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THE CONTINUOUS WEAK ORDER *

MARIA JOAO GOUVEIA! AND LUIGI SANTOCANALE?

AssTrACT. The set of permutations on a finite set can be given the lattice struc-
ture known as the weak Bruhat order. This lattice structure is generalized to
the set of words on a fixed alphabet £ = {x,y,z,...}, where each letter has a
fixed number of occurrences. These lattices are known as multinomial lattices
and, when card(¥) = 2, as lattices of lattice paths. By interpreting the letters
X,¥,2,...as axes, these words can be interpreted as discrete increasing paths on
a grid of a d-dimensional cube, with d = card(Z).

‘We show how to extend this ordering to images of continuous monotone func-
tions from the unit interval to a d-dimensional cube and prove that this ordering
is a lattice, denoted by L(I¢). This construction relies on a few algebraic prop-
erties of the quantale of join-continuous functions from the unit interval of the
reals to itself: it is cyclic *x-autonomous and it satisfies the mix rule.

We investigate structural properties of these lattices, which are self-dual and
not distributive. We characterize join-irreducible elements and show that these
lattices are generated under infinite joins from their join-irreducible elements,
they have no completely join-irreducible elements nor compact elements. We
study then embeddings of the d-dimensional multinomial lattices into L(I%). We
show that these embeddings arise functorially from subdivisions of the unit inter-
val and observe that L(I?) is the Dedekind-MacNeille completion of the colimit
of these embeddings. Yet, if we restrict to embeddings that take rational values
and if d > 2, then every element of L(I) is only a join of meets of elements from
the colimit of these embeddings.

Keywords. Weak order; weak Bruhat order; permutohedron; multinomial lattice;
multipermutation; path; quantale; star-autonomous; involutive residuated lattice;
join-continuous; meet-continuous.

1. INTRODUCTION

The weak Bruhat order [26, 45]] on the set of permutations of an n-element set,
also known as permutohedron, see [[10] for an elementary exposition, is a lattice
structure which has been widely studied in view if its close connections to combi-
natorics and geometry, see e.g. [7, 18, 37,136]. Its algebraic structure has also been
investigated and, by now, is well understood [9! 41} 43|
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2 M. J. GOUVEIA AND L. SANTOCANALE

Multinomial lattices [} 18 (1 39]], or lattices of multipermutations, generalize
permutohedra in a natural way. Elements of a multinomial lattice are multiper-
mutations, namely words on a totally ordered finite alphabet ¥ = {x,y,z...} with
a fixed number of occurrences of each letter. The weak order on multipermu-
tations is the reflexive and transitive closure of the binary relation < defined by
wabu < wbau, for a,b € X and a < b. If each letter of the alphabet has exactly one
occurrence, then these words are permutations and the ordering is the weak Bruhat
ordering. Multinomial lattices embed into permutohedra as principal ideals; possi-
bly, this is a reason for the lattice theoretic literature on them not to be contained.
Multipermutations have, however, a strong geometrical flavour that in our opin-
ion justifies exploring further their lattice theoretic structure. These words can be
given a geometrical interpretation as discrete increasing paths in some Euclidean
cube of dimension d = card(X); the weak order can be thought of as a way of
organizing these paths into a lattice structure. When card(X) = 2, the connection
with geometry is well-established: in this case these lattices are also known as
lattices of lattice paths with North and East steps [17]; the objects these lattices
are made of are among the most studied in enumerative combinatorics [31}[3]] and
many counting results are implicitly related to the order and lattice structures. We
did not hesitate in [39] to call the multinomial lattices “lattices of paths in higher
dimensions”. Willing to understand the geometry of higher dimensional multino-
mial lattices, we started wondering whether there are full geometric relatives of
these lattices. More precisely, we asked whether the weak order can be extended
from discrete paths to continuous increasing paths. We present in this paper our
answer to this question. Our main result sounds as follows:

Theorem. Let d > 2. Images of increasing continuous paths from 0 to 1 in RY
can be given the structure of a lattice; moreover, all the permutohedra and all the
multinomial lattices can be embedded into one of these lattices while respecting
the dimension d.

We call this lattice the continuous weak order in dimension d. While a proof of
the above statement was available a few years ago, only recently we could struc-
ture and ground that proof on a solid algebraic setting, making it possible to further
study these lattices. The algebra we consider is the one of the quantale Qy (I) of
join-continuous functions from the unit interval of the reals to itself. This is a
*-autonomous quantale, see [4], and moreover it satisfies the mix rule, see [12].
The construction of the continuous weak order is actually an instance of a gen-
eral construction of a lattice Ly(Q) from a x-autonomous quantale Q satisfying
the mix rule. When Q = 2 (the two-element Boolean algebra) this construction
yields the usual weak Bruhat order on permutations; when Q = Qy(I), this con-
struction yields the continuous weak order. Moreover, when Q is the quantale of
join-continuous functions from the finite chain {0, 1,. .., n} to itself, this construc-
tion yields a multinomial lattice. The functorial properties of this construction are
a key tool for analysing various embeddings. The step we took can be understood
as an instance of moving to a different set of (non-commutative, in this case) truth
values, as notably suggested in [33]].
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Let us state our algebraic results. Let (Q, 1,®,*) be a cyclic non-commutative
*-autonomous quantale satisfying the MIX rule. That is, we require that x ® y <
x @y, for each x,y € Q, where @ is the monoid structure dual to ®. Letd > 2,
[d :={(Gj) |1 <i< j<d}and consider the product Qlk, Say that a tuple
f € QU s closed if fi; ® fix < fix (each i < j < k), and that it is open if
fix < fi,j® fik (each i < j < k). Say that f is clopen if it is closed and open. Under
these conditions, the following statement hold:

Theorem. The set of clopen tuples of Q\" is, with the pointwise ordering, a lat-
tice, noted Ly(Q). The construction Ly(-) yields a limit preserving functor to the
category of lattices.

We shall make later in the text precise the domain of this functor. Paired with
the following statement, relating the algebraic structure of Qy (1) to the reals, we
obtain a proof the main result stated above.

Theorem. Clopen tuples of Q,()\%® bijectively correspond to images of monoton-
ically increasing continuous functions p : 1 — 1% such that p(0) = 0 and p(l) = I

Let us mention that motivations for developing this work also originated from
various researches undergoing in theoretical computer science, modelling the be-
haviour of concurrent processes via directed homotopy [23], 25] and discrete ap-
proximation of continuous paths via words [[6]]. The relationship between directed
homotopies and congruences of two-dimensional multinomial lattices was dis-
cussed in [39]. The connection with discrete geometry appears in the conference
version of this work [24]]. In both cases it was distinct to us the need of developing
the mathematics of a continuous weak order in dimension d > 3.

The paper is organized as follows. We recall in Section 2] some definitions and
elementary results, mainly on join-continuous (and meet-continuous) functions and
adjoints. In Section [3] we identify the least algebraic structure needed to perform
the construction of the lattice L;(Q). Therefore, we introduce and study mix -
bisemigroups which, in the cases of interest to us, arise from mix *-autonomous
quantales. Section [ proves that if I is what we call a perfect chain, then the
quantale of join-continuous functions from [ to itself is mix *-autonomous. Finite
chains and the unit interval of the real numbers are examples of perfect chains.
Section [5] describes the construction of the lattice L;(Q), for an integer d > 2 and
a ¢-bisemigroup Q. In Section [6] we focus on the particular structure of Qy(I),
the quantale of continuous functions from the unit interval to itself. Section [7]
defines the central notion of path and discusses its equivalent characterizations. In
Section [§] we show that paths in dimension 2 are in bijection with elements of the
quantale Qy(I). In Section [0 we argue that paths in higher dimensions bijectively
correspond to clopen tuples of the product lattice Qy (I)!?2, that is, to elements
of Ly(Qy(D). In Section we discuss some structural properties of the lattices
Qy(I); in particular we characterize join-irreducible elements of these lattices and
argue that these lattices do not have any completely join-irreducible element nor
any compact element. In Section [IT] we argue that embeddings from multinomial
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lattices into the continuous weak order functorially arise from complete maps of
perfect chains. Finally, in Section[I2] we argue that if we restrict to the embeddings
of multinomial lattices obtained from splitting the unit interval into n intervals
of the same size, then the continuous weak order is not the Dedekind-MacNeille
completion of the colimit of these embeddings, yet every element is a join of meets
(and a meet of joins) of elements from such a colimit.

2. ELEMENTARY FACTS ON JOIN-CONTINUOUS FUNCTIONS

Throughout this paper, [d] shall denote the set { 1,...,d} while we let [d], :=
{G,Hl1<i<j<d).

Let P and Q be complete posets; a function f : P — Q is join-continuous (resp.,
meet-continuous) if

0=\ f@. esp. fAD) = N\ f@). ()
xeX xeX
for every X C P such that \/ X (resp., A X) exists. We say that f is bi-continuous
if it is both join-continuous and meet-continuous.

Recall that Lp :=\/ 0 (resp., Tp := A 0) is the least (resp., greatest) element of
P. Note that if f is join-continuous (resp., meet-continuous) then f is monotone
and f(Lp) = Lo (resp., f(Tp) = Tp). Let f be as above; amap g : Q — P is left
adjoint to f if g(g) < p holds if and only if ¢ < f(p) holds, for each p € P and
q € Q;itis right adjoint to f if f(p) < q is equivalent to p < g(g), for each p € P
and g € Q. Notice that there is at most one function g that is left adjoint (resp.,
right adjoint) to f; we write this relation by g = f; (resp., g = f,). Clearly, when
S has a right adjoint, then f = (g,),, and a similar formula holds when f has a left
adjoint. We shall often use the following fact:

Lemma 1. If f : P — Q is monotone and P and Q are two complete posets, then
the following are equivalent:

(1) f is join-continuous (resp., meet-continuous),

(2) f has a right adjoint (resp., left adjoint).

If f is join-continuous (resp., meet-continuous), then we have

@ =\/lpePlfp)<ql  (resp., filg)= /\(pePla<fp)h),
for each g € Q.

Moreover, if f is surjective, then these formulas can be strengthened so to substitute
inclusions with equalities:

fl@=\/tpePlfp)=q}  (resp., fi@)= /\(pePla=FfP)}),
for each g € Q.

The set of monotone functions from P to Q can be ordered point-wise: f < g if
f(p) < g(p), for each p € P. Suppose now that f and g both have right adjoints; let
us argue that f < g implies g, < f,: for each g € Q, the relation g,(¢q) < f,(q) is
obtained by transposing f(g,(q)) < g(g,(q)) < g, where the inclusion g(g,(¢)) < ¢
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is the counit of the adjunction. Similarly, if f and g both have left adjoints, then
f < gimplies g; < f;.

Let P be a poset, and let¢ : P — O be an embedding of P into a complete lattice
Q. Such embedding is a Dedekind-MacNeille completion if ¢ is bi-continuous and,
for each g € Q, there are sets X, Y C P such that g = \/,ex u(x) = Aey «(y). The
Dedekind-MacNeille completion is unique up to isomorphism.

3. LATTICE-ORDERED BI-SEMIGROUPS

A (non-commutative, bounded) lattice-ordered bi-semigroup ({-bisemigroup,
for short) is a structure (Q, 1,V, T,A,®,®) where (Q, 1L,V, T, A) is a bounded
lattice, ® is a binary associative operation on Q which distributes overs finite joins,
@ is a binary associative operation on Q which distributes over finite meets; more-
over, the following relations

Be®(y®d) < (B®Y) S, 3)

(@epf)@y<ad(BeYy). “)

holds, for each a,f,y,0 € Q. We call these inclusions hemidistributive laws. We
say that an £-bisemigroup is mix if the relation

a®BLadp. (5

holds, for each a, 8 € Q. We call this inclusion the mix rule. The inclusions (3] and
(@) are non-commutative versions of the hemidistributive law of [13] §6.9] and are
related to the weak distributivity of [13]]. The mix rule (@) is well known in proof
theory, see e.g. [12]].

Remark 2. All the {-bisemigroups that we shall consider have units; therefore,
they are (possibly non-commutative) {-bimonoids in the sense of [19]. We use 1
(resp., 0) to denote the unit of the operation ® (resp., of @) of an £-bimonoid. The
signature of £-bimonoids is obtained by adding the two unit constants to the signa-
ture of {-bisemigroups. Let us emphasize, however, that the morphisms between
{-bimonoids that we shall consider do not, in general, preserve units. This is the
reason for which we emphasize the weaker structure of £-bisemigroup.

