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Horava gravity breaks Lorentz symmetry by introducing a preferred spacetime foliation, which is
defined by a timelike dynamical scalar field, the khronon. The presence of this preferred foliation makes
black hole solutions more complicated than in General Relativity, with the appearance of multiple distinct
event horizons: a matter horizon for light/matter fields; a spin-0 horizon for the scalar excitations of the
khronon; a spin-2 horizon for tensorial gravitational waves; and even, at least in spherical symmetry,
auniversal horizon for instantaneously propagating modes appearing in the ultraviolet. We study how black
hole solutions in Horava gravity change when the black hole is allowed to move with low velocity relative
to the preferred foliation. These slowly moving solutions are a crucial ingredient to compute black hole
“sensitivities” and predict gravitational wave emission (and, in particular, dipolar radiation) from the
inspiral of binary black hole systems. We find that for generic values of the theory’s three dimensionless
coupling constants, slowly moving black holes present curvature singularities at the universal horizon.
Singularities at the spin-0 horizon also arise unless one waives the requirement of asymptotic flatness at
spatial infinity. Nevertheless, we have verified that at least in a one-dimensional subset of the (three-
dimensional) parameter space of the theory’s coupling constants, slowly moving black holes are regular
everywhere, even though they coincide with the general-relativistic ones (thus implying, in particular, the
absence of dipolar gravitational radiation). Remarkably, this subset of the parameter space essentially
coincides with the one selected by the recent constraints from GW170817 and by solar system tests.

DOI: 10.1103/PhysRevD.99.024034

I. INTRODUCTION

Lorentz symmetry is believed to be a fundamental sym-
metry of nature and has been tested with high precision in a
variety of settings. Indeed, violations of Lorentz symmetry
are tightly constrained in the matter sector through particle
physics experiments [ 1-4], and parametrized models such as
the Standard Model Extension [5-7] efficiently bound such
violations also in the interaction sector between gravity and
matter [8]. Nevertheless, constraints in the gravitational
sector (i.e., from purely gravitational systems) are much less
compelling. Since Lorentz symmetry is a cornerstone of our
current understanding of fundamental physics, it is worth
exploring ways to improve these purely gravitational con-
straints. One may argue that the absence of Lorentz violations
(LVs) in the matter and matter/gravity sectors probably points
to small LVs in the purely gravitational sector, but that is not
necessarily the case. Indeed, mechanisms allowing large LVs
in gravity to coexist with small LVs in matter have been put
forward and include e.g., the emergence of Lorentz sym-
metry at low energies as a result of renormalization group
running [9-11] (see however also Ref. [12]) or accidental
symmetries [13], or the suppression of the percolation of LVs
from gravity to matter via a large energy scale [14].
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In order to bound LVs in gravity, one has to set up a
suitable phenomenological framework. In this paper, we will
focus not on LVs tout court but rather on violations of boost
symmetry (see e.g., Refs. [15,16] for violations of spatial
rotation symmetry in gravity). A generic way to break boost
symmetry is to introduce a dynamical timelike vector field
(the @ther) defining a preferred time direction at each
spacetime event. Restricting the action to be covariant and
quadratic in the first derivatives of the @ther, one obtains
Einstein-ather theory [17], which has been extensively used
as a theoretical framework to understand how LVs may
appear in gravitational experiments. If one further requires
that the @ther field not only defines a local preferred time
direction but also a preferred spacetime foliation, one ends up
with a different Lorentz-violating theory, khronometric
gravity [18]. The action for this theory is the same as that
of Einstein-ather theory (which is indeed the most generic
action one can write at quadratic order in the derivatives), but
the @ther field is constrained to be hypersurface orthogonal,
i.e., parallel to the gradient of a timelike scalar field (the
khronon) defining the preferred spacetime foliation.

Besides providing a theoretical framework to effectively
describe LVs in gravity at low energies, khronometric
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theory gains further interest from coinciding with the low
energy limit of Hotava gravity [19]. The latter is a theory of
gravity that is power counting [19] and also perturbatively
renormalizable [20], thanks to the presence of an anisotropic
scaling (Lifschitz scaling) between the time and spatial
coordinates. Since this anisotropic scaling clearly breaks
boost symmetry, Lorentz (and specifically boost) violations
are crucial for the improved UV behavior of this theory.

Among the places where LVs play a major role is the
structure of black holes (BHs). Indeed, in both Einstein-
@ther and khronometric/Horava gravity, there exist addi-
tional graviton polarizations besides the spin-2 gravitons of
General Relativity (GR). In more detail, the @ther vector of
Einstein-@ther theory can be decomposed into spin-1 and
spin-0 degrees of freedom (d.o.f.) [21], while the Lorentz-
violating khronon scalar of khronometric/Horava gravity
gives rise to a spin-0 polarization [22]. These additional
graviton polarizations propagate with speed that is gen-
erally different from the speed of the spin-2 modes, which
in turn does not necessarily match the speed of light." As a
result, BHs have multiple horizons: a matter horizon for
photons and other matter fields; a spin-2 horizon for tensor
GWs; a spin-0 horizon for the scalar gravitational mode;
and a spin-1 horizon for the gravitational vector modes, if
they are present. Moreover, at least in spherically sym-
metric, static, and asymptotically flat configurations, BHs
also possess a universal horizon for modes of arbitrary
speed [28,29]. Modes with propagation speed diverging in
the UV do indeed appear in Horava gravity when one
moves away from its low energy limit (i.e., from khrono-
metric gravity).

The regularity of these multiple event horizons has long
proven a thorny issue in these theories. Already in spherical
symmetry, there exists a one parameter family of BH
solutions with regular horizons (parametrized by the mass,
as in GR) but also a two parameter family of solutions
(parametrized by the mass and a “hair” charge) that are
singular at the spin-0 horizon [28,30]. Numerical simu-
lations seem to suggest that this second family of BHs is
never produced in gravitational collapse [31], but regularity
becomes even more of an issue when one moves away from
spherical symmetry. For instance, while slowly rotating
BHs in khronometric theory pose no particular problem
[32—-34], ones in Einstein-&ther theory generally present no
universal horizon [35]. Moreover, they are singular at all
but the outermost spin-1 horizon in regions of the

"Note that the GW170817 [23,24] coincident detection of a
neutron star merger in gravitational waves (GWs) and gamma
rays constrains the speed of the spin-2 mode to match almost
exactly the speed of light [25]. However, even if one includes
this constraint, Lorentz-violating gravity remains viable [26],
and, in particular, the speed of the spin-0 mode can be very
different from the speed of light [27]. We will examine in detail
the experimental bounds on khronometric theory, including those
from GW170817, in Sec. II.

parameter space of the theory’s couplings where multiple
spin-1 horizons exist [35]. There are also suggestions that
the universal horizon found in static spherically symmetric
BHs may be nonlinearly unstable, at least in the eikonal
(i.e., small wavelength) limit and in khronometric gravity,
thus forming a finite-area curvature singularity [29]. This
may be related to the universal horizon being a Cauchy
horizon in khronometric gravity [36].

To further investigate the stability and regularity of BH
horizons in boost-violating gravity, we focus here on
nonspinning BHs moving slowly relative to the preferred
foliation in khronometric theory. This is a highly relevant
physical configuration for understanding GW emission
from binary systems including at least one BH. A generic
feature of gravitational theories extending GR is the
possible presence of dipolar gravitational radiation from
quasicircular binary systems of compact objects, e.g.,
neutron stars (cf. e.g., Refs. [37-43]) or BHs [44.,45].
This is experimentally very imyortant because dipolar
emission appears at —IPN order”; i.e., it is enhanced by
a factor (v/c)~? (with v being the binary’s relative velocity)
compared to the usual quadrupolar emission of GR. As
such, dipolar emission may in principle dominate the
evolution of binary systems at large separations, a pre-
diction that can be tested against binary pulsars data [47,48]
or the latest LIGO/Virgo detections [45,49,50].

In Einstein-zether and khronometric/Hotava gravity,
dipolar emission from systems of two neutron stars was
studied and compared to binary pulsar observations in
Refs. [42,43]. References [41,42] also laid out the
theoretical framework to compute dipolar gravitational
emission in these theories, showing that the effect is
proportional (as in Fierz-Jordan-Brans-Dicke theory
[51-53]) to the square of the difference of the “sensitivities”
of the two binary components [37,38,40]. Reference [42]
then went on to extract neutron star sensitivities from
solutions of isolated stars in slow motion relative to the
@ther/khronon. In this paper, we will follow the same
program for BHs in Horava gravity, extracting their
sensitivities from slowly moving solutions and drawing
the implications for dipolar GW emission.

