj) e%tj sinh(2a;72a_'j') dtj _ fgzdim(§j)/4( o (7.[.0)71 sinh(Za; o 2@;’))

4We normalize the Fourier transform by Ff(t) = [ e2i7¢t f(£)d¢.
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—a/2

adi ] [ 2
5 dim(S;)(aj—af) _ XSJ- (g;) ng/ (g;/) ’

= e_
so finally
N
—a/2 2 —a/2 2
/G Xer(91) Pal9) K3 (91,92, 95) d*(a1) = Kolg',0") ] 2.2 (9)) X/ (9)) = Kold',9") xa™"*(9) x& 2 (9"
j=1

and we are done. O

Proof of Theorem 4.12. To prove the unitary equivalence between Vjy and Wg, we proceed by formal compu-
tations which, however, can be rigorously justified working with oscillatory integrals. So, take f1, fa € S(G).
Then we have

Wo(f1 ® f2)(g1.92) = (J @ J) Fg W* (J @ J) Fy (f ® f2) (91, 92)
= xd 2 (g2) Fo W* (J @ J) Fy (f1 @ f2) (91,95)

= xd*(92) /02 Ko(g3,92) W* (J @ J) Fj (f1 @ f2) (9391, 9495 1) d*(g3)d* (g4)

= xd?(92) /GQ Ko(g3,94) (J @ J) F (f1 © f2) (9297 *9391, 9a95 1) d*(g3)d (9a)
= xd*(92) /GZ Ko(g3,94) x& > (9495 V5 (1 © f2) (9205 9391, 9295 1) 4 () (g4)
= /G4 Ko(gs, 94) Ko(95, 96) x& > (94) f1(95 9297 "9391) f2(g5 *9297 ") d*(g3)d* (ga)d* (g5)d> (g6) . (4.3)

In the other hand, we have by Lemmas 4.7 and 4.9

(Us @ Up)Va (Us @ Up) = (STy @ STy)V (Ty S Ty 1 )
— (SToQy* @ STyQY Vi (Q, *Ty 'S © QM * T, )
= (ST ' @ STy )Ve (TS @TyS) = (S@ STy ) Vo (S@TyS) .

Since S Tg =T, S, we get finally
(Us 2 Ug)Ve (U @U) = (1d@ T, ) (S@ S)Ve (S S) (Id @ Tp) -
Next we observe that, by Equation (3.3), we have:

(S® S)Vo(S®@89)(f1® f2)(g1,92) = Vo(Sf1@Sf2) (g7 " 95 ")
= (A, Sf1) %0 Sf2(95 ") = (pgi f1) *—a f2(g2) ,

We then compute:

(Pgi f1) %6 f2(92) = /G4 K_4(93,94) Ko (95, 96) f1(95 ' 929391) f2(95 ' 9294) d*(93)d* (94)d*(g5)d* (g6)
= /04 K_4(93,95") Ko(95,96) X6 (94) 1(95 ' 929391) fo(95 9295 1) A*(g3)d* (94)d* (95)d* (g6)
= /04 K_o(95" 93,95 ') Ko(95,96) X (94) f1(95 ' 9205 ' 9301) F2(95 " 9295 ) d*(g3)d* (92)d* (95)d* (96)
= /G4 Ko(g3,91) Ko(95, 96) xc(94) F1(95 9295 ' 9391) f2(95 ' 9291 ") d*(93)d* (g4)d*(g5)d  (g6) , (4.4)

where the last equality comes from the fact that K_g(g; 'g3,95") = K_9(94,93) = Ko(gs,ga) (see for
instance [8, Equations 2.2 & 2.3]). The striking point is that the only difference between Equations (4.3)
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and (4.4) is that on the first one there is ng (94) while on the second one it is xg(g4). This really looks

like a computational mistake but fortunately it is not: This is the conjugation by Id ® Ty that will make the
exponents matching! To see this, for a € C we set Tg* = p(®,) where @, is the distribution on G given in

Lemma 4.13. Then we have
(Us ® Us)Va (Us ® Ug) (1 ® f2)(91,92) = Ty * (g f1) -0 Tof2) (g2)
= /G6 Ko(93,94) Ko (95, 96) X (94) ®—1(97) P1(98) f1(95 929791 *9391) fo(95 929791 " 9s)
x d*(g3)d* (g4)d* (g5)d* (g6)d* (g7)d* (g8)
= /GG Ko(gs '3, 95 ' 9497) Ko (95, 96) X6 (94) X (97) X6 (98) ®—1(97) ®1(95 ") f1(95 " 9291 " 9301) f2(96 ‘9291 ")
x d*(g3)d*(ga)d*(g5)d* (g6)d* (97)d* (gs) ,

where, to go from the second to the last line, we used the successive transformations g4 — gsg497, 93 — 9393,

g8 — gs ! Hence, we are left to evaluate (in the sense of distributions) the following integral:

/Gz Ko(gs 93,95 "9497) Xc(97) xc(9s) ®—1(g7) @1(g5 ") d*(g7)d* (gs) -

Note first that fgdim(sj)M is real valued, so that }'(fg‘dim(sj)M) is even and by Lemma 4.13 one deduces

that the distribution ®, is invariant under the group inversion. Hence, what we really need to evaluate is

the integral:

/G2 Ko(95 93, 95 '9197) Xc(97) xc(98) @—1(g7) ®1(gs) d*(g7)d (gs) -

Since moreover Kj is invariant by cyclic permutation and by left diagonal action of G, we get
Ko(g5 9395 '9a97) = K§ (98, 93, 9497) = K} (97,91 ' 9891 '93) »
and thus Lemma 4.14 gives
/GQ Ko(gs 93, 95 ' 9497) xc(97) X (98) @-1(g7) @1(gs 1) d*(g7)d*(gs)
= /G (/GKé”(gnngg&nggs) xa(g7) ®1(g7) d*(g7))><c(gs) ®1(g5 ") dM(gs)
=xg"*(95) /G Ko(g: 95,95 '93) X& (95) ®1(95 1) d(gs) -

Similarly, we have Ky(g; 98,95 *93) = K3 (gs, g3, 94) and thus

G (an) [ Koo an. 7 ) 38/ 9) 0105 € ae) = x5 (o)
This implies that

(U @ Up) Ve (U @ Ug) (f1 @ f2)(g1,92)

= /G4 Ko(g3,94) Ko(g5, 96) xe! > (94) f1(95 ' 9297 “g3g1) F2(g5 *9291 ) (g3)d* (ga)d> (g5)d* (g6)

which is exactly (4.3). This completes the proof of Theorem 4.12. O

This unitary equivalence between Vp and Wy combined with the main result of [8] has an important

consequence:
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Corollary 4.15. Let 8 € R. Then, the right leg A(Vy) of the multiplicative unitary Vy is isomorphic to
Co(G)—p,9, the deformation in the sense of [6] of the C*-algebra Co(G) for the action A ® p of G x G and
parameters (—6,0) € R?.

Proof. By Theorem 4.12 (with the notations given at the beginning of subsection 4.1), we have A(Vp) ~
A(Wg). Now, /VI79 is the multiplicative unitary of the locally compact quantum group @9 deforming the
quantum group G (the dual of the group G) by the unitary 2-cocycle FQ)‘* via De Commer’s method [10].
By duality, A(Wg) is isomorphic to A\(Wg), where Wy is the multiplicative unitary of the locally compact
quantum group Gy (the dual of Gy). It follows then by [24, Example 3.11 iii] that A(Wp) (which is denoted
by Cy(Gy) there) is isomorphic to the deformation of Cy(G) in the sense of [24] by the unitary dual 2-cocycle
FX," ® F)" of G x G for the action A ® p. But by [8, Theorem 3.4], the deformation in the sense of [6] is

isomorphic to the deformation in the sense of [24], hence the result. O

It now makes sense to talk about modular element and scaling constant. It is clear that the modular
element is given by L*?(x¢). But since that operator commutes with Qg, it commutes with the automorphism

group of the right Haar weight. Hence we get:

Proposition 4.16. The scaling constant of the non-compact LCQG Gy is trivial.

A  Proof of Theorem 2.5

In [6], two of us constructed an oscillatory integral for admissible tempered groups, a construction that we
first review. A left tempered group is a pair (G,S) where G is a connected and simply connected Lie
group with Lie algebra g, and S is a real-valued smooth function on G, satisfying the following temperedness

conditions:

(i) The map
G =g iz [g—R: X XS()], (A.1)

is a global diffeomorphism.

(ii) In these (dual-Lie-algebra-)coordinates, the multiplication and inverse of G are tempered (or slowly

increasing) functions.