We shall also use the following generalized hemidistributive laws:
(@®f)RYDO)<ad(ERY @I, ©6)
a@BSY)RI<(a®PS(Y®I), (N
Lemma 3. The inclusions (6) and (@) are derivable from (@) and @). Moreover,

in the extended language of £-bimonoids (using units) these pairs of inclusions are
equivalent and the mix rule (3) is equivalent to 0 < 1.

Proof. Having both (3) and @), we derive (6) as follows:
(@dB)R(YDIN)<adBR(YPIN)<ad(BRy)®I.

Using units, we obtain (3) from (€) by instantiating « to 0; we obtain @) from ()
by instantiating ¢ to 0. For the last statement, if (3) holds, then 0 < 1 is derived
by instantiating in (3) @ with 0 and 8 with 1. Conversely, suppose that 0 < 1 and
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observe then that 0 ® 0 < 0® 1 = 0. Letting 8 = v = 0 in (6)), we derive (3) as
follows:

a®0=(00)8000)<ecd(00)0i<ad0®6/=a®0. ]

All the £-bisemigroups that we shall consider arise from non-commutative bounded
involutive residuated lattice.

A (non-commutative, bounded) residuated lattice is a structure {Q, 1L,V, T, A, 1,®, —
,o—y such that (Q, L, Vv, T, A) is a bounded lattice, (Q, 1,®) is a monoid structure
compatible with the lattice ordering (noted <) which moreover is related to the
binary operations —o, o— as follows:

a®pB<y iff a<yo—p iff f<a-—oy, foreacha,B,ye Q. (8
The operations —, o— are called the residuals (or adjoints) of ®. Let us recall that
the following inclusions are valid:

a®(a@—op)<p, Bo-a)®a<p. (©)]

A (unital) quantale [38]] is a complete lattice Q coming with a monoid structure
1,® such that ® distributes over arbitrary joins in both variables. A quantale is a
residuated lattice in a canonical way, as distribution over arbitrary joins ensures the
existence of the residuals.

A residuated lattice is said to be involutive if it comes with an element 0 € Q
such that

x—-o00=00x, (10)

Oc—(x—o00)=ux, (11)

for each x € Q. Such an element 0 is called cyclic (if it satisfies equation (I0)), for

each x € Q) and dualizing (if it satisfies equation (L)), for each x € Q). In [24] we

called a complete involutive residuated lattice a x-autonomous quantale, as these

structures are posetal version of x-autonomous categories [4]. Similar namings,

such as (pseudo) x-autonomous lattice, have also been used in the literature, see

e.g. [34],[16]]. We shall stick to this naming in the future sections as all the involutive

residuated lattices that we consider are complete. Given an involutive residuated
lattice (Q, L, V, T, A, 1,®, —, o—, 0), we obtain an {-bimonoid by defining

X i=x—0, fog=0E" o fH*. (12)

From these definitions it follows that (—)* is an antitone involution of Q and that
0 = 1*. Moreover, considering that

(x®)* =y —ox* =y" o x,
Foy=0"®x) =x—oy*=x-oy,
x®y =xo-y,
the relations in (8] can be expressed as follows:

a®B<y iff a<yeop* iff pB<a*e®y, foreacha,B,ye Q. (13)
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Lemma 4. With the definitions given in equation (12), each involutive residuated
lattice is a €-bimonoid, and therefore an €-bisemigroup.

Proof. Since 0,® are dual to 1,®, @ is a monoid operation on Q with unit 0 and
which distributes over meets.

We therefore verify that the hemidistributive laws holds in Q. Considering that
a®f=a**®B=a* —o Band, similarly, y ® § = y o— 6*, we derive

R @OLRYDPNR =a*®@ ©B)R(yo— )R <BRY,

using (@). Yet, the inequality so deduced is equivalent to (6) by adjointness (I3).
i

According to our previous observations, we could have defined a involutive
residuated lattice as a structure {Q, L,V, T, A, 1,®,0, (=)*) where (Q, L,V, T, A)
is a bounded lattice, ® is a monoid operation (with unit 1) on Q that distributes
over joins, (—)* : Q — Q is an antitone involution of Q, subject to the residuation
laws as in (I3]), where the structure (0, ®) on Q is defined by duality:

0:=1* and fog:=(" ®fH*". (14)

This shall be our preferred way to verify that a residuated lattice with a distinct
element O is an involutive residuated lattice. For the sake of verifying that a struc-
ture is an involutive residuated lattice, let us remark that we can simplify our work
according to the following statement.

Lemma 5. Consider a structure {Q, L,V, T, A, 1,®,0,(=)*) as above, where we
only require that a ® B < 7y is equivalent to a <y @ B*, for each a,B,y € Q. Then
a ® B <y is also equivalent to f < a* &y, for each a, B,y € Q.

Proof. Suppose that a ® B < y, so @ < y @ *. Apply (-)* to this relation and
derive B ® y* = (y @ f*)* < a*; derive then 8 < a* & y** = a* @ y. For the
converse direction, observe that all these transformations are reversible. O

Example 6. Boolean algebras are the involutive residuated lattices such that A = ®
and vV = @. Similarly, distributive lattices are the £-bisemigroups such that A = ®
and vV = &.

Example 7. Consider the following structure on the ordered set { -1 <0 < 1}:

®|-1 0 1 @|-1 01 | *
-17-1 -1 -1 -17-1 -11 1] 1
0[-1 0 1 0|-1 01 0] 0
-1 1 1 1)1 11 1] -1

Together with the lattice structure on the chain, this structure yields a mix invo-
lutive residuated lattice, known in the literature as the Sugihara monoid on the
three-element chain, see e.g. [20].

Example 8. As the category of complete lattices and join-continuous functions is
a symmetric monoidal closed category, for every complete lattice X the set of join-
continuous functions from X to itself is a monoid object in that category, that is, a
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quantale, see [28, [38], and therefore a residuated lattice. We review this next. For
a complete lattice X, let Qy(X) denote the set of join-continuous functions from X
to itself. For f, g € Qu(X) define f ® g := g o f. Considering that the ordering in
Qy(X) is pointwise, let us verify that ® distributes over arbitrary joins:

(\/ Hegw=go\/ H =g\ N =g\/ fi)

iel iel iel iel
=\/ g = \/ (g o i) = (\/ g0 ) = (\/(i® 2N,
i€l i€l i€l i€l
Fe\/ e =\/g) e N =(\/ &)
iel iel iel
=\ &i(f@) = (\/ (@i o ) = (\/(f ® 2.
iel iel iel

Obviously, the identity is the unit for ®. We argue in the next Section that if / is a
finite chain or the interval [0, 1], then Q. (/) has a cyclic dualizing element, thus a
involutive residuated lattice extending the residuated lattice structure.

4. MIX *-AUTONOMOUS QUANTALES FROM PERFECT CHAINS

We consider complete chains [ such that the two transformations

A=\ e, Fo=\/f). (15)
x<x’ X' <x
yield an order isomorphism from Qy (/) to Q. (/). We shall say that such a chain is
perfect.

Example 9. Letn > 0 and let I, be the chain {0, ...,n}. A join-continuous function
from I, to I, is uniquely determined by the value on the set {1,...,n} of its join-
prime elements. Similarly, a meet-continuous function from I, to I, is uniquely
determined by its restriction to the set { 0, ..., n—1} of its meet-prime elements. We
immediately deduce that Qy(I,,) and Q,(I,,) are order isomorphic. The functions
defined in (I3) realize this isomorphism. Observe that, for I = I,,, we have

f%m={” ren me={m =9,

f(x+1), otherwise, f(x—1), otherwise.

Example 10. We shall see with Proposition [33] that the interval [0, 1] of the reals,
later on denoted by [, is perfect. The quantale Qy (I) shall be investigated further in
Section [6l

Recalling that the correspondences sending f € Qy(I) to f, € QA(/) and g €
Qa(I) to g¢ € Qy(I) are inverse is antitone, let us observe the following:

Proposition 11. For each f € Q(I), the relation ( fp)V = (f"), holds. Therefore,
the function (=)* defined by

[ =) = (e

is an involution of Qy(I).
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Proof. Let f € Qy(I); we shall argue that ( fp)V is left adjoint to f”, namely that
x < f(y) if and only if (f,)¥(x) <y, for each x,y € L.

We begin by proving that x < f”(y) implies (f;,)"(x) < y. Suppose x < f"(y)
so, for each z with y < z, we have x < f(z). Suppose that ( fp)v(x) £ y, thus there
exists w < x such that f,(w) £ y. Theny < f,(w) so, from x < f"(y) = Ay fO),
we deduce x < f(f,(w)). Considering that f(f,(w)) < w, we deduce x < w,
contradicting w < x. Therefore, ( fp)v(x) <y.

Dually, we can argue that, for g € Q,(/), g"(x) < yimplies x < (g¢)"(y), for each
g € Qu(I). Letting in this statement g := f,, we obtain the converse implication:
(£,)"(x) < y implies x < (£,))"®) = £ ©).

For the last statement, observe that the correspondence (—)* is order reversing
since it is the composition of an order reversing function with a monotone one; it

is an involution since f** = ((f,)")"), = (f,), = f- o
Lemma 12. We have
£ =\yellfo <x}. (16)

Proof. Recall that f* has been defined as (f”),. Let us show that the expression
on the right of equation (16)) yields a left adjoint for f*. For each x, z € I, we have

\/(y €11 () < x} < 2iff Vy(f(3) < x implies y < z)
iff Yy(z < y implies x < f(y))

iffx < /\ f0) = f@). O
z<y
For f, g € Qu(I), let us define
fegi=gof, 1:=id;
and, using duality as in (14),
feg:=@g e 0:=1*.

Let us remark that the operation @ is obtained by transporting composition in Q (/)
to Qy (/) via the isomorphism:

f@g=@ @f) =(ffog), =0g"ofM), =" ofM".

In a similar way, O is the image via the isomorphism of the identity of the chain 7, as
an element of Q. (7). Using Lemma[I2] a useful expression for 0 is the following:

00 :=\/ ¥ (17)
x'<x
Proposition 13. For each f,g,h € Qu(I), f@g < hifandonly if f < h® g*.
Proof. Suppose f® g < h, thatis, go f < h. We aim at showing that " < g, o h",

since then, by applying (-)" to this relation, we shall obtain f < (g, o Y =
gy o) = (g ohN = heg*.
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This is achieved as follows. From g(f(x)) < h(x), for all x € I, deduce f(x) <
8p(h(x)), for all x € I, and therefore

Fr@ = N\ F0) < N goh) = go(/\ ) = go(h (1)),

X<y x<y X<y

for each x € I, using the fact that g, is meet-continuous.

A similar argument, shows that if f, g, h € Q,(I) and f < goh, then ggo f¥ < h".
For f,g,h € Qu(I), this yields that f < h @ g implies f ® g* < h. Therefore, if
f<hogr then fRg=f®g"™* <h m|

Corollary 14. For each perfect chain I the residuated lattice Q (1) of join-continuous
functions from I to itself is a mix x-autonomous quantale.

Proof. By the previous lemma and by Lemmal[3] the antitone involution (—)* yields
the dual operation @ satisfying the residuation relations (I3). By equation (I7)), it
is also clear that the relation O < 1, so the mix rule holds in Qy (/). m|

Remark 15. The involutive residuated lattice structure on the quantale Qy(I,) is
the unique possible one. It was shown in [40} §4.1] using duality theory that dual-
izing elements of in Qy(I,,) are in bijection with isomorphisms of the ordered set
{1,...,n}. Obviously, there is just one such isomorphism. Similarly, the involutive
residuated lattice structure on Q. (I) is unique. This can be argued as folllows. The
dualizing elements of an involutive residuated lattice such that 1 = 0 are exactly the
elements f that are invertible (in particular, this is the case for the quantale Qy (I)).
We sketch a proof of this. If f is dualizing, then 1 = f - (1 — f) = f o— f =
f® f*. Similarly, 1 = f* @ f and, dually, 1 = f ® f* = f* ® f. Vice versa, if f
has an inverse f~!, then fog=fof '@ (feg) < fR((f'®fHeg)=f®g
so f®g=f@®g, forany g. Then f~! = f*,since l < f@® f*=ff*<0=1,
and fo— (g o ) =fD(f*®g) = fQ f* ®g = g. Therefore, the set of dualizing
elements of Qy (I) is the well known lattice ordered group of order preserving au-
tomorphisms of the chain I, see e.g. [27]]. Finally, being cyclic is equivalent, for an
invertible element, to being central; yet, there are no non-trivial central elements
in the lattice ordered group of order preserving automorphisms of I, as it can be
inferred from the characterization of the normal subgroups of this group [2].