A. Executive summary, layout, and conventions

The calculation of BH sensitivities turns out to be much
more complicated than for neutron stars, due to the
presence of multiple BH horizons and their tendency to
become singular. Our main findings and conclusions can be
summarized as follows:

(i) For generic values of the three dimensionless cou-

pling constants a, 3, and 4 of khronometric theory,

The post-Newtonian (PN) expansion [46] is one in v/c, v
being the characteristic velocity of the system under consider-
ation, with terms of order (v/c)*" relative to the leading one
being referred to as terms of “nPN” order.
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(i)

(iii)

BHs slowly moving relative to the preferred foliation
present finite-area curvature singularities. In more
detail, if one imposes that the solution is asymp-
totically flat and regular at the matter horizon (which
turns out to be the outermost one once experimental
constraints on the theory’s couplings are accounted
for), a curvature singularity necessarily arises farther
in, at the spin-0 horizon. Giving up the requirement
of asymptotic flatness allows one to obtain solutions
that are regular at the spin-0 and matter horizons, but
not farther in, at the universal horizon, which
becomes a finite-area curvature singularity.

If the coupling parameters of the theory are such that
the speed of the spin-2 modes exactly matches that
of light and the predictions of the theory in the solar
system (i.e., at 1PN order) exactly match those of
GR, one is still left with a one-dimensional param-
eter space. In more detail, these conditions set o =
$ = 0 (which is quite natural since the experimental
bounds on these two parameters are very tight, |a| <
1077 and [B| < 107'), while 1 can be as large as
~0.01-0.1 without violating any experimental con-
straints. In this one-dimensional subset of the
parameter space, slowly moving BHs are regular
everywhere outside the central singularity at r = 0
but coincide with the Schwarzschild solution (be-
cause the khronon profile, albeit nontrivial, has
vanishing stress energy; i.e., the khronon is a stealth
field). Therefore, BH sensitivities are zero, and no
dipolar emission is expected from systems of two
BHs. This result confirms, at the order at which we
are working, the conclusion of Ref. [54], namely that
khronometric theories with o = =0 only have
general relativistic solutions in vacuum, if asymp-
totic flatness is imposed. We therefore expect GW
emission to match the general-relativistic predictions
exactly even at higher PN orders (quadrupolar
emission and higher) if a = = 0.

Even if the finite-area curvature singularities that
we find at the spin-0 and universal horizons were
due to the breakdown of our approximation scheme,
and moving BHs turned out to exist and be regular
away from the central singularity at  # 0, deviations
away from the GR predictions for GW emission
should be expected to be only of (fractional) order
O[max(a, )] ~ 107", This is because GW generation
should be exactly the same as in GR fora = =0
even at higher PN orders. Such small differences are
unlikely to be observable with present and future GW
detectors. However, if finite-area curvature singular-
ities exist (possibly smoothed by UV corrections to
the low energy theory [55]), they may give rise to
“echoes” in the postringdown GW signal [56-58]
and/or smoking-gun features in the stochastic GW
background [59].

The paper is organized as follows. In Sec. II, we will
briefly review Horava/khronometric gravity and the exper-
imental constraints on its free parameters. In Sec. III, we
review how sensitivities of generic compact objects can be
computed from slowly moving solutions and how they are
related to strong equivalence principle violations and more
specifically to dipolar gravitational emission. In Sec. IV, we
review spherical BHs in Hofava/khronometric gravity and
introduce the ansitze for the metric and khronon field of
slowly moving BHs. In Sec. V, we write the field equations
for slowly moving BHs and solve them for generic values
of the coupling constants, while the a = f =0 case is
discussed in Sec. VI. Our conclusions are drawn in
Sec. VIL

Henceforth, we will set the speed of light ¢ =1 and
adopt a metric signature (+,—, —, —).

II. LORENTZ-VIOLATING GRAVITY

In Horava gravity [19], Lorentz symmetry is violated by
introducing a dynamical scalar field 7, the “khronon,”
which defines a preferred time foliation. As such, the
gradient of the khronon needs to be a timelike vector
(VﬂTV”T>0 in our notation); i.e., hypersurfaces of
constant khronon (the preferred foliation) are spacelike.
Using coordinates adapted to the khronon (i.e., using 7" as
the time coordinate), the action for Hotava gravity can be
written as [18,19]

1-p
S—16n'G

G 1+
dTd*xN/y (K,» K =15 K?

IOy S S L
1-p [ N AR Vi

+ Smaller [g;tw lP] ’ ( 1)

where K, G)R, and y,; are respectively the extrinsic
curvature, three-dimensional Ricci scalar, and 3-metric
of the T = const hypersurfaces; K = Ky, > N is the lapse;
a;=0;InN; a, p, and A are dimensionless coupling
constants; and Latin (spatial) indices are raised/lowered
with the 3-metric y,;. The bare gravitational constant G is
related to the value measured locally (e.g., via Cavendish
experiments) by [60]

G

Ov=1Ta2

(2)

The terms L, and Lg, suppressed by a mass scale M,,
contain respectively fourth- and sixth-order derivatives
with respect to the spatial coordinates, but no 7" derivatives.
Their detailed form is not needed for our purposes, but note
that their presence is necessary to ensure power-counting
renormalizability of the theory. Note that this action is not
invariant under generic four-dimensional diffeomorphisms
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(exactly because it violates Lorentz symmetry) but only
under foliation-preserving diffeomorphisms

T - T(T), x = x(x,T). (3)

The matter fields, collectively denoted as ‘P, are assumed
to couple (at the level of the action) with the 4-metric g,,
alone, so as to ensure that test particles move along
geodesics and that no LVs appear in the matter sector
(i.e., in the Standard Model of particle physics), at least at
lowest order. LVs may still percolate to the matter sector
from the gravitational one, and suitable mechanisms
suppressing this effect therefore have to be put in place
in order to satisfy the tight bounds on LVs in the Standard
Model. As already mentioned (and reviewed e.g., in
Ref. [61]), such mechanisms include for instance the
possibility that Lorentz invariance in the matter sector
might be merely an emergent feature at low energies [62],
due e.g., to renormalization group running [9-11] or
accidental symmetries [13]. Alternatively, as pointed out
in Ref. [14], the matter sector and the gravitational sector
could present different levels of LVs, provided that
the interaction between them is suppressed by a high
energy scale.

According to the precise mechanism that prevents the
aforementioned percolation of LVs from gravity to the
Standard Model, the bounds on the mass scale M, may
vary. Assuming that this percolation is efficiently suppressed,
M, needs tobe 1072 eV to agree with experimental tests of
Newton’s law at submillimeter scales [63,64] and needs to be
bound from above (M, < 10'® GeV) so that the theory is
perturbative at all scales [65-67], which is a necessary
condition to apply the power-counting renormalizability
arguments of Ref. [19] (see also Ref. [20]).

The effect of the higher-order terms L, and L, appearing
in the action (1) is typically small for astrophysical
objects. Simple dimensional arguments show indeed
that the fractional error incurred as a result of neglecting
those terms when studying objects of mass M is
~O((GyMM,)™?) = O(M3/(MM,)?) (with Mp the
Planck mass) [34]. Therefore, given the viable range for
M,, the error is <107!8(10 My/M)?. For most (astro-
physical) purposes, one can therefore neglect those terms,
even though they are crucial for renormalizability and for
the definition of BH horizons (cf. Refs. [28,34] and the
discussion on universal horizons in Sec. IV).

For these reasons, in this paper, we will focus on the
low-energy limit of Horava gravity; i.e., we will neglect
the terms L, and Lg in Eq. (1). The resulting theory is
often referred to as khronometric theory. For our pur-
poses, it will also be convenient to rewrite the action
covariantly, i.e., in a generic coordinate system not
adapted to the khronon field, in terms of an “eather”
timelike vector u* of unit norm,

v, T
U= T )

Neglecting the L, and Lg terms, the action (1) then
becomes [68]

1

Skh = — e d*x/=g(R + A(V,u")?
+ ﬁvyuvvyuﬂ + aa;taﬂ) + Smatter [gﬂw ‘P]’ (5)

where ¢, R, and V are four-dimensional quantities (the
metric determinant, Ricci scalar, and Levi-Civita con-
nection respectively). Note that this action is invariant
under four-dimensional diffeomorphisms, but the theory is
still Lorentz (i.e., boost) violating due to the presence of
the timelike @ther vector u##, which defines a preferred time
direction.

The field equations of khronometric theory are obtained
by varying the action (5) with respect to ¢** and T.
Variation with respect to the metric yields the generalized
Einstein equations [32,34]

G,, — TX = 82GTper, (6)

where G,, = R,, — Rg,,/2 is the Einstein tensor, the
matter stress-energy tensor is defined as usual as

-2 S
T;w — matter , 7
matter \/_—g 59;“/ ( )

and the khronon stress-energy tensor is given by

T =V, (1) = I uity) =y ] + @ a,
+ (ugva”“—aapa”)uﬂu,,+%Lkhgﬂv—|—2}E(Muu), (8)
with
I, = MV,u0)8, + VP + aa,u’, 9)
£, =y, (V,J" —aa,V'u), (10)
Vi = G = Upilhy (11)

Ly, = AV, u)? + pV u*V " + aa,a.  (12)

Variation with respect to 7' gives instead the scalar equation

v, (\/%) ~0. (13)

However, it can be shown that this equation actually
follows from the generalized Einstein equations (6), from
the Bianchi identity, and from the equations of motion of
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matter (which imply, in particular, V,, T er = 0). This fact
is also obvious by considering diffeomorphism invariance
of the covariant action (5), cf. Ref. [68]. In the following, to
derive moving BH solutions, we will therefore solve the
generalized Einstein equations (6) only, in vacuum.