To introduce the notion of admissibility for tempered groups, we need more notations. First, to a vector

space decomposition

n=0
and, for every n = 0,..., N, an ordered basis {e?n Yin=1,..dimv, of Vi, we can associate coordinates on G:
gl i=el S(z), n=0,....,N, i,=1,...,dimV,. (A.3)

Identifying the universal enveloping algebra U/ (g) with the symmetric algebra &(g) of g through the Poincaré-
Birkoff-Witt linear isomorphism, we may view &(V;,) as a linear subspace of U(g). Then, a left tempered
pair (G, S) is called left admissible if there exists a decomposition (A.2) with associated coordinate system
(A.3) such that for every n = 0,..., N, there exists an element X,, € &(V,,) C U(g) whose associated

multiplier a,, = e~ %S jfvneis, satisfies the following properties:
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(i) There exists a positive constants C, p such that:

O e R P e T O

(ii) There exists a tempered function i, > 0 such that:

(a) For every A € &(P;_, Vi) C U(g) there exists C4 > 0 such that, denoting A* the formal adjoint
on L3(G) of the left invariant differential operator A, we have:

’ﬁ*an| < Ca |an| pin (A.4)

(b) The function j, is independent of the variables {z7"}; _1 . dimv, with r < n:

Ol

dzlr

=0, Vr<n,Vi.=1,...,dim(V,). (A.5)

Within the previous notations, we now define the operators on C*(G):

DD = X} (q’) :

(7%
and, for every (N + 1)-tuple of integers ¥ = (70, ...,7ny) € NV*! we set
D2 = (D) (D)7 -+ (DY )™ . (A.6)

Of course, we have
* 4 ) —
D} ¢S =¢S, vre NVFL,

T )

But what is really remarkable (see [6, Proposition 2.28]), is that for any B € NN+ there exist 7€ NV+1,
k € N and C > 0 such that for every ® € C°°(G), we have the estimate

¢ sup |X<I>

D2d| <
’ | (14 Jzo) o ... (14 |zn|)EY xes,(g)

: (A7)

where the unit sphere Si(g) is defined just after Equation (2.10). Consider now £ a Fréchet space, realised
as a countable projective limit of Banach spaces Hjejé'j, and take any family p = {p;};cs of tempered
weights. It then follows from (A.7) that for any j € J there exists 7; € NV such that Dz, sends Bl)\i(G, )
to L} (G, ;) continuously. Hence, we have a well defined oscillatory integral, given by the continuous linear
mapping o
BiG.e)ve. 1o [as0rg e ={ [ &0 D)0 )]
G ’ jeJ
Using right invariant vector fields instead left invariant ones everywhere, one defines the notions of
right temperedness and right admissibility. In fact, it is not difficult to see that the notions of left
temperedness and right temperedness are equivalent. Indeed, fix {X;};—1 .. dim(c) @ basis of g and consider
the two coordinates systems:
Zi:=X;S(x) and z;:=X,S(z).

Let then A(Z) be the matrix of Ad,-1(Z) expressed in the Z-coordinates. Suppose that (G, S) is left-tempered.
Since the multiplication and inversion are tempered maps (in the Z-coordinates), it follows that the matrix

entries A%(T) are tempered functions too. Since moreover we have

dim(G)

o= Y A@®F,
i=1
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it follows that (G, S) is right-tempered as well. Similarly, right-temperedness implies left-tempered. However,
the notions of left and right admissibility may differ. Nevertheless, for a right admissible right tempered pair
one can repeat the the arguments of [6, Proposition 2.29] with the operators

P
D% = (Df)™ (D{)™ --- (D})™ where DL®:= X} () ,

an
to get the right-handed version of [6, Proposition 2.29]:

Proposition A.1. Let (G,S) be a right admissible tempered pair, £ be a complex Fréchet space with semi-
norms {||.|[;}jes and let p = {p;}jes be an associated family of tempered weights. Then for all j € J, there
exist 7 € NN+ C; > 0 and k; € N, such that for every element F € B%(G, £), we have

D% F(g)ll;d9) < G5 IF 5, 0 -
G i JoRjs B
From this, it follows oscillatory integral mapping makes perfect good sense on B%(G, &) too:

src.e) e 1o { [ o9 0LR) @)

jeJ

Let now G be a negatively curved Kéhlerian Lie group and Sg € C*(G x G,R) be the phase function
of the kernel (2.8). It is proven in [6, Chapter 3] that (G x G, S¢) it left tempered (hence right too) and left
admissible. We will now prove that (G x G, S¢) right admissibility too. Therefore, the proof of Theorem
2.5 will be an immediate consequence of the Proposition A.1.

Proposition A.2. Let G be a negatively curved Kahlerian Lie group. Then, the tempered pair (G x G, Sg)

is right admaissible.

Proof. Using the same induction argument (over the number of elementary factors of G in its Pyatetskii-
Shapiro decomposition (2.4) and based on the fact that the extension homomorphisms are tempered and
take values in the linear symplectic group), it suffices to treat the case where G is elementary, that is G =S
within our notations.