5. LATTICES FROM MIX LATTICE-ORDERED BI-SEMIGROUPS

In this section d shall be a fixed integer greater than or equal to 2 (the case
d = 2 being trivial). Given an ¢-bisemigroup Q, consider the product Q4k :=
[Ti<icj<a @- We say that a tuple f = (f;; | 1 < i< j<d) of this product is closed
(resp., open) if

fi,i® fik < fik (resp., fix < fij® fix)-

Recall that Q!9" has a lattice structure induced by the coordinate-wise meets and
joins. It is then easily verified that closed tuples are closed under arbitrary meets
and open tuples are closed under arbitrary joins.
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Remark 16. If Q is an involutive residuated lattice, then f is closed if and only if
f*= ((f(,(j),(,(i))* | 1 <i< j<d)isopen, where o(i) :==d—i+1, foreachi e [d].
In this case the correspondence sending f to f* is an antitone involution of Q42
sending closed tuples to open ones, and vice versa.

For (i, j) € [d],, a subdivision of the interval [i, j] is a subset of this interval
containing the endpoints i and j. We write such a subdivision as sequence of the
formi=40y <€) <... 1 < =jwithi< ;< j,fori=1,...,k— 1. We shall
use then §; ; to denote the set of subdivisions of the interval [i, j].

Lemma 17. For each f € QY% the tuple f defined by

fi,j = \/ ﬁ,¢’1®fl’1,l’2®"'®f€k—ld‘
i<€1<...fk_1<jES,"j
is the least closed tuple g such that f < g. Dually, if we set
fi(,)j = /\ fi,fl @f[l,{z @...@f[kil,j.
i<t)<..l-1<j€S;;
then f° is the greatest open tuple below f.

Proof. It suffices to prove the first statement. Since {i < j} € §;;, then f; ; < ?,-, i
for each (i, j) € [d]», thus f < f. Now, if g is closed and f < g, then, for each
subdivision i < £} <...{_1 < j, we have

Jie,®...®fr i <86®...08 ,;=8ij-

We are left to prove that f is closed. To the sake of being concise, if ¢ € § ij 18
i=10 <l <...01 <& = j,then welet n(f,¢) be fir, ® fr,6, ® ... ® fo_,.j-
Observe next thatif ¢ € §; j and ¢” € S ji, then the set theoretic union ¢Ug” belongs
to S;x and, moreover, 7(s, ) @ n(s’, f) = n(¢ U ¢’, ). We have therefore

Fii®fu=\ ne.ne \/ ns.H=\/ =cpers.n

GES; s’€S jk G€S;j.S'ES jk
=\ asus.n< \/ 2" =T 0
GE€S ;i j.S"ES jk S"ES ik

We call the map [ +— f the closure, and the map f +— f° the interior. Then
a tuple is closed if and only of it is equal to its closure, and a tuple is open if and
only of it is equal to its interior. We shall be interested in tuples f € Q912 that are
clopen, that is, they are at the same time closed and open.

Proposition 18. Let Q be a mix (-bisemigroup and let f € Q. If f is closed,
then so is f°.

Proof. Leti, j, k € [d] withi < j < k. We need to show that

floj ® fjok < fi,é’l ®...® fg}H,k
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whenever i < £} < ...{,-1 < k € S;,. This is achieved as follows. Let u €
{0,1,...,n—1} be such that j € [{,, {,+1). Firstly suppose that £, < j; put then

@:=fip®...® fr, 0, 0:=fr,.,®...®ft,_k
B = fo.j Y = fiu -
Then
fl°j ® fJOk < (@B (YD), by definition of fl"j and f] i
<ad(BRYy) @, by the inequation (@),
La® fr6., D0=fie,®...D fr, k> since f is closed.

Notice that we might have that & defined above is an empty (co)product (e.g. when
u = 0), in which case we can use the inclusion (@) in place of (6). A similar remark
has to be raised when ¢ defined above is an empty (co)product (when u = n — 1),
in which case we use inclusion (). Finally, if j = ¢,, then let @, y, § as above, we
derive

[®f<a@(y®8)<a®(y®d)=fi, ®...0 fr, 1k
using the mix rule (). o

Since the definition of £-bisemigroup is auto-dual, we also have the following
statement:

Proposition 19. Let Q be a mix {-bisemigroup and let f € O If f is open, then
sois f.

Definition 20. For Q a mix £-bisemigroup, L;(Q) shall denote the set of clopen
tuples of Ql2,

Theorem 21. The set L;(Q) is, with the ordering inherited from 0% g lattice.

Proof. For a family { f; | i € I}, with each f; clopen, define

\istien=\/talieny, Nisitiely:=(\ifilielp°, 8
Li(Q) Li(Q)

whenever the supremum \/{ f; | i € I} (resp., infimum A{ f; | i € I }) exists in Qll,
Since this join (resp., meet) is open, its closure is clopen by Proposition [19] (resp.,
Proposition [I8)) and therefore it belongs to L;(Q). Then It is easily seen that this is
the supremum (resp., infimum) of the family { f; | i € I} in the poset L;(Q). m|

Example 22. Let Q = 2 be the two element Boolean algebra 2. We identify a tuple
X € 2[4k with the characteristic map of a subset S, of {(i,j)) |1 <i < j<d})
Think of this subset as a relation. Then y is clopen if both S, and its complement
in{(j)|1<i<j<d} are transitive relations. These subsets are in bijection
with permutations of the set [d], see [10]; the lattice L;(2) is therefore isomorphic
to the well-known permutohedron, aka the weak Bruhat order.

Example 23. On the other hand, if Q is the Sugihara monoid on the three-element
chain described in Example[7] then the lattice of clopen tuples is isomorphic to the
lattice of pseudo-permutations, see [32, 42, [14]].
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Example 24. Let us consider a finite chain I,, = {0, ..., n} and the quantale Qy (I,,).
Let d - n be the integer vector of length d whose all entries are equal to n. We claim
that the lattice L;(Qy (I,,)) is isomorphic to the multinomial lattice L(d - n) of [5l],
see also [42] §8-10]. It is argued in [42] that elements of these multinomial lattices
are in bijection with some clopen tuples of the product L(r, n)!%"2. Considering that
a binomial lattice L(n, n) is isomorphic (as a lattice) to the quantale Q. (I,,), we are
left to verify that the two notions of closed/open tuple coincide via the bijection.
For x,y € [n], let {x,y) denote the least join-continuous function f € Qy(I,)
such that y < f(x). Elements of the form (x,y) are the join-prime elements of
Qu(L,). A tuple f € Qu(I,)'" is called closed in [42] if, for each i, j, k with
1 <i< j<k<dandeach triple x,y,z € [n], (x,y) < fi; and (y,2) < fjx imply
(x,2) < fix. Considering that, for f € Qy(I,), (x,y) < fif and only if y < f(x),
closedness is easily seen to be equivalent to the condition fj o f; ; < fi, that s, to
the notion of closedness introduced in this section. Let us argue that a tuple is open
as defined in [42] if and only if it is open as defined in this section. To this goal,
for x,y € [n], let [x,y] be the greatest join-continuous function f € Qy(I,) such
that f(x) <y — 1. Elements of the form [x, y] are the meet-irreducible elements of
Q. (I,,) and, moreover, [x,y]* = (y,x). In [42] a tuple f € Qu(I,)!"" is said to be
open if f; < [x,y] and fjx < [y,z] imply fix < [x,z], for each x,y,z € [n] and
whenever 1 <i < j < k < d. This condition is equivalent to (y, x) = [x,y]* < fi ;*
and (z,y) = [y,z]* < fix* imply (z, x) = [x,z]* < fix*, for each z,y, x € [n] and
1 <i< j<k<d. Asbefore, this is equivalent to fj;* ® f; ;* < fix* and then to
fix <(fix* ® f; j*)* = fi,j ® fjx, yielding the notion of openness as defined here.

Proposition 25. L;(-) is a limit-preserving functor from the category of mix {-
bisemigroups to the category of lattices.

Proof. Let ¢ : Qp — Q) be an ¢-bisemigroup morphism (that is, a lattice mor-
phism which, moreover, preserves ® and @). The map y!?2 : Q ¢k — @,k
defined by [:,b[d]2 (N]i,j := ¥(f;,;) commutes both with the closure map and with the
interior map, since these maps are defined by means of the operations preserved
by . Consequently, the image by ¥!?%2 of a clopen is clopen. Similarly, the lattice
operations on clopens, defined in equation (I8)), are preserved by ¢! since (for
example for the joins) this function preserves the joins of Qo!“12 and the closure.

Since the forgetful functor from the category of lattices to the category of sets
creates limits, in order to argue that the functor L;(—) preserves limits, we can
consider it as a functor form the category of mix {-bisemigroups to the category of
sets and functions and show that it preserves limits.

Let C be the category of {-bisemigroups and their morphisms and consider the
category of limit preserving functors from C to the category S of sets and functions.
This category contains the forgetful functor (that we note here X) and is closed
under limits. This holds since limits in the category of functors from C to S are
computed pointwise. It is then enough to observe that Ly(—) : C — 8 is the
following equalizer:
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(=)

id — Xldb

U 1 O

La(X) s xldb

In particular, from the previous proposition we obtain the following statement,
that we shall use in Section [Tl

Proposition 26. Ifi : Qg — Q| is an injective homomorphism of mix €-bisemigroup:s,
then Ly(@) : Lg(Qp) = L4(Q1) is an embedding.

The goal of the rest of this section is to argue that clopen tuples naturally arise
as some sort of enrichment (in the sense of [33) 130, 44]]) or metric of a set X. For
the sake of this discussion, we shall fix an involutive residuated lattice Q with the
property that O = 1. This equality holds in the quantale Q. (I) studied in Section [6]
but fails in other mix involutive residuated lattices, e.g. in the quantales Qv (I,).

A skew metric of X over Qisamap d : X X X — Q such that, for all x,y,z € X,

o(x,x) <0,
0(x,2) <6(x,y)®6(y,2),
5(x,y) = 6(y, 0)*.

That is, a skew metric is a semi-metric (see e.g. [35]]) with values in Q, where the
symmetry condition has been replaced by the last requirement, skewness. Similar
kind of metrics have been considered in the literature, for example in [29]]. Observe
that (when X # 0) 1 = 0* < 8(x, x)* = 8(x, x) < 0, so if Q is mix, then necessarily
1=0.

Lemma 27. Suppose in Q the equality 1 = 0 holds. By defining

ﬁ,j’ i<j’
0r(i, ) =40, i=,
P

every clopen tuple f of Q\" yields a unique skew metric on the set [d]. Every skew
metric on the set [d] with values in Q arises in this way.

The lemma is an immediate consequence of the following statement:
Lemma 28. A tuple f is clopen if and only if 67 is a skew metric.

Proof. Suppose 6 is a skew metric. For 1 <i < j<k <d,wehave fi; < fi i® fix
(openness) and fi; < fi; ® fj; which in turn is equivalent to f;; ® fix < fix
(closedness).

Conversely, suppose that f is clopen. Say that the pattern (ijk) is satisfied by f
if fix < fi;® fij. If card({7, j,k}) < 2, then f satisfies the pattern (ijk) if i = j or
J =k, since then f; ; = Oor fjx = 0. If i = k, then 0 < f; ; ® fj; is equivalent to
fij < fij-
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Suppose therefore that card({i, j, k}) = 3. By assumption, f satisfies (ijk) and
(kji) whenever i < j < k. Then it is possible to argue that all the patterns on the set
{1, j,k} are satisfied by observing that if (i jk) is satisfied, then (jki) is satisfied as
well: from fiy < fi,; ® fix, derive fix ® fi; = fix ® f}; < fij and then fj; = f* <

(fix ® fi)* = fix ® fii- o

Remark 29. In the next sections we shall often need to verify that some tuple f €
Q[”l]2 is clopen. A simple sufficient condition is that, for each i, j,k € [d] with
i < j<k,either fix = fi;® fi, or fix = fi,j® fik. Indeed, from fi; = f;; ® fix
we derive f;; ® fix < fix = fi,j ® fix < fi,j ® fjx> using the mix rule. Similarly,
fix = fij© fjx implies f; ; ® fix < fix < fi,j ® fix-

6. THE MIX *-AUTONOMOUS QUANTALE Q. (I)

From this section onward I denotes the unit interval of the reals, I := [0, 1].
Recall that we use Q (I) for the set of join-continuous functions from I to itself.
Notice that a monotone function f : I — [ is join-continuous if and only if

f@=\/f», oreven fm= \/ fo, (19)
y<x y<x, yelNQ
see Proposition 2.1, Chapter II of [22]. According to Example[8] we have:

Lemma 30. Composition induces a quantale structure on Qy (D).