Moreover, in the same way in which diffeomorphism
invariance implies the Bianchi identity in GR, diffeomor-
phism invariance of the covariant gravitational action [i.e.,
Eq. (5) without the matter contribution S,,,.r] implies the
generalized Bianchi identity,

V,E¥ = ku”, (14)
where we have defined

E,=G, — Txh (15)

Hy

1 Y.
=~ Vv, ). 16
K D) ﬂ( /VﬂTVﬂT> ( )

A similar identity was derived in Refs. [28,69] for Einstein-
@ther theory.

A. Experimental constraints

The coupling parameters «, 3, and A of khronometric
theory need to satisfy a number of theoretical and exper-
imental constraints, which we will now review.

First, let us note that the theory has three propagating
d.o.f., namely a spin-2 mode (with two polarizations) like
in GR and a spin-0 mode. The propagation speeds of these
modes in flat spacetime are respectively given by [22]

2 :%ﬁ, (17a)
ol _la=2pd -

alf-1)2+p+2)

To avoid classical (gradient) instabilities and to ensure
positive energies (i.e., quantum stability or the absence of
ghosts), one needs to impose ¢3 > 0 and ¢3 > 0[21,22,70].
Moreover, to prevent ultra-high-energy cosmic rays from
decaying into these gravitational modes in a Cherenkov-
like cascade, the propagation speeds must satisfy ¢ >
1-=0(1075) and ¢3 21— 0O(10715) [71]. GW observa-
tions also constrain the coupling parameters and the
propagation speeds. Binary pulsar observations bound
the speed of the spin-2 mode to match the speed of light
to within about 0.5% [42,43], while the recent coincident
detection of GW170817 and GRB 170817A [23] constrains
-3x 1075 < ¢, =1 <7 x 1071 [25]. Overall, all these
constraints imply, in particular,

Bl < 1070, (18)

Further bounds follow from solar system measurements
and specifically from the upper limits on the preferred
frame parameters @; and a, appearing in the parametrized
PN expansion, i.e., |a| <107* and |ay| <1077 [64].
Indeed, in khronometric theory, these parameters are
functions of the coupling constants through [22,72]

_2

@ :4aﬁ_1ﬂ’ (19a)
o a(1+4p+22)

gl )

Taking into account the multimessenger constraint (18),

for || > |p|, solar system bounds thus become
4la] 1074, (20a)
a 1+24
1- <107, 20b
a-— 2‘ ‘ “ ~ (200)

These constraints are satisfied by |a| < 1077, at least if
|A] > 1077, or by |a| £0.25x 10™* and A~ a/(1 = 2a).
The latter case [together with Eq. (18)] would imply
therefore very small values for the three coupling constants,
la| ~ 4] £ 107> and [B| <1071, which seem unlikely to
allow for large observable deviations away from the
general-relativistic behavior. The former case, however,
while tightly constraining @ and S (|a| < 1077, || < 10715),
leaves A essentially unconstrained.

Indeed, the only meaningful constraint on 4 comes from
cosmological observations. For khronometric theory, the
Friedmann equations take the same form as in GR, but with
a gravitational constant G, different from the locally
measured one (Gy) and related to it by

Gy 2+p+31 3
—:—%1 —i, 21
Ge 2-a i) (21)

where in the last equality we have used the aforementioned
bounds on a and . In order to correctly predict the
abundance of primordial elements during big bang nucleo-
synthesis, which is in turn very sensitive to the expansion
rate of the Universe and thus to G, one needs to impose
|Ge/Gy — 1] £ 1/8 [60]. This results in 0 < 4 < 0.1 (note
that 1 needs to be positive to avoid ghosts, gradient
instabilities, and vacuum Cherenkov radiation, as discussed
at the beginning of this section; cf. also Ref. [42]).
Further constraints may come from other cosmological
observations [such as those of the large scale structure
and the cosmic microwave background (CMB)] but
have not yet been worked out in detail. Reference [73]
performed some work in this direction, but required that the
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Lorentz-violating field be the dark energy; the resulting
bounds are therefore inapplicable to our case. Similarly,
Ref. [74] constrained 0 < A < 0.01 by using CMB obser-
vations but assumes a and f to be exactly zero.

In summary, a viable region of the parameter space of
khronometric gravity is given by |a| <1077, |8] <1071,
and 1077 < 4 < 0.01-0.1. This is indeed the region that we
will investigate in the following.

III. VIOLATIONS OF THE STRONG
EQUIVALENCE PRINCIPLE

In theories of gravity beyond GR, the strong equivalence
principle is typically violated. Indeed, such theories gen-
erally include additional d.o.f. besides the spin-2 gravitons
of GR. Even if these additional graviton polarizations do not
couple directly to matter at the level of the action, they are
typically coupled nonminimally to the spin-2 gravitons. Asa
result, effective interactions between these extra gravita-
tional d.o.f. and matter reappear in strong-gravity regimes,
mediated by the spin-2 field (i.e., by the perturbations of the
metric). This effective coupling is responsible, in particular,
for the Nordtvedt effect [37,75,76], i.e., the deviation of the
motion of binaries of strongly gravitating objects (such as
neutron stars and BHs) away from the general-relativistic
trajectories. In more detail, these deviations from GR can
appear in both the conservative sector (where they can be
thought of as “fifth forces™) as well as in the dissipative one
(where they can be understood as due to the radiation reaction
of the extra graviton polarizations), and they strongly depend
on the nature of the compact objects under consideration
(e.g., whether they are neutron stars or BHs) and their
properties (e.g., compactness, spin, etc.). The Nordtvedt
effect has indeed been studied thoroughly in theories such
as Fierz-Jordan-Brans-Dicke and other scalar tensor theories
[37,38,40,44,77] and at least for neutron stars also in Einstein-
@ther theory and khronometric gravity [41-43]. In this
section, we will review the framework necessary to extend
this treatment to the case of BHs in khronometric gravity.
We refer the reader to Ref. [42] for more details.

A. The sensitivities and their physical effect

The dynamics of a compact object binary can be
described in the PN approximation as long as the character-
istic velocity of the system is much lower than the speed of
light [46]. For khronometric gravity, one has to consider
two velocities, the relative velocity of the binary v, and the
velocity of the center of mass relative to the preferred frame
Vem [42]. The former is <1 in the low-frequency inspiral
phase of the binary evolution. The latter can instead be
estimated by noting that the preferred frame needs to be
almost aligned with the cosmic microwave background
to avoid large effects on the cosmological evolution;
hence, V- should be comparable to the peculiar velocity
of galaxies, i.e., Voy ~ 1073, This argument is further

supported by Ref. [78], which showed that the @ther tends
to align with the time direction of the cosmological back-
ground evolution provided that the initial misalignment
(and its time derivative) are sufficiently small.

The binary components are typically described in PN
theory as point particles [46]. To account for the effective
coupling to matter due to the Nordtvedt effect, the point-
particle action of GR is modified, in khronometric theory,
by making the mass vary with the body’s velocity relative
to the preferred frame [41,42],

Sppa = —/mA(YA)dTm (22)

where dz, is the proper time along the body’s trajectory,
74 = Uy - u is the projection of the body’s 4-velocity u, on
the @ther vector u, and A = 1, 2 is an index running on the
binary components. Since both v}, and V¢ are <1, we
can expand the action in y, — 1 < 1 as

SppA = —mA/dTA{l +0o4(1=7a)

1
+§U§x(1 74 +O[(1=7a)l}, (23)
where 7, = my(1) is the body’s mass while at rest with
respect to the khronon and where

- _dlnmA(YA)
A7 dlny,

9’

7a=1
d*In my(¥a)
d(In 7A)2

oy=04+05+ (24)

7a=1

are the sensitivity parameters [41,42]. These parameters
encode the violations of the strong equivalence principle
and depend on the nature of the bodies and their properties.
Indeed, they can be viewed as additional “gravitational
charges” distinct from the masses, or as “hairs” in the
special case of BHs.

Setting aside for the moment the problem of computing the
sensitivities, one can use the action (23), together with the
modified Einstein equations (6) (expanded in PN orders,
ie., in Veoy, 12 < 1) to compute the binary’s motion.
In particular, the sensitivities modify the conservative gravi-
tational dynamics already at Newtonian order; i.e., the
Newtonian acceleration of body A is given by [41,42]

. gmBﬁi
vy = _—rf‘BAB , (25)

where ryp = |x, — x3|, )z = (xy — x%)/rap and where we
have introduced the active gravitational masses

mBEﬁ’lB(l +63) (26)
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and the “strong-field” gravitational constant

Gy
(1+064)(1 +05)

g (27)

The sensitivities also enter at higher PN orders in the
conservative sector [41,42].