We fix a symplectic basis {e;, f;} of the symplectic vector space V, i.e. it satisfies w(e;, f;) = 0;; and
equals zero everywhere else. According to the associated Lagrangian decomposition we let v = (n,m) € V.
An easy computation shows that we have the following expressions for the right-invariant vector fields on
the group S (which are all skew-adjoint with respect to the left Haar measure):

H=-0,; e =—e %, — %e*“mj O ; & =—e "0f, + %e*“nj 9,; E=—e29,. (A.8)

Now, we consider the following associated basis of s @ s:

H,y :H@{O}v H, :{O}@H7 f]l :fj@{0}7 sz :{O}EBf]a
eji=¢;®{0}, ¢ :={0}de;, E:=Ea{0}, E:={0}aFE,
and we define for £ =1, 2:

Vio :=RH;; Vp:=span{fj}; Vio:=span{ej}; Viz:=RE,

and set
Vi =V ®Vor, k£=0,1,2,3.
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Accordingly, we consider the coordinates:
Ty ‘= &SG 5 l‘zl = ‘ﬁSG s QTZQ = 6755(; ,  XTy3z = &Sg, l= 1,2 s (AQ)

that we combine as vectors:

!

0= ($1,0’$270) €R? , T1i= ((x{,l)?:l, (x%,l);l:l) € R*¢ )
Ty = ((le,z)?:h (x%,2)?:1) ¢

a( - cosh(2as) 0 B e~ cosh(az) 0 sinh(az)  —cosh(ay)
- 0 cosh(2ay) |~ 0 e~ cosh(ay) —cosh(az)  sinh(a) ’

7 = (cosh(ay) sinh(as), cosh(az) sinh(ay)) , & = (e7?** sinh(2as), —e~** sinh(2a;)) .
Straightforward computations then lead to the following expressions for the coordinates (A.9):
T3=06, Tp=Bi, T =-Bm, ZTo=-24F—wvi,m)7, (A.10)

where t = (t1,t3), i = (n1,n2), M = (m1,ms) (the last two notations underly the Lagrangian decomposition

v = (n,m) € V). Cyclicity of the derivatives of the hyperbolic functions yields the following observations:

1. There exist finitely many matrices B, € My (R[e**,a®]) such that for all integers Ny and Nz, the

element H; M H2N2B consists in a linear combination of the B,’s.

2. There exist finitely many matrices A, € My (R[e®,a%]) such that for all integers N; and Na, the
element &N 1 @N 2 A consists in a linear combination of the A,’s.

3. There exist finitely many vectors v, € R2?[e%,a%] such that for all integers N; and Na, the element

&M@N”f consists in a linear combination of the ~,’s.
Also, the expressions (A.8) for the invariant vector fields imply that for every X € U @ Us:
Xa, Xa5 € Rle™,a"?],

which yields in particular that for all X € &22(0; © Us), we have X2 = Xa5 = 0.

Note that from the expressions of zy3, £ = 1,2, one easily deduces that e*® is a tempered function of
the xz43’s. Therefore the above discussion implies that there exist finitely many tempered functions my ,
depending on the variables z3 only, £ = 1,2, such that, for every X € &(Uy © U1 & Vs), the elements X7,
(k =1,2) belong to the space spanned by the ms ,’s.

Observing that
t= —%A‘l (fo + w(v, vg)'_y') ,

the above observation 3 then yields:

4. There exist finitely many matrices M, € My (Rle®,a®]) and finitely many vectors vy € R?[e%, a%?]
such that for all integers N7 and Ny, one has

N Ny — —
ﬁ 1@ 2Ty = MN17N2.T0 + (}.)(’Ul,’1)2)’01\[1,]\]2 ,
with

Mn, n, € span{M,} and wn, n, € span{vs} .
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We may therefore summarize the above discussion by

5. For every k =0,...,3, there exists a tempered function my, with 0,,,my = 0 for every ¢ <k, { = 1,2
and such that for every X € 6(@?20 0,), there exists Cx > 0 with

X 7| < Cx|m®|(1+|Z%]) .

Defining

Xo=1-Hf —Hj, X1:=1-Y ((f}’+(f})?)  Xo:=1-) (¢}’ +(})?), X3 :=1-Ef - B3,
j j

the corresponding multipliers ay, := e~*9¢ &eis@ yields right admissibility for the tempered pair (Gx G, Sg).

Indeed, we start by observing the following expression of the multiplier:
ap =1+4|Z> —iB where B:= X1k + Xopor -

Then:

lak] (L |Z[?)2+ 52 = (L4 [Z?)? (1 + [@5[?)? T L EP

Lo 14 EP 8| 1@l + 18] 1+ (7 + Clmgl (4 [T]) _ o1+ Clmy|

Let now X € 6(@?20 %i), then observation 5 above combined with the Leibniz rule yields:
[ Xog| < Crlg][mg| (1 + |Z5]) + Colmy|(1 4 [Zx]) < Cs |ag| jmy| .

This completes the proof of Proposition A.1 and thus the proof of Theorem 2.5 too. O
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