Let now Q(I) denote the collection of meet-continuous functions from I to
itself. By duality, we obtain:

Lemma 31. Composition induces a dual quantale structure on Q,(I).

With the next set of observations we shall see Qy (I) and Q,(I) are order isomor-
phic. For a monotone function f : I — I, define

o=\ Fa, Fo=\/ ).
Lemma 32. Let f : 1 — 1 be monotone. If x <y, then f*(x) < f¥(y).

Proof. Pick z € I such that x < z < y and observe then that f"(x) < f(z) <
7). O
Proposition 33. For a monotone f : 1 — 1, the following statements hold.:

(1) f" is the least meet-continuous function above f and f" is the greatest
Jjoin-continuous function below f,

(2) the relations f¥" = f" and ¥ = fV hold,

() the operations ()" : Qu(I) = Qu(I) and (-)" : Qu(I) — QA() are inverse
order preserving bijections.

Proof. (1) We only prove the first statement. Let us show that f” is meet-continuous;
to this goal, we use equation (19):

Nro=N\Nrar=N\re)=.

x<t x<t t<t’ x<t
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We observe next that f < f”, as if x < 7, then f(x) < f(¢). This implies that if
g € QA(D) and f" < g, then f < f" < g. Conversely, if g € Q,(I) and f < g, then

=N\ o< N\ e =g,
x<t x<t
Let us prove (2) and (3). Clearly, both maps are order preserving. Let us show that
fYN = f" whenever f is order preserving. We have f¥* < f*, since f¥ < f and
(—)" is order preserves the pointwise ordering. For the converse inclusion, recall
from the previous lemma that if x <y, then f"(x) < f¥(y), so

P \Fo= e,
X<y
for each x € I. Finally, to see that (—)" and ()" are inverse to each other, observe
that of f € QA(D), then f¥* = f* = f. The equality f*¥ = f for f € Qu(I) is
derived similarly. m|

Corollary 34. Q\(I) is a complete distributive lattice.

Proof. The interval I is a complete distributive lattice, whence the set I' of all
functions from I to I, is also a complete distributive lattice, under the pointwise
ordering and the pointwise operations. The subset of monotone functions from I to
I is closed under infs and sups from I'. In view of Proposition 33 join-continuous
functions are the monotone functions that are fixed points of the interior operator
f — fY. As from standard theory, it follows that Q. (I) is a complete lattice, that
join-continuous functions are closed under pointwise suprema, and that infima in
Qv (I) are computed as follows:

(N o = \/infl i) i€l
i€l y<x
Finally notice that, in case I = { 1,2}, then

(Ai A L)) = \/ min(fi(), )

y<x

=\/ \/ min(A0), £02).

Y1 <x y2<x
since the set {y € I | y < x} is upward directed,

= min(\/ fion). \/ £202) = min(i(). 0.

yi<x 2 <x

where the last step follows from f;¥ = f;, i € {1,2}. Therefore finite (non-empty)
meets are computed pointwise, and this implies that Q. () is a distributive lattice.
O

Considering that I is a complete lattice, Proposition [33] shows that it is also a
perfect chain and therefore. According to Corollary [I4] we deduce the following
statement.

Corollary 35. Q) is a mix *-autonomous quantale.
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7. PatHS

Let in the following d > 2 be a fixed integer; we shall use I¢ to denote the d-fold
product of I with itself. That is, I¢ is the usual geometric cube in dimension d. Let
us recall that I, as a product of the poset I, has itself the structure of a poset (the
order being coordinate-wise) and, moreover, of a complete lattice.

Definition 36. A path in 1% is a chain C C I¢ with the following properties:
(1) ifXcC,then AXeCand \V X €C,
(2) Cis dense as an ordered set: if x,y € C and x < y, then x < z < y for some
zeC.

That is, we have defined a path in I¢ as a totally ordered dense sub-complete-
lattice of 1. We are going to see that paths in I can be characterized in many
ways.

Lemma 37. Paths in 14 are exactly the maximal chains of the poset 1.

Proof. We firstly argue that every path in I is a maximal chain of I¢.

Let C C I be a path and suppose that there exists z € I? \ C such that C U {z} is
achain. Letz- ={ce€Clc<z}andz' ={ceC|z<c}. Sincez ¢ C and C is
closed under meets and joins, we have \/z~ <z < Az", with \/z7, Az" € C. By
density, let w € C be such that \/ z~ <w < Az". Since w € C C C U {z} and the
latter is a chain, then w < z or z < w. In the first case we obtain w < \/z~ and in
the second case A z* < w and, in both cases, we have a contradiction.

Next, we argue that every maximal chain of I is a path in I. Let C be a maximal
chain of I?. Take X C C and let a := A X € I4. The maximality of C implies that
0,1 € C and so a € C whenever X = 0 or X = C. Suppose that X # (. We claim
that C U {a} is a chain and consequently a € C by the maximality of C. Let c € C;
if c £ athen ¢ £ x, for some x € X, which implies x < cand soa < c;ifa £ c,
then x £ ¢ for every x € X, which implies ¢ < x for every x € X, and so ¢ < a.
Thus C U {a} is a chain as aimed. Let us now prove that C is dense. Let x < y
in C. Suppose that for every ¢ € C we have y < c or ¢ < x. Since x < y, there
exists j € [d] such that x; < y;. The density of I implies the existence of z; € I
such that x; < z; <y;. Take w € I to be defined by w; =zjand w; = x; for i # j.
Clearly x < w < y. If w ¢ C, then C U {w} is not a chain and there exists c € C
such that w £ ¢ and ¢ £ w; consequently, y £ ¢ and ¢ £ x, which contradicts the
assumption that y < ¢ or ¢ < x, for each ¢ € C. Thus there must be ¢ € C such that
x<c<y. O

We carry over with a characterization of maximal chains of I which justifies
naming them paths.

Lemma 38. A monotone function p : I — 1% such that p(0) = 0 and p(l) = Tis
topologically continuous if and only if it is bi-continuous. Consequently, its image
in 14 is a path.

Proof. Let p be as in the statement of the lemma. For each i € {1,...,d}, let
n; : 14 — T be the projection on the i-th coordinate, and set f; := 7, o f, so each f; is
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monotone. Recall the standard theorem on existence/characterization of left limits
of monotone functions: lim,_,,- fi(y) =V fi([0, x)).

If p is topologically continuous, then each f; is topologically continuous. Let
X C I'and observe that X is cofinal in [0, \/ X) (that is, for each y € [0,/ X) here
exists x € X such that y < x. This implies that \/ g([0, \/ X)) < V/ g(X), for each
monotone function g. It follows that

f,-(\/ X)= lim fi(y)), since f; is topologically continuous,
y—=(V x)”

=\/£10,\/ x) < \/ 0.

Since the opposite inclusion holds by monotonicity, this shows that each f; is join-
continuous, so f is join-continuous. In a similar way, f is meet-continuous.
Conversely, let us suppose that f is bi-continuous. Thus, for each x € I, we have

lim f;(y) = i1V, x)) = = i((x, 1]) = lim fi(z),
Jim fio) = \/ fi10,0) = £ = /\ fiGx, 1D = lim /i@

showing that each f; (and therefore f) is topologically continuous.

For the last statement, let C = p(I). Let X € C and Y C I be such that p(Y) = X.
Then VX = \/p(Y) = p(\VY) € C; in a similar way, A Y € C. Let us show
that C is dense. Let x,y € I be such that p(x) < p(y). Since p is monotone,
we also have x < y (use Lemma[39). Consider then the image of the connected
interval [x,y]. Since p is topologically continuous, its image cannot be the dis-
connected two points set { p(x), p(y)}. Therefore there exists z € (x,y) such that

p(z) ¢ { p(x), p(y) }; then, by monotonicity, we get p(x) < p(z) < p(y). O

Thus, if p : T — I is a monotone topologically continuous function with p(0) =
0 and p(l) = 1, then p(I) C I is a path. We are going to show that every path arises
in this way.

Lemma 39. Consider a monotone function f : C — P where C is a chain and P
is any poset. Then f reflects the strict order: f(x) < f(y) implies x < y.

Proof. Suppose f(x) < f(y). We have y < x or x < y. However, if y < x, then
f(») < f(x) as well, contradicting f(x) < f(y). Whence x < y. O

Lemma 40. Any bi-continuous function f : C — 1, where C is a path, is surjective.

Proof. Since f is bi-continuous, it has left and right adjoints, say £ 4 f 4 p. We
shall show that £ < p; from this and the unit/counit relations h(o(?)) < t < h(£(t)) it
follows that both £(¢) and p(¢) are preimages of t € 1.

Let ¢ € I be arbitrary; since C is a chain, either £(¢) < p(¢) holds, or p(t) < £(t)
holds. In the latter case, let ¢ € C be such that p(t) < ¢ < £(t). AsIis a chain, either
f(c) <t,ort < f(c). If f(c) < t, then we have ¢ < p(¢), contradicting p(t) < c;
if t < f(c), then £(¢) < c, contradicting ¢ < €(¢). Therefore the relation £(¢) < p(¢)
holds, for each ¢t € C. O
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For a path C C I“and i = 1,...,d, let us define 7; : C — I as the inclusion
of C into I“ followed by the projection to the i-component. Observe that 7; is bi-
continuous (since it is the composition of two bi-continuous functions), thus it is
surjective by the previous lemma.

Proposition 41. Every path C is order isomorphic to 1. In particular, there exists
a monotone continuous function p : C — 1 such that p(0) = 0, p(l) = 1, and
pd = C.

Proof. We shall show that C has a dense countable subset Cq without endpoints
which generates C both under infinite joins and under infinite meets. By a well
known theorem by Cantor, see e.g. [11, Proposition 1.4.2], Cq is order isomorphic
toINQ\{0, 1}. Then C is order isomorphic to the Dedekind-MacNeille completion
of INQ\{0,1}, namely to I. Foreachi e {1,...,d}andgeInNnQ\{0,1}, pick
Ciy € C such that m;(c; ) = g. Let

Ca:={ciglie{l,....,d}, geINQ\{0,1}},

and observe that Cq is countable. We firstly argue that Cq is dense in C. Let
¢,c’ € C such that ¢ < ¢’. By definition of the order on I¢, mi(c) < mi(¢’) for some
i€e{l,...,d}. Let g € In Q be such that 7;(c) < ¢ < m;(c’). Then, by Lemma[39]
we deduce ¢ < ¢;y < ¢’, with ¢;; € Cq.

Also Cq has no endpoints. For example, if ¢ = ¢;; € Cq and ¢" € IN Q is such
that ¢’ < g, then necessarily ¢; s < ¢;4, so Cq has no least element.

Finally, we prove that Cq generates C under infinite joins. Let ¢ € C and
consider the set D := {x € Cq | x < c}; suppose that \/ D < ¢. There ex-
ists i € {1,...,d} such that 7;(\/ D) < m;(c), and we can pick ¢ € Q such that
mi(\/ D) < g < mi(c). Let ¢; 4 be such that 7;(c; ;) = g, then, by Lemma[39] we have
\/ D < c¢jq4 < c. Yet, this is a contradiction, as ¢;; € Cq and ¢;4, < ¢ imply ¢;, € D,
whence ¢;;, < \/ D. In a similar way, we can show that every element of C is a

meet of elements of Cq. m|

8. PATHS IN DIMENSION 2

We give next a further characterization of the notion of path, valid in dimension
2. The principal result of this Section, Theorem 43 states that paths in dimension
2 bijectively correspond to elements of the quantale Qy (I).

For a monotone function f : I — I define Cy C I? by the formula

Cr = xIx 1Y, A0l (20)

xel
Notice that, by Proposition Cy = Cpv = Cyr. As suggested in figure [8] when
f € Qu(D), then Cy is the graph of f (in blue in the figure) with the addition of the
intervals (fV(x), f*(x)] (in red in the figure) when x is a discontinuity point of f.

Proposition 42. C; is a path in I>.