Similarly, the sensitivities also enter in the dissipative
sector, i.e., in the GW fluxes. For quasicircular orbits, they
may cause binaries of compact objects to emit dipole
gravitational radiation. This effect, absent in GR (where the
leading effect is quadrupole radiation), appears at —1PN
order; i.e., it is enhanced by a factor (v/c)™? relative to
quadrupole radiation. In more detail, the gravitational
binding energy of a quasicircular binary is given [because
of Eq. (25)] by

Gum
E, =— , 28
= (28)

with r;, the binary separation, u = m;m,/m, and m =
my + m, and changes under GW emission according to the
balance law [41,42]

=l = 2< (QG3/4m> {35_2 (A} + SA, + 82 A3)v7,

Eb r12

18 : :
+ (Sl - S2)2 |:C + ?Ay,VJCMVJCM
6 i 2
+ §A3 + 36B ( CMn12
24 i
+ (851 = $52) 5 (A +28A3)Viey vt ¢ ) (29)
where we have defined the rescaled sensitivities
OA

= 30
SA 1+ o, ( )

and we have introduced the coefficients

1 3a(Z-1) 2(z-1)
Al_c2+ 2¢)(2-a)’ T (a-2)c (3D
2 1
= = 2
A 3a(2—a)c}’ b acj(2—a)’ (32)
CZL S=5 2452 (33)
S 3¢ja2-a)’ " T e

326 - a)

Note that dipole emission is proportional to the coefficient
C and to the square of the difference of the sensitivities
(s1 — s5,)?%, as in scalar tensor theories [37,38,40].

B. Extracting the sensitivities
from the asymptotic metric

In principle, the actual values of the sensitivities for a given
body (e.g., a neutron star or a BH) may be computed from
their very definition, Eq. (24), provided that one can obtain
solutions to the field equations for bodies in motion relative
to the preferred frame, through at least ordery — 1 = O(v?),
v being the body’s velocity in the preferred frame (i.e., with
respect to the @ther/khronon). Reference [42] proposed,
however, a simpler procedure, inspired by a similar calcu-
lation in scalar-tensor theories [38], whereby the sensitivities
can be extracted from a solution to the field equation that is
accurate only through order O(v).

The idea is based on the fact that if one solves the field
equations for a single point particle [as described by the
action (23)] in motion relative to the preferred frame (or,
equivalently, for a point particle at rest and a moving
khronon), the sensitivity appears in the metric and in the
khronon field near spatial infinity already at order O(v);
i.e., in a suitable gauge, one has [42]

2G T
ds? =d2 —dr* + {—Nm (dt2 + drz)
r

— r2(dé? + sin’@dg?)

GNm] cos Odrdr
,

—2 [(B‘ + BT +4)

GN’"] sin edrde}
.

+ 21);"[(3 +B —J)

« :1 +o(v,%ﬂ, (35)

u,dx = (dt + v cos @dr — vrsin 0d0)

«|1-Gnm O(:zﬂ + o), (36)

r

where B* and J are defined as

3.1 2-a
BiEiEiz(al —2a2)<1 +2ﬁ—a0>
—(24—%0{1)(1—#0), (37)

2+34+P)2(f +0) —a(l +0)]

J 20+ f)la-2)

(38)

Therefore, the sensitivity can be read off a strong-field
solution valid through order O(v), i.e., a solution describ-
ing a body moving slowly relative to the khronon. Once
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such a strong-field solution is obtained, one can indeed
extract ¢ from the g, and g,y components of the metric,
through the combinations 3 + B~ —J and B~ + B" + 4,
respectively. Both readings must of course yield the same
value, which we will use as a consistency check of our
strong-field solution in Sec. V.

This was indeed the procedure used in Ref. [42] to
estimate the sensitivities of neutron stars. In the following,
we will tackle the problem of finding strong-field solutions
for BHs moving slowly relative to the preferred frame.

IV. BLACK HOLES IN
LORENTZ-VIOLATING GRAVITY

To construct the slowly moving BH solutions needed to
extract the sensitivities, let us start from a static spherically
symmetric solution at rest relative to the khronon. We will
then perturb this solution to account for the (slow) motion
of the BH relative to the preferred frame.

A. Spherical BHs at rest

Regular (outside the central singularity at »r = 0), spheri-
cally symmetric, static, and asymptotically flat BHs in
khronometric theory coincide with those of Einstein-ather
theory [34,68] and were extensively studied in Ref. [28]
(see also Ref. [30]). In Eddington-Finkelstein coordinates,
their metric and @®ther vector take the forms

ds? = f(r)dv? — 2B(r)dvdr + r*dQ?, (39)

2
i, do = LTI AC)S Q?S“” dv—A(r)B(r)dr.  (40)
where the exact functional form of the “potentials” f(r),
B(r), and A(r) depends on the coupling constants «, /3, and
A and is obtained by solving (in general, numerically) the
field equations imposing regularity at the (multiple) event
horizons. Note also that we have used an overbar to stress
that these metric and @ther configurations will provide the
background over which we will perturb in the following.
Because of asymptotic flatness, all three potentials asymp-
tote to 1 at large radii; i.e., their asymptotic solution is given
by [28,30]

ZGNﬁ’l _ a(GNﬁ1)3

— 1= 41
firy =1 - 260 AG) (1)
a(GNﬁ1)2 2a(GNﬁ1)3
B(r) =1 42
(r) + 452 + 33 + (42)
~ ~\2
A(r) =1+ Gyin az(Gzzvm)
r r
G 3
—|—(24a2+a—6)(11\2]:g) b, (43)

where the parameter a, is determined (numerically) once
the mass 7 is fixed.

The causal structure of these solutions is highly non-
trivial. Besides a “matter horizon” for photons (and in
general for matter modes), defined as in GR by the
condition f = 0, these BHs also possess distinct horizons
for the gravitational spin-O and spin-2 modes. Since the
characteristic curves of the evolution equations for these
modes correspond to null geodesics of the effective
metrics [21]

9 = Gap + (€} = Vutguy, (44)

where ¢; is the propagation speed of the mode under
consideration [cf. Eq. (17)], the spin-0 and spin-2 horizons
are defined by the conditions gs(i) =0 and gszv) =0,
respectively. These horizons are typically located inside
the matter horizon since the Cherenkov bound implies
2,32 1-0(1075).

While UV corrections—due to the fourth- and sixth-
order spatial derivative terms in the full Horava gravity
action (1)—to the metric and @ther solutions of Ref. [28]
are negligible for astrophysical BHs (cf. the discussion of
the L, and L¢ terms in Sec. II), their presence is crucial, at
least conceptually, for the causal structure of the solutions
[28,29]. Indeed, because of the higher-order spatial deriv-
atives, the dispersion relations for the gravitational modes
includes k* and k°® terms (k being the wave number); i.e.,
their frequency @ is given by

w? = ck? + ak* + bkS, (45)

where a and b are coefficients with the right dimensions.
As a result, the group velocity of these modes diverges in
the UV. Since matter is coupled to the gravitational modes,
similar nonlinear dispersion relations will also appear in the
matter sector (even though the coefficients a and b are
expected to be much smaller than in the gravitational sector
due to the suppression of the percolation of LVs into matter
and in general because of the weak coupling between
matter and gravity).

It would therefore appear that no event horizons should
exist in the UV limit. However, Refs. [28,29] identified the
presence of a “universal horizon” for modes of arbitrarily
large speed. This horizon appears because the preferred
foliation of Horava gravity becomes a compact hypersur-
face in the strong-field region of the BH. Modes of any
speed need to move inward at this hypersurface in order to
move in the future preferred-time direction (defined by the
preferred foliation). It can be shown [28,29] that the
location of this universal horizon, which lies within
the matter, spin-0 and spin-2 horizons, is defined by the
condition u, 1 4+ fA%2 = 0.

Even though the exact form of the functions f(r), B(r),
and A(r) can in general be given only numerically, analytic
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solutions exist in a few special cases, e.g., in the case
a=0[79]:

f(r) =1 —2G—N”~“—ﬂ#§h, B(r) =1, (46a)
r r
1 2 4
A(r):?<_%+,/f+%>, (46b)
~ 9 1/4
Ten = GNTm (ﬁ) . (46¢)

It can be easily checked that the universal horizon and the
spin-0 horizon coincide in this particular case [since when
a — 0 the spin-0 speed given by Eq. (17b) diverges] and
both are located at ry, = 3Gym/2. Note also that this
solution does not depend on the coupling parameter 4, even
though that is not assumed to vanish.

In the following, we will use spherically symmetric,
static, and asymptotically flat BHs as the starting point for
the construction of our slowly moving solutions. These
spherical BHs are either produced numerically as in
Ref. [28] or given by the explicit solution (46) for a = 0.

B. Slowly moving BHs

Let us now construct ansitze for the metric and khronon
field of a (nonspinning) BH moving slowly relative to the
preferred frame, based on the symmetries of the problem.
Let us first place ourselves in the reference frame comoving
with the BH, ie., consider the physically equivalent
situation where the BH is actually at rest, while the khronon
(which determines the preferred frame) is moving relative
to it with small velocity —v' along the z axis.” In order for
the metric to be asymptotically flat, one will therefore have
to impose g,, =1, +O(1/r) and w8, =0,—v9,+O(v)?
in the Cartesian coordinates (¢, x').