Proof. We prove first that C ¢, with the product ordering induced from 12, is a linear
order. To this goal, we shall argue that, for (x,y),(x’,y") € Cr, we have (x,y) <
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Figure 1. The path Cy of f € Qy(I)

(x',y") iff either x < x" or x = x" and y < y’. That is, Cy is a lexicographic
product of linear orders, whence a linear order. Let us suppose that one of these
two conditions holds: a) x < x’,b) x = x’ and y < y’. If a), then f(x) < f¥(x).
Considering that y € [fV(x), f*(x)] and y € [fY(xX), f*(x')] we deduce y < y'.
This proves that (x,y) < (x/,y") in the product ordering. If b) then we also have
(x,y) < (x¥',y") in the product ordering. The converse implication, (x,y) < (x',)’)
implies x < x” or x = x" and y < y’, trivially holds.

We argue next that Cy is closed under joins from 2. Let (x;,y;) be a col-
lection of elements in Cy, we aim to show that (\/ x;,\/ y;) € Cy, ie. Vy; €
YV x), AV xp)]. Clearly, as y; < f(x;), then \/y; <V f*(x;) < fA(V x0).
Next, f¥(x;) < yi, whence fY(\V x;) = V fY(x;) <V y;. By a dual argument, we
have that (A x;, A\ y;) € Cy.

Finally, we show that Cy is dense; to this goal let (x,y),(x’,y") € Cr be such
that (x,y) < (x’,y). If x < x’ then we can find a z with x < z < x’; of course,
(z, f(z)) € Cy and, by the previous characterisation of the order, (x,y) < (z, f(z)) <
(x’,y") holds. If x = x’ then y < )y’ and we can find a w withy < w < y/;
asw € [y,y'] € [fY(x), fA(x)], then (x,w) € Cy; clearly, we have then (x,y) <
(x,w) < (x, ") = (', y"). m

For C a path in I?, define
fe = Atyl ey ecy, ffm=\ylyecy. @b

Recall that a path C C I? comes with bi-continuous surjective projections 7y, 75 :
C — 1. Observe that the following relations hold:

Jfc =mo(m)e, Jé =mo(m),. (22)
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Indeed, we have
ma((mr1)e(x)) = ﬂz(/\{ X, eClx=x"}), using equation (2))
= /\ﬂz({(x',)’) eClx=x)) = /\{y | (x,y)€C}.

The other expression for f is derived similarly. In particular, the expressions in

[@2) show that f- € Qu(I) and f! € QA(I).
Lemma 43. We have
fe=UD'. fi=). ad C=Cp=Cy.

Proof. Firstly, let us argue that f = (f7)"; we do this by showing that f{* is
the least meet-continuous function above f-. We have f7(x) < fg (x) for each
x € I, since 7y is surjective so the fibers ﬂ[l(x) = {(x',y) € C| X = x} are non
empty. Suppose now that f < g € QA(I). In order to prove that f! < g it will
be enough to prove that f7(x) < g(x’) whenever x < x’. Observe that if x < x’
then fl(x) < fo(x'): this is because if (x,y),(x’,y") € C, then x < x" and C a
chain imply y < y’. We deduce therefore f (x) < f-(x") < g(x). The relation
fe = e ) is proved similarly.

Next we argue that (x,y) € C if and only if f-(x) <y < ff(x). The direction
from left to right is obvious. Conversely, we claim that if fZ(x) <y < fZ(),
then the pair (x,y) is comparable with all the elements of C. It follows then that
(x,y) € C, since C is a maximal chain. Let us verify the claim. Let (x',y’) € C, if
x = x’ then our claim is obvious, and if x" < x, then y’ < fI(x") < f-(x) <y, so
(X,¥") < (x,y); the case x < x’ is similar. O

Lemma 44. Let f : 1 — 1 be monotone and consider the path Cy. Then ¥ = fc_f
and f = fgf.

Proof. Foramonotone f : I — Llet f’ : T — Cyby f’ := (idy, fV),s0 f¥ = myof’,
as in the diagram below:

fc_f

I< m Cy e > 1

f\/

Recall that fc_f = 1, o (my),. Therefore, in order to prove the relation fV = fc_f =

mpo(my), it shall be enough to prove that (id, f"') is left adjoint to the first projection
(that is, we prove that (id, f¥) = (m);, from which it follows that f¥ = my o
(id, f¥) = my o (m1)¢). This amounts to verify that, for x € T and (x’,y) € Cy we
have x < my(x,y) if and only if (x, f¥(x)) < (x’,y). To achieve this goal, the only
non trivial observation is that if x < x’, then f¥(x) < fY(x’) < y. The relation
fA=mo (1), is proved similarly. ]

Theorem 45. There is a bijective correspondence between the following data:
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(1) paths in I?,
(2) join-continuous functions in Qy (D),
(3) meet-continuous functions in Q,(I).

Proof. According to Lemmas and [44] the correspondence sending a path C
to fo € Qu(I) has the mapping sending f to Cy as an inverse. Similarly, the
correspondence C +— f! € QA(I) has f + Cy as inverse. m|

9. PATHS IN HIGHER DIMENSIONS

We show in this section that paths in dimension d, as defined in Section[7] are in
bijective correspondence with clopen tuples of Q,(I)!“"2, as defined in Section [3}
therefore, as established in that Section, there is a lattice L;(Q. (I)) whose underly-
ing set can be identified with the set of paths in dimension d.

LethQv(}I)[d]z,sof:{fi,jl1§i<j§d}. We define then, for 1 <i < j <
d,

fii=(fi) = ((fi,j)p)v~

Moreover, for i € [d], we let f;; := id. We say shall say that a tuple f € Q\,(]I)[””2
is compatible if f;; o fi ; < fix, for each triple of elements i, j, k € [d]. It is readily
seen that a tuple is compatible if and only if ¢¢, defined in Lemma 27] is a skew
metric on [d]. Therefore, according to Lemmal28] a tuple is compatible if and only
if it is clopen.

If C C I is a path, then we shall use 7; : C — I to denote the projection onto
the i-th coordinate. Then nr; ; := (m;,7;) : C —> I XL

Definition 46. For a path C in 14, let us define v(C) € C)\,(]I)[””2 by the formula:

WC)ij:=mjo(m)e, (G, )) € [dl. (23)
Remark 47. An explicit formula for v(C); j(x) is as follows:
WC); j(x) = /\{ﬂj(Y) €C|m(y) =x}. (24)

Let C; ; be the image of C via the projection 7; ;. Then C; ; is a path, since it is the
image of a bi-continuous function from I to I X I. Some simple diagram chasing
(or the formula in (24)) shows that v(C); ; = Ie, ,as defined in 21).

Definition 48. For a compatible f € Q. (D)!“", define
Cri={(x1,....,xa) | fij(xi)) < xj, foralli,je[d]}.

Remark 49. Notice that the condition f; ;(x) <y is equivalent (by definition of f; ;
or fj;) to the condition x < ff\i(y). Thus, there are in principle many different ways
to define Cy; in particular, when d = 2 (so any tuple Q. (D" is compatible), the
definition given above is equivalent to the one given in 20).

Proposition 50. Cy is a path.

The proposition is an immediate consequence of the following Lemmas
and
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Lemma 51. Cy is a total order.

Proof. Let x,y € Cy and suppose that x £ y, so there exists i € [d] such that
x; £ y;. W.Lo.g. we can suppose that i = 1, so y; < x; and then, for i > 1, we have
f1.0) < frix), whence y; < f\(y1) < fi,i(x1) < x1. This shows thaty <x. O

Lemma 52. Cy is closed under arbitrary meets and joins.

Proof. Let {x' | £ € I'} be a family of tuples in Cy. Foralli,je[d]and ¢ €1, we

have f; i(Aes xf) < fi,j(xf) < x?, and therefore f; j(/\ e/ xf) < Acer x?. Since meets

in I are computed coordinate-wise, this shows that C r 1s closed under arbitrary
.. v V4

meets. Similarly, f; ;(x;) < Vees X; and

AN =\ fieh <\«
tel tel tel
so Cy is also closed under arbitrary joins. |

Lemma 53. Let f € Q\,(]I)[d]2 be compatible. Let iy € [d] and x¢ € 1; define x € G4
by setting x; := f;, i(xo) for each i € [d]. Then x € Cy and x = \{y € Cy | mj,(y) =
X0 }
Proof. Since f is compatible, f; ;o fi, i < fi,.j» for each i, j € [d], so

Ji.j(xi) = fi,j(fio.i(x0)) < fiy,ji(X0) = x;.
Therefore, x € Cy. Observe that since f; ;, = id, we have x;, = xo and x so defined

is such that 7;;(x) = xo. On the other hand, if y € C and xy < m;,(y) = y;,, then
Xi = fiig(x0) < fiiy(Vig) < i, foralli € [d]. Thus x = A{y € Cr | m,(y) = x0}. O

Lemma 54. Cy is dense.

Proof. Let x,y € Cy and suppose that x < y, so there exists iy € [d] such that
Xiy < yiy- Pick zg € I such that x;, < z9o < yj, and define z € Cy as in Lemma [33]
Zi = fi.i(zo), for all i € [d]. We claim that x; < z; < y;, for each i € [d]. From
this and x;, < z;, < yo it follows that x < z < y. Indeed, we have z; = f;; i(z0) <
Ji0.i®iy) < yi. Moreover, x;, < zo implies f,{)\,,-(xio) < fi.i(z0); by Remark 49 we
have x; < fl-Q,l.(xiO). Therefore, we also have x; < fl.g’i(xio) < fi.i(z0) = zi. O

Lemma 55. If f € Q,(I)!%" is compatible, then w(Cy) = f.

Proof. By Lemma[33] the correspondence sending x to (f;1(x),. .., fz1(x)) is left
adjoint to the projection m; : Cy — L. In turn, this gives that v(Cy); j(x) =
7 j((m)p(x)) = f; j(x), for any i, j € [d]. It follows that v(Cy) = f. ]

Lemma 56. For C a path in ¢, we have Cyc) =C.

Proof. Let us show that C C C,c). Let ¢ € C; notice that for each i, j € [d], we
have

WO j(ci) = mj((m)e(c;)) = mi((m;)p(mi(c)) < mjc) = ¢j,
so ¢ € Cyc). For the converse inclusion, notice that C C C,(c) implies C = Cy(c),
since every path is a maximal chain. |
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Putting together Lemmas 53] and [56] we obtain:

Theorem 57. The correspondences, sending a path C in 1% to the tuple v(C), and
a compatible tuple f to the path Cy, are inverse bijections.

10. STRUCTURE OF THE CONTINUOUS WEAK ORDERS

As established in Section [3 there is a lattice L;(Qy(I)) whose underlying set
is the set of clopen tuples of the product Q. (I)!*2. From now on, and to ease
the reading, we shall use L(I[d) to denote this lattice. Obviously, if d = 2, then
L% = Q(I). By the results in the previous section, elements of L(I?) bijectively
correspond to paths in dimension d. Under the bijection, given two paths C, C’
in dimension d, the relation C < C’ holds if and only if, for each pair of axes
i, j € [d] with i < j, the projected path C; ; is below the projected path C 7 .. Given
the bijective correspondence with paths in dimension d, we call this lattlce the
continuous weak order (in dimension d).

We give in this section a minimum of structural theory of the lattices L(I%):
we observe that they are self-dual, we characterize their join-irreducible elements,
and argue that they have no completely join-irreducible elements nor compact ele-
ments.

10.1. Duality. A lattice L is said to be self-dual (or autodual) if it is isomorphic
to it dual L°P. Let o : [d] — [d] be defined by (i) := d + 1 — i; as observed in
Remark 16 if we define f* € L(I?) (for f € L(I¢)) by

(f)ij = fopow)™, foreach (i, )) €[d] ,

then the correspondence sending f to f* is an order reversing involution of L(I¢).
Let us remark that this correspondence is not an orthocomplementation, for exam-
ple, it can be easily seen that the relation f A f* = L fails already when d = 2.

10.2. Join-prime elements of Q. (I). Recall from Corollary [34] that Q. () is a
complete distributive lattice and that, in distributive lattices, join-prime and join-
irreducible elements coincide. We determine therefore the join-prime elements of
Qv (D). For x,y €1, let us put

0 0<t< 0, 0<t<u,

1) —_ —xa

exy(t) == E.y®) =3y, x<t<l, (25)
Y. x<th 1, t=1

so ey, € Qu(), E,, € Q,(I) and, moreover, E, , = e;\’y.

Definition 58. A one step function is a function of the form e, where x,y € I. We
say that e, , is prime if e, # L. We say that e, is rational if x,y € IN Q.
Lemma 59. For each x,y €1, e,y = Lifand only of x=10ry = 0.

Proof. If x = 1 ory = 0, then e, , is the constant function that takes O as its unique
value, i.e. ey, = L. Conversely, if x < 1 and 0 < y, then, e, ,(1) = y # 0, so
exy # L. O
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From the lemma it also follows that e, # L if and only if x < 1 and 0 < y.
Notice therefore that e, , # L if and only if the point (x,y) € I does not lie on the
path {(x,0) [x e T}U{(1,y) [y € I}.

Lemma 60. For f € Qu(I) and x,y €1, ey, < fif and only if y < f*(x).

Proof. If e, < ftheny = e;"y(x) < fM(x). Conversely, suppose that y < f"(x). If
t < x, then ey () = 0 < f(1). f x <1< 1, then ey, (r) = y < f(x) < f(1), where
the last inequality follows from Lemma[32] |

Corollary 61. Let x,y,z,w € I and suppose that e, ,e,,, # L. Then ey < e, if
andonly ifz < xand y < w.

Proof. If e,y < e, theny < e/, (x). Since 0 < y, we derive then z < x. Since
x < 1 we also have e?’w(x) =w, soy < e/,,(x) = w. Conversely, suppose z < x and
y <w. From z < x < 1 we deduce egw(x) =w,s0y<w= egw(x) yields, according
to the previous lemma, ey, < e ,,. O

For f € Qu(I) and xo, x; € I with xp < x1, we define f(,, ] € Qv(I) as follows:

0, 0<t<x,
Joo1(D) =3 f(0), Xo <t<xp,
), x<t.

In particular, for any x € I, we have

f@, 0<r<x,

), x<t,

o <
Jen(®) = ), x<t<l,

Jox(®) = {
SO

f=foxV fun-

Proposition 62. Prime one step functions are exactly the join-prime elements of

Qv (D).

Proof. Consider e, , and suppose that e, , < f'V g. This relation holds if and only
if y < max(f"(x),g"(x)), if and only if y < f"(x) or y < g"(x), that is e,y < f
or exy < g. Thus every function of the form e,, which is different from L is
join-prime.

Conversely, let f € Qy(I) be join-prime (so f is join-irreducible) and recall that,
forany x € I, f = fio.q V fix11- Therefore, for each x € I, f = foq or f = fix11-
Observe also that if f = fio ) and f = f. 1}, then f = e, rr(y).

Letnow Iy :={x€l| f = fontand Fy:={x€ll| f= fox}solpfUF;=1
Notice that x € Iy if and only if f(x) = 0 and x € F if and only if the restriction
of f to the interval (x, 1] is constant. From these considerations it immediately
follows that I is a downset and F is an upset; moreover, 5 is closed under joins
(since f is join-continuous) and F is closed under meets. If x € Iy, y € Fy, and
y < x, then f is constant with value 0, which contradicts f being join-irreducible
(thus distinct from L1). Therefore, if x € Iy and y € Fy, then x < y. Then xo =

Vip= \NFrelyNFyand = ex, o) -
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Proposition 63. Every f € Qy(l) is a (possibly infinite) join of prime one step
functions.

Proof. Clearly we have \/{e,, | e, < f} < f, so let us argue that this inclusion
is an equality. Let g be such that e,, < g whenever e, < f. In particular, for
x arbitrary and y = f”(x), we have e,y < g, thatis fNx) < gM(x). We argued
therefore that, within Q,(I), /" < g". We have, therefore, f = f*Y <g"V=g. O

Remark 64. Proposition [63]implies that Q, (I) is the Dedekind-MacNeille comple-
tion of the sublattice generated by the prime one step functions. The statement
of the proposition can be further strengthened as follows: every f € Qu(I) is a
(possibly infinite) join of prime rational one step functions, implying that Qy (I) is
the Dedekind-MacNeille completion of the sublattice generated by the rational one
step functions. To see why this is the case, observe that every one step function is
the the join of the rational one step functions below it.

Finally, we verify the following relations, that we shall need to understand the
structure of join-irreducible elements in higher dimensions.

Lemma 65. For each x,y,y’,z €1,

ey, 0eyy = Loysy,
7/,Z Xy — .
? Y ex;, oOtherwise.

In particular, ey; 0 ey, = L.
Proof. Let us study the formula for the composition:

0 ) ex,y(t) S y, D)
7, Y <exy().

ey ,z(ex,y () = {

Now, if y < y’, then e, ,(r) < y', foreach t € [, so ey ;0 e,y, = L. If y <y, then
Y < ex,(?)if and only if e, (7) = y,i.e. iff x <. This yields ey ;0e,y =e,,. O

The following lemma is verified in a similar way.

Lemma 66. For each x,y,z €1,

A —
€yzs y=0,
A A _ )N
€y, 0€y, =€, 0<y<lI,
A —
€y, y=1.

10.3. Join-irreducible elements of L(I). We study next join-irreducible elements
of the lattice L(I?), for d > 3.

For p € I, let ep €Qy (I[)[”l]2 be the tuple defined as follows:
€p = <epi,pj |G, j)€ldl).
Let also define
,uX:zmin{ie[d]lpi<1}, M;,/::max{je[d]|0<pj},
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(where we let in these formulas min ) = d + 1 and max @ = 0) and
dim"(p) := M;,/ _“Z .

Therefore, for each p € I, p; = 1 if i < ulv, and p; = 0if j > MIZ. In particular, we
cannot have M < u, — 1, so dim*(p) > 1.

Lemma 67. For each p € 1%, the relation e, # L holds if and only if diim"(p) > 0.

Proof. Recall that ey, ,. = L, if p; = 1 or p; = 0. Suppose that dim"(p) < 0, so
My < p, and consider (i, j) € [d]p: we have then p; = 1 or p; = 0. Therefore,
epp; =L for each (7, j) € [d]>,and e, = L.

Suppose next that dim”(p) > 0, so u; < M. To ease reading, let u = u, and
M = M},/. Since 1 < pand M < d, we have (u, M) € [d], and since p, # 1 and
pm # 0, we have ey, ,, # L and therefore ¢, # L. O

Proposition 68. For each p € 19, ep is a clopen tuple of Q. (MY, That is, e, €
L(I9).

Proof. We use Remark [29]to establish that e, is compatible and, to this goal, we use
the relations established with Lemmas[65land[66l The relation e}, , = ej’;j’pk o e;)\,-,p,-
holds unless p; € {0,1}. If p; = 0, then

A A A

A
= < =
€pjpi © €pip; = L S Epipy S € S €0 p = €pipy © €pip; -
If pj = 1, then
— A A _ A A
€pjpi © €pip; T LS Cpipi S €ppy S €1 T €y © Cpip; =

Notice that p € I¢ has dim”(p) < 0 if and only if it lies on the path
i 1,x0,.. 0 | xeT).
S— S——

i€ld] i-1 d—i
It is readily seen that this path corresponds to the tuple that is the bottom of the
lattice L(I¢) (as well as of the lattice Qy (}I)[d]z).

Lemma 69. Foreach f € L(]Id), x € I, and (m, M) € [d],, there exists p(f, x,m, M) €
14 such that ep(fxmm) < fo p(fs X, m, M)y = x and p(f, x,m, M)y = fiy 1, ().

Proof. We construct p = p(f, x,m, M) as follows. We let p,, = x and, for i with
m<i<M,weletp; = fnﬁ’i(x). If i < mthen we let p; = 1, and if M < i, then we
let p; = 0.

Let us verify that ¢, < f, thatis e, ,, < f; ; for each (i, j) € [d]2. If i < m, then
ep.p; = L < fij. Similarly, if M < j, then ep, ,, = L < fi ;. Therefore we can
assume that m < i < j < M. We verify that e, ,. < f; ; using Lemmal60l If i = m,
pj = frﬁ’j(x) < fnf’j(pm), simply because p,, = x; if m < i, then p; = fnﬁ’j(x) <
fl{‘j(frfl‘,i(x)) = f,{}(l’i)’ recalling that p; = fn/;’l.(x) and using openedness of f. O

Corollary 70. For each f € L(I¢) the relation
f=\/leplpel® and e, <f). (26)
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holds in L(I%).

Proof. Using Lemma [69] we see that relation (26) holds in Qy(I)!“", for any f €
L(I¢). A fortiori, the same relation holds in L(I¢). O

Proposition 71. For each p € I¢, if e, # L, then e, is join-irreducible within L(I%).

Proof. Assume that the relation e, = @ Vv § holds in L9). Let m := /1; and M :=
M;,’. Observe that, for (i, j) € [d],ifi <mor M < j,thene;; =a;;=p;;j= 1;s0
we only need to show that either e, . = @; j wheneverm < i < j< M,orep,; = f;;
whenever m < i < j < M. Said otherwise, we can assume that m = 1 and M = d
(so p1 # 1 and pg # 0).

Firstly, we claim that e, ,, = @14V B1,4. If not, then we have a1 4VB14 < ep, pys
consider then the tuple f € Qu(I)!'“? such that fij = epp;ifi # lorj#d, and
Ji.a = a14VPa; trivially, fis closed, since fori < j <k, e, poep p; = L < ey .
We obtain then the following contradiction:

ep=aVygB=aVq qun B f=f<ep.
Thus we have e, ,, = @14 V 1,4 in Qy(I), and therefore e, ,, = a1 401 e, 5, =
B1.a. Let us suppose that e, ,, = a14, we shall prove that e, = a@. (A similar
argument proves that e, = Sif e, ,, = B1.4).
Notice first that e, = a V 8 implies «; ; < €pi.p; for each (i, j) € [d],. On the
other hand, if 1 < i < d, then

Pa = €y 5 (p1) = 1 4(p1) < alylal (p1) < ajyley, ,(p) = aly(pi),

showing that e, ,, < @;4 and, consequently, e, ,, = @;q, fori=1,...,d - 1.
Suppose now that e, ,. £ @; for some (i, j) € [d], with j < d. This relation
amounts to p; £ a/l(\j(p,-), thus to a/l(\j(p,-) < p;j. Then

pa = ey, 5, (i) = @ (p) < @@l {p) = e, (e (p)) = 0,

against the hypothesis. Thus we have «;; = €pip; for each (i, j) € [d],, that is
e, = a. O

In the rest of this section we aim shall prove the converse of Proposition if
is join-irreducible, then « = ¢, for some p € 1. Let p,q € I¢ with p < ¢; as usual,
[p, gl denotes the set {r € I? | p < r < g}; define then e[p.q1 bY

epgl = \/{er | relp,ql}

where this infinite join is computed in Qu(I)!*"? (we shall argue few lines below
that e[, 4 is clopen). We notice in the meantime the following expression of e[, 4.
For each (i, j) € [d]»,

(etpaij=(\/le 7€ lp.al};
= \/{en,r, | pi<ri<qi, pj<ri<q;j}=ep.yg;-

Lemma 72. For each p,q € 1¢ with p < q, e[p,q) is clopen. Moreover, for r € I
such that L < e, the relation e, < ey, 4 holds if and only
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(1) puy <ryandryy < qyy,
(2) ri € [pi,qil, for each i such that uy <i< M.

Proof. Clearly ey, ) is open since it is a join of open tuples; it is also closed since
the relations e),. 4, © €}, 4; < €p, 4, holds by Lemmal[65l

Let now r € I4 be such that L < e,; to ease the reading, let also m := u) and
M := M. Suppose that e, < e[pq)» that is rr; < €pig;s for each (i, j) € [d]».
Since L < e, r, < €p,.qy» W€ have p,, < 1y and ry < gy. Also, form <i < M,
i < €p,g With 1y, < 1yields r; < g;, and ey, ), < ep, 4, With 0 < ry yields
pi < r;. Thus, for such an i, p; < r; < g;.

Let us verify that (1) and (2) imply e, < e[, 4. Consider (i, j) € [d]>: if i <m or
M < j,then ey, = L,50 e, < epq trivially holds; otherwise m < i < j < M,
and conditions (1) and (2) imply that p; < r; and r; < g;. ]

<
<

As a particular instance of the previous lemma (i.e. when p = ¢ in the statement
of the lemma) we deduce the following statement:

Proposition 73. Let r, p € 1 be such that L < e,. Then e, < e, if, and only if,
(1) Py < Tuys Ty < Py
(2) ri=piforallie[dlwithy <i<M).
Notice that the relation L < e, < e, also implies that
Hy Sl <MY <M.