To exploit the symmetry of the configuration under
rotations around the z axis, it is convenient to adopt
cylindrical isotropic coordinates (t,p, z,¢), in which the
background O(v)° spherical BHs of Sec. IVA can be
written as

ds? = f(r(7)de? = B*(F)(dp* + p*dg? +dz?).  (47)

i, dxt = A(r(7))dt + iz(7)d7. (48)
Here, ii; is determined by the normalization condition
' =1, 7 =/ p? + 72 is the radial isotropic coordinate,

which is related to the areal radius r used in Egs. (39) and

*Note the different script that differentiates this velocity from
the coordinate time v.

(40) by the relation r = 7b(7); and b(F) is related to B(r)
by the relation
B(r) b(7)

= b(F) + 7db(7)/dF (49)

Alsonote that the time coordinate ¢ is related to the Eddington-
Finkelstein time coordinate v by r = v — [/ ® B(r)/f(r)dr,
where 7 is a reference radius.

The use of isotropic coordinates makes it simple to
construct the ansitze for the O(v) perturbations. Following
the idea briefly outlined in Appendix A of Ref. [42] for
stellar systems, we can observe that the perturbations dg;,
and du, transform as scalars under spatial rotations; 6g,; and
u; transform as vectors; and dg;; transforms as a tensor.
Since we only have two 3-vectors, v and n' = x'/|x|, to
construct these quantities, we can write, without loss of
generality,

859y = oy (F)i - v, (50a)
ou' = By (F)n - v, (50b)
o
< gtp) =, (F)(1- V)i + o3 (F) 7, (50¢)
0Y;.
ou’ L R N
st ) = Ba(F)(7i - ¥)1i + B3(7) 7, (50d)
o o
(G ) —aii- Do
5gzp 09..
+as(F(H QU+ v Q n), (50e)

where we have introduced the potentials «;(7) for i = 1, 2,
3,4,5 and g; with i = 1, 2, 3, which must depend only on
the radial coordinate 7 (and not on p and z singularly) to
ensure the right transformation properties under rotations.
Note that actually only six of these eight potentials are
independent, as the (perturbed) @ther u* = u* + Su* must
satisfy the normalization condition u*u, = 1 and be hyper-
surface orthogonal, i.e., % u,0,u; = 0 [cf. Eq. (4)]. Also
note that Su?, 091> 09pp> 09pp» and 6g,, must vanish
because neither v’ nor n’ possesses a tangential component
in the ¢ direction. (One may in principle obtain nonzero
values for these components by introducing the tangential
pseudovector 7 X 7, but that would violate parity, which
would be incompatible with the symmetries of the system,
which does not rotate around the z axis.)

Transforming now back to the original Eddington-
Finkelstein coordinates that we will use in this paper,
the most generic form of the metric and @ther vector then
becomes
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Gudxtdx? = f(r)dv? — 2B(r)drdv — r*dQ?

+ v{dv2f(r)* cos Oy (r) — 2d0drsin O[(r) — B(r)y(r)] + 2drdvf(r) cos 0[5(r) — B(r)y(r)]

+dr?B(r) cos O[B(r)y(r) = 28(r) + 2A(r)] — 2dOdvf(r) sinOy(r)} + O(v?),

and

where the background @ther components i, and u" are
given by Eq. (40), ie., i, = (1 + fA%)/(2A) and @ =
(-1 +A%f)/(2AB),

@’ (r3B(r3A(r) =2, (r)’ T (r
n(r):—2 ()B()A(; 2it, (r)°IT'(r)

to ensure hypersurface orthogonality, and the six indepen-
dent potentials 8, y, v, A, 2, and IT are algebraically related
to the potentials ¢; and f; introduced above. This ansatz can
then be further simplified by noting that a gauge trans-
formation with generator &0, =Q(r)(—rcos80, +sinf0dy)
can be used, by choosing the function Q(r) appropriately,
to set any one of six potentials (e.g., A) to zero, while
leaving the form of the ansatz (52) unchanged (modulo
redefinitions of the remaining potentials). By performing
then a gauge transformation v/ = v — oI1(r) cos @ + O(v?),
one can also send II to zero. In the following, we will
therefore set A =11 = 0.

One is therefore left with four independent potentials o,
¥, ¥, and X, which near spatial infinity (r — +o00) must
satisfy the boundary conditions y,~ — 0, § - —1, and
x/r = —1 in order to ensure asymptotic flatness. Indeed,
it is easy to see that these conditions lead to ds®~
df?> — dr? — r?dQ? + 2wvdtdz, where we have changed time
coordinate to t~ v —r and z = rcosf. A further coordi-
nate change ' = ¢ + vz transforms the line element into the
flat one. As for the ether, the same coordinate trans-
formations yield u*0, ~ 9, — v0, asymptotically; i.e., near
spatial infinity, the &ther moves with velocity —v relative to
the flat asymptotic metric. Another way of checking these

(51)

dx* = i, (r)dv — A(r)B(r)dr + v{%f(r) cos 6

(52)

boundary conditions is to note that they correspond to
B3 = —1 and B,,a;5345 — 0 in terms of the potentials
introduced in Egs. (50).

As expected from the symmetries of the problem
(see also Appendix A of Ref. [42]), the field equations (6),
when evaluated with these ansétze, become ordinary differ-
ential equations in the radial coordinate; i.e., the depend-
ence on the polar angle 6 drops out. This is a highly
nontrivial (but expected, if our ansétze is correct) fact that
simplifies the search for solutions, to be compared for
instance with the procedure followed by Ref. [42], which
involved projecting the field equations onto Legendre
polynomials. It is also useful as an a posteriori check of
our calculations.

V. FIELD EQUATIONS AND
NUMERICAL SOLUTIONS

In this section, we will first analyze the structure of the
vacuum field equations for the O(v) potentials &(r), y(r),
w(r), and X(r) introduced in the previous section. We will
then analyze the boundary and regularity conditions that
those potentials must satisfy and obtain numerical solutions
for them under various choices of those conditions.

A. Structure of the field equations

By replacing the metric and ®ther ansétze, Egs. (51) and
(52), into the vacuum field equations E** = EF +5EF =0
and expanding in v, one obtains ordinary differential
equations for the background potentials f, A, and B at
zeroth order and for 6(r), y(r), w(r), and Z(r) at first order.
Since the background solutions are known from previous
work (cf. Sec. IVA), we will focus here on the first-order
equations.
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Naively, there appear to be six nontrivial field equations
at first order, coming from the perturbations SE",,
SE'y, SE", OE',, SE",, and SE’, of Eq. (15). However,
because of the generalized Bianchi identity Eq. (14), only
four of these equations are actually independent, thus
providing a closed problem for the potentials §(r), y(r),
w(r), and Z(r). In more detail, Eq. (14) has three nontrivial
components through linear order in » [the ¢ component
being trivial since both sides of the identity are O(v)?].
Since we are not solving the khronon equation (13)
[because that is automatically implied by the modified
Einstein equations, as discussed in Sec. II and as can
also be seen, at least in vacuum, from the identity
Eq. (14) itself], it is convenient to eliminate x from the
three nontrivial components of Eq. (14). This leads to the
identities

u,V,Er, —u,V, B = O(v?), (54a)

ugV,E*, — u,V, Bty = O(v?), (54b)

which can in turn be rewritten as

V(B —u ) = BV, — B4V, + O(n?), (55)
V, By = O(?). (56)

where we have used (in the second equation) the fact that
ug = O(v?) in our gauge.

By expanding the summations in these identities, it is
clear that the £ and the combination u,E", — u,E", must
depend on the potentials f, A, and B (at zeroth order) and 9,
¥, W, and X (at first order) through one less radial derivative
than the highest derivatives appearing in the rest of the field
equations. Moreover, from the same (expanded) identities,
it follows that these two quantities are initial value con-
straints for evolutions in the radial coordinate; i.e., if they
are set to zero at some finite radius, they remain zero at all
other radii if the remaining field equations (the “evolution
equations”) are solved. As can be seen, this follows from
the generalized Bianchi identity in the same way in which
in GR the Bianchi identity allows for splitting initial value
problems in energy and momentum constraints and evo-
lution equations. The same procedure was also followed
in Ref. [28] to split the field equations of Einstein-
@ther gravity into constraints and evolution equations
(in the radial coordinate) in static spherically symmetric
configurations.

The explicit equations for 8, y, w, and X are too
complicated to be presented here, but their schematic form
is given as follows. The evolution equations have the
following structure,

er =8"(r)= > wi(r)M, =0, (57a)
n=1
7
er=x"(r) = > wh(r)M, =0, (57b)
n=1
es=y"(r) =Y _wh(r)M, =0 (57¢)
n=1
7
(57d)

where M = [5(r), x(r),w(r), 2(r). 8 (r). ' (r).w(r)], and
wo(r), wh(r), wh(r) and wi(r) (with n=1,...,7)
are functions of the radial coordinate, the background
solution f, A, B and the coupling constants. As for the

constraints C;(M) and C,(M), they satisfy the conserva-
tion equations

i 2 4
d’:ngi(r)c,l—i—wa,‘Cf(r)e,,, i=1,2, (58)
p

n=1 n=1

where again the coefficients w§'(r) and wi< (r) (with
i=1,2and n=1,...,4) depend also on the background
solution and the coupling constants. Note that, at least at

large radii, the coefficients wg"(r) are negative, which
contributes to damping potential violations of the con-
straints during our radial evolutions.

Finally, let us also note that because Eqs. (57)-(58) are
linear and homogeneous, one is free to rescale any one
solution by a constant factor; i.e., given a solution
(8(r).(r).w(r) Z(r)], also A[S(r).x(r) (). Z(r)]. with
A = const, is a solution. We will use this fact when setting
the initial/boundary conditions for the system given by
Egs. (57) in the next section.

B. Solutions regular at the matter horizon

Before solving the system given by Egs. (57), let us
comment on the boundary/initial conditions that the sol-
ution needs to satisfy. Close inspection of the coefficients
wo(r), wh(r), wi(r), and wZ(r) shows that the system
presents at least three potentially singular points (with
r # 0) where at least one of the coefficients diverges. These
three singularities are located at the matter horizon, at the
spin-0 horizon, and at the universal horizon. Regularity at
these radial positions needs therefore to be enforced. On top
of this, physically relevant solutions should asymptote to
flat space and to a khronon moving with velocity —v near
spatial infinity, which translates into the boundary con-
ditions w,X -0, § > —1, and y/r > —1 as r - o as
shown in Sec. IV B.
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Let us first attempt to impose regularity at the outermost
of these positions, the matter horizon. If the potentials are
regular there,” they can be Taylor expanded as

5(r) = 25](‘[1(}’ — )k, (59a)
x(r) = iw — ), (59b)
w(r) = ﬁwh(r — )k (59¢)
X(r) = g Zen(r =)k, (59d)

where ry, is the matter horizon’s position, and the coef-
ficients 6y, Xin» Win, and X, must be determined by
solving the field equations. Indeed, solving the evolution
and constraint equations perturbatively near r = ry, allows
one to express all those coefficients as a function of §,;, and
Xy alone; i.e., the solution only has two independent d.o.f.
near the matter horizon. Those can then be reduced to just
one by rescaling the solution by a constant factor as
described in the previous section, whereby one can set
e.g., Zop = 1 and keep 6y, free.

This parameter then needs to be determined by imposing
asymptotic flatness. We therefore use the perturbative
solution (59) to move slightly away from r = r,, and then
integrate numerically the system given by Egs. (57) up to
large radii. The value of §, is then determined by imposing
that 6 and y/r asymptote to the (same) constant (which
does not need to be -1, because we have rescaled the
solution by a global unknown factor) and that y,~ — 0 at
large radii. In practice, we perform a bisection procedure on
the value of &y, according to whether &(r) diverges to
positive or negative values as r — oo. This is similar to
what was done in Ref. [28] for the static, spherically
symmetric, and asymptotically flat solutions that we
employ as our background. Reference [35] also used a
similar procedure to find slowly rotating BHs in Einstein-
ather theory.

In more detail, solving the evolution equations pertur-
batively near spatial infinity and assuming that &(r)

*One can show that analyticity of the potentials &, y, y, and =
is required to ensure finiteness of the invariants constructed with
the metric, the @ther vector, and the Killing vectors 9, and 8¢
(e.g.. R, R, R, RﬂwﬂR"”"/’ , and scalars obtained by contracting
among themselves curvature tensors, Killing vectors, and the
@ther).

*Rescaling Xon = 1 is only possible if Xy, # 0. However,
setting Xy, = 0 does not allow for a solution that is asymptoti-
cally flat when integrating outward.

asymptotes to a constant there, one finds the asymptotic
solution

5(r) = &y

r

2(8 + A)(Gyindy + 20) 1
—~ (1—3g—20/1)r 2 +O<2), (60a)

x(r) =38or+ 0+ 0 (1) : (60b)

—2a i) 8y —
w(r) = 36(3-2 2)(52 )70 = 2% | O(%) (60¢)
() = % + o(%) , (60d)

where &y, o, y2, and X; are free parameters that can be
determined from our numerical solutions, once the bisec-
tion has converged. The constraint equations are also
satisfied by this asymptotic solution. Note that we use
the relations between the coefficients of Eq. (60) to fest
a posteriori the consistency of our numerical solutions.

Note also that if one inserts the solution (60) into the
metric ansatz (51), the resulting metric can be put in the
same gauge as Eq. (35) by first transforming Eddington-
Finkelstein to Schwarzschild coordinates and by then
applying an infinitesimal coordinate transformation with
generator &t xvrcosd+O(v)?, §roc—vQ(r)cosd+O(v)?
and 60 « vQ(r)sin@/r + O(v)?, with Q(r) = O(1/r) a
suitable function. By comparing the metric obtained in this
way to Eq. (35), one can then relate the sensitivity o to the
two parameters &, and y,:

a—p-3ap+ 5 +1—2al+3pA
N (2—a)(1 =38-21)
2(1-p)(B+4) X0
(2 —a)(1 =38 —24) Gymd,

(61)

We have also checked this equation by solving directly the
field equations near spatial infinity for a point particle
described by the action (23), in the gauge of the metric
ansatz, Eq. (51), and then by comparing to the asymptotic
solution given by Eq. (60). Note that this is the same
procedure (although in a different gauge) as that followed
by Ref. [42] to relate sensitivities to coefficients appearing
in the asymptotic metric and ather vector of isolated
neutron stars.

Our numerical solutions confirm that if one imposes
regularity at the matter horizon and asymptotic boundary
conditions corresponding to a flat spacetime and a khronon
moving with velocity —v relative to the BH, the sensitivities
are nonvanishing. We have not performed a systematic
investigation of the viable region of the parameter
space described in Sec. I A because of the difficulty of
obtaining numerical background solutions for the potentials
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f, A, and B for small but nonzero values of « and . We will
nonetheless study later, in Sec. VI, solutions fora = =0
and A # 0 and extract their sensitivities. For the moment,
let us mention that for values of & ~ f ~ 1072 and A ~ 0.1,
we obtain ¢ ~ 1073,

One important caveat, however, is that it is not at all clear
that these solutions (and the corresponding values of the
sensitivities) are physically significant, as the numerical
solutions that we obtain diverge when integrating inward
from the matter horizon to the spin-0 horizon. We have also
checked that this divergence extends to the curvature
invariants; i.e., these solutions seem to present a finite-
area curvature singularity at the spin-O horizon. Indeed,
when we integrate inward the asymptotically flat and
regular (at the matter horizon) solution, we find that
the curvature invariants diverge at the spin-O horizon,
already in regions where our numerical scheme is not
yet breaking down. This is shown in Fig. 1, which plots the
fastest growing curvature invariant of the geometry as well
as the constraint violations occurring in the numerical
integration.

Because all free parameters of the solution were deter-
mined by imposing regularity at the metric horizon and by
the boundary conditions at spatial infinity, the spin-0
horizon curvature singularity, which was already visible
in the field equations (57) and (58), seems almost unavoid-
able and reminiscent of similar finite-area curvature sin-
gularities appearing at all but the outermost spin-1 horizons
of slowly rotating BHs in Einstein-@ther theory, for
coupling values allowing for such multiple spin-1 horizons
[35]. We will further investigate this singularity, and, in
particular, whether it can be avoided thanks to a field
redefinition, in the next section.
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FIG. 1. O(v) contribution to the Ricci scalar near the spin-0

horizon (left axis) and constraint violations (right axis) as a
function of distance from the spin-0 horizon, for the asymptoti-
cally flat solution regular at the matter horizon, and for @ = 0.02,
p =0.01, and 2 =0.1.

C. Solutions regular at the matter
and spin-0 horizon

Curvature singularities at the spin-0 horizon also appear
when studying spherical BHs in Horava gravity and
Einstein-@ther theory. References [28,30] found a two-
parameter family of asymptotically flat, static, and spheri-
cally symmetric BH solutions in those theories. One of the
two free parameters is the mass of the BH, while the second
is a hair regulating whether the spin-0 horizon is singular or
not. Indeed, after imposing regularity at the matter horizon,
for generic values of this parameter, the spin-0 horizon is
singular, and regularity at that location is obtained only for
one specific, “tuned” value of that parameter. (That value is
a function of the mass and the coupling constants of the
theory.) As argued in the previous section, in our case,
we have no free parameter to tune to impose regularity at
the spin-0 horizon, which we therefore expect to be truly
singular.