Suppose for example that i,/ < 1, so p has in position m := " a 1. This implies
that e, ,, = L for each j > m. Therefore, e, < ¢, implies that e,, ,, = L for each

J > m. Since by definition r,, < 1, the relations e, ,, = L imply that r; = 0 for
each r; > m. Yet this means that dim"(r) <0, so e, = L, against the assumption.

Proposition 74. If « € L(I9) is join-irreducible, then a = ep, for some p € i

Proof. We claim first that there exists p € I such that & < e,,. To prove the claim,
we define an infinite sequence of intervals [, := [p", ¢"], n > 0, with the following
properties:
(1) 1,41 €1, foreachn > 0,
(2) ¢! = p!' = 5, for each i € [d],
B) a=\{e le, <a,rel,}.
Notice that the last condition implies that @ < \/ I,,.
We let I := 1, so, for example, (3) holds by Corollary
Given I, we define I,,4; as follows. For each i € [d], let I;o := [p], @] and
Iy = [@,qg’]; given a function f : [d] — {0, 1}, we let
If = Il,f(l) X ... X Id,f(d) .
Since

L= U r

f:ld1—{0,1}
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then

a=\/{er|erﬁa,reln}= \/ \/{erlerSa,rGIf},
)

Sfid1={Lr

S0, since « is join-irreducible, there exists f such that

a=\/{erlerSa,r€If},

We let then 1,4 := Iy.

Let 8, = \/,, I, and let p® be the unique element of (1,5 [,,. Observe that, since
the sequences { p? },>0, are increasing while the sequences { g7 },>0, are decreasing,
PP = VausoP? = Nusoq;- We verify next that A\,>0B, = epo. Letr € I be such
that r < 3, for each n > 0, and put m := u and M := M,’. Then, for each n > 0,
P < tms 1i € [P 471, rm < gy, 1t follows that pj, < ry, r; = p} for i such that
m<i< M,thatise, <epo. Since a < 3, foreachn > 0and @ = \/{e, | e, < a},

then a < e . This proves our claim.

Observe now that

a= \/ J(@, m, M)

1<m<M<d

where

J(a’,m,M):{erlJ-<er,ﬂ;/:m, M;'/:M}a

S0, since « is join-irreducible, then for some m, M € {d } withm < M,

a = \/J(a/,m,M).

Observe now that if » € 19 is such that 1 < e, and e, € J(a,m, M), then e, <
@ < e),, whence by Lemma([73]r is of the form

r:(1,...,l,rm,pm+1,...,pM_l,FM,O,...,O).

The join @ = \/ J(a, m, M) is then e, with

q:(19"'71’ /\ rm,pm+la---’pM—1, \/ er()""’O)' O
e €J(a,m,M) e€J(a,m,M)

10.4. Lack of completely join-irreducible elements and of compact elements.
Let L be a complete lattice. An element j of L is completely join-irreducible if, for
any X C L, j = \/ X implies j € X; it is completely join-prime if, for any X C L,
Jj <V X implies j € x, for some x € X. Every completely join-prime element is
also completely join-irreducible. If L is a frame, thatis, if x A \/ Y = \/,cy x Ay
for each x € L and Y C L, then the converse holds as well. )

A family & C L is directed if every finite (possibly empty) subset of ¥ has
an upper bound in . An element ¢ € L is compact if, for every directed family
F CL,c<\/F implies ¢ < f for some f € F.

Let us remark that there are no completely join-prime (equivalently, completely
join-irreducible) elements in Q. (I). Indeed, for every prime one step function ey,
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we can write e, = \/(e ey, Where the set { ey, ,, | £ € L}is a chain and ey, ,, <
ey, for each £ € L. Similarly, there are no compact elements in Qy (I). Indeed, if
f is compact, then Proposition [63]implies that f is a finite join of join-irreducible
elements below it, say f = \/;_; ,ex.y,- Wecan assume that {ey,,, [i=1,...,n}
is an antichain. Now, if {ey,,,, | £ € L} is a chain approximating strictly from
below ey, y,, then f = Ve Cxioyie V Viza..n€xyi 50 f = €xioyie v Viz2,...n €xiy;
for some ¢ € L. It follows that ey, y, < f = ey, V Viza,  n€xy» 50 either
€xiy; < €xi gy OF €y < €,y fOr some i = 2,...,n. In all the cases we obtain a
contradiction.

For a similar reason, the lattices L(I) have no completely join-irreducible el-
ements. Indeed, given p € I¢ such that 1 < ey, it is easy to construct (using
Proposition [73)) a chain of join-irreducible elements strictly below e, whose join is
ep.

In the rest of this section we argue that the lattices L(I?) do not have any compact
element.

Lemma 75. Let F C Qu(D)'¥" be a directed family of closed elements. Then then
Jjoin \/q wan F € Qu (D" is closed.

Proof. A straightforward verification:

(\/ L (\/ Dij = \/ gjk © fij

fer fer f.8eF
< \/ hjxohij, using the fact that F is directed,
heF
< \/ hi,k = ( \/Qv(][)[dlz?ﬂ)i,k . 0
heF

Proposition 76. The lattice L(I?) has no compact elements.

Proof. Suppose ¢ € L(I?) is a compact element. Recall from Lemmal69]and Corol-
lary [70l that we can write
Cc = \/ \/ €p(c,x,m,M) »

xel 1<sm<M<d

where p := p(c, x,m, M) is such that m = py, M = My, p,, = x and p; = ¢, (%),
fori =m+1,..., M. Since c is compact, there exists a finite set P C { p(c, x, m, M) |
xe€el,1 <m< M < d}suchthat c = \/{e, | p € P} and we can suppose that P
is an antichain. Let p' € P be such that m := ,uZl is minimal in {/11V7 | pe P}and
such that p) is minimal in { p,,, | p € P,u; = m}. Let therefore { py,...,p, } := P.
Claim. For each x € I such that p) < x < 1, define p! by p)C m o= xand p : pl1
fori#m.Thene, V Vi €y < Vi, .n€p-

..........
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LemmalI7] there exists a subdivision m = €y < €1 < ... < €, = M of the interval
[m, M] such that

e 1 < \/ e i i e \/
PPy ( e, )o ( q[O,q[l
i=1,...,n i=1,...,n

Considering that composition distributes over joins and that e, ,,, is join-irreducible
in Qu(I), for each u € {0, ...,k — 1}, there exists i, € {1, ...,n} such that

<€ i ix19...0€ 40 .

e, 1
Pm-Pia Dy ey Geyey

By Lemma [63] and since L # e, p,,, the expression above on the right equals to

e =€y i1, S0
q° ,q}’; T gk
Cplpl, S € gl
which, by Corollary [6Il amounts to g5 < p}, and p), < q;f/[l Since p} < x =
gl io # 1. It also implies that ’UZ"O = /1;,.0 < /1;1 = m and, considering the

o . . \V \V _ \Vi _ . 1 . . .
minimality of Hois By = My = . Since p,, is minimal among elements of the
form pi,l, i = 1,...,n, we also infer that p)) = p}n. Yet, this implies that, for
i=m+1,...,min(M’,,M" ),
ppho

pi = cpi(ph) = ch iph) = P

Using Proposition [73] it immediately follows that p!' and p are comparable, con-
tradicting the assumption that P is an antichain. This ends the proof of the Claim.

Clearly, the following relations holds in L(I¢):

\/ (ep,lv \/ epj)<c.

12x>pr!n i=2,...,n

Let us argue that also the converse inclusion holds. Within Q (I)!?12, the following
relation holds:

Taking the closure, we have

\/ \/(elv\/e)_\/(elv\/e)

i=1,..., l>x>p i=2,....n l>x>p -----

where in the last equality we have used the fact that {e,1 V Vi €y [ 1 2 x>
pm } s a directed set and Lemma (73]

Thus c is, within L(I), an infinite join of a chain of elements that are strictly
below it. This contradicts ¢ being compact. m|
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11. EMBEDDINGS FROM MULTINOMIAL LATTICES

The goal of this section is to argue that multinomial lattices [} [39] embed into
the lattices L(I%). Every multinomial lattice embeds into a lattice of the form
L(n,n,...,n). We have argued in Example 24] that multinomial lattices of this
form are isomorphic to the lattices L;(Q) where Q is the mix x-autonomous quan-
tale Qy(I,,) of join-continuous endofunctions of the finite chain I,,. The results
we present in this section shall show that Qy(I,) embeds, as an ¢-bisemigroup,
into Qy(I). Our goal is then achieved using Proposition the embedding of
Qv (I,) into Qy (1) yields, by functoriality, an embedding of L4(Qy (I,)) into L(I%) =
La(Qu (D).

In the following let Iy, I; be two complete chains and let ¢ : Iy — I; be a
bi-continuous embedding (thus we ask that ¢ preserves all joins and all meets; in
particular, ¢ preserves the bounds of the chains). Then ¢ has both a left adjoint
¢ : I} — Iy and a right adjoint p : I} — Iy. It useful, e.g. when Iy is finite, to think
of ¢ as the ceiling function and of p as the floor function.

Lemma 77. The following statements hold:
e loLt=po=idy,
e p<Y{,
o ify € Iy is such that p(y) = £(y), then y = 1(x), with x = £(y) € .

Proof. By standard laws of adjunctions, ¢«(x) = «(£(¢(x)), for each x € Iy. Since ¢ is
an embedding, we deduce x = €(¢(x)). The equality x = p(¢(x)) is proved similarly.
Let now y € I; and suppose that €(y) < p(y), then we have y < «(£(y)) as unit
of the adjunction, ¢«(£(y)) < u(p(y)) and t(o(y)) < y as counit of the adjunction.
Therefore y = «(£(y)) = t(o(y)) and £(y) = p(x), since ¢ is an embedding.
From this it follows that, for y € I, then either p(y) = €(y), in which case y =
(£(y)), or p(y) # £(y), in which case we cannot have £(y) < p(y), so p(y) < £(y). O

Lemma 78. If ((y) < x, then y < 1(x).

Proof. Assume £(y) < x. From £(y) < x we deduce y < «(x). If the latter inclusion
is not strict, then «(x) < y and x < p(y), so £(y) < x < p(y) yields the relation
{(y) < p(y), which contradicts p < ¢ established in Lemmal[77] O

For each monotone f : Iy — I, define R,(f) : I; — I by the formula
R(f):=tofol.

Figure 2] gives some hints on the geometric meaning of the correspondence f
R,(f). In the figure we have Iy = Iy = {0,1,2,3,4,5}, I; = I, and f(0) = O,
f) = f(2) = 2, f3) = f(4) = 3. In some sense, this correspondence the
responsible for representing join-continuous functions from some I, to itself as
discrete paths in the plane. In the figure, the graph of the function R,(f) (in blue)
is completed with the vertical intervals (in red), so to yield the path C, similarly
to what we have done in Figure Bl From the figure it should also be clarified the
recipe R,(f)(x) = (to f o {)(x): give to x the same value of its ceiling £(x) and then
inject back this value back into I using ¢.
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Ficure 2. The correspondence sending f to R,(f)

Lemma 79. For each monotone h : Iy — I}, hoi < to fifand only if h < R,(f).
That is, R,(f) is the right Kan extension of to f : Iy — I along ¢ : Iy — 1.

Proof. Indeed, observe that R,(f) ot =10 folor =10 f. Next,if hot <o f,
thenh <hotol <io fol=R(f). =

Proposition 80. R, is injective and restricts to a map from Qy (Iy) to Qv (I1).

Proof. R, is injective since ¢ is monic and ¢ is epic. For the second statement,
notice that if f € Qy(lp), then R,(f) € Qy(I}), since R,(f) is the composition of
three join-continuous maps. O

We shall observe next that R, preserves part of the structure of Qy (/p), ®, (—)*, &,
as well as finite meets and infinite joins. On the other hand, it is easily seen that
units are only semi-preserved.

Proposition 81. For each f, g € Qy(ly), the following relation holds
R(f®g =R(f)®R(g), RL(f)* = RL(f*) >
and, consequently,

R(fog) =R(f)OR(g).

Proof. For the first relation we compute as follows:

Rl(f)®RL(g)=RL(g)ORL(f)=LOgO€OLOf0€=LOg0f0€
=R(gof)=R(f®g).