To verify even further the existence of a curvature
singularity at the spin-0 horizon, one can follow
Refs. [28,30] and note that the action (5) is invariant under
the field redefinition [80]

G = G + (= Dwu,,  T'=T,  (62)
where { is a constant, provided that the original a, /3, and A
are replaced by o, f#/, and A’ satisfying

ad=a,
B +V=L(B+A),
p—-1=Lp-1). (63)

Choosing, in particular, { = c(z), the redefined metric ¢’
coincides with the spin-0 metric [cf. Eq. (44)]. This therefore
allows one to cast the original problem, characterized by the
metric g and the couplings @, 3, and 4, into one involving the
spin-0 metric g’ = ¢*) and the new couplings o', /', and A'.
The advantage of this “spin-0 frame” is that the matter and
spin-0 horizons now coincide (as they are both defined in
terms of characteristics of the metric g’ = ¢(?), i.e., by the
condition g/, =0 in spherical symmetry), so one can
easily impose regularity at both. This is indeed the way
Refs. [28,30] impose regularity at both the matter and spin-0
horizon in the spherical static case.

Working therefore in the spin-0 frame, we impose
regularity at the matter/spin-0 horizon location r, by
solving the evolution and constraint equations perturba-
tively with the ansatz given by Eq. (59). (Analyticity of the
potentials &, y, w, and X is again required to ensure
finiteness of the invariants constructed with the metric,
the @ther vector, and the Killing vectors.) The number of
free parameters of the resulting solution is, however,
different than what was obtained in Sec. V B. This is
because in the spin-0 frame, one has ¢y = 1 [this can be
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verified explicitly by using the new coupling parameters
given by Eq. (63), with ¢ = ¢}, into Eq. (17b)], which
changes the structure of the equations, because of the
presence of factors ¢ —1 in the denominators. (The
explicit form of the equations is again too long and
cumbersome to show and hardly enlightening.) As a result,
the perturbative solution described by Eq. (59) has one,
rather than two, free parameters.

Setting that parameter (say, Jy,) to zero yields the trivial
solution &(r) =y(r) =w(r) =%2(r) =0. If instead
0o # 0, homogeneity allows rescaling it to 6y, = I; i.e.,
the near-horizon solution has no free parameter that can be
tuned to ensure that the solution reduces to a khronon
moving with speed —v on flat space at spatial infinity.
Indeed, we have verified that the solution obtained by
imposing regularity at the matter/spin-0 horizon and
integrating outward is not asymptotically flat.

Moreover, as mentioned in Sec. V B, the field equations
for the potentials 6, y, v, and X also present a singularity at
the universal horizon. Therefore, even if one is willing to
accept as physically relevant a BH with nonflat asymptotic
boundary conditions, such a solution has no free parameters
to tune to impose regularity at the universal horizon either.
Indeed, we have verified that, integrating the solution inward
from the (regular) spin-O/matter horizon, the curvature
invariants blow up at the universal horizon (cf. Fig. 2, in
which we also show the violations of the constraints).

To further validate this result, we have also tried to
first impose regularity at the universal horizon and then
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FIG. 2. O(v) contribution to the Ricci scalar (left axis) and
constraint violations (right axis) near the universal horizon, as a
function of distance from the latter. The results are in the spin-0
frame, for the solution regular at both the matter and spin-0
horizons. The theory’s parameters are a = 0.02, f = 0.01,
and A =0.1, corresponding to o« = 0.02, /' = —4.161, and
A =4.735. Note that this solution is not asymptotically flat,
as discussed in the text, and that it is determined up to a global
rescaling. Because of this, we normalize the O(v) contribution to
the Ricci scalar by the value of § at the matter/spin-0 horizon r,.

integrate outward, trying to match with the solution
obtained by imposing regularity at the spin-O/matter hori-
zon. In practice, we impose regularity at the universal
horizon by solving the field equations perturbatively with
the ansatz given by Eq. (59), where r;, is now meant to
denote the universal horizon. (Barring cancellations, ana-
lyticity of the potentials is once again required to ensure
that the @ther, the two Killing vectors, and the geometry are
generically regular, i.e., that invariants constructed with the
curvature tensors, the @ther, and the Killing vectors remain
finite.)

Rescaling the solution by exploiting again the homo-
geneity of the problem, we are left with just two free
parameters in the perturbative solution near the universal
horizon,® which we try to tune by matching to the solution
that is regular at the spin-O/matter horizon. The Ilatter
solution being completely determined, up to a global
rescaling, necessary conditions for matching include the
continuity conditions

/ / /
2(5)-20) () 0o
6 X v

where A(X’/X) denotes the difference between X’/ X (with
X =26, y, y), as given by the two solutions, at some
matching point between the spin-O/matter horizon and the
universal horizon. Note that it does not make sense to
impose continuity of the two solutions (AX = 0), since we
have used the rescaling freedom of the problem to renorm-
alize both (with a priori different factors). That rescaling
clearly cancels out when considering the ratios X'/ X. Note
also that it does not make sense to impose continuity of
3 /%, since X satisfies a first-order equation [cf. Eq. (57d)].
Quite unsurprisingly, we have verified numerically that
for generic values of the coupling constants, the three
conditions of Eq. (64) cannot be all satisfied by tuning the
two free parameters of the solution regular at the universal
horizon. The conclusion is therefore that, even if one gives
up asymptotic flatness, for generic values of the coupling
constants, the universal horizon is a finite-area curvature
singularity. This is again reminiscent of the occurrence of
similar finite-area singularities at all but the outermost
spin-1 horizon of slowly rotating BHs in Einstein-ether
theory [35]. Quite suggestively, Ref. [29] also found that
the universal horizon is unstable at second order in
perturbation theory and in the eikonal limit in khronometric

*More precisely, if we assume X,, #0, we can use the
rescaling freedom to set Xy, = 1. This results in two free
parameters, say, oo, and yon. If instead Xy, = 0, one is still
left with two free parameters, say, 6y, and y¢, and we can then
use the rescaling freedom to set either to 1. Therefore, if X}, = 0,
one has just one free parameter, which makes the matching to the
solution regular at the spin-O/matter horizon even more difficult
to achieve. We have indeed verified that the matching is not
possible if one assumes Xy, = 0.
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gravity and conjectures that it may give rise to a finite-area
curvature singularity. This instability may be related [81] to
the universal horizon being also a Cauchy horizon [36].
While our result is obtained in a completely different
framework, it is interesting that it hints at the same
conclusions.

VL. a=$=0 CASE

The results of Sec. V on the nonexistence of slowly
moving BH solutions regular everywhere outside r =0
apply for generic values of the coupling constants, i.e., a, f3,
A # 0. As we have shown, it is possible to attain regularity
of the spin-0 and matter horizons (even though at the cost of
giving up asymptotic flatness) but imposing also regularity
of the universal horizon remains impossible.

However, if the coupling constants are such that the
spin-0 speed ¢, diverges, the spin-0 horizon coincides with
the universal horizon (since the latter is the horizon for
modes of infinite speed). Therefore, imposing regularity of
the universal, spin-0, and matter horizons may become
possible in that limit. From Eq. (17b), it follows that
cp — o when a — 0. This limit is particularly attractive
as experimentally we have |a| <1077 (cf. Sec. ITA).
Assuming a = 0 alone, however, does not avoid the
appearance of finite-area singularities at the universal/
spin-0 horizon, as can be seen from Fig. 3, where we
show the divergence of the curvature invariants of the
asymptotically flat solution regular at the matter horizon.

However, from the experimental limits presented in
Sec. IT A, it follows that || < 107!, so it is tempting to
also set = 0 exactly. Indeed, spherical BH solutions for
a = f# =0 are very simple and known analytically in this
limit and are given by Egs. (46a)—(46¢). Note, in particular,

107 L1010
1004 101
— Q

> —12
8 105, 10 C)](_)\

() —13
1071318
§ 10* 3 =
S 10149
o 1073 -
Py 10*156

€ 10

= RS
Q) 10710 =
~ 10! U

,10717

104 L1018

10 102 101
(T - ruh)/(GNm)

FIG. 3. O(v) contribution to the Ricci scalar (left axis) and

constraint violations (right axis) near the universal/spin-O hori-
zon, as a function of distance from the latter. The results are for
the asymptotically flat solution regular at the matter horizon and
fora =0, f=0.01, and 1 = 0.1.

that the metric matches the Schwarzschild solution in
this limit.