For the second relation, we first establish that R,(f)* < R,(f*). In view of Lemma[79]
it is enough to prove R,(f)* ot <t o f*. This is accomplished as follows:

RN @) = \/{y € i | (o HEO) < un), by equation (I6),
= \/{y el | fEQY)) < x}, since ¢ is an embedding,
<\t ¥ €y, f() < x},



THE CONTINUOUS WEAK ORDER 1] 35

since if y € I; is such that f(£(y)) < x, then, by letting x’ := £(y), f(x’) < x and
y < uly) = ux),
=u\/1¥ € o] () < x]) = (Lo fH).
Next we establish that R,(0) < 0. Let us recall that, for each y € I,
RO =\/ x), 0»=\/z.
x<l(y) <y

Therefore, to prove R,(0) < 0, it is enough to argue that x < £(y) implies ¢(x) < y.
Now, if x < £(y), then £(y) £ x, so y £ «(x), that is, «(x) < y.

We can now argue that R,(f*) < R,(f)*. This relation is equivalent to R,(f*) ®
R,(f) < 0 which can be derived as follows:

R(fOR(f)=R(f*®f) <R(0)<0.

Therefore R,(f)* = R,(f*). For the last statement, recall that f ® g = (g* ® f*)*,
so preservation of & follows from preservation of ® and (—)*. |

Proposition 82. We have

RO\ £ =\/ R, RCA f= N\ R

i€l i€l i=1,..,n i=1,..,n
Proof.
R\ 7)) = u(\/ e =\ Giceeon) = \/ i = \/ RO
i€l i€l i€l i€l i€l

In a similar way, considering that finite meets in Qy (I) are computed pointwise, we
have

RN £ = «(/\ e = \Gem) = N\ i) = (/\ R .

iel iel iel iel iel
O

We can state now our main result.

Theorem 83. For each pair of perfect chains Iy, I, and each bi-continuous embed-
ding v : Iy — I, the map R, : Qu(Ip) = Qy(I)) is an {-bisemigroup embedding.
Together with R, Qv(_) is a functor from the category of perfect chains and bi-
continuous embeddings to the category of -bisemigroups.

Proof. The first statement of the theorem just summarizes the observations made
up to now. The expression R, is functorial in ¢, since if ¢ = ¢y o ¢, then ¢, =
(t1)¢ © (12). Therefore

RLzoll(f) =potofo()eo()e=ro RL](f) o (1) = RLz(Rll(f)) .
In a similar way, Riq,, = ida, )- O
Definition 84. For each n > 1 and each x € [, define j,(x) := ﬁ € I. For each
n,m > 1 and each x € L, let jj, (%) := mx € L.
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Clearly, j, and j,,, are complete embeddings; observe also that
. . mx .
Jnn(nm(X) = — = ju(x),
nm
and that
Fact. The diagram j,,, : 1, = 1, is directed and j, : T,, = L is a cocone.

The following statement is a consequence of functoriality of the constructions
R(, and L4(0), see Proposition 25]and Theorem [83]

Proposition 85. The diagram R;,,, : Qy(I,) = Qu(I,),m > n > 1 is directed and
Rj, : Qu,) — Qu() is a cocone. For each d > 2, there is a directed diagram in
the category of lattices Ly(R;, ) : Lg(Qyu(1,)) = La(Qy1L,)), m = n > 1 is directed

Jnm

and Ly(Rj,) : Lay(Qu(T,)) — La(Qy (D)) is a cocone.
Definition 86. We let Lr(I?) be the image of all the mappings L,(R i) - La(Qudy)) —
La(Qu(D)).

By general facts, Lg(I?) yields an explicit representation of the colimit of the
directed diagram L4(R;,) : Lg(Qv(I,)) — Lz(Qy(I)); in particular it is a sublattice

of L(I%). Observe that f € Lg(I%) if and only if f is clopen and, for each (i, j) € [d],,
fij 1s a finite join of rational one step functions.

12. (GENERATION FROM RATIONAL ONE STEP FUNCTIONS

As a first application of the characterization of join-irreducible elements and
of their order, we show that if d > 3, then L(I¢) is not the Dedekind-MacNeille
completion of Lr(I?), see definition This is the sublattice of L(I¢) of those
f € L% such that each f; ; 1s a finite join of rational one-step functions. This
contrasts with the case where d = 2, when L(I¢) = Qy(I), cf. Remark [64]

Theorem 87. For d > 3, the lattice L(I%) is not ( isomorphic to) the Dedekind-
MacNeille completion of Lr(19).

Proof. We need to find an element of L(I?) which is not an infinite join of elements
of Lg(1%). For example, let d = 3 and choose p € I® such that p; < 1, p, is
irrational, and 0 < p3 (so uy = 1 and M, = 3). If e, can be written as an

infinite join of elements from Lr(I4), then it can also be written as an infinite join
of join-irreducible elements from Lz(I¢) below it, and these are of the form e, with
r € (IN Q). We can therefore write

ep:\/{erELR(]I3)|J-<erSep}: \/ \/JR(epai’j),
(i, )el3]2

where

Jr(ep,isj)i={e, | reNQP, L<e <eppu’ =i, M) = j}.

Since e, is join-irreducible, then we have e, = \/ Jz(e,, 1, j) for some (i, j) € [3]>.
If (i, j) = (1,2), then we deduce that p3 = 0, and if (i, j) = (2, 3), then we deduce
that p; = 1; these hypothesis yield contradictions. Therefore we have (i, j) = (1, 3).
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Yet, by Proposition [73] Jz(e,,1,3) = 0, since if L < e, < ep, then r, = p» is

irrational. We deduce therefore e, = L, a contradiction. O

To understand how the lattice L(I%) is generated from Lz (I%), we need to study
its meet-irreducible elements. For x, y € I, we define m,, € Q,(I) as follows:

0, t=0,
myy(H) =3y 0<t<x,
1 x<t<1.

Observe that m,, = e; . and, therefore, meet-irreducible elements of Qy () are, by
duality, exactly those of the form m, , for x,y € I such that 0 < xand y < 1. Notice
also that

Myy =€y Vexr. 27
Let now d > 3; for each p € 14, let in the following
my = (mp, p; | (0, j) € [d2 ),
as well as
py :=min{i € [d] |0 < p;}, My :=max{je€[d]|p; <1},
where, by convention, min() = d + 1 and max () = 0. For p € 9, let
dim”(p) := M, -, .

Notice that, since we assume d > 1, we cannot have M ;,\ = 0 and /12 =d+ 1, so
dim(mp) € {—d,...,d}.

Proposition 88. The meet-irreducible elements of L(I1%) are exactly the elements of
the form my, for some p € 1 such that dim™(p) > 0.

Proof. Tt is enough to verify that these elements of L(I) correspond, under the
duality, to join-irreducible elements. Indeed we have

* _ * . . — —
Mipy.pa) = <mpo'(j)apu’(i) | G, ) € ldl2) = Cepoiypoy ) = €papr -

Moreover, writing o-(p) for (pg, ..., p1), we have dim"(p) = dim"(o(p)). The
statement of the proposition follows now by the previous characterization of join-
irreducible elements of L(I?), see Propositions [71] and [74l O

We find next an analogous of equation (27) for higher dimensions. Such an
analogous will allow us to argue that every f € L(I) is a meet of joins (and, dually,
a join of meets) of elements from Lr(I%). Let M;J) e Qv 412 be the tuple that has
m,, in coordinate (i, j) and L in the other coordinates. Similarly, E;jy € C)V(]I)[d]2
denotes the tuple that has e, in coordinate (i, j) and L in the other coordinates.
The following relations hold within QV(I)[‘”Z:

my=\/ My, M, = E;)fpj VET,
@, )eld]n
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and therefore

mpy=\/ M, =\ Ev \| EJ =Ey,VEy,
j is
(i.jeldl: (i.jeldl: (i.peld]

where

. Lj . i,j
Eopi= \/ Eg and E,i= \/ EJ.
(i, )eldl2 (i, )eldl2
Lemma 89. For each p € 4, both Eo , and E, | belong to L(19).

Proof. We firstly consider E ,, observing that Ey, = (fi; | (i, j) € [d],) with

fij = eop;- We argue that Ey j, is clopen relying on Remark 29 Let i, j,k € [d]

withi < j < k. If0 < pj, then fjx o fi ; = eop, © €0, = €0, = fik» by Lemmal63l

If pj = 0, then j{‘k o fl/\] = €, 0 ° e = e o © €00 = €0, o = .} by Lemmal66l
Next, we observe that E,1 = (fi;j | (i,)) € [d]p) with f;; = e, 1. We use

again Remark 29/ to verify that E,,; is clopen. Let i, jk € [d] with i < j < k; if

pj < 1, then fijro fi;j=ep10ep1 =ep1 = fir by Lemma 65} if p; = 1, then

A A A

A AN — N\ — N A — — 1
ofij=ep 06, =€l o€, =e, = [, using Lemmal6Gl =

Remark 90. Let L be a complete lattice and let M be a subset of L which is itself a
complete lattice w.r.t. the order inherited from L. If Q C M, g € M and the relation
\/ O = g holds in L, then the same relation holds in M.

In view of the remark, we have achieved a generalization to higher dimensions
of equation 27}

Corollary 91. The relation
m, = E()’p \Y Ep’l
holds in L(I%).

Forie[d], xelandy € {0,1}, let us use |i, x, y| to denote the point of I that
has x in position i and y in all the other coordinates. For an example, with d = 3,
consider |2, x, 1| = (1, x, 1); notice that ep 1| = {(e1x,e1,1,€x1) = (L, L,ex1). In
general, we have that e, .11 = (fi; | (i,)) € [d]p) with f;; = L if i # iy and,
otherwise, f;j = ey 1.

Lemma 92. The relations

Eop = \/ €lipj0l> Ep1= \/ €li.pi1l >

1<j<d 1<i<d
hold in L(I%).

Proof. Recalling that E,; = ( f;; | (i, j) € [d]> ) with f; ; = ep, 1, we can compute
within Qy (I)!?" as follows:

Ea= N B =\ N B

(i, )eld]n 1<ip<d ig<j<d

= i0,] ijoN _ .
B \/ ( \/ EpiO,IV \/ Eyy)= \/ Clig, i1l -

1<ip<d in<j<d (i, ))eld]a,i#iy 1<ip<d
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Again, Remark 90 ensures that the relation so derived holds in L(I%) as well. The
proof that Ey , = V< j<q €jp;.01 1S analogous. m|

Lemma 93. For eachi € [d], x €1, andy € {0,1}, e} x, is a join of elements in
Lr(%).

Proof. Let us consider the case where y = 1 (the proof when y = 0 is similar).

If x = 1, then e; | already belongs to Lr(I4). If x # 1, then all the coordinates
different from i are rational. If x is not rational, then we can choose a descending se-
quence r,, of rational numbers such that A ,.qr, = x. Then, using the characteriza-
tion of the order given in Corollary |61, we see that the relation \/,,5¢ €ji 1] = €jix.1|
holds in QV(I)[d]Z. A fortiori, the same relation holds in L(I?). ]

We can summarize our observations with the following statement:

Proposition 94. Every meet-irreducible element of L(I?) is a join of elements from
Le(19).

In the following we let Zo(Lg(I9)) = ITo(Lr(I1%)) = Lg(1?), we let Z,., 1 (Lg(I¢)) be
the closure under joins of I1,(Lg(I%)) and IT,,,; (Lg(I¢)) be the closure under meets
of Z,(Lr@)).

Theorem 95. Every element of L(I?) belongs both to (Lg(I¢)) and T»(Lg(I%)).

Proof. By Corollary [70and the fact that L(I¢) is self-dual, every element of L(I%)
is a meet of meet-irreducible elements. We have seen above that each meet-
irreducible element is a join of elements from Lr(I?) so it belongs to 21 (Lr(I)).
It follows that every element of L(I) is an element of [T(Lz(I¢)). Since L(I?) and
Lr(I9) are self-dual, this also proves that every element of L(I%) is an element of
Zo(Lr(I4). |

Using the terminology of [21]], the previous theorem states that Lz(I?) is dense
in L(I9). Yet, L(I?) is not a canonical extension of Lg(I¢). A canonical extension
of a lattice is a complete spatial lattice, meaning that every element is the infinite
join of the completely join-irreducible elements below it, see [21, Lemma 3.4.]. As
argued in Section [[0.4] there are no completely join-irreducible elements in L(I9),
in particular the lattices L(I¢) are not spatial.
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