By solving the evolution and constraint equations near
the metric horizon r;, by imposing regularity there, i.e., with
the ansatz of Eq. (59), one immediately finds that £ and y
must be exactly zero near ry; i.e., £ = O(r — r),)" and
w = O(r — ry,)"™=, where np,, is the order at which the
series of Eq. (59) is truncated. We have indeed verified this
for n,,, as large as 10 or more. One reaches the same
conclusions by considering series-expanded solutions to
the field equations around any other radius (different from
the metric horizon). Moreover, to further verify that X and
y vanish, we have replaced X(r) = w(r) = 0 in the field
equations (57a)—(57d). The system is in principle over-
determined, but it turns out to consist of just two inde-
pendent equations:

4(8}’4 + 4GNﬁ’lr3 - 27(GNI;h)4)

s 5
)+ Tor —32G i & 27(Gyit)*r (r)
3252
_ —0, (65
16)’4 —_ 32GNﬁ’lr3 + 27<GN}’;1)4Z(’.) ( )
X' (r)=é8(r) =0. (66)

Note that these equations do not depend on 4, which we
have anyway kept different from zero.
Eliminating y from Eqs. (65)—(66) then yields

2 \4
(Vz — Gyinr + Lf n7) >5”(r)

252

3Gy 81(Gyin)*
2y — _ /
+( T 67 )00
81(Gym)*
8rt

+ 8(r) = 0. (67)

Solving this equation near spatial infinity gives

&”_%+?+OGO’ (68)

where §, and &5 are integration constants. This in turn
implies, through Eq. (65), that y(r) behaves asymptoti-
cally as

B 55 I
() =drt00-35+0(%). ()

where yo = —Gymdy/2. Replacing this relation in
Eq. (61) and evaluating for ¢ = f§ = 0 gives a vanishing
sensitivity ¢ = 0. This result had to be expected from the
fact that Egs. (65)—(67) do not depend on 4 and that ¢ must
go to zero in the general-relativistic limit 4 — 0.
Moreover, one can push the argument even further, and
note that, since it is independent of A and because it must
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reduce to the Schwarzschild solution in the general-
relativistic limit 4 — 0, the solution to Egs. (65) and (66)
must simply be the Schwarzschild metric in a weird gauge.
Indeed, it is easy to check that the metric of Eq. (51),
with y = X =0, becomes the Schwarzschild metric in
Eddington-Finkelstein coordinates if one performs the
gauge transformation v/ = v + vy(r) cos@ + O(v)? [note
that we also need to use Eq. (66) to set y'(r) = 5(r)].

In spite of this, the khronon field profile is nontrivial
[even though its stress energy must vanish through order
O(v) to allow for the metric to coincide with the
Schwarzschild solution; i.e., the khronon is a “stealth”
field]. In more detail, even though it is clear that the
universal horizon must be a regular surface (since the
Schwarzschild metric has no curvature singularity at
r#0), it is interesting to look for an approximate
solution to Eq. (67) near the universal horizon position
ran = 3Gyi/2, at which Eq. (67) is singular (because the
coefficients multiplying §” and & vanish at the universal
horizon). For r = r,,, Eq. (67) becomes

x?8"(x) + 5x8'(x) + 28(x) =~ 0, (70)
with x = r — ry,, which yields the general solution
8(x) = CprV21HV2) 4 xV20-VD) (71)

where Cy, and C are integration constants (we refer to the
mode with coefficient Cy, as the “hard mode” because it
diverges faster than the “soft mode” with coefficient Cy).
While both the soft and hard modes diverge as r — r,, it
is easy to check that the curvature invariants R, RaﬁR“ﬂ ,and
R,5,5R™7 are regular (which must be the case since the
metric is Schwarzschild in disguise). One can look, how-
ever, also at curvature invariants constructed with the @ther
vector and with the Killing vectors 0, and 9. The only
nontrivial invariant [at order O(v)] among these is

Ryuapitu®(0,)"(0,)F o cos 0x°5(x). (72)
Using Eq. (71), this becomes
R apt?u®(0,)"(8y)F o« cos O(Cpx™ + Cex"),  (73)

with n, =1 —-+v2 <0 and n, = 1 + /2 > 0. Therefore,
the hard mode produces a singularity at the universal
horizon, while the soft mode is physically well behaved.

One can therefore set C, = 0 in Eq. (71), choose C, = 1
by rescaling the solution (without loss of generality), and
then use Eq. (71) to provide initial conditions at r =
ran(1 +€) (with e < 1) for Eq. (67). Integrating that
equation outward and matching to Eq. (68), one can then
extract the integration constants §, and d5. [No shooting
procedure is needed in this case as the initial conditions at
r=ru(l+¢) are completely determined.] Finally, one
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FIG. 4. O(v) ather perturbations du, for the unique regular
solution of the @ = =0 case, outside the universal/spin-0
horizon.

can rescale the obtained solution by a global factor to
impose the boundary condition §; = —1 (cf. Sec. IV B).
and Eq. (65) then allows one to obtain y. The resulting
solution for

Suy (1 =A@)Pf(n)A +A)f(r)?
veosd 8A(r)°B(r) o). (74)
51/!, o 1 _A<r)4f(r)2 5(7‘) (75)

vcosh 4A(r)
is shown in Fig. 4. Note that both quantities are regular at
the universal horizon [as can also be verified analytically
using the soft mode of the solution given by Eq. (71) in
Egs. (74) and (75)], which confirms that the khronon field
is regular there.

VII. CONCLUSIONS

We have studied nonspinning BHs moving slowly
relative to the preferred foliation of khronometric theory
(the low-energy limit of Hofava gravity). We have done so
by reducing the field equations [through first order O(v) in
the velocity relative to the preferred frame] to a system of
ordinary differential equations in the radial coordinate,
thanks to suitable ansitze for the metric and khronon fields,
inspired by the cylindrical symmetry of the system. We
have solved these equations numerically, trying to impose
both asymptotic flatness and regularity at the multiple BH
horizons that exist in Horfava gravity, i.e., the matter
horizon, the horizons for spin-0 and spin-2 gravitons,
and the universal horizon for modes whose speed diverges
in the UV. While regularity at the spin-2 horizon does not
pose any particular issue (as expected), regularity at the
other horizons is more problematic.
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We have indeed found that if one imposes regularity at
the matter horizon and asymptotic flatness, slowly moving
BHs necessarily present (for generic values of the dimen-
sionless coupling parameters «, f, and 1) a curvature
singularity at the spin-O horizon (which lies inside the
matter horizon for experimentally viable values of «, f,
and 4). By waiving the requirement of asymptotic flatness,
solutions that are regular at the matter and spin-0 horizons
can be obtained but are singular farther inside, as they
develop a curvature singularity at the universal horizon.
These pathological features cast doubts on the viability of
the theory for generic values of the coupling parameters,
although these curvature singularities (strictly speaking)
simply signal that our slow-motion approximation (which
assumes implicitly that the potentials are small) breaks
down. Also, these curvature singularities will probably be
smoothed out [55] by the higher-energy UV corrections L,
and L¢ in the Horava gravity action [cf. Eq. (1)].

Nevertheless, adopting generic values of the coupling
parameters a and S is not necessarily justified. The
experimental constraints that we have reviewed in
Sec. IT A imply |a| <1077 and |B| < 107'; hence, it would
be quite natural to assume that a and f are exactly zero. In
that case, slowly moving BH solutions exist and are regular
everywhere outside the central r = 0 singularity. More
importantly, even though the gravitational theory is differ-
ent than GR (because A # 0), the khronon is a nontrivial
stealth field in these regular BH solutions, the metric of
which therefore reduces exactly to the Schwarzschild one.
This implies, in particular, that BH sensitivities are exactly
zero for ¢ = f =0, and hence BH binaries do not emit
dipolar radiation in this limit; nor do they deviate from
GR at Newtonian order in the conservative sector
[cf. Eq. (25)].7 Indeed, these results confirm the conclusion
of Ref. [54], namely that vacuum asymptotically flat
solutions to khronometric theories with @ = # = 0 coincide
with the general relativistic ones even though 4 # 0.

"Note that from Eq. (29), it follows immediately that dipolar
radiation (regulated by the coefficient C) and all other scalar
effects [i.e., the terms depending on the spin-0 velocity in
Eq. (29)] vanish automatically in the case when a = f# = 0 (even
if the sensitivities were nonzero), because the spin-0 speed
diverges. That means that the spin-0 mode becomes nondynam-
ical and, in particular, that it does not produce a GW flux.

We therefore expect GW generation to agree exactly with
GR even at higher PN orders (quadrupolar emission and
higher) if @ = = 0. This is quite important from an
observational point of view, because it implies that, even if
our results for the appearance of finite-area singularities in
moving BHs were just an artifact of the breakdown of our
approximation scheme and moving BHs turned out to be
regular (away from r = 0), deviations from GR in GW
generation are bound to be small. Indeed, in such a
situation, deviations away from the GR predictions for
GW emission should be expected to be of (fractional) order
Olmax(a, )] ~ 1077 for viable values of @,  # 0. Such
small deviations are unlikely to be observable with present
and future GW detectors [45], although the viable param-
eter space for @, f may further be shrunk by observations of
GW and electromagnetic-wave propagation in multimes-
senger events.

However, if finite-area singularities do indeed form in
moving BHs (though perhaps smoothed out by UV
corrections [55]), they could produce firewall-like [82]
surfaces that may, in principle, be tested with GW echoes
[56-58] or stochastic background measurements from
LIGO/Virgo [59]. As for 4, it is likely that improved
constraints on it may come from cosmology. As men-
tioned, Ref. [74] showed that CMB measurements
constrain 0 # 1 <1072 when a = = 0, and one would
expect this bound to be robust when small but finite
values of a and f are considered. Further improvements
may come from future CMB experiments and/or galaxy
surveys.